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ABSTRACT 
During part of the 2007-2009 financial crisis there was little or no trade in a variety of financial 
assets, even though bids and asks existed for many of these assets.  We develop a model in which 
this illiquidity arises from uncertainty, and we argue that this new form of illiquidity makes bid 
and ask prices unsuitable as metrics for establishing "fair value" for these assets. We show how 
the extreme uncertainty that traders face can be characterized by incomplete preferences over 
portfolios, and we use Bewley's [2002] model of decision making under uncertainty to derive 
equilibrium quotes and the non-existence of trade at these quotes. Having established the origin 
of the quotes, and why the market freezes, we are then able to use our approach to suggest 
alternatives for valuing assets in illiquid markets. 
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1.  Introduction 
 

 A puzzling feature of the recent financial crisis is the lack of trading volume in many 

affected markets.  While dealers continue to post bid and ask prices for mortgage-backed 

securities and CLO tranches, there is virtually no trading at any of these prices.  The auction-rate 

preferred market has faltered as new buyers of paper have departed the scene, leaving holders of 

such paper unable to follow suit due to the lack of trading in the market.  From leveraged loans 

to residential real estate, a dearth of actual trading has resulted in markets not so much failing as 

“freezing”, with traders apparently unwilling to either buy or sell at almost any posted price.  

Such a scenario is hard to reconcile with our standard models of asset price formation in which 

supply and demand inevitably finds an equilibrium price, or even with microstructure models 

that allow for bid and ask prices to evolve separately.1   

 Two issues naturally come to the fore.  First, what is causing such seemingly aberrant 

market behavior? And, second, what are these financial assets worth given that there is no actual 

trading?  Addressing the first issue requires understanding how, for a given financial asset, an 

equilibrium can emerge with a multiplicity of prices at which no, or very limited, trade occurs.  

Such an outcome is inconsistent with the typical view in financial markets that at a given price 

“if you are not a buyer then you are a seller”, but instead reflects a reality in which traders 

apparently will neither buy nor sell even at drastically different prices.  Understanding asset 

valuation in such a world then takes on particular importance because, with no transactions, the 

only prices are bid or ask prices at which no one transacts.  Which price, if any, reflects a “fair 
                                                            
1 For an insightful discussion of the origins of the liquidity and credit crisis of 2007-09 see Brunnermeier [2009]. For 
a review of the facts about cross market liquidity and the theoretical challenges they pose see Spiegel [2008]. 
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value” is far from obvious, requiring firms, and their accountants, to grapple with difficult 

valuation issues. 

In this research, we suggest answers to these questions in the context of a model in which 

agents have incomplete preferences over portfolios. That is, we model traders who have to make 

decisions during the financial crisis as if they cannot rank order some portfolios. This is a 

reflection of the extreme uncertainty that they face. For some portfolios, traders know how they 

feel and can say that one portfolio is better than another; for other portfolios, for example, those 

with exposure to credit derivatives, they are uncertain about how to rank them. Although most 

analyses of asset markets (and for that matter just about everything else) in finance or economics 

begin with complete preferences, or representations that reflect complete preferences, this is 

typically driven more by convenience than by economic reality.2 The assumption of complete 

preferences is neither a natural nor we would argue a realistic assumption to use in attempting to 

understand the financial crisis. 

Our analysis draws on the original insight of Knight [1921] that uncertainty can play an 

important, and distinct, role in influencing agents’ behavior in risky markets.3  One approach to 

modeling Knightian uncertainty is due to Schmeidler [1989] and Gilboa and Schmeidler [1989] 

who weaken the independence axiom of Savage [1952] and show that this leads to a 

representation with a single utility function and set of beliefs which can be interpreted as a 

                                                            
2 The completeness assumption that underlies expected utility analysis requires that the decision maker whose 
preferences are to be represented can rank order every pair of alternatives. If one restricts the set of alternatives to 
ones that the decision maker has experience with, and considers a world in which that experience is clearly relevant, 
this assumption is not too obnoxious. But even in this restrictive setting if the set of alternatives is rich enough the 
completeness assumption when combined with transitivity often leads to contradictions. For a discussion of this 
point see Kreps [1988]. In our setting traders are faced with an environment that was unexpected and with which 
they have no experience. In this setting completeness is surely too strong.  
 
3 This Knightian uncertainty approach is distinct from the economic uncertainty (also known as model uncertainty) 
approach in which uncertainty is used to denote heteroskedasticity in the conditional variance of asset returns.  See 
Bekaert, Engstrom, and Xing [2009] for an analysis of the effects of economic uncertainty on asset prices. 
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reflection of the ambiguity in probabilities that decision makers face. Numerous authors have 

shown that uncertainty, or ambiguity as it is also called, when modeled in this way can induce 

non-participation in markets, which is certainly consistent with some aspects of the financial 

crisis.4  However, if traders have Gilboa-Schmeidler style preferences and enter the period of the 

credit crisis with a portfolio containing the now ambiguous financial assets, they will be inclined 

to leave the market by selling their position.5 But a desire to leave a market would also generate 

trading volume as current holders move away from ambiguous assets, a result seemingly 

inconsistent with the absence of trading in the 2007-2009 financial crisis.   

Using Bewley’s [2002] model of Knightian uncertainty, we show that this absence of 

trading naturally arises when traders have incomplete preferences over portfolios.6 Bewley’s 

approach applied to preferences over portfolios yields a representation consisting of a set of 

beliefs and a utility function for wealth. In his representation, one portfolio is preferred to 

another if and only if it yields greater expected utility for every belief in the set of beliefs that 

represent the trader’s preferences. Of course, this approach by itself does not result in a complete 

                                                            
4 Easley and O’Hara [2009] use this approach to discuss the performance and regulation of asset markets. Liu, Pan 
and Wang [2005] use uncertainty to explain option pricing anomalies. Cao, Wang, and Zhang [2005] use a similar 
approach, model uncertainty, to explain limited market participation, while Garlappi, Uppal and Wang [2007] apply 
model uncertainty to explain portfolio selection. Caballero and Krishnamurthy [2008] uses this approach to analyze 
optimal intervention by a lender of last resort in a liquidity crisis. Vayanos [2004] uses standard preferences and 
induces a preference for liquidity through the behavior of fund managers who face withdrawals if fund performance 
falls below a benchmark. Huang and Wang [2008] introduce participation costs and analyze how liquidity emerges 
endogenously in a model with traders and market makers. 
5 Ambiguity aversion is often interpreted as generating no-trade results. Whether this is true or not depends on the 
trader’s endowments. Consider a two-trader pure exchange economy with no aggregate risk in which one trader is 
risk averse and Gilboa-Schmeidler style ambiguity averse, the other trader is a standard expected utility maximizer, 
and the beliefs of the EU trader are in the set of beliefs used to represent the ambiguity averse trader's preferences. 
There is a kink in the indifference curves of the ambiguity averse trader along the certainty line, so for a range of 
prices determined by his risk aversion and set of beliefs,  this trader will demand a certainty allocation. If initial 
endowments are on the diagonal of the Edgeworth box, then there will be no trade.  However, if initial endowments 
are off the diagonal, then there will be trade to the diagonal. So these results should not be interpreted as no-trade 
results, but rather as results about what equilibrium allocations have to look like. 
6 Bewley’s work was originally distributed as Cowles Foundation Working paper no. 807 in 1986. Aumann [1962] 
provided an earlier representation theorem for incomplete preferences, but his approach is not tailored to the 
question posed by Knight. Rigotti and Shannon [2005] use this approach to characterize Pareto optimality and 
equilibrium. 
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model of decisions as a trader with incomplete preferences may be unable to decide. Bewley 

supplements his representation with an “inertia” assumption to provide a complete theory.  A 

trader moves away from the status quo if and only if the move (a trade) is expected utility 

improving for every belief in the set of beliefs that represent the trader’s preferences. This 

“inertia” assumption results in the status quo prevailing in some circumstances, and sets the stage 

for our model of why asset markets can appear to freeze in the face of uncertainty. 

A simple example can explain our intuition. Suppose an investor is holding a CLO and is 

given a bid price, or mark, by a dealer of 57.  A price of 57 may strike the investor as far too low, 

a product perhaps of over-reaction on the part of the dealer.  If the trader believed the CLO could 

be worth 75, then he may not want to sell the asset at 57.  Should he instead buy more of the 

asset?  Now the problem is that the dealer may be underestimating the extent of the CLO 

problem, and in a meltdown the CLO could be worth only 35.  If this is the case, then he may not 

want to buy at 57.  Because the trader is uncertain about the CLO market, he does not have a 

single prior belief on the CLO value, and instead evaluates each possible trade relative to his set 

of possible beliefs.  In the presence of this uncertainty, the investor neither buys nor sells, and the 

market falters.   

There are, of course, other, more standard explanations that can be applied to the 

financial crisis.  Two of the most likely candidates are a change in the market price of risk, and 

asymmetric information.  Because our model allows for both risk and uncertainty to affect 

traders’ demands, we can demonstrate the specific roles played by each in affecting equilibrium.  

While an increase in the price of risk will cause asset prices to fall, it also generates trade.  By 

contrast, the addition of uncertainty quells trading, and, perhaps more importantly, changes the 

entire price-setting process.  In particular, unlike in standard economic models where the single 
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equilibrium price is an “average” across beliefs, in our uncertainty world there are a range of 

market prices.  Each of these prices reflects a single individual’s beliefs about possible outcomes, 

and a “spread” arises between these optimistic and pessimistic–based prices.   

Microstructure models also feature a set of prices, and a spread arises in such models to 

reflect the risks of trading with individuals who have superior information.  The “uncertainty 

spread” in our model differs in important ways from this microstructure spread, and reflects the 

fact that illiquidity arises in our world from uncertainty and not from risk. As we demonstrate, 

this distinction has important implications for the properties of prices and the nature of trading. 

Our analysis of price-setting in an uncertain world has interesting implications for the 

debate regarding establishing “fair values” for assets trading in illiquid markets.  While the 

Financial Accounting Standards Board has decreed that the fair value is “the price that would be 

received to sell an asset or transfer a liability in an orderly transaction between market 

participants at the measurement date”, implementing this criterion during the 2007-2009 

financial crisis has proven problematic7.  Our model with uncertainty demonstrates that while 

quoted prices will exist, these prices have biases relative to the prices that would prevail in 

“normal” markets without uncertainty.8  These biases arise because in the presence of 

uncertainty prices are not averages across possible outcomes or across individuals, but rather are 

                                                            
7 In September 2006, the Financial Accounting Standards Board [FASB] issued SFAS 157 “Fair Value 
Measurements” (denoted “FAS 157”) which provides guidance to companies on how entities should measure fair 
value for financial reporting requirements.  In February 2007, the FASB issued a related standard SFAS 159 “The 
Fair Value Option for Financial Assets and Financial Liabilities (denoted “FAS 159”) which provides guidance to 
firms on what can be fair valued and the disclosure requirements for doing so.  A related standard issued by the 
Securities and Exchange Commission is Accounting Review Standard [ARS] 118 which gives guidance on how to 
value securities in a portfolio.  On April 2, 2009, the FASB released new guidelines on how to apply fair value 
accounting  in FAS 157-e “Determining Whether a Market is Not Active and a Transaction is not Distressed.”  The 
IASB, the arbiter of European accounting standards, has decided not to follow this most recent FASB guidance, 
suggesting that this issue is far from settled. 
8 These biases also differ from those analyzed in O’Hara [1993] who demonstrates how in the presence of 
asymmetric information market value accounting biases market prices downward and increases borrowers’ liquidity 
risks.  This latter effect arises because in equilibrium banks adjust their lending toward providing short-term self-
liquidating loans, a credit policy associated with the long-discredited “real bills” doctrine. 
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individual beliefs about the best and worst case outcomes.  We argue that this renders bid and 

ask prices unsuitable as metrics for fair value, and we suggest alternatives for valuing assets in

markets characterized by uncertainty as well 

 

as risk. 

This paper is organized as follows.  In the next section, we develop a model of trading in 

which traders have incomplete preferences and evaluate portfolios in the spirit of Bewley [2002].  

We derive traders’ equilibrium demands, and investigate how prices change and what trades 

occur if there is an unanticipated shock to the expected future value of the stock.  We derive our 

results when traders agree on the size of the shock, and when they face uncertainty about its size.  

We demonstrate conditions under which the ambiguity results in a no-trade equilibrium.  In 

Section 3, we then consider how to attach “fair values” to assets when uncertainty induces 

illiquidity.  We investigate alternative valuation metrics, and propose alternatives for establishing 

fair values.  The paper’s final section is a conclusion. 

