Stabilizing, Pareto Improving Policies!.

Draft. Revised July, 2009

by
Carsten Krabbe Nielsen

Universita Cattolica
Istituto di Economica Politica
Via Necchi, 5
20123 Milano, Italy
Carsten.Nielsen@Qunicatt.it

Abstract

One of the objectives of the current policies of many central banks arguably is to stabilize economic activity.
One possible justification for such a policy is that there is volatility in macro variables that individual agents
cannot insure against. We study the simplest possible extension of the stochastic 2-period, one agent and one
commodity OLG model, where we have added 1 more period, with only one potential activity, namely trading
of contingent commodities. We assume, however, that markets are incomplete. In this case the monetary
equilibrium is not Pareto Optimal and for an open set of economies an allocation where fluctuations in realized
savings are removed, Pareto dominates the monetary equilibrium. This allocation may be implemented by
means of a monetary/fiscal policy. The policy considered has a simple rationale, namely that it removes some
of the uncertainty that agents face by reducing price, i.e interest rate volatility.

We consider two fundamental sources of such volatility, namely respectively an objective and a subjective
signal about the distribution of future endowments. The first case is when agents have Rational Expectations
while the second case is studied in the context of agents having Rational Beliefs, beliefs which are consistent
with empirical observations but not (necessarily) correct. In the context of rational beliefs, the uncertainty is
about what beliefs future agents will hold, and we interpret this as being a consequence of diverse beliefs.

Keywords: Stabilization, Incomplete Markets, Fiscal Policy, Monetary Policy Rational Expectations,
Rational Beliefs, Conditional Pareto Optimality, Equal Treatment Optimality.
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1 Introduction

In a Pareto optimal equilibrium for a stochastic economy, price volatility, although having a negative
impact on risk averse agents, is simply reflecting the randomness of underlying fundamentals. In such
an equilibrium a policy that seeks to curb price volatility will only inhibit the well functioning of the
market economy and is thus mistaken. None the less one can interpret the contemporary policies of
many central banks as trying to stabilize economic activity using the interest rate. If one believes that
the rationale of such policies is that they are Pareto improving, then some of the assumptions of the
classical general equilibrium model has to be reconsidered.

Here we consider a simple 3-period OLG model with incomplete markets and show how economic
stabilization may be welfare improving. Volatility of economic variables is created by volatility in
demand and supply. Thus curbing price volatility must be done by controlling (directly or indirectly)
the actions of agents. There is then a trade-off, since from the individual agent’s viewpoint, the ideal
policy would control the actions of all other agents, and thus control the (price) volatility he is facing,
but would allow himself to act freely. In this paper this trade-off is exposed and some conditions
for when a stabilizing policy is considered beneficial for the individual (representative) agents are
provided.

This study was motivated by an interest in understanding the relationship between rational beliefs
and optimality. Elsewhere (Nielsen, 1998, Nielsen 2009a, Nielsen 2009b) we have adressed this question
using the concept of ex-post optimality (see f.i. Hammond, 1981), but here we are interested in Pareto
optimality. As is well known, diversity of beliefs plays no role in the definition of Pareto optimality.
This is, we argued in the just cited studies, problematic, but it does not rule out it also being of interest
to understand if there is any connection between Pareto suboptimality and rational beliefs. Diversity
of beliefs is the central aspect of rational beliefs and also play the central role in understanding why
rational belief equilibria may not be ex-post optimal. It is conceivable that pure diversity of belief
could lead to Pareto suboptimality, however here we have chosen to focus instead on another important
aspect of rational beliefs, namely that if the subjective rational beliefs are correlated the result may
be increased fluctuations in endogenous variables beyond what is created by changes in fundamentals
(so called endogenous volatility). When markets are incomplete such fluctuations may lead to Pareto
suboptimality.

Sunspots in the OLG model have been used to explain why unwarranted economic volatility un-



related to fundamentals may be present in the economy (se for instance Azariadis, 1981).2 But there
are some open questions regarding this explanation. Firstly, removing the price instability caused by
sunspot is not improving when one uses Conditional Pareto Optimality as welfare concept (as was
already noted by Cass and Shell(1983). If on the other hand one wishes to use Equal Treatment Op-
timality as a criterion then the stationary stochastic allocation may no longer be optimal in a model
with stochastic fundamentals. Stabilization is then no longer an obvious choice and just describing the
optimal allocations becomes difficult even in the two-period model that is usually being used. Thirdly,
one may doubt whether a realistic version of the OLG model (where agents live for many periods)
can explain the magnitude and form of real and nominal fluctuations observed in the economy. The
sunspots effects in the OLG model are the result of random reallocations from/to newborn genera-
tions, via an inflationary tax/subsidy. Apart from the issue whether this is a realistic description of
what happens during the business cycle is the question, whether the magnitude of such transfers in a
monetary equilibrium are realistic. In the case where agents live for 2 periods a relatively high propor-
tion of the economy’s resources can be shifted from one generation to another in equilibrium. But how
much can be shifted between the first generation and the 77 remaining in a monetary equilibrium?
This is an issue that seems to call for further analysis.

In our model incompleteness of markets are not derived from fundamentals. This seems to be
the rule in macroeconomic studies seeking to explain the effectiveness of monetary or fiscal policies.
Calvet(2001), for instance provides an explanation of ”excess” price volatility based on incompleteness
of markets. The New Keynesian macroeconomics literature (see for instance Woodford, 2003) is
assuming that individual suppliers who are unable to change their prices in the short run cannot
insure against shocks that would make them want to change prices. Lorenzoni(2007) studies the
effectiveness of monetary policy. His model belongs to a class of models (originating with Lucas,
1972) where a continuum of agents have asymmetric information (here about productivity shocks),
which is what makes monetary policy relevant. The question that naturally arises in such models
is why each informationally small agent does not simply announce his private information, in which
case there is no need for intervention by the monetary authorities. Note that all agents doing this
constitutes a Nash equilibrium in this model.

The standard two-period one commodity OLG model with a single (representative) agent trivially
has (sequentially) complete markets, in the sense that agents who live at the same time can freely trade

in all spot and contingent commodities, but will not do so. It is only by assuming that (representative)

2 As is well known, sunspots can only have an effect when markets are incomplete.



agents live for more than two periods, that there are more than one commodity or that there are
heterogenous agents that the issue of completeness becomes nontrivial. Except for the last possibility
such models are unfortunately in general difficult to study if one are interested in equilibria which
are ergodic and stationary or, more generally, from which an empirical distribution of prices can be
extracted (see Duffie, Geanakoplos, Mas-Colell, and McLennan, 1994 and Gottardi, 1996). Therefore,
we have chosen to study only the simplest possible extension of the representative agent model,
namely where agents live for 3 periods and their potential activity in the first period is only to trade
contingent commodities. Markets are however assumed to be incomplete and such trade cannot take
place. We show how stabilizing economic activity may improve welfare. Of course this means that
active monetary /fiscal policies matter, something which has already been shown in many contexts (see
for instance Gottardi, 1995 for the case of an OLG model, with heterogeneous agents who live for two
periods). But the explicit study of the effects of economic stabilization found in this paper appears to
be new.

