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Nonparametric Instrumental Variable Estimation of Quantile Structural Effects

Abstract

We study Tikhonov Regularized estimation of quantile structural effects implied by a
nonseparable model. The nonparametric instrumental variable estimator is based on a mini-
mum distance principle. We show that the minimum distance problem without regularization
is locally ill-posed, and consider penalization by the norms of the parameter and its deriv-
ative. We derive the asymptotic mean integrated square error, the rate of convergence and
the pointwise asymptotic normality under a regularization parameter depending on sample
size. We illustrate our theoretical findings and the small sample properties with simulation
results in two numerical examples. We also discuss a data driven selection procedure of the
regularization parameter via a spectral representation of the mean integrated squared error.
Finally, we provide an empirical illustration to estimation of nonlinear pricing curves for

telecommunications services in the U.S.
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1 Introduction

This paper deals with nonparametric estimation of quantile functions that measure the
structural impact of an endogenous explanatory variable X on the quantiles of the dependent
variable Y. In the underlying model Y is linked to X by a structural quantile function that
is strictly monotonic increasing in a nonseparable scalar disturbance, and the disturbance
is independent of instrument Z (Chernozhukov and Hansen (2005), Chernozhukov, Imbens
and Newey (2007)). The concept of endogenous quantile regression extends the exogenous
quantile regression (QR) introduced in the seminal work of Koenker and Bassett (1978).
Quantile regression has become a basic method of econometrics, with a great wealth of
applications ranging from labor economics to finance, see e.g. Fitzenberger, Koenker and
Machado (2001) and Koenker (2005).

In this paper we follow the route of Gagliardini and Scaillet (GS, 2006), and study a
Tikhonov Regularized (TiR) estimator where regularization is achieved via a compactness-
inducing penalty term - the Sobolev norm - that incorporates both the norm of functional
parameter and the norm of its derivative (Groetsch (1984); see also Koenker and Mizera
(2004) for related total variation penalization in exogenous quantile regression settings).
The use of this penalty is important for resolving the ill-posedness of the estimation prob-
lem and for delivering good finite sample performance of the estimator. We can summarize
the main results that we obtain concerning this estimator as follows. First, we formally prove
the local ill-posedness of the endogenous quantile estimation problem when based solely on a

minimum distance criterion, and explain how to regularize it through a Sobolev norm penal-



ization. The use of the latter leads to an effective compactification of the parameter space
and in turn leads to very weak requirements on the choice of the regularization parameter,
which should be of interest in a more general context. Second, we derive the asymptotic
properties of the Q-TiR estimator, namely, we establish consistency under very weak condi-
tions and derive the leading term in the asymptotic Mean Integrated Square Error (MISE),
which also gives us the rates of convergence. Third, we prove the pointwise asymptotic
normality under a regularization parameter depending on sample size. The last two sets
of results are particularly noteworthy. Indeed, the problem and the associated difficulty
of obtaining exact MISE expansions and asymptotic normality in a nonlinear setting have
been pointed out in Horowitz and Lee (2007). Here we resolve these difficulties. We show
how to control the errors induced by linearization of the problem under suitable smoothness
assumptions. This amounts to showing the validity of a Bahadur-type representation for the
functional estimator (see e.g. Koenker (2005) for Bahadur-type representations in the finite-
dimensional parameter case). This in turn makes it possible to derive the explicit expression
of the asymptotic MISE, instead of the upper bounds found by Horowitz and Lee (2007)
for L?-penalized estimators, and to finally show asymptotic normality of the functional es-
timator. Fourth, we check validity of our assumptions in a Gaussian example. Fifth, we
illustrate our theoretical findings and the small sample properties with simulation results in
a separable and a nonseparable model. We also discuss a data driven selection procedure of
the regularization parameter via a spectral representation of the MISE. Sixth, we provide

an empirical illustration to nonlinear pricing curves for telecommunications services in the



U.S.