 

2. The Model 

Trade in our economy takes place at two dates, 0,1t = .  At time 0, traders trade a risky 

asset and a risk-free asset.9  Time period 0 is used to generate endogenously heterogeneous 

portfolios of the risky and risk free asset. At time 1, an unanticipated shock to traders’ beliefs 

about the future value of the risky asset occurs and traders can re-trade.  After period 1 ends, 

asset payoffs are realized. 

The risk free asset, cash, has a constant value of 1. The risky asset has a price of tp per 

unit at date t and an uncertain future value, to be realized at the end of period 1, denoted . We v�

                                                            
9 We focus on the case of one risky asset in order to simplify the analysis. It would also be interesting to consider 
many risky assets with a factor structure and ambiguity about a factor.  
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will interpret the risky asset as CDOs or MBSs, but our analysis would also apply to other risky 

assets such as bonds, stocks or houses.  

There are I traders indexed by i 1,  , I= … . These traders have heterogeneous beliefs about 

the future value of the risky asset. They all believe that the future value is normally distributed 

with variance 2σ , but they disagree about the mean.10 Trader i’s mean is iv and we assume that 

for at least two traders i and j, j iv v≠

                                                           

. These heterogeneous beliefs are not the result of traders 

with a common prior having received differential information; so traders do not attempt to infer 

each other’s beliefs, and thus information, from prices. Instead, these traders disagree about the 

future value of the risky asset. We believe that heterogeneous beliefs are natural. Although 

learning would likely reduce the dispersions of beliefs over time, complete learning requires 

strong assumptions on priors and likelihood functions across agents.11 

Our assumption of heterogeneous beliefs is crucial for the existence of trade. If traders 

have common beliefs then standard no-trade theorems (see Milgrom and Stokey [1982]) would 

apply. Although there may be trade in an initial period, once an optimal allocation is reached, the 

arrival of new information will not generate trade.12 We do not believe that this phenomenon is 

the reason for the lack of trade in the 2007-2009 financial crisis; instead, it illustrates the 

inadequacy of Walrasian equilibrium models with homogeneous beliefs and complete markets as 

a tool to use in understanding trade and liquidity in asset markets. 

 
10 We could also, or instead, have heterogeneous beliefs about the variance of the future value of the asset. This 
would not affect our qualitative results. 

11 We view beliefs and utility functions are a representation of preferences over random wealth. So assuming 
common (and correct) beliefs, as is usually done, is equivalent to placing restrictions on preferences across traders. 
In some settings this may be reasonable, and it is often convenient, but we do not find it compelling. 
12 This claim depends on the traders having access to effectively complete markets. If instead markets were 
incomplete, then the initial round of trade need not lead to Pareto optimal allocations and the arrival of information 
can lead to re-trade, see Blume, Coury and Easley [2006]. 

8 
 



Trader i’s endowment of the risky asset is ix . The per capita endowment of the risky 

asset is thus 1

1
i

I

i

x I −

=

= ∑ x .  We do not give the traders endowments of cash, but none of our 

results depend on this simplifying assumption.  All traders have constant absolute risk aversion 

(CARA) utility of wealth, w, at the end of period one.  To keep the notation as clean as possible 

we assume that they have a common risk aversion coefficient of 1.  

At time 0, each trader maximizes expected utility of wealth w given beliefs and the time 

zero price, 0p , of the risky asset. Our traders are unaware of the possibility of a shock at time 1, 

and so do not plan for it.  Thus the shock can be viewed as an ‘unforeseen contingency’; an event 

that the traders do not think about when constructing their portfolios as they do not know that it 

is possible.13 At time 1, the unanticipated shock occurs. To make the interpretations of our 

results consistent with the 2007-2009 financial crisis, we model the shock as a decline in the 

expected future value of the asset, but our formal analysis is also consistent with positive shocks.   

                                                           

As our interest is in examining the effects of this shock on trading, we analyze economies 

in which a non-ambiguous negative shock would cause prices to fall and traders to rebalance 

their portfolios. In a mean-variance world there are two types of shocks that do this: a non-

ambiguous multiplicative shock to dispersed means or a non-ambiguous additive shock to 

dispersed variances. We focus on dispersion in means and a multiplicative shock to the expected 

future value of the risky asset as the analysis is cleaner and the results are easier to interpret, but 

similar results also obtain with an appropriate variance shock.14  

 
13 The entry in the Palgrave by Lipman [2008] provides a discussion of the recent literature on modeling unforeseen 
contingencies. 
14 We do not examine an additive shock to means as this type of shock will simply generate a decline in prices and 
no trade. This occurs as each trader’s demand function is the expected future mean value minus the price divided by 
the variance of the future value. Even if the traders means differ, an additive mean shock of α will reduce each 
trader’s mean byα , so that reducing price by α   leaves equilibrium portfolios unchanged.  That is, it does not 
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We investigate two scenarios for how beliefs change in response to the shock. First, to 

establish a benchmark case, we ask how prices change and what volume of trade occurs if there 

is a common percentage decline in the expected future value of the risky asset. This scenario is 

consistent with an overall change in the market price of risk, and it corresponds to a more 

standard analysis in which traders evaluate portfolios only on expected returns and risk. We 

capture this effect by assuming that trader i’s expected future value of the risky asset declines 

to 1iv ivα= , where 1α < .   Second, we ask about prices and the volume of trade if the shock is 

ambiguous. In this scenario, all traders know that the future value of the asset has declined, but 

they do not know the magnitude of the decline. After the occurrence of the shock, our traders do 

not have induced preferences over portfolios that have a Savage (1952) subjective expected 

utility representation. So they do not act as subjective expected utility maximizers who can 

access a distribution over the set of possible declines in asset value and then act according to the 

predicted distribution. Instead, we view them as having incomplete preferences over portfolios. 

After the shock, they view the world as ambiguous and they cannot rank some alternatives.  

We model the scenario two decision problem using Bewley’s [2002] approach to 

Knightian uncertainty. Our traders each have a set of beliefs about the future value of the risky 

asset and they trade away from the status quo, their current portfolio, only if the trade is 

beneficial according to every belief they consider. Bewley shows that under standard 

assumptions incomplete preferences can be represented with a single utility function and a set of 

probabilities. With this representation, one act is preferred to another act if and only if it yields 

greater expected utility for every probability in the set. Some pairs of acts are not ranked, so to 

produce a theory of action additional structure is needed. Bewley does this with his Inertia 
                                                                                                                                                                                                
generate trade even in a non-ambiguous world. A multiplicative variance shock would have a similar non-effect. 
Our objective is to explain how ambiguity can be responsible for no-trade and a bid-ask spread, so we examine an 
economy in which non-ambiguous shocks do generate trade and do not generate spreads. 
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Assumption that the decision maker moves away from the status quo only if the move increases 

expected utility for every probability in the decision maker’s set of probabilities. This structure 

induces an endowment effect or a status quo bias similar to, but different in motivation from, the 

effect first studied by Thaler [1980]. 

We follow this approach in scenario two by assuming that the set of possible declines in 

the expected value of the risky asset is described by 1 α−  where [ , ]α α α∈ with 1α < .15 We 

define the status quo for a trader as the portfolio the trader brings into period 1. 

 

2.1 Period 0 Equilibrium 

In period 0, traders choose portfolios to maximize the expected utility of wealth using their 

initial beliefs. If trader i chooses the portfolio ( , )i ix m his future wealth (after period 1) will be the 

random variable . He has CARA utility and the distribution of wealth is normal so 

his expected utility from this random wealth is given by a monotonic transformation of the 

mean-variance expression  

i iw vx m= +� � i

 2 2) (1 / 2) (( i o i ixv ) ix wp σ +− −  (1) 

where iw is the trader’s initial wealth. Trader i’s period 0 demand for the risky asset has the 

standard form 
                                                            
15 We chose to focus on  1α <  as in the 2007-2009 financial crisis everyone seems to agree that future asset values 
have fallen; the uncertainty is over how much they have fallen.  But it is also interesting to consider the case in 
which   1α α< < . This case allows for the possibility of a shock that affects ambiguity, but does not necessarily 
change the expected future value of the asset (as 1α =   is possible). This case yields no-trade, and a strictly 
positive spread, regardless of the dispersion of beliefs. A shock that is certain to be positive,1 α< , yields no-trade 
and a spread under conditions similar to those we analyze in the text. One important difference in this case is that the 
shock causes traders to hold more dispersed portfolios, rather than less dispersed portfolios as is the case 
with 1α < . We believe that negative, rather than positive, ambiguous shocks are more interesting. But positive, 
ambiguous shocks are possible. For example, this may have occurred in the Indian stock market on May 18, 2009 
when the market gained 17% on the news that the Congress Party coalition won the election. The effect of this 
victory on future asset values was evidently positive, but it surely was also ambiguous. We thank the referee for 
bringing this example to our attention. 
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2

* .i
i

vx p
σ
−

=  (2) 

In equilibrium, per capita demand for the risky asset must equal per capita supply, so 

 
1

*1/ .
I

i
i xI x

=

=∑  (3) 

The average belief about the future mean value of the risky asset is 
1

1ˆ
I

i
iv I v

=

−= ∑ . Using this 

expression for average beliefs, we can solve (3) for the equilibrium price of the risky asset and 

equilibrium asset holdings. 

 

* 2
0

*
0 2

ˆ
ˆ

( )i
i

v x
v v .x

p

x

σ

σ

= −

−
= +

 (4) 

Thus, the period 0 price of the risky asset is the average mean future value reduced by a factor 

that compensates traders for holding the market risk.  

In equilibrium, traders hold more or less of the market risk according to whether they are 

optimistic or pessimistic relative to the average.  Consequently, traders leave period 0 holding 

different amounts of the asset.  In period 1, an unexpected shock occurs and so these equilibrium 

holdings may change as well.  We now solve for these period 1 equilibrium prices and holdings. 

 

2.2 Period 1 Equilibrium 

We first compute the period 1 equilibrium in scenario one, where we assume each trader’s 

mean future value of the risky asset declines by a factor of 1 α− . This corresponds to a pure 

“risk” shock in the value of the asset. The calculation of period 1 equilibrium follows the same 

procedure we employed to compute the period 0 equilibrium.  Let 1 1
1

ˆ(1/ˆ )
I

i
i

vv I vα
=

= =∑  be the 
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mean belief at time one. Then the period 1 equilibrium price and equilibrium asset holdings are 

given by 

 

* 2 2
1 1

* 1 1
1 2 2

ˆ ˆ
ˆ

( ) ( )i i
i

v x v x
v v v vx x

p
ˆ

.x

α

α
σ σ

σ σ= − = −
− −

= + = +
 (5) 

Thus, the price of the risky asset falls. This occurs because, for each trader, the coefficient of 

variation of the risky asset’s value increases as a result of the shock. It changes from 2 / ivσ  to  

2 / ivσ α  . Thus, each trader sees the risky asset as being riskier after the shock.  

The optimal trade by trader i is  

 * * *
1 0 2

( 1) ˆ)( i
i i i

vt vx x α
σ

−
= −

−
=  (6) 

and aggregate volume is 

 2
1

( 1)((1 / 2) 0) .
ˆi

I

i

v vα
σ=

−−
>∑  (7) 

 

The amount of the risky asset held by each trader moves toward the average amount ( x ). This 

occurs because the dispersion of beliefs in the trader population, as measured by the coefficient 

of variation of the distribution of means, is unchanged by the shock and each trader views the 

risky asset as being riskier after the shock. In this case, the unanticipated shock causes a positive 

volume of trade as each trader reduces the riskiness of his portfolio.16   

Calculation of the equilibrium under scenario two, in which traders view the magnitude of 

the decline as ambiguous, does not follow immediately from the period 0 results. Now traders 

make decisions over trades rather than over final portfolios. In the standard expected utility 

                                                            
16 Our assumption of heterogeneous beliefs is important for this conclusion. If instead traders had homogeneous 
prior beliefs the common shock to the future expected value of the asset would not generate trade in period one. 
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framework this distinction is irrelevant; with ambiguity it matters. In period one, trader i’s 

endowment is which consists of his position in the risky asset and his cash position 

brought into period one from period zero. Let be trader i’s trade of risky asset and cash.  

Trader i’s period one budget constraint is then  

* *
0 0,( i imx )

( , )i it m

 1 0.i it mp + =  (8) 

Trader i’s future wealth, given his endowment and trade, is given by  

  (9) 
* *

1 0 0

*
0 1

( ) (

( )
i i i i

i i i

w v x t m m

vx t v p m

= + + +

= + − +

� �
� � *

0

)

.
i

For any expected future value of the risky asset, 1iv , that trader i considers possible, his expected 

future wealth is  

 *
1 1 0 1 1 0( )i i i i i iw v x t v p m= + − + * .

2

 (10) 

and the variance of his wealth is  

  (11) 0
2 ) .( i ix tσ +

Trader i chooses a non-zero trade  only if: (i) it is better than the status quo point for all 

distributions of returns and, (ii) it is not dominated by another trade. Trader i evaluates trades, 

given a mean, by the mean-variance expression given in equation (10). So his trade must solve 

the following inequalities. 

it

it

2 2 2 2* * * * * *
1 0 1 0 0 1 0 0 0

1

* * * *
1 0 1 0 0 1 0 1

1

2 2
1 1

(i) (1 / 2) (1 / 2)
for all [ , ], and

(ii) theredoes not exist a trade 'such that (12)

'

( ) ( ) ( )

( ) ( ) ( )(1 / 2) '

i i i i i i i i i

i i i

i i i i i i i i i

i i

i

v x t v p x t v x x
v v v

t

v x t v p x t v x t v p

m m

m m

σ σ
α α

σ

+ − − + ≥ + −
∈

+ − − + > + −

+

+ + * *
0

1

2 2
0(1 / 2)

for all [ , ].
( )i i

i i i

x t
v v v

σ
α α

− +
∈
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The trader considers his portfolio brought into this period from period 0 as his status quo 

point and then trades away from it only if the trade is welfare improving for every distribution of 

returns that he believes to be possible. This results in the trader rejecting trades for a range of 

prices, and it is this aspect of his behavior that we now consider further.  Condition (i) implies 

that there will be no trade by i if 

 *
0 1

2
i i iv p *

0
2

ix xvα σ α σ− ≥ ≥ −  (13) 

For prices in this no-trade region, selling will reduce a trader’s expected utility if the mean is ivα ; 

buying will reduce his expected utility if the mean is ivα . Since either trade may make him worse 

off than no trade, he will stay with his initial position.  For prices outside of this no-trade region, 

trader i has a set of possible demands. Most importantly, for prices below 2 *
0iv ixα σ− the trader 

will buy the asset, and for prices above 2 *
0iv ixα σ− the trader will sell the asset. 

We can now use these individual no-trade regions to describe the conditions under which 

there will be an equilibrium with no-trade. Bewley [2002] and Rigotti and Shannon [2005] show 

that this will occur if the intersection of trader’s no-trade regions is non-empty. In our model this 

condition is  

 * *2
0 0

1

2[ , ]
I

i i i i
i

xv v x .α σ α σ
=

φ− − ≠∩  (14) 

This condition is described in Figure 1 in which the no-trade region of prices for trader i is 

denoted by [ , ]i ip p . The upper end point of this no-trade region of prices is determined by the 

trader who has the smallest price at which he would begin to sell the asset and the lower end 

point of the no-trade region is determined by the trader who has the highest price at which he 

would begin to buy the asset.   
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For the interesting case in which there is ambiguity about the shock to mean future values, 

1α α< < , the condition for a no-trade equilibrium is equivalent to17  

 (1 ) { } (1 ) { }.i i i iMax v Min vα α− < −  (15) 

 

Theorem 1: Suppose that 1α α< < , then there is an equilibrium with no-trade if  

 { } 1 .
{ } 1
i i

i i

Max v
Min v

α
α

−
<

−
 (16) 

The left-hand-side of the no-trade inequality in Theorem 1 is the ratio of the most optimistic 

trader’s mean to the least optimistic trader’s mean.  Thus, when there is more diversity in the 

population about the prior mean prices, an equilibrium with no-trade is more difficult to 

establish. In particular, when prior opinions are diverse, the portfolios that traders bring into 

period one are diverse, and thus there is more of an incentive for individual traders to move 

toward the mean portfolio in response to a decline in the expected future asset value. The right-

hand-side of the inequality (16) is the ratio of the largest possible percentage decline in mean 

prices to the smallest possible percentage decline in mean prices. This ratio measures the 

ambiguity about the percentage decline in future mean values. An increase in this ambiguity 

measure makes a no-trade equilibrium easier to establish. 

 

Example 1:  It may be useful to consider a simple example of this phenomenon. Suppose that 

there are three traders with prior means of 10 20 301, 2, 3v v and v= = = . Lets also suppose that in 

the most optimistic case the future value of the risky asset has not fallen; that is, 1α = . Then it 

follows from equation (1.15) that there will be no trade for any α < 1.  Or to apply Theorem 1 

                                                            
17 This calculation uses the equilibrium portfolios given in equation (4). 
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directly, suppose that in the most optimistic case the mean future value has declined very little.  

Then, as long as in the least optimistic case the mean future value declines significantly there 

will be no trade.  If, instead,   there were no ambiguity about the decline in future value,  there 

would be trade for any shock. For example, suppose that the traders agree that the mean future 

value of the risky asset has fallen by one-fourth. Then trader one would buy shares of the 

risky asset, trader three would sell this number of shares and trader two would not trade.  

12(4 )σ −

 

2.3 Prices in the No-Trade Equilibrium 

In this section we focus on an economy in which no trade occurs in response to the 

ambiguous shock to mean future asset values. That is, an economy in which the condition in 

Theorem 1 is satisfied. In this economy, there is no single price for the risky asset. Instead, the 

equilibrium is characterized by the following: (i) there is a range of prices at which no one is 

willing to trade the asset; and, (ii) for any price outside of this range, supply and demand for the 

risky asset are not equal. So to understand valuation in this economy we need to look not at a 

single market clearing price, but at a range of prices at which no one is transacting. 

The end points of this range of prices are particularly interesting. The maximum price in 

this range is the lowest price at which any trader is willing to sell the risky asset. For any price 

greater than this price, someone wants to sell the asset, and no one wants to buy it. Thus, this 

price is a natural candidate for the ask price for the risky asset. If we were to ask each trader for 

the lowest price at which they would be willing to sell the risky asset and compute the minimum 

of these quotes, this ask price would be the result. Similarly, the minimum price in the no-trade 

range is the highest price at which any trader is willing to buy the asset. It is thus a natural 

candidate for the bid price for the risky asset. Again, if we were to ask each trader for the highest 
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price at which they would be willing to buy the risky asset and compute the maximum of these 

quotes, this bid price would be the result. 

It follows immediately from the trader’s no-trade intervals (13) that the ask price is 

2 *
0[i i iMin v ]xα σ− and the bid price is 2 *

0[i i iMax v ]xα σ− . In the following proposition these bid 

and ask prices, and the spread, are algebraically simplified using the traders’ equilibrium 

positions ( *
0ix ) and the equilibrium price ( *

0p ) from period 0. 

 

Proposition 2: In a no-trade equilibrium the ask price is *
0 (1[ )ip Max vα− − 0 ]i , the bid price is 

*
0 (1[ )ip Min vα− − 0 ]i and the bid-ask spread is (1 ) { } (1 ) { } 0.i i i iMin v Max vα α− − − >   

 

An important feature of this equilibrium is that the pricing kernel is very different than it 

is in more standard analyses.  The bid price and the ask price are both less than the previous 

equilibrium price of the asset. These two prices differ because of the ambiguity about the decline 

in the future value of the asset. The bid price in this world is the price set by the trader who is 

most optimistic about the largest possible decline in the value of the asset.  Similarly, the ask 

price is set by the trader who is least optimistic about the smallest possible decline in the value of 

the asset. These prices stand in stark contrast to an equilibrium price in a world with no 

ambiguity, as in scenario one. In that case the price given in equation (5) is determined by the 

average expected future value of the asset, and so all traders’ beliefs affect the pricing kernel. 

Here prices are determined by the most and least optimistic traders and no other trader’s beliefs 

matter.  
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It is straightforward to show that the spread is positive for an economy in a no-trade 

equilibrium.18   This is an ambiguity spread in contrast to the asymmetric information spread 

usually studied in the market microstructure literature. With asymmetric information, the spread 

reflects the informational advantage that some traders have with respect to knowledge of the 

asset’s true value. The asymmetric information spread arises because orders carry information 

and quotes to buy or sell are conditional expected values of the asset being traded given that an 

order to buy or sell arrives. A buy order signals good news, and thus the expected value of the 

asset conditional on a buy order, the ask price, is greater than the unconditional expected value of 

the asset. Similarly, a sell order signals bad news, and thus the expected value of the asset 

conditional on a sell order, the ask price, is less than the unconditional expected value of the 

asset. With asymmetric information the midpoint of the bid-ask spread is a reasonable 

approximation of the unconditional expected value of the asset. 

In our model, no trader has an informational advantage over any other trader. There is no 

asymmetric information, and thus no learning from prices. Traders continue to disagree about the 

value of the asset (because of their heterogeneous prior beliefs), but more importantly they view 

the future value of the risky asset as being ambiguous. A spread arises because traders are unable 

to determine the valuation to attach to the asset given their uncertainty over the asset’s possible 

values.   

The size of the spread is determined by the amount of diversity in the population about 

prior means and by the ambiguity in the population about the percentage decline in the mean 

future value of the asset. An increase in diversity reduces the spread: if there is enough diversity 

there will be an equilibrium with trading and a single price.  A decrease in diversity increases the 

                                                            
18 Notice that this condition is essentially that of equation (1.16) which determines the existence of a no-trade 
equilibrium. 
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spread and makes the no-trade equilibrium (with its consequent spread of prices) more likely to 

prevail. Conversely, an increase in ambiguity increases the spread, while a reduction in 

ambiguity reduces the spread. Again, if there is too little ambiguity there will not be a no-trade 

equilibrium and the spread will disappear. It is important to note that if there were no ambiguity, 

then trade would occur, as risk alone, or even risk combined with asymmetric information, is not 

enough to preclude trading.19   

Equilibrium in this uncertain economy is thus characterized by a range of prices, and trades 

occur at none of them.  In effect, while nominal bid and ask prices can be calculated, the 

economy is in fact illiquid, with buyers and sellers unwilling to trade.  Our model appears to 

capture many of the salient features of the 2007-2009 financial crisis, where uncertainty 

regarding the values to attach to complex financial assets such as mortgage derivatives has 

resulted in markets with quoted prices and no actual trading.  We now turn to the question of 

how to assess the fair value of financial assets when uncertainty induces illiquidity. 

 

3.  Valuation in an Uncertain World 

The issue of attaching “fair values” to assets has taken on particular importance due to 

accounting requirements imposed on firms by the Financial Accounting Standards Board.  An 

excellent review of these requirements is given by Ryan [2008], but basically the rules require 

that firms determine “the price that would be received to sell an asset or transfer a liability in an 

orderly transaction between market participants at the measurement date”.20  The goal of such 

                                                            
19 Of course, if asymmetric information is too large, then there may be no price at which a trade can occur and the 
market fails (see Akerloff [1970] or Glosten [1989]).  However, in this case there would be no bid and ask prices 
and no functioning market of any kind.  As demonstrated in microstructure models, the existence of asymmetric 
information more generally results in trades occurring at the bid and ask prices, and the spread reflecting an 
endogenous transactions cost.  
20 See FAS 157 “Fair Value Measurements”. 
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fair value accounting is to increase the transparency of asset valuation so that firms and their 

investors are better able to evaluate financial assets and make financial decisions.  While 

laudable as a goal, there are a variety of practical difficulties in implementing fair value 

accounting even under the best market conditions.  Under the conditions of the financial crisis, 

Ryan argues that “this idea [of attaching a fair value] has become increasingly difficult to sustain 

even in thought experiments, and more importantly, practically useless as a guide to preparers’ 

estimation of fair values”.   

Fundamental to the challenge of ascertaining fair values is how to impute values when 

markets may be illiquid or essentially incapable of providing transactions prices.  FAS 157 

specifies a hierarchy of approaches to establish fair value, but ultimately suggests using “the 

assumptions that market participants would use in pricing the asset or liability”21.  It is in this 

context that our model can provide guidance as to how best to value assets in an uncertain world. 

It is tempting to argue that the value of the risky asset is the highest price at which it 

could be sold. This is the bid price and so one line of thought is that this should be considered the 

fair value of the asset. The difficulty with this argument is that no one would be willing to sell 

the asset at this low price; instead, the lowest price at which anyone would sell the asset is the 

higher ask price. In “normal” market settings, the divergence between these two prices is small, 

and as trades are occurring at both prices, a bias in favor of the bid price does little harm.  In our 

illiquid market with uncertainty, however, this presumption is not warranted.  

One difficulty is that the pricing kernel in our uncertain market does not have the 

properties that we typically find in market prices in more standard settings.  The bid price here is 

                                                            
21 FAS 157 classifies financial assets and liabilities into Level 1, Level 2, and Level 3 categories.  Level 1 
measurements use quoted market prices in active markets for identical assets for liabilities.  Level 2 measurements 
use correlations with observable market based inputs, unobservable inputs that are corroborated by market data, or 
quoted market prices in markets that are not active.  Level 3 measurements essentially rely on “marking to model” 
and use inputs that are significant and not corroborated with market data. 
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set by the trader who is most optimistic about the worst possible outcome (essentially, it is one 

trader’s view of the “the best of a bad situation”).   It is not an average valuation across traders, 

or even an average valuation across potential possible outcomes. Whether this price meets the 

FAS requirement of being an “exit” price is debatable since there is, in fact, no “orderly” (or for 

that matter, any) transaction occurring at this bid price.  Conceptually, it is even more 

problematic to view this price as capturing fair value since it is focused only on the worst case 

outcome. 

A related difficulty characterizes the ask price.  The ask price is set by the least optimistic 

trader about the best possible outcome.  Again, when uncertainty is large, there is no trade 

occurring at this price either.  Basing fair market value on the most pessimistic individual’s 

valuation of the “worst of a good situation” does not seem consistent with the FAS requirement 

that valuations arise from “market participants who are knowledgeable, unrelated, and able to 

transact”. 

How large a bias these difficulties impart to prices can be seen by comparing the bid or 

ask price with the notional price that we computed for scenario one in which only risk affected 

the asset value.  Such a comparison is akin to asking what would be the price of an identical asset 

trading in an active market unaffected by uncertainty.22  To determine this, suppose that all 

traders were to agree that the mean future value of the risky asset has declined by some 

specific [ , ].α α α∈  Then, from equation (5), the market price would be and trade would occur 

at this price. This price represents the market’s consensus belief about the asset’s true value. It is 

the average across the population of the future mean value of the asset minus the risk premium 

necessary to induce the traders to hold on average the per capita supply of the asset. 

*
1p

                                                            
22 Such a price would be consistent with a FAS 157 Level 1 designation (market prices in active markets for 
identical assets) as opposed to the Level 2 designation of the prices with uncertainty that reflect “quoted market 
prices in markets that are not active”. 
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A natural conjecture is that the bid price in our model is “too low” because it is biased 

downward by the uncertainty and similarly that the ask price is “too high’.  Comparison of the 

notional price,  , with the bid and ask prices shows that this is usually, but not always, true.  

This relationship is easiest to understand if we state both the notional price and the bid and ask 

prices relative to prior equilibrium price of the asset. This is done in the following proposition 

which follows immediately from Proposition 2 and the relationship between and  . 

*
1p

*
1p *

0p

 

Proposition 3:  The bid price is less than the notional price of the asset, , if and only if *
1p bid≥

 * *
0 0ˆ(1 ) (1 ) { }.i ip v p vα α− − ≥ − − 0Min  (20) 

Similarly, the ask price is above the notional price of the asset, , if and only if *
1ask p≥

 * *
0 0 0 ˆ(1 ) { } (1 ) .i iMp a vx p vα α− − ≥ − −  (21) 

 

All of the prices in Proposition 3 represent declines from the prior equilibrium price of the asset. 

One would expect the notional no-ambiguity price to lie between the bid and ask prices, and we 

will later focus on this case, but it is first useful to understand how the notional price can lie 

outside of the bid-ask interval. First, let’s look at the bid price. For it to be above the notional 

price of the asset the inequality in (20) must be reversed. That is, the bid price must fall less than 

does the notional price. Remember that the bid price is set by the trader who is most optimistic 

about the largest possible decline in the value of the asset, while the notional price is set by the 

beliefs of the average trader about the decline in the value of the asset. As a result, we can get the 

counterintuitive relationship if prior beliefs are very dispersed (so the trader who is most 

optimistic about the size of the decline is in fact very optimistic) and the notional decline in 
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future value is large. This happens because, although the ambiguity pushes the bid price down, 

price-setting shifts from the beliefs of the average trader to the beliefs of the trader who is 

most optimistic about the fall in future value, imparting an upward bias to the price. The analysis 

for the ask price is similar and we will not repeat it here. 

ˆ( )v

 If a market exists for an identical asset in which this notional price is available, then these 

biases in bid and ask prices suggest that fair value is better approximated by using the price from 

this alternative market.  However, an unfortunate feature of the 2007-2009 financial crisis is that 

for some classes of assets, virtually all markets are characterized by the large spreads and lack of 

trading characteristic of uncertainty.23  How then to best approximate this notional price using 

prices from these illiquid markets? 

To address this question, note that the notional price will be between the bid and the ask 

prices if the inequalities in Proposition 3 are both satisfied. That is, if   

 0 ˆ(1 ) { } (1 ) (1 ) { }.i i i iMin Maxv v 0vα α α− ≥ − ≥ −  (22) 

In a no-trade equilibrium this interval exists as in this case the left-hand-side of the inequality 

above is greater than the right-hand-side. This will occur when the actual decline in the value of 

the risky asset lies between the best and worst cases and there is not too much dispersion in prior 

beliefs.  

A natural candidate to use to value the asset, particularly if one believes the ask price is 

an overestimate and the bid price is an underestimate, is the midpoint of the bid ask spread. This 

approach has an obvious parallel with the use of the midpoint of the bid-ask spread in a world 

with asymmetric information as the best available estimate of the unconditional value of the 

                                                            
23 This difficulty is what led to FAS 157-e which addresses the issues of what to do if a market is inactive and a 
transaction is distressed.  FASB notes that “if a market is illiquid or inactive and if a sale in a market is referenced as 
a distressed sale, that could be justification to not necessarily use that market price as the best indication of the 
instrument’s value.” 
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asset. In microstructure models, the bid price is considered the appropriate exit price because it is 

the conditional expectation of the asset given that someone wishes to sell the asset.  In our 

model, however, trades do not convey new information, and so the distinction between 

conditional and unconditional expected values is not meaningful.  Consequently, the bid price 

does not play the role of a “best estimate” that it would in an asymmetric information 

environment. 