The paper is organized as follows. In the next section the OLG model is described. Furthermore
we introduce two interpretations of the model, one assuming that agents hold Rational Expectations
the other assuming that they hold Rational Beliefs. We also consider two possible concepts of Pareto
Optimality known from the literature and argue in favor of one of them. In the following section we
study the features of the monetary equilibria and provide the policy results. The appendices deals
with more technical issues. In the first we show some of the results for a more general version of the

OLG model. In the other we provide a brief introduction to the theory of Rational Beliefs.

2 The one-commodity OLG model; Rational Expectations and Ra-
tional Beliefs

2.1 Model and Monetary Equilibrium

We consider an overlapping generations model with one commodity where agents (representative or a
continuum, indexed by [0, 1]) are born in the first period , receive endowments e, in the second period
and a random endowment, e; either e, or e, in the third and final period of their lives. Furthermore,
in the second period of their lives the agents receive a signal, z; € {1,2} about the (objective or
perceived) distribution, 7° = (7f,n?) (with 71 # 7?) of the endowments in the last period of their

lives®. We assume e. < e, and 7} < 72. The stochastic sequence {z} is i.i.d. and independent of all

past information, with probability vector (g1, ¢2).

3In appendix 4.1 we study the case where the number of signals and second period endowments is arbitrary but finite.



Agents, which are all ex-ante identical, only have utility, u over consumption in the second (C)
and third (C2) period of their lifes. u is defined on 5)?3 +, C?, strictly increasing, strictly concave, and
with indifference curves whose closures are contained in ?Ri +.4 So we essentially have a classical OLG
model, except that agents are born before they know what "type” they are, i.e. before they know
the signal about the distribution of the endowments in the last period of their lives. We consider a
monetary equilibrium for this economy, assuming that the amount of outside fiat money is M unit.
In such an equilibrium there will be two possible prices (of money in terms of the commodity good),

p1 and po, at each date t, depending on the signal of the then middle-aged.

DEFINITION 1 Monetary Equilibrium. Price vector (p1,p2) € §R2++ such that when an agent with

stgnal z = k solves:

2
Mazp>0) . Y u(ea — peM, e + piM)gmh (1)
1=2 se{b,c}

the solution is M =M W

Such an equilibrium (where money is valued) may or may not exist, depending on preferences, en-
dowments and beliefs. In appendix 4.1 a sufficient condition for existence is provided. Using the First

Order Conditions we then have that a monetary equilibrium is uniquely characterized by

o

(ea — pM,es +piM)plamt =0,k =1,2  (2)
005

2
ou — _
> =50 (€a = Pl €5 +piM)pr, +
i=2 se{a,b} 1

Until Section 3.2 we shall assume that M = 1. In what follows it will be useful to employ the following

notation (we suppress reference to the prices).

ou )
Yie= ) 5o, €a = P s +pilprmigi k= 1,2,0 = 1,2
se{b,c} ‘1
and
ou .
in: Z T[ea_pkves +pz}pz71'§q“k:172ﬂ:172
se{b,c} €2

With this notation we can rewrite the requirements for a monetary equilibrium as

2 2
=1 =1

REMARK 1

4When making genericity statements, the topology of C? uniform convergence on compacta (MasColell(1985),p.50)
is used.




We will sometimes refer to the two-period version of the model considered here. In this version agents
live for two periods corresponding to the two last periods of the three-period version of the model, i.e.
when they are born the signal about the distribution of endowments in the last period of their life has
already been realized. Despite this difference, for the two-period version of the model the definition

of monetary equilibrium is exactly as above. ll
2.2 Interpretation of z

We provide two different not necessarily exclusive interpretations of the signal z;. According to the
first, z; is an objective signal about the distribution of the endowments the next period, and as such
can be considered to be a supply shock, about which agents hold Rational Expectations.

In the other explanation, z; is a signal which coordinates the subjective expectations of the agents,
expectations which may not necessarily be correct. That subjective beliefs are indeed present and
significant even among major actors on the financial markets is convincingly demonstrated in Kurz
and Motolese (2007). For this case the signals are guiding subjective beliefs they can better be
interpreted as a demand shock in that they affect the beliefs i.e. preferences of agents.

In the context of this second explanation agents are supposed to hold Rational Beliefs about the
distribution of the endowments®. The empirical distribution of the endowments is assumed to be
known. The Rational Beliefs theory suggests that agents may think that more can be known than
just this empirical distribution. Specifically, agents may form statistical models or theories according
to which the endowment process, {e;} is correlated with a process of signals {z;}. We do not assume
that agents know the empirical distribution of the joint process {e:, z;}, only that they know the two
marginals of the empirical distribution, each assumed to be i.i.d.. We denote the empirical distribution
of {e;} by B = (7, 7). The type of statistical model we consider in the context of this paper is as
follows. When agents at date ¢ observe z; = i,i = 1,2 they pick the belief B, = B* = (7}, 7"), which
they hold to be the distribution of the the endowments in the following period. To simplify and unify
the exposition of the model z; is assumed to be known to be i.i.d. Assuming, as we did, that both the
empirical distribution of {e;} and of {z;} is known, rational agents can only adopt a statistical model,
or belief, if it generates the same empirical distribution of the endowments as the known one. The

model generates the empirical distribution ¢, B! + g2 B? and consequently, what we call the rationality

®See Appendix 4.2 for a brief introduction to the theory of Rational Beliefs, and Kurz(1994) and Nielsen(2008) for
more comprehensive expositions.



requirement on individual subjective beliefs is
1 2_ 7
@B +¢@B° =B (4)

Under this condition, the stochastic sequence {B;}; generates the same empirical diistribution as the

model in which agents live.

REMARK 2 Diversity of beliefs

Each agent is born knowing his (generation’s) belief, but not knowing the beliefs of future generations.
In this sense beliefs are not common knowledge, hence diverse. To further strenghten this interpre-
tation of the model, we could postulate that young and old agents hold beliefs that are diverse from
those held by middle aged agents, although in a monetary equilibrium, only beliefs of middle aged
matter in equilibrium. Note also that under this interpretation, the need of middle aged agents to
forecast the future beliefs of future middle aged agents, has the flavor of the beauty contest story of
Keynes. In Nielsen(2007) stochastic sunspots are causing correlated changes in the distribution of
(subjective) beliefs in the market and we think of the presents model as a simplified way of achieving
the same effect.

Let us note that there is a problem of interpretation of the model of the beliefs as presented
here. Presumably agents would know the empirical distribution of the joint process of prices and
endowments. But since prices are determined by beliefs, i.e. z;, implicitly they know the empirical
distribution of the joint process {z,e;}, something we assumed that they did not. In fact this con-
sistency problem can be remedied, but at the expensive of using the considerably more complicated
model we alluded to before

In the context of the present model, we do not need to distinguish between the two types of sources
of volatility, signals about endowments (technology) or subjective signals. This is due to two factors.
Firstly, for the Rational Beliefs version of the model we have assumed perfect correlation between
beliefs. Some correlation is needed for subjective changes in expectations to show up in aggregated
like prices, but the correlation need certainly not be perfect®. As the heterogeneity of beliefs increases
the analysis below becomes more complicated and this is one reason why we have chosen the simpler
case. Incidently, one way to empirically separate the Rational Expectations case from the Rational
Beliefs case is by looking for heterogeneity of beliefs among equally informed market participants.

Such heterogeneity has been observed in the markets for foreign exchange (see Taylor, 1995) and in

5In Kurz(1998) it is demonstrated that even without correlation between beliefs excess volatility may be generated.



financial markets (see Odean, 1998 and Daniel, Hirschleifer, and Subrahmanyam, 1998) for reviews of
the literature and further references. See also Kurz(1997) for a discussion of endogenous fluctuations
and diversity of beliefs from the viewpoint of the theory of Rational Beliefs. Secondly, we are here
concerned with Pareto optimality and improvements and in that context it is irrelevant whether beliefs

are correct or not.
2.3 Some concepts of Optimality

Several concepts of Pareto Optimality for stochastic OLG models have been proposed in the literature,
two notable being that of Conditional Pareto Optimality (also called Dynamical Pareto Optimality
in Cass and Shell, 1983) and that of Equal Treatment-Pareto Optimality (defined in Muench, 1977).
In Peled(1982) these two notions are compared and it is argued that Conditional Pareto Optimality
is the right criterion. When using the Conditional Pareto Optimality criterion the definition of an
agent includes the stochastic state in which he is born. Thus Pareto improving transfers cannot make
an agent born in some state worse off, even though the "same” agent born in another state might be
made better off. The notion of Conditional Pareto Optimality is then weaker than the notion of Equal
Treatment-Pareto Optimality, according to which such transfers may be considered Pareto improving
if they make all agents better off in an expected sense. Peled’s argument in favor of this optimality
criterion is that according to it the set of feasible allocations is equal to the set of allocations that can
be achieved by trade among agents. In contrast, for Equal Treatment Pareto optimality the first set
is strictly larger than the second one. It is easy to show that all (sun-spot) equilibria in the model
of Azariadis(1981) are conditionally Pareto Optimal (this observation is the same as Proposition 6 of
Cass and Shell, 1983). This is our motivation for studying a three period model, where we have added
a period, right after birth, to the life of (representative) agents. The only effect of this period is that
is allows for an addition of utility across states of beliefs, as it would allow for an addition of utility
across (sun-spot) states in the Azariadis model. In this sense we move closer to the concept of Equal
Treatment-Pareto Optimality .

To define a conditionally Pareto optimal allocation, we first define an event at date t:
Iy = {2z, es}._ . amember of T = x'____ [{1,2} x {ep, e.}]

- the set of events at date t. For the definition we assume that the beliefs of the young agents at date
t depend on the signal z; and this signal as well as e; (the endowment of the old at date t) are realized

before they are born. An allocation is then a sequence of functions {Cyu, Cor}52, where Cy : Iy —



R+,i =m,o0. Such an allocation is said to be feasible if, Vt,VI; € Zy: Cppie(It) + Cot (1) = eq + €4 The
conditional expected utility of an agent born at date ¢t at event I is

2 2 4
ZZ oY ulCoiri(r, zises), Coryaly, 2, €5, 25, €9 )T T, i
J=1se{b,c} s’e{b,c}
A feasible allocation is {Cpt, Cot }72, is then conditionally Pareto optimal if there is no other feasible
allocation {C/,,C",}?°, that for no ¢t and I; decreases the conditional utility and for some ¢ and I
strictly increases conditional expected utility. In this definition we let time go from —oo to oo which
is similar to ignoring the initial middle aged and old when there is an initial date.

The stabilizing policies that we shall consider do not necessarily lead to a conditionally Pareto
optimal allocation, but only to improvements. Such improvements are possible because with agents
living for three periods there are in our model missing markets - in particular young agents do not
sign contract with middle aged agents for contingent delivery in the following period. We now turn to

defining the stabilizing policies.
3 Stabilizing Policies

The following proposition is, under a rank condition for beliefs, generalized to generic utility functions

in Appendix 4.1.

PROPOSITION 1 Suppose that u(C1,C2) = u1(C1) + u2(C2). Then p1 and pe are different in a mon-

etary equilibrium.

Proof: Suppose not, i.e. p1 = p2 = p. Yooy > sefa, b}[ 801( — p,es + p)plgim® does not depend on

au ( a_p7€2+p)7 a

Fy bt Y2 Y gy [ 22 (0 — py s + p)plai® does, since 2% (e — p,e1 +p)
contradiction with (2) H
The proposition says that under the stated conditions there will be price volatility in a monetary

equilibrium. Note that without the signal {z;} no such volatility would be present.

REMARK 3

Suppose we were only considering a two period model, i.e. where each agent is born with his beliefs
and endowment, e, and have random endowments, e, or e. when old. For this model, any vector

(p1,p2) € R2 which for some weights, (w1, w2) solves the problem,

2 2
Mazy w3 u(ea = pr,es+pi)aims (5)

k=1 1=1 se{b,c}



implements a stationary conditionally Pareto Optimal allocation (there are other such allocations).
Notice that with wy = g (5) is formally identical to (9) below. If interior, the First Order Conditions

for a solution to this problem are

2 2
ou ou ,
we Y Y —aa(€a— Droes +p)GTE + Y wy > =-(ea — pises + pr)apTs =0,k =1,2 (6)
— 801 - 802
=1 se{b,c} =1 se{b,c}
which by conavity are also sufficient. Using the previously introduced notation these requirements

may be rewritten (after multiplying through with py) as
2 2
—wp »_ Vi + Y wiXiy =0,k =1,2 (7)
i=1 i=1
Suppose the equilibrium conditions (3) for a monetary equilibrium hold. Set wy = p; Zse{b,c} (%fz (eq—
P2, es +p1)@me and we = po Zse{bﬁ} %(ea — p1,€s + p2)gem! and the conditions (7 ) will also hold

so that the monetary equilibrium is indeed Conditionally Pareto optimal. This remark (which is

generalized in Appendix 4.1) serves as a motivation for considering a 3-period model. H
3.1 Pareto improving policies

In a monetary equilibrium, (p1,p2) the expected utility of a young agent is
2 2
Sar Y. > ulea — pres + pi)aimt (8)
k=1 i=1se{b,c}
From this expression one sees intuitively that the agent would like to be able to react on his own belief
(i.e. have his savings depend on the signal he receives) but would prefer that others were not able to
(i.e. would prefer that the return on his savings does not depend on other agents’ signals).
In a monetary equilibrium the prices are transfers between generations. To see if we can improve on
the allocation associated with a monetary equilibrium it is natural to consider the following problem:
2 2
Mazp, >0p,50 Y Gk Y. > w(ea — Pr,€s + Di)qime 9)
k=1 1=1 se{b,c}
Thus we are asking if there are stationary allocations which improve on the allocation that is the
outcome of the monetary equilibrium.

The First Order Conditions for an interior solution to this problem are

2 2
ou ou ,
>y —Q1W(6a—p17€s+pi)qz'ﬂsl > a4 Y. W(ea_pjaes'f‘pl)(ﬂﬂg =0 (10)
i=1 se{b,c} 1 j=1  se{be} =2
2 ou - ou j
S>> ~@2p5-(€a = P2, s + pi)aims + g Y, 30, (€a = Djyes +p2)gemy =0 (11)
i=1 se{b,c} 1 k=1  se{b,c} 2

10



PROPOSITION 2 Generically, the monetary equilibrium is not conditionally Pareto Optimal.

Proof: (10), multiplied through by p; /¢ and (11), multiplied through by p2/g2 may be rewritten as

2 2
*ZYuﬁLZle:O (12)
i=1 j=1
and
2 2
_ZY2Z'+ZXJ'2:O (13)
i=1 j=1

Combining these requirements with (3) we get

2
> Xp =
7j=1 %

2 2 2
Xh' and ZXJ'QZZX%
1 j=1 i=1

1.e. X971 = Xq9 or written out:

ou ou
P Y. oo (ea—poes+p)ams =p2 Y. o-(6a—p1,es+ p2)goms (14)
se{b,c} 0C2 se{b,c} 0Cs

Without making the statement precise it is intuitively clear, that generically (10), (11), and (14) (
3 equations with 2 unknowns) cannot hold, meaning that a monetary equilibrium can be improved
upon. This is formally shown in Appendix 4.1

The proposition is saying that the implied weigths wy and wy are unlikely to be equal to the proba-
bilities ¢; and ¢o.

The transfers in the solution to (9) are in general still random. Let us now consider another
problem. Suppose we restrict the young agents to making a transfer between the date when they are
middle aged and the date where they are old, independently of the beliefs they have, when middle
aged, i .e. suppose we consider the following problem:

2 2
Ma:BpZ() Z qi Z Z U(ea —Dp,es+ p)qu = (15)
k=1 i=1se{b,c}

Maz,> Z u(eq — p, es + p) T
se{b,c}

In this problem the emphasis is on the transfer of consumption among periods, not on the insurance
motive stemming from uncertainty about endowments and beliefs. It is interesting to notice the
connection between this objective and the notion of ex-post optimality as it has been employed in
Nielsen(2003), Nielsen(2009a) and Nielsen(2009b). The objective ignores the subjective beliefs of
agents and uses instead the stationary measure. However, the objective does respect the subjective
need to save for later consumption. If we were employing ex-post welfare optimality as welfare criterion,

(15) would be a natural objective in the two-period model.

11



Letting p be the solution to this problem, the first order condition for it is

- ou R R ou . .
Z Ts[— a5 (€a —Dyes + D) + 5~ (ea —Dyes +D)] =0
801 aC2
se{b,c}
which for the special case where u is separable, u(C1, C2) = u1(C1) + u2(C2), can be rewritten as
—uj(ea —p)+ D Tsup(es+p) =0 (16)
se{b,c}
It is now easy to see, that if preferences are time separable, a solution to (9) has p; = po, i.e. is a

solution to (15):
PROPOSITION 3 Suppose w = uy + ua. Then a solution to (9) has p1 = p2 and is a solution to (15).

Proof: The assumption implies that the formats of (10) and (11) (after dividing through by ¢; and ¢,
respectively) become identical to that of (16) H

Under the stated conditions the result implies that in the monetary equilibria studied here, if it is
possible for the government to pursue a policy which results in the fixed price p then such a policy is
better than the laissez faire policy. In other words it is desirable to remove all volatility in economic
activity related to the signal. Note that for utility functions in an open neighborhood of time separable
utility functions the solution to (15) still Pareto dominates the Monetary Equilibrium. Before turning
to how to implement the constant price let us briefly consider local changes in the two prices.

Suppose we are in a monetary equilibrium, so that (2) holds but that (14) does not hold. If in

stead
ou 9 ou 1
Py, 50, (¢a = P2, 65+ pr)aams > p2 > 50, (€a = P1es + p2)aamy (17)
2 2
se{b,c} se{b,c}
then the LHS of (10) is > 0, while the LHS of (11) is < 0:
2 2
- X+ Xj=-Xi+Xa1>0
i=1 j=1

and

2 2
—ZX% + ZXjZ = —Xo1 + X12 <0
i=1 j=1

This means that if we slightly increase the price, p; associated with signal 1 and slightly decrease po

then we increase utility for all agents. To interpret this observation note the following result:

PROPOSITION 4 If 8;)126““ > 0 then in a monetary equilibrium p; < pa.

12



Proof: We assume the opposite, p1 > po and obtain a contradiction. We then have

(a) ZZ

=1 se{b, c}

— p1,€s + Pi)qims _Z Z

i=1 se{b, c}

—p1,es + pz‘)qz‘ﬂg

ou

acl (Ca —Dp2,es+ pl)Qzﬂ-g

and

—p1,€s + m)an?

— p1,€s + pi)gimy < Z Z

i=1 se{b, c}

2
ou

0 > > e
=1 se{b,c} 0C2

— P2, es 4+ pi)gime

2
<22 20,1
which implies that the condition, (2) for a monetary equilibrium cannot hold ll
Thus if the assumptions of the result as well as (17) hold, then decreasing the ”price volatility”
slightly, by increasing the smaller price and decreasing the larger price increases welfare. Of course if

the assumptions of the result still hold but instead (17) holds with reverse inequality, then increasing

”price volatility” increases welfare.

REMARK 4

The conditions stated in Proposition 4 together with (17) in a monteray equilibrium are non-empty
as the following example demonstrates.

Let ¢ = ¢ = %, ea = 2, ¢, = 1 and e, = 0. Suppose 7' = (1,0) and 72 = (0,1) and that
u(C1,C2) =InCq 4+ InCy.

We first find the monetary equilibrium for this economy. Using the first order conditions (2) we have
Y Y

1=1 se{b,c} Cs

i 32
Z Z es+pi2 > =0

=1 se{b,c}

Solving this system one finds ps = 1 and p; = 1+\ﬁ Comparing the LHS and RHS in (17) one finds

QPQZ

se{b, c}

ou 1 1
P Y o (€a—p2,estpr) T = p1
se{b,c} & 0+p1 2

1 1 1
|

= P2 5=

(€q p1,€s+P2)QQ7T 15 pp2 4

3.2 Implementing the Pareto-improvement

We find a fiscal /monetary policy that results in the allocation associated with (15). Let M; and p; be
given s.t.

Mp = p (18)

13



Suppose the current signal, z; has the value k. Then define next period’s price to be

E36{17,6} a%bl(ea —p,es +p)m
Zse{b,c} %‘2(6@ —p,es+p)m

k
k - S
Pty1 = 5Pt
S

Notice that this price is conditionally deterministic, i.e. conditionally there is no price volatility. Let

real taxes (subsidies) imposed on next period’s old be:

k .
-
i1 = pia My — p i.e., nominally the tax (subsidy) is: ;T‘i‘l =M, — pkL (19)
t+1 t+1

Agents then solve the problem:

Maz >0 Z U(ea —peM, e +Pf+1M - Tt’il)ﬂf

se{b,c}
with First Order Conditions
Ou k k du k k k k
> [_8701(6& —peMes +pra M — 75 )pe + 8702(611 — M es + pi M — 75 )pia]ms =0 (20)

Using the definitions of prices and taxes, if we set M = M;, the LHS of (20) becomes

ou

Z - (ea —D,es +ﬁ)pt7T§+
se{b,c} 9Cy
Ou A N stE{b,c} %(ea —D,es +ﬁ)pt7‘—§ 0 k=12
D A R s Doy P e = S L
s€{b,c} se{b,c} 90y \€a — P;€s T D)Tg

Thus M = M, solves the problem of the agents with the future prices as defined. Finally, we define

M, via the equation
P M1 =p (21)

so that in this equilibrium the real value of the money in circulaiton is constant. Combining (21) and

(19) be then get the government’s budget constraint:
Pl (Myyy — M) 4+ 7, =0
Py (Miga 1)+ T

In other words, the government is financing any subsidy to the current old by selling money to the
current middle aged and is using any tax on the current old to buy money from the current old. With
this combination of monetary and fiscal policy in place all uncertainty relative to the price is removed,
so that the only uncertainty left is the fundamental one about the resources of the economy, when
the agents are old. It should be noted though, that the implicit assumptions about the information

available to the governments are quite strong. Most importantly, it is assumed that at any date, the
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government is able to find out what signal agents have received, i.e. the state of beliefs for the rational
beliefs interpretation of the model.
Consider the case where u is separable. We then have pf = %pt From (21) and (19)

we have
. § PFaDt P
Tr = pia My —p ="My - p= (= —1)p
2 bt
Since —uj(eq — P) + @1 Lseqp,er Uales + Pl + o D sefber Ua(es + p)m2 = 0, it follows that when the
signal is negative, k = 2, pf '\1 < p¢ i.e. the net interest rate is positive and the tax is negative while
the money supply increases (when the signal is positive, k& = 1, the opposite is the case). Thus to
countervail the tendency to save more and consume less, when the signal is negative the government

promises a lumpsum transfer and via an expansionary money policy decreases the interest rate.

Evolution of prices for the time separable case

Dir1 = p;}%}% ... % -p; which means that Inp; 1 = >, In ps“ +Inp;. By the law of large numbers,

lim = Zl Ds+1 —l Zln [Z ull(f*ﬁ) _ Zs] _

se{b,c} u?(es + p)ﬂ's

uy(e — p)
Zse{b c} ué(es + ﬁ)ﬂ-‘%
es ) g +q2 In[Y ¢ 1,1 b (es+P)m3] < Infgr Xgeqp ey ua(est

q11n

u) (e — p) 1

+g21n ~
[Zse{b c} U/Q(es + p)ﬂ-g

with probability 1. Using that ¢; In[}" . {bye} U ub(
ﬁ)ﬂ-;_‘_(ﬂ Zse{b,c} ul2(65+ﬁ)ﬂ-g] = 111[ se{b,c} U (63—{—]3)?5], this limit is > ln[ul (e_ﬁ)]_ln[z:se{b,c} U2(65—|—
p)Ts] = 0. In other words,
.1 . e
thm Zpt_l'_l > (0, w. probability 1 so psy1 — oo w. probability 1

So with probability one we have deflation and the money stock tends to zero.

REMARK 5

For the case where preferences are time separable the allocation may be implemented in a different
way. Let today’s signal z; = k and define next period’s price conditional on next period’s fundamental
state, s:

™
2t _ s —
pt+175 - kpta s = b7 c
Ts

Thus, with this implementation there is (conditional) price uncertainty.

Inserting this and M = M; in (20) we get, using (18) and (19):

pe Y, [—ui(ea — )+ uh(, e+ P)Ts] = 0
se{b,c}

15



since this is the First Order Conditions, (16) for solving (11). In this case, since p; = § and

pty1 M1 = p we get

w2t T
s .
My 1 = =L M, in other words, My = x| 2L \f

Tsp+1 Tsi+1

or
1 1 & w2t 1
“InMp==—S"In |+ —InM 922
P = 73 T fn 22

What happens to the money stock under the monetary policy considered here? Under the assump-

tion that {z;}; and {e;}; are independent, with probability 1, the RHS of (22) tends to

2 7rk
S Y gmn [7;;

k=1 se{b,c}

<0

as T — oo. The inequality follows from the fact that by concavity of In, Y7_; qx In7* < In 32_, qpr® =
In7s.

This in turn means that with probability 1, M; — 0 as T — oo. B
3.3 Concluding Remarks

Both the policies of the European Central Bank and the American Federal Reserve Board have, wholly
or partially, been directed towards stabilizing inflation, that is to keep inflation inside a target zone.
To achieve this goal interest rates are being adjusted in reaction to developments in the real economy.
Stabilizing prices (or price movements) will reduce the macroeconomic part of the price uncertainty
that agents face and as long as this price uncertainty is not completely insurable may have a positive
impact on economic welfare. This was what the present study sought to formalize. However, if
we take into account that agents typically have diverse and in particular wrong expectations such
stabilization has another beneficial effect (as was demonstrated, in another context in Nielsen, 1998)
namely in reducing the mistakes agents make in forecasting prices. Such an effect may have been
intended since the policy of the Federal Reserve Board to some extent has been concerned with
preventing (probably unsuccessfully) build-ups of bubbles (and their consequentive bursts) especially
in the financial markets. While these two beneficial effects of price stabilizations are not exclusive

they may, for clarity, best be studied separately as was done here and elsewhere.
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4 Appendices

4.1 Generalization of some Results

The Generalized Model For the generalized model we assume that there are K > 2 signals, with signal

k having probability ; > 0, and thus K conditional distributions 7%,k = 1, ..., K, Furthermore, that
there are S > 2 states, e < e3 < ... < e5 < ...eg for the endowments in the last period of the life
of the agents, such that 325, e;nd < Y5 e,md’, whenever j < j'. Let & = max{e,ei,...,es}. The
assumptions from 2.2 about u are maintained.

A Monetary Equilibrium is then a vector (pi,...,px) s.t. for each k the solution to the problem

K S
Mazp Y Y ule — ppM, es + piM)gimt (23)

i=1s=1
is M = 1. Note that an equilibrium price must be in (0, €)%

The formulation and proof of the following proposition follow Peled(1982).

ou

PROPOSITION 5 Suppose that %yt(e,es) < 1,Vs. Then there exists a monetary equilibrium for the

aCy

economy.

Proof: In step 1 of the proof existence of an equilibrium is shown and in step 2 it is shown that in this
equilibrium money has value. Consider normalized prices for consumption and money, p = (p¢, p™) €

A?K . For p € intA?X | let My, (p) be the solution to

S & L P k
Mazxpr>o Z Zu(e — M—]Z, es + M%)qiﬂ's.
s=14i=1 Dy D;

Let Ck(p) = e — MZ;L: + %: the demand for consumption by young and old agents, (C,M)(p) =
k k

[Cl(p),-..,C'K(p),Ml(p),--.,MK(p)L and E(p) = (Ec(p)vEm(p)) = (Cv M)(p) - (6767")6717“1) - the

excess demand at price p. We have

K

+ ) i [My(p) — 1] = 0.

Boore — S e | ag (o PE 4 PE
(p)p=>_pi | —Mi(p)=2 + =&
=1 Pk =1

jus

Consider a sequence A" C intA?K st. A" 1 A2K where A" is non-empty, compact and convex.
From Debreu’s theorem it follows (by continuity of E) that for each n there is a (p", E™) s.t.

(i) p" € A"

(i) B = BEG)

(iif) E"p < 0,Vp € A"

E™ is bounded from below by (e,e,..,e,1,..,1). It follows from (iii) that E™ is also bounded from

above. We conclude that (ﬁ”,E”) has a convergent subsequence (ﬁ”q,E”q ) — (p, E) € A2K x 2K,
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We have pE = 0 and Ep < 0,Vp € AKX, By (iii) we have that E < 0 (for if for some j, E; > 0, choose

p]:17p7“:077ﬂ7£])

Define for all n,
~ATn,n N

. p p
pn ( Alc’n, AR | AIC{'IZ )
Py V%

Amn AT, TL

Since E™ — E < 0 and since if 2 pcn — 00, because M (p" )I;’%n is bounded by e, Ek, — 00, We
k k

have that p"¢ is bounded, hence has a convergent subsequence, converging to some (p1,...,px). To

simplify notation, we assume this subsequence to be the original sequence p".

From the format of the young consumer’s problem it follows that if lim_, I; ko = 0 for some k'
k

AT, TL

then lim_, ;0 % = 0,Vk, in other words, p = (0,0,...,0) or p => 0. We now rule out the first

k

possibility.

Rewrite for any n, the FOC (which says that (24) below is = 0 )for the young consumer as

ou ( Amn Am,n
AT, N AT, T AT, a 6—M Acn 65+M M> AMML,M AC,TL
Z Z YT S e I K ’ A S S
80 k —cn , Es + ~C,T ~C,T m,n mn ~C,L AT,
! Pr | ou <e — Mt e + Mt > P Py
k 7

7
s=11i=1 907 F

Since M} is bounded,

ou ,n ~m,n
8cy2( M cn,€s+M Acn) ou (e,e)
C'y

,n AT, T - Ju
88( ancn7eS+Mk; Acn) oC, (6,65

There is also some k' s.t. for some subsequence n
q

ﬁm Mg ﬁm Mg
}c g > g , Vg, Vi
pz pk’

If we consider what is inside the bracket in the reformulated FOC, be see that for this subsequence
and for k = k' is is > 0, Vi, which means that the equality cannot hold for all n for this /'l
bigskip

Regularity of the Monetary Equilibrium Let ¢ be the set of C? utility functions defined on %i 4 which

are strictly increasing, strictly concave, and with indifference curves who’s closure is contained in %i 4
Let U* C U be the set for which a monetary equilibrium exists - it has non-empty interior and finally

define the open set U** C U* (the inclusion is Proposition 5),

8(95( ,€s)
U*=<uel: 8;7<1, fors=1,2,...,8
802(6 es

18



Define F on U x %f 4 with values in RE by

S K
ou ou

Fy(u,p) == 1 ) {86’1 (e — Pk, es + pi) Pr — aC, (e — i, es + pi) pi| Gim” (24)

s=11i=1

Thus p > 0 is a Monetary Equilibrium price for the economy w if and only if F(u,p) = 0. F is

continuous.

PROPOSITION 6 For an open and dense set of utility functions in U™ we have that if F(u,p) =0 for
some p then there is an open ball, B, containing u and an p € %ﬁr s.t. for all v’ € B, we have that
if F(u',p) =0 then p > p.

e (e=poes+p)

Proof: The condition for inclusion in &** implies that there is for any v € U**, p > 0s.t. B o)
p i (eres
1, for s =1,2,...,5 and as can be seen from the proof of Proposition 5 this means . there is p € §Rf+

s.t. F'(u,p) =0 = p > p. We can then not have a sequence u" — u s.t. for each n there is p" < p
with F'(u",p") =01

Regularity for an economy u means that F(u,p) = 0,p > 0 = 0,F (u,p) has full rank i.e. rank
K. The set of regular u contains an open set. For suppose that u is regular and in U**. If there were
a sequence u" — u where u™ were not regular there would be a sequence p" s.t. F(u",p") = 0 and
p™ > 0 but |0,F(u",p")| = 0,Vn (where | - | means determinant). Since p" is bounded (u",p") has a
cluster point (u, p), implying by the continuity of F' and |0, F| that F'(u,p) = 0 (so that by Proposition

6) p > 0) and |0,F (u,p| = 0, a contradiction.

PROPOSITION 7 Suppose that the rank of the matrix

7'[':][ 7'['% . . . Wé
i
=
K K
™o s

is K. Then the set of reqular u is dense in U**.

Proof: Pick any u € U**. Then show that there is a sequence {u"} — w s.t. Vn : "F(u",p) = 0,p >
0 = |0pF(u",p)| # 0”. First we find an open ball, B, around u and contained in U** s.t. (using
Proposition 6) there is a lower bound p such that any equilibrium price p for ' € B is > (p,...,p).

We consider the following form of parametrization:

L
U(e,ry,ygry) = U T € Z Uj
j=1
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for (e,r1,...,7rr) € (0,€) x H]L:1 R; where the Rjs are open intervals in R,y and u;(Ci,C2) =

e~ "% In the proof we choose L and Ri,..., Ry s.t. if we let ﬁ'(e T P) = F(U(ery,. rp)>P)

then F (¢,71,...,r,p) has rank K for all (e,r1,...,rr,p) € (0,€) X HJ L R x [p,e)K. Tt follows
from the transversality theorem that the set of (e,71,...,rz) for which F(u(y,,  r.),p) = 0 =

|Op F' (W(ery,...rp)| # O has full Lebesgue measure in (0, €) x Hle R; which implies the result.

-----

We have

F(ejr,p)k— EZT‘]ZZG rJ[es'””pqw = F(u,p) EZ’F] [Ze rﬂp’pq] [Ze_"jesﬂ'f]
) S

Then

aﬁ(e, r,p) = 8€F(e, r,p) —€eA(r,p) 8pF(e, 7, D)

where A(r,p) is an K by L matrix with elements
Ak‘] (’I", p) = 74]7p [Z e ijzp q‘| [Z e—rj65W§1 _
S
v { lz eTjPipfqi] lze r]@s,n. Ze TiPip, q] lz 6”6565775] }
i s

We now let p € [p, €] be given and show in Lemmatas 1 and 2 below that there are r1(p),...,7x(p)
such that the K by K matrix A(ry,...,7r,p) with elements ay;(r;(p), p) has full rank. This implies
that there are open intervals, R;(p) containing r;(p) and an open ball, B(p) containing p such that
for any (p,r1,...,7x) € B(p) X R1(p) X - -+ X Ri(p) we have full rank of A(ry,...,7r,p). Now {B(p) :

p € [p, &5} forms an open covering of [p,e]” and consequently there is a finite subcover {B(ps)}HL ;.

We then let A(p,71,...,71) be the K by KH = L matrix defined on [p,&]* x [TiL, [Tr—; Rx(ps) and

we see that A(p,71,...,7r) has full rank. This completes the proof

LEMMA. 1 There are, for anyp € [p, €%, r1(p),...,rx(p) such that the K by K matriz A(r1,...,rr,p)

with elements a;(r;(p),p) has full rank

Proof: We start with some rx > 0 and get the K’th row of the matrix:
ay (TKa p)
AK (rKa p) =

ag(rK,p)
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We then find 0 < rg_1 s.t. Ag_1(rx—1,p) is not parallel to Ax(rg,p). In the n’th step we find
0 <rg—nst. Ax_n(rK—n,p) is not in the subspace spanned by [Ax(Tx,p), s Ak —nt1(TK—n+1,P)].
For this procedure it is sufficient to show the following: for all sets of K-vectors [Vi,..., Vk_1] there
is 0 < rs.t. Ag(r,p) & span[Vi,...,Vik_1]. Tt is enough to show that for all N € RE there is 0 < r
s.t. Ax(r,p)- N # 0 because this inequality will then hold for any normal N to span[Vi,...,Vk_1] .

If Ax(0,p) - N # 0 then, by continuity, this also holds for some 0 < r and we are done. Consider
then the other case where Ax(0,p) - N = 0. If for all » > 0, Ag(r,p) - N = 0 then, in particular,
O'Ar(0,p)-N =0 forl = 1,2,... (where 0' A;(0) is the I’th derivative of (ai(r,p), as(r,p), ..., ax(r,p))T

evaluated in (0,p)). So the result is proven by showing that the matrix
[0 4k(0)] 02 44 (0)] -+ [0 A4 (0)]

- a K by K matrix has full rank for some I1,...,lx. The derivatives in this matrix are K-dmensional

column vectors with elements which can be shown to be of the form (Zi’;l a; Y, elm®. Because of this

form of the derivatives and the lemma below, we need only prove the following: there are I4,...,[x
such that . .
s es1 T = )€ T
1 K l K
s esl T D5 €45 T

has full rank. Suppose that
s elsl ﬂ% T T s eékﬂ-sl

K lp K
2565773 oot seskﬂ-s

has maximal rank and let N € R be a normal to the space spanned by the k columns in this matrix.

By the assumption that Il has rank K we have N - II # 0. Consider

1.1

S eSﬂ-S
: K
O N R DL S S D) D
k=1 s s k
’ Zs eéﬂ'g(
As noted, we have 3, Nym® # 0. To show that there is [ s.t. S5 | Ny 37, ebn® # 0 we only need to

show that for a € R\ {0} there is [ such that 3, elas # 0. Recalling that e; > ey when s < s/, let

s =maz{s: as # 0}.

3 5—1 l
l l l €s
E €5 = E e,as = €5 [E (e) as + ag
s s=1 s=1 S
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_ l
and as [ — oo Zi;% (Z—:) as — 0 and eLas — sign(as)oo, giving us the result H

LEMMA. 2 Let X; € R5,i = 1,2,... Let Ly = 1 and for j = 2,3,.., K define L; inductively s.t.
Lj is the smallest number s.t. [Xp,, Xr,,...,Xr;] has rank j assuming that such L; exists. Let for
i=1,2,..., K, VLi = ailXLi +apXp, +---+ aiiXLi, with Qjj #0,Vj. Then [VL17VL27 e VLK] has

mazimal rank (i.e. rank K ).

Proof: For every j Vi is linearly independent of [Vi,,...,Vr, ,]. Suppose not. There would be
at,...,q; s.t. Zgzl a;Vr, = 0. But then

Jj—1

Z Z ;0 h X1, = aja; X,

h=11=1

in contradiction with that X, is linearly independent of [X,..., X, 1] |

Genericity of Price Volatility

Let A={peRE, :p1=pr=---=pg}and B={uelU*: F(u,p) =0=p¢ A}. We show
that B is an open set. Solet u € B, p € %, s.t. f(u,p) =0 — p > p,Vk (using Proposition 6) and
suppose u” — u. Suppose there were for each n a p" € AN[P,e]X s.t. F(u",p") = 0. Since AN 2 |k

is compact p™ has a cluster point, p € A, and, since F is continuous, F(u,p) = 0, a contradiction Hl

REMARK 6

If we assume that the K x K matrix

Es 6371'; Zs 637@ I Zs €S7T£{
Zs 6571'5,2,
Zs esﬂ-f ' : S 657-‘-5]{

has maximal rank (a generic condition), Proposition 7 holds without the rank condition on 1T H

Denseness of price volatility

PROPOSITION 8 Suppose the set {u € U** : u is reqular} is dense. Then B is dense.

Proof: It is sufficient to show that for every u € {u € U** : u is regular} there is a sequence u" — u
s.t. u™ € B,Vn. Because of regularity, such a u has finitely many equilibria, say p', ...,p". Consider

the following parametrization:

Ue =u — € |A1e 02 4 Age 202
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wherek1, ko2, 71, and ro are to be chosen. The k’th coordinate of the parametrized F' now is

F(e,p)r = (Upk+€{k17“1zze ri(es AP, ik +7€2T2226 ra(estpi PzQﬂT?}

By the implicit function theorem locally the equilibrium price p?, h = 1,2,..., H is a function of ¢
with derivative

2,70 0F (0.7,

If this derivative is #

I
[t

1
then locally, p(¢) ¢ A (for the case where p* ¢ A this follows from continuity of F(-,-), else it follows

from the condition on the derivative).

K

OeF(0,p [Amzze r et gyl +A2rzze o qz-ze_”e'gp?qu] =
S

k=1

K

o _ oph _
[Allee ”pip?ine ”eswf—FAgrgZe 7"21’1‘10?(]2-2:@ Tze‘“ﬂ?]
7 s i P

We can find 71 and ro s.t. {3 e "k and {3, e 2% 7k} | are linearly independent. To se

k=1

why, note that the derivative w.r.t. risat r =0

Zs 657-(.%
Zs esﬂ'g

> esﬂf
Note that we have 8pF(u€,ph)‘€:0 = 0, F (u, p") the last having full rank. So there is a unique X"
S.t
[, F () X = 1

We can then pick A; and As such that

K

{Alrl Z e P p?q Z e ek 4 Aory Z e_”plhp?qi Z e_”esﬂf} #£AX" VYh=1,2,. . HV\e R
i s i s k=1

In other words we have %‘620 # A 1,Vh, so that for € close to 0 we have the equilibrium prices for
ue, PP A A 1,vR,¥A e R A

Pareto Optimality
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We first confirm that a Monetary Equilibrium is conditionally Pareto Optimal in the two-period
version of the more general model. For this model an allocation, characterized by the transfers/prices

P1,--., Pk is Pareto Optimal if there are Wy, ..., Wg > 0 s.t.
ou & ou j
Wk‘zziaicfl(e — Pk, €Es +pl)qlﬂ-s +ZW7287612(6 — Pj,€s +pl€)qk‘ﬂ-s = ka = 1a2a" . 7K (25)
s 1 j s

A proof of this claim is not provided, but would follow the logic of the proof of Theorem 3 in
Peled(1982). Let
ou

di(p) = ——(e = pr, €s + i) qims

k(p) g;wl( Pk €5 + Pi)g
and

ou i
cri(p) =Y 8702(6 — Dk €s + Dj)qiTs

Then the equilibrium condition can be written H (u,p) - p = 0 where

—dy + c11 c12 cl3 - - - C1K
Cca1 —dy+coo c23 - - - CoK
H(u,p) =

while (25) can be written (W1,...,Wgk)- H(p) = 0. The argument is now the same as in Peled(1984).
His Theorem 1 states that if H is an K by K matrix with positive off-diagonal elements and if there
isp>0s.t. H-p=0 then thereis W >0st. W-H(p)=01

We next show that generically the Monetary Equilibrium in the model studied (the 3-period

version) is not Pareto Optimal. More precisely we show the following. Let @ = (¢1, 42, ..., qK)
PROPOSITION 9 For generic u € U**, whenever H(u,p) -p=0, Q- H(u,p) #0

Proof:

Let A={uelU™: F(u,p) =0= Q- H(u,p) # 0}. Suppose A were not open, i.e. there were a u
in A and a sequence u" — u and p" s.t. F(u",p") =0 = QH(u",p"). As before (using Proposition
6) p" has a cluster point p > 0 giving the contradicting consequence, f(u,p) =0 = QH (u,p) Before
proving denseness we prove the following lemma:

LEMMA. 3 Suppose that p is a particular Monetary Equilibrium for the reqular economy u s.t.

(i) pi # p; for some i, j

(it) Q- H(u,p) =0

There is then for every open ball, B around w an v € B which is reqular s.t. p is still an equilibrium

price for v’ but Q- H(u',p) # 0.
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Proof: Let p = min{p1,...,px} < p = maz{p1,...,px}. Pick a C? function g defined on R? and
with all first and second derivatives bounded in absolute value s.t.

(a) 3%91(6 —p.es+p)p = —a%(e —p,es+p)p#0

(b) 387091(6 — Dr,es +pj) = aa—cgz(e —pr,es +p;) =0 forall k,j,ss.t. pi # p or p; # p} or sneqS. Note
that from (a) it follows that

> —pes+D)peTE =— —p,es +p)pgjme, Yk s.t. pp =p
301 802
{j:p;=n} {j:p;=p}

Let uc = u + eg. There is § > 0 s.t. for € € [—6,0], u fulfils the maintained assumptions about
preferences. Also, for all €, H(ue,p) - p = 0 i.e. p is still an equilibrium for the perturbed economy:
H (ue,p) = H(u, p)+H where every row H—k, - = 0if pj, # p. If pp = p then Hyp, = €2 {jip;=p) %(e—
Dk, €5 + P)g;me and ﬁkj = aa—cgb(e — Dk, es + P)g;mh for all j s.t. p; = p, else I:ij = 0. It follows that
I:IM -p = 0,Vk ie. that H(uc,p)-p = 0. Let j be such that p; = p. The column H (u,p).; has the
form H(u,p).; + H. j» where Hk] = aC % (e—p,es + p)gjm% whenever py, = p, 0 else. It follows that
Q- H. j#0, while Q- H(u,p).; =0 so that Q - H(u,p).; 70 M

To finish the proof of the Proposition, we show that for all 4 and all open balls, B containing w,
BN A # (). Since the set of u which are regular and have the feature that for all equilibrium prices
D, pj # p; for some 4,7 is open and dense, we can assume that v has these features. By regularity
there are then only finitely many Monetary Equilibria for u, say p',...,pYN. Let B be an open
ball around w so small that the equilibrium prices can be parametrized by N continuous functions,

n:B—(0,e]f,n=1,...,N.

Start with p'. If Q - H(u,p') = 0 pick according to the lemma u! in B s.t H(u',p') - p' = 0 but
Q- H(u',p') # 0. Else let u' = u. In the j’th step we have u/~! with equilibrium prices (ea ch in
§Rf+) (PP p ) st Q- H(w/ T, pi =) #£ 0 for i < j — 1. These inequalities continue to hold
in an open neighborhood, B! ¢ B of w/~!. Consider p/~%J. If Q- H(vw/~!,p/~1J) = 0 pick according
to the lemma a v/ in B~ s.t. H(uw/,p?~19) . p/~% =0 but Q- H(u’,p’ 1) # 0. Else let w/ = u/~1.

u™ then has the desired properties l
4.2 Brief Introduction to Rational Beliefs

The generic set of variables is 7. We consider x22;R% and it Borel sets, B°. and on the shift
transormation T : x2 RL — x2 R ie. T(Hy, Hs,..) = T(Hy, H3...). Let p be a probability
measure on (xR B2) so that (xR, B®, T, ) is a dynamical system. Finally, let C(x3°;R%)

be the cylinders. The following definitions are taken from Kurz[1994] :

25



DEFINITION 2 Stability: The dynamical system (H*, B(H™), u,T) as well as the measure pu are said

to be stable if for all cylinders C € C(x2 RY):

1J—1 A
) —00 1 1 T]
o 7 Y 10(T7(2)

exists for p-a.a. x € xR

For the case we are studying when the system is stable there is an associated stationary measure,
i s.t. @(C) is the limit of the sequence in the above definition. This f is the empirical distribution of
the stochastic process and is assumed to be known by all agents.

To know that the true but unknown dynamical system (xtoiﬂ%L , B, T, 1) generated [i is not the
same as knowing p . There are many possible stable dynamical systems which will generate the same

stationary measure.

DEFINITION 3 A probability measure p on (x{2;RE, B>) is said to be a Weakly Rational Belief for
the stable dynamical system (<3, RY B¥ T, ) if p = ji i.e. if for all cylinders C € C(x2;RE):
1 J—-1 .

=0

for p-a.a. x € x°RE

Thus a belief p is rational, if it generates the same empirical distribution as the one being observed.
In this paper we use rational beliefs which are generated by a random signal/sunspot, z and two
one-period beliefs, B;,7 = 1,2. We assume that the empirical distribution is i.i.d. with one-period
distribution B. Thus we can phrase the rationality conditions in terms of one-period beliefs only as

in (3) (see Nielsen(1996) for details).
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