Our paper is related to the previous literature as follows. This paper builds on a series
of fundamental papers in econometrics (Ai and Chen (2003), Darolles, Florens, and Renault
(2003), Newey and Powell (2003), Hall and Horowitz (2005), Horowitz (2007), Blundell,
Chen, and Kristensen (2007)) that introduce and study the ill-posed endogenous mean re-
gression setup. This paper focuses on endogenous quantile regression, building on the in-
sights of these previous papers. Chernozhukov, Imbens and Newey (2007), and Horowitz and
Lee (2007), have also considered nonparametric instrumental variable (NIV) estimation of
endogenous quantile regression. Chernozhukov, Imbens and Newey (2007) discuss identifica-
tion ! , and consider consistent estimation via a constrained minimum distance criterion as
in Newey and Powell (2003) and Ai and Chen (2003). Horowitz and Lee (2007) give optimal
consistency rates for a L?-penalized estimator derived in the same spirit as the NIVR esti-
mator of Hall and Horowitz (2005) (see Darolles, Florens and Renault (2003) for a related
estimator, and the review paper by Carrasco, Florens, and Renault (2005)). Finally, in an
independent work, Chen and Pouzo (2008) study semiparametric sieve estimation of condi-
tional moment models based on possibly nonsmooth generalized residual functions. They
extend the consistency and rate results of Blundell, Chen and Kristensen (2007) to cover
partially linear quantile IV regression as a particular example. They also give an in-depth,
unifying treatment of sieve-based and function space-based estimators and quantify when

the first or the second approach dominate the asymptotic analysis of convergence rates.

! See Imbens and Newey (2002) and Chesher (2003) for a control function approach, and Chesher (2007)
for comparison between control function and single equation IV approaches.



The results of our paper and those of Chen and Pouzo (2008) are complementary to each
other. Our results also go substantively beyond the previous results in other papers on the
endogenous quantile model. Indeed, the exact characterization of the MISE and pointwise
normality of the nonparametric estimator are new and represent the main contribution of
this paper. Other contributions of this paper, such as the formal proof of ill-posedness in a
nonlinear setting and the consistency results under weak conditions using the compactness-
inducing Sobolev penalty, are also of independent interest. Finally, the function space-based
estimator with Sobolev penalty itself is new for our problem and should be relevant also for
applications other than Engel curve and nonlinear pricing schedule analysis.

We organize the rest of the paper as follows. In Section 2, we formally prove the local
ill-posedness of the estimation problem, and clarify the importance of including a derivative
term in a penalization approach. In Section 3, we explain how we can resolve the ill-posedness
by introducing a Sobolev penalty, and define our function space-based estimator. In Section
4, we prove consistency. In Section 5, we derive the exact MISE expression, the rates of
convergence and the asymptotic normality of the estimator. Also, in Section 5, we verify
the regularity conditions and illustrate the results of this paper in a Gaussian example. In
Section 6, we provide computational experiments, and present our empirical illustration.
In the Appendix, we gather the technical assumptions and proofs. Finally, we place all
omitted proofs of technical Lemmas and detailed computations in the Gaussian example in

a Technical Report, which is available online at our web pages.



2 Ill-posedness in nonseparable models

Let us consider the nonseparable model Y = ¢g(X, U) of Chernozhukov, Imbens and Newey
(2007), where the error U is independent of the instrument Z, and has a uniform distribution
U ~ U(0,1). The function g(x,u) is strictly monotonic increasing w.r.t. u € [0,1]. The
variable X has compact support X = [0, 1] and is potentially endogenous. The variable Y
also has compact support ) in [0,1]. 2 The variable Z has support Z CR9. The parameter
of interest is the quantile structural effect ¢ () = g(x,7) on X for a given 7 € (0, 1).

The functional parameter o, belongs to a subset © of the Sobolev space H?[0,1], i.e.,

the completion of the linear space {¢ € C'[0,1] | Vi € L?[0, 1]} with respect to the scalar

product (o, )y = (p, V) + (V, Vi), where (p, 1)) = / o(x)(x)dz. The Sobolev space
x

H?1[0,1] is an Hilbert space w.r.t. the scalar product {p, 1), and the corresponding Sobolev

1/2

norm is denoted by ||¢|,; = (¢, @)%2. We use the L? norm ||| = (¢, p)!/? as consistency

norm, and we assume that © is bounded w.r.t. ||.||.