In a world with uncertainty, this midpoint can be an under- or an over- estimate of the 

notional value of the asset. There is no distribution on the actual decline in the future value of the 

asset; if there were one, and traders agreed on it, then the asset would be priced according to the 

predicted distribution of future values. Nonetheless, it is tempting to ask how the midpoint of the 

spread and the notional price compare if as an outside observer we impose some distribution on 

the decline in the value of the asset.  

The Principle of Insufficient Reason (also known by the name John Maynard Keynes 

gave to it as the Principle of Indifference) may be useful in selecting a distribution to use here.24 

This principle is an old idea which at its most basic level says that if an observer has no more 

information about each possible outcome than the name of the outcome then the observer should 

treat all outcomes as equally likely. This idea is most easily applied to a coin which appears to be 

fair in that heads and tails only differ in their names. In this case, it seems reasonable to assume 

that each has probability one-half.  In our setting, suppose that an outside observer knows only 

that the set of possible declines in the expected value of the risky asset is described by 1 α−  

where [ , ]α α α∈ ; that is, the observer knows only the set of names of the declines. Then the 

                                                            
24 Savage [1972], pages 63-67, provides a discussion of the intuition for this principle and the arguments against it. 
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intuition behind the Principle of Insufficient Reason suggests that we use a uniform distribution 

on the set of possible declines, and so the mean decline would be ( ) / 2.α α+  25  

Using this idea, if one has to chose a number, it seems reasonable to suppose that on 

average the decline in the value of the asset is the simple average of the best and worst possible 

cases, i.e. ( ) / 2.α α+  In this case, the relationship between the average notional price of the 

asset is greater than or less than the midpoint of the bid and ask as 

 0 ˆ ˆ(1 )( { } ) (1 )( { }).i i i iv v vMax Mi vnα α≥
≤

− − − − 0

                                                           

 (23) 

  

 If there is no dispersion in prior beliefs, then the midpoint is equal to the average notional price 

of the asset.   

 This result suggests that in an uncertain world a better measure of fair value is given by 

the mid-point of the bid-ask spread.  Note that our argument here is in terms of “better” and not 

“best”; every price (including the mid-point) is subject to some bias from “true values”.26  But 

the midpoint has the advantage that under reasonable conditions it is closest to the notional 

value, and hence seems more consistent with the motivations underlying the fair value concept.27  

 
25 Of course, this is equivalent to choosing a prior on the set of declines, and no prior is obviously superior to any 
other prior, or to representing the uncertainty with the entire set of distributions of mean future values. Our view is 
that a frequentist approach makes no sense here as this is not an experiment which has been, or really even could be, 
infinitely repeated. Instead, the uncertainly is necessarily subjective. This subjective uncertainty is perhaps not best 
represented by any distribution, but if one is forced to choose a prior then the uniform prior is at least as good as any 
other prior.  Alternatively, if one does not choose a prior then the bid-ask interval itself is the best estimate of the 
value of the asset. 
26 Indeed, if there is dispersion of prior beliefs, then the midpoint can be biased upward or downward from the 
average notional price of the asset. If average prior mean ( ) is the average of the maximum and minimum prior 
means, then calculation shows that the midpoint is an overestimate of the average notional price.  

v̂

27 That the midpoint may be the price most consistent with fair value is recognized by FAS 157 and by ASR 
(Accounting Series Release) 118, the guidance issued by the SEC on how funds should value securities in a 
portfolio.  For example,  as Ake and Hays [2007] note: “If the input used to measure fair value is based on bid and 
ask prices, the price within the bid-ask spread that is most representative of fair value in the circumstances should be 
used to measure fair value, regardless of where in the fair value hierarchy the input falls. FAS 157 does not preclude 
the use of mid-market pricing within a bid-ask spread.” 
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This approach is similar to the standard view in microstructure models that the true value of the 

asset is approximated by the spread midpoint.  

4.  Conclusions 

We have investigated the implications of uncertainty for the liquidity and valuation of 

assets.  In the context of a model in which traders have incomplete preferences over portfolios, 

we have demonstrated how an equilibrium can emerge in which bid and ask prices exist, a spread 

arises, but no trade occurs.  In effect, markets “freeze” as uncertainty causes traders to revert to 

the status quo and trading ceases.  In this illiquid world, quotes exist, but they do not have the 

properties we typically associate with bid and ask prices in normal, functioning markets.  As we 

demonstrate, this has important implications for the on-going debate regarding how to determine 

fair values in illiquid markets. 

While our model provides a cogent, and we believe useful, characterization of how 

uncertainty affects markets, it does require some structure to yield closed-form solutions.  A 

natural issue is the extent to which our results would hold in a more general setting.  One 

immediate extension is to allow our traders to differ on the set of possible declines (α ) in the 

asset price.  Because we allow our traders to have different prior means and we consider 

percentage declines in asset valuations, however, we believe this extension would have little 

effect on our results.   

It would be interesting to enrich the analysis by allowing traders to anticipate the 

possibility of a decline in asset values and see how this affects their initial portfolios. Our traders 

would update as Bayesians (as we follow Bewley [2002] in relaxing completeness, rather than 

the independence axiom) so learning from shocks is straightforward. Similarly, it would be 

interesting to enrich the analysis to have real consequences of the choice of how to value the 
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asset in period one.28 We discuss the ‘best way’ to do this, but so far in our model how it is done 

has no real consequences.   Allowing either of these extensions might provide insights into the 

controversy in accounting as to whether FASB-mandated write-downs are, in fact, the cause of 

subsequent asset price declines, rather than simply a representation of such effects (for research 

and discussion see Bloomfield, Nelson, and Smith [2006]; Ryan [2008]).   

Finally, we have not discussed what equilibria would look like outside of the no-trade 

region. With incomplete preferences, equilibria need not be determinant. For each price outside 

of his no-trade region, each trader has a set of undominated demands and this can lead to a 

continuum of equilibria.  Understanding these equilibria may lead to interesting insights about 

the evolution of market prices in uncertain environments. 

                                                            
28 For example, in O’Hara [1993] forcing banks to use market value accounting to value loans at time 1 causes banks 
to eschew making long-term loans in favor of short-term loans when information is asymmetric.  This, in turn, 
exposes borrowers to greater liquidity risk in equilibrium.  
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Figure 1 

The No-Trade Region of Prices 
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The interval of prices in which trader i will not trade is given by i ip , p⎡ ⎤

⎣ ⎦ .  The intersection of 

these intervals, the no-trade region, is 1 2p , p⎡ ⎤
⎣ ⎦ . 
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