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Methods for Modifying Matrix Factorizations

P. E. Gill, G. H. Golub, W. Murray and M. A. Saunders*

Abstract. Inrecent years, several algorithms have appeared for modifying the factors of a
matrix following a rank-one change. These methods have always been given in the context
of specific applications and this has probably inhibited their use over a wider field. In this
report, several methods are described for modifying Cholesky factors. Some of these have
been published previously while others appear for the first time. In addition, a new algorithm
is presented for modifying the complete orthogonal factorization of a general matrix, from
which the conventional QR factors are obtained as a special case. A uniform notation has
been used and emphasis has been placed on illustrating the similarity between different
methods.

1. Introduction. Consider the system of equations
Ax = b

where A4 is an n X n matrix and b is an n-vector. It is well known that x should be
computed by means of some factorization of A, rather than by direct computation
of A™'. The same is true when 4 is an m X n matrix and the minimal least squares
solution is required; in this case, it is usually neither advisable nor necessary to com-
pute the pseudo-inverse of A4 explicitly (see Peters and Wilkinson [13]).

Once x has been computed, it is often necessary to solve a modified system

Az = b.

Clearly, we should be able to modify the factorization of A to obtain factors for A,
from which X may be computed as before. In this paper, we consider one particular
type of modification, in which 4 has the form

A=A+ ay”
where « is a scalar and y and z are vectors of the appropriate dimensions. The matrix
ayz” is a matrix of rank one, and the problem is usually described as that of updating
the factors of A4 following a rank-one modification.
There are at least three matters for consideration in computing modified factors:
(a) The modification should be performed in as few operations as possible. This
is especially true for large systems when there is a need for continual updating.
(b) The numerical procedure should be stable. Many of the procedures for
modifying matrix inverses or pseudo-inverses that have been recommended in the
literature are numerically unstable.
(c) If the original matrix is sparse, it is desirable to preserve its sparsity as much
as possible. The factors of a matrix are far more likely to be sparse than its inverse.
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Modification methods have been used extensively in numerical optimization,
statistics and control theory. In this paper, we describe some methods that have
appeared recently, and we also propose some new methods. We are concerned mainly
with algebraic details and shall not consider sparsity hereafter. The reader is referred
to the references marked with an asterisk for details about particular applications.

1.1. Notation. The elements of a matrix 4 and a vector x will be denoted by
a;; and x; respectively. We will use 4” to denote the transpose of 4, and ||x|, to
represent the 2-norm of x, i.e., ||x|[; = (x"x)"’>. The symbols Q, R, L and D are
reserved for matrices which are respectively orthogonal, upper triangular, unit lower
triangular and diagonal. In particular, we will write D = diag(d,, d,, - -- , d,). The
Jjth column of the identity matrix I will be written as e; and e will denote the vector
[13 l, ) 1]T~

2. Preliminary Results. Most of the methods given in this paper are based in
some way upon the properties of orthogonal matrices. In the following, we discuss
some important properties of these matrices with the intention of using the material
in later sections.

2.1. Givens and Householder Matrices. The most common application of or-
thogonal matrices in numerical analysis is the reduction of a given n-vector z to a
multiple of a column of the identity matrix, e.g., find an n X n orthogonal matrix P
such that

¢)) Pz = = pe,
or
()] Pz = Z+pe,.

This can be done by using either a sequence of plane rotation (Givens) matrices or
a single elementary hermitian (Householder) matrix. In order to simplify the notation
we will define the former as

(3) l:c S}
s —cC

and call this a Givens matrix rather than a plane rotation since it corresponds to a
rotation followed by a reflection about an axis.

This matrix has the same favorable numerical properties as the usual plane
rotation matrix (see Wilkinson [16, pp. 131-152]), but it is symmetric. The choice
of ¢ and s to perform the reduction

! e

2 2 2
p =2z + z,

is given by

1/2

) sign (z1)(p%) and

°
Il

c=1z/p, s=12/p.
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Note that 0 < ¢ = 1. In order to perform the reduction (1) or (2), we must embed
the matrix (3) in the n-dimensional identity matrix. We shall use P;° to denote the
matrix which, when applied to the vector [z, z,, --- , z,]", reduces z; to zero by
forming a linear combination of this element with z,. If i < j, then

i J

1 z Z
1
c s z; z,
1
sz = =
1
s —c z; 0
1

1) z,) Z,

Alternatively, if i > j, the (i, i)th and (j, j)th elements of P;’ are —¢ and +c, re-
spectively. There are several sequences of Givens matrices which will perform the
reduction (1) or (2); for example, if we want to reduce z to e,, we can use

) PP} .- P,23P7%2 or P,P).-- P._,PlL.

To perform the same reduction in one step, using a single Householder matrix,
we have

P=1714+ 77"’

where
u =z pe,
(6) T = —pu, and
p = sign(z,)||z]|-
This time, P is such that Pz = —pe,.

In the 2-dimensional case, we can show that the Householder matrix is of the

form
P = l:_c —'S:! - _[C S:l
—S C. s —C
where ¢, s are the quantities defined earlier for the Givens matrix. Hence, when
embedded in n dimensions, the 2 X 2 Householder and 2 X 2 Givens transformations
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are analytically the same, apart from a change of sign. (Although these matrices
are n X n, we shall often refer to them as “2 X 2’ orthogonal matrices.)

There are several applications where 2-dimensional transformations are used.
The amount of computation needed to multiply a 2 X n matrix 4 by a 2 X 2 House-
holder matrix computed using Egs. (6) is 4n + O(1) multiplications and 3n 4+ O(1)
additions. If this computation is arranged as suggested by Martin, Peters and Wilkin-
son [11] and the relevant matrix is written as

I+ [""‘/ ”}[1 U/,
—uz/P

then the multiplication can be performed in 3n 4+ O(1) multiplications and 37 + O(1)
additions. Straightforward multiplication of 4 by a Givens matrix requires 4n + O(1)
multiplications and 2n + O(1) additions. Again, the work can be reduced to 3n + O(1)
multiplications and 3n 4+ O(1) additions, as follows.

Let the Givens matrix be defined as in (4). Define the quantity

u = 22/(21 + P)» lﬂl =1

Since s = z,/p, we can write s as s = p(c + 1). Similarly, we have ¢ = 1 — us. A
typical product can be written in the form

! PO
s —j yj pe+ 1) ps— 1Ly,
_ [ ve +ys }
yie + 1) + yolus — 1)

-]

Consequently, in order to perform the multiplication (7), we form .

)

which will be denoted by

$r=cyr + sy, and J, = p(n + §1) — »..

-Note that this scheme is preferable only if the time taken to compute a multiplication
is more than the time taken to compute an addition. Also, it may be advisable with
both algorithms to modify the computation of p to avoid underflow difficulties.

In the following work, we will consider only 2 X 2 Givens matrices, although
the results apply equally well to 2 X 2 Householder matrices since, as noted earlier,
the two are essentially the same.

2.2. Products of Givens Matrices. The following results will help define some
new notation and present properties of certain products of orthogonal matrices.

LemMma 1. Let P;,,’ be a Givens matrix defined as in (4). Then the product
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) ) SRR
is of the form

1B 71
D2 D20 Y2

Hi(p, B, 7) = P3.Bl Pa.ﬁz 173.63

: : : Yn-2
Pu-1By DPnaBe DPnoiBz vt PaciBaci Vaor
pnﬂl pnﬂZ pn63 cte pnﬁn—l pan

where the quantities p;, B; and v; are defined by either of the following recurrence
relations:

Forward Recurrence.

1. Setp, = ¢;/m By = m, ni=S$1/m, v, = 51, Where = is an arbitrary nonzero scalar.

2. Forj = 2’ 3, R (e 1’ setpi = CiNi-1, ¥i = Sj» :Bi = —ci—l/"’i-l, n =
Sini-1.

3. Setp, = N1, Ba = —Cn-1/Pn

Backward Recurrence.

. Setp,=mB,= —Cac1/T Nae1 = Sp1/T, Yn1 = Sa_1, Where w is an arbitrary
nonzero scalar.
2. Forj = n — l, n — 2, Tty 3, 2, Setp,- = C,'/‘ﬂ,', Yi-1 = Sj-1s B,‘ = —Ci-1Mj,

Ni-1 = Sj-17;.

3. Setp, = c1/B, B = m.

Proof. We will prove the lemma in the forward recurrence case; the remaining
case can be proved in a similar way. Assume that the product P,.,*P,** - - - P*P;°P,}
(k < n — 1) is given by

b M
DBy DB
i DB - DB Mk
8 B By - mBr  —cC
1
1
L 1

This is true for k = 1 by definition. The next product P,,,**'P,.,*P,** - -+ Ps*P,’
is given by
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D1By Y1
D261 DB
DiBa DiBB2 te DiBs Yk
CoarMiB1 CrermiBz  c - Cre1MiBr  —CiaiCh Sk+1
See1MiBr Ske1mBz ¢ Ske1MBe  —Sk41Ck —Crar
1
L 1
If we define pes1 = Curatis Ves1 = Siwrs Bier = —Ci/ My Mesr = Seare, then the product
P...**" .- P,'is of a similar form to (8). Continuing in this way, and finally setting
DPn = 7Ma_y and B, = —c,_1/p, gives the required result.

For later convenience, we shall use the notation
(HL(ps B, 7))1' = HU(ﬂ, D, 7)~

The matrices H (8, p, v) and H.(p, B, v) are defined as special upper- and lower-
Hessenberg matrices respectively. In the same way, we define a special upper-tri-
angular matrix R(8, p, v) as having the form

Y1 Bwe Bws - - - ¢ B1D
Y2 Bops - 0 st B2
0% e e e e ﬂ Dn
R@, p,7) = : *
Yn-1 ﬂn—lpn
Yn

The particular recurrence relation used to form H,(p, 8, v) will depend upon the
order in which the Givens matrices are generated. For example, if P,"”' is formed
first, then the backward recurrence relation can be used.

We have only considered a particular sequence of Givens matrices. Similar
formulae can be derived to compute the lower-Hessenberg matrix associated with
the sequence

P._,P,5; .- PiP.
We state the following lemma without proof.
Lemva II. Let D = diag(dy, dy, -+ , dy), Ty = diag(vi, vas =+ » Yoy 1)y Tz =
dlag(la Yis Y2t 'Yn—l) and e = (15 13 Tt 13 1)T~ Then
L. DHL(pa B, 'Y) = HL(I-’, B-’ 'V)D where Ei = Bi/di, pi = dipi, i= 13 2; AR ()
Vi = divi/divr,i=1,2,--- ,n— L
2. R(B,p, D = DR(E; P, v) where B—i = B;/d;, p; = dips, i = 1,2 ,n
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3. R(B,ps 'Y) = DR(E;P, e) where Ei = Bi/yi’ i= 13 23 trr, R — 13 di = Yo
i=1,2 - ,n.

4- HL(pa Ba 'Y) = P1HL(I-” ﬂs e) = HL(pa B-’ e)rz Wherepi = pi/'Yi (l < ”l), pn = pn;
andﬂ-.' = ﬂi/%’ @>1n, El = B,.

5. If Hy(p, B, v) = H.(p, B, v) then v; = v, and p, = ap;, B: = B:/e for i =
1,2, ---, n, where a is some constant.

The next three lemmas show how the product of special matrices with various
general matrices may be computed efficiently.

Lemma III.  Let B be an m X n matrix and H,(p, B, v) an n X n special lower-
Hessenberg matrix. The product B = BH can be formed using either of the following
recurrence relations:

Forward Recurrence.

1. wh = Bp, Bil = ,31W,~(1), i= 1’ 2, RPN (/X

Gy _ -1 .
2. W, =W - pi—lbi,i—l} i=1,2,--,m,
b
— ()
bij = vijabi i1 + Biw;

Backward Recurrence.

i=2,3,--+,n.

Lw™ =pbii=12 -, ,m

2. b;j = v;1b; i, + Biwﬁi)} ’ i=1,2,--- ,m,
wi ™ = piabi i + wi? j=nn—1,-,2;

3. by = Bw:'", i=1,2--,m

Proof. We will give a proof for the forward recurrence case. The backward
recurrence case can be shown in a similar way. The first column of B is given by

by =8y X bip;, i=1,2,--,m.

i=1

If we define
w® = Bp,
or
&) w® = Y bup;, i=1,2,---,m,
i=1
then
by = Buwi”, i=1,2,---,m.

Forming the second column, we have

(10) biy = v,1bi2 + By E b;ip;, i=1,2,--+-,m.

i=2

From Eq. (9), we have

n
) .
wi — bup, = Zbeipi, i=1,2,--,m,
i=2
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and, if this vector is defined as w‘®’, then (10) becomes
b, =71bi1+32W§2), i=1,2,---,m.

The other columns of B are formed in exactly the same way.

The backward recurrence is more efficient, unless the product Bp is known a priori.
It is also more convenient if B occupies the same storage as B.

The forward and backward recurrence relations require approximately 759, of
the work necessary to form the same product by successively multiplying B by each
of the individual Givens matrices. Since H.(p, B8, v) is an orthogonal matrix, there
exists a vector v such that H.(p, 8, v)v = ae,, and we can regard H,(p, 8, v) as the
matrix which reduces v to ae;. An equivalent reduction can be obtained by multi-
plying v by a single Householder matrix. If we have a product of the form

HY, 87, 7" -+ Hi(07, 87,77)B,

the computational effort involved in applying Lemma III is less than that using a
similar product of the equivalent Householder matrices. This is because for D, a
certain diagonal matrix, the product can be written as

DH,(5",8",e) -+ H.(",B",e)B

using Lemma II, parts 1 and 4.

LeMmA 1IV. Let R be an upper-triangular matrix and H (8, p, v) a special upper-
Hessenberg matrix. The product H = Hy(B, p, v)R is an upper-Hessenberg matrix
which can be determined using either of the following recurrence relations:

Forward Recurrence.

1. Set w'* = R"p,

2. Fori=2,3,---,n,set

hi.i—l = Yi-1ri-1,i-1»

W = i

w — Di-ilio1; L,

! pt“"’}, j=idi4+1,- ,n
— (%)

ﬁi.i = vitio1; + Biw;’

Backward Recurrence.

(n)
1~ wnn =pnrnn~

2. Fori=nn-—1,-.--,3,2,set
— G- _
hi,i—l = Yi-1li-1,i-1» Wioi = Pi-1li-1,i-15
il _ + (2)
ii = Yi-li-1.4 B:w; i
’
)
Pitricr,i + Wi
(1) .
3. h1i=Blw,- N _]—1,2,"',".

=i i+ 1, - ,n

Proof. This lemma is proved in a similar way to Lemma III.
LEmMMA V. Let R be upper-triangular and R(B, p, v) a special upper-triangular
matrix. The product R = R(B, p, Y)R can be found using either of the following recur-