The function ¢, satisfies the conditional quantile restriction
PIY <¢(X)| Z]=Plg(X.U)<g(X,7)| Z|=PU<T|Z] =T, (1)
which yields the quantile regression representation used in Horowitz and Lee (2007):
Y =¢o(X)+V, PlV<O0|Z =r. (2)
From (1), the quantile structural effect is the solution to a nonlinear functional equation

Alpy) =, (3)

2 In the nonparametric nonseparable setting, a compact support for both X and Y can be achieved by
transformation of the model w.l.o.g.. We assume this to simplify the proofs.
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where the operator A is defined by A (¢) (z) = / Fyixz (p(x)|x, 2) fx|z(z]|2)dz, z € Z, and
x
Fy|x 7z and fx|z denote the c.d.f. of Y given X, Z, and the p.d.f. of X given Z, respectively.

Alternatively, we can rewrite the operator A in terms of the conditional c.d.f. Fyx,z of U

given X, Z as A(y) (2) = / Fuixz (97 (z, 0(2))|z, 2) fx)z(z|z)dz, where g7 (z,.) denotes
x
the generalized inverse of function g(z,.) w.r.t. its second argument. *

We assume identification.
Assumption 1: The function @, is identified.

Sufficient conditions ensuring Assumption 1 locally around ¢, are given in Chernozhukov,
Imbens and Newey (2007).

Equation (3) implies the conditional moment restriction
m(gg, 2) == E[1{Y —o(X) <0} —7|Z = 2z] = A(p,) (2) — 7 =0, z € Z.

We consider a minimum distance approach for the estimation of the quantile structural effect

¢o- The limit criterion is

1
T(1—7)

1

Qoo(p) = Elm(e. 2y = -5

E[(A@)(2) = 1)°] = M () = TlIz2(ryr)

where F; denotes the marginal distribution of Z and L?(F, ) denotes the L? space w.r.t.

3 Since Y has a compact support, the strictly monotonic increasing function v — g(z,u) has a bounded
range [7,75|, where 7 and 7 may depend on z, for any z € [0,1]. Thus, the inverse of g(x,.) is not defined
at y ¢ [7,%]. The generalized inverse g~'(x,.) is such that g~ '(z,y) = 1 for y > ¥ and g~ (z,y) = 0 for
y < 7. Consequently, g~ is such that g(z,u) < y if and only if u < g~1(z,y), for any x € X, u € [0, 1] and
y €R.



measure Fy/ (7(1 —7)). 4

By the identification assumption, ¢, is the unique minimizer of
Qoo On O.

The minimum distance problem is locally ill-posed if, for any r > 0 small enough,
there exist € € (0,7) and a sequence (¢,,) C B,(¢y) := {p € L?[0,1] : || — ol < r} such
that [|¢,, — @oll > ¢ and Q (p,,) — 0 (see e.g. Definition 1.1 in Hofmann and Scherzer
(1998)). Under a stronger condition than Assumption 1, namely local injectivity of A,
this definition of local ill-posedness is equivalent to A~! being discontinuous in a neigh-
borhood of A (¢,) (see Engl, Hanke and Neubauer (2000), Chapter 10). This follows from
Qo) = A () = AP 12(r,r) -

Proposition 1: Under Assumptions 1 and A.3 (i)-(iii): (a) the problem is locally ill-posed;
(b) any sequence (¢,) C B.(py) such that ||¢, — ol > € for r > ¢ >0 and Qux (¢,) — 0
satisfies lim sup ||V, || = +o00.

n—o0

Part (a) of Proposition 1 establishes the local ill-posedness of the minimum distance
estimation problem under suitable boundedness and smoothness assumptions on g(z,7),
Ix|z, and Fyx z. Contrary to what we might expect, there is no general characterization of
the ill-posedness of a nonlinear problem through conditions on its linearization, i.e., on the
Frechet derivative of the operator (Engl, Kunisch and Neubauer (1989)). Several counter-

examples are available in the literature (Schock (2002)). The proof in Appendix 2 relies on

a constructive approach and gives explicit sequences (y,,) generating ill-posedness. Part (b)

* The constant weighting factor 1/ (7(1 — 7)) is irrelevant for minimization of Q... However, it mat-
ters for the normalization of the regularization parameter in the penalized criterion (see footnote 7) and
yields an expression of the asymptotic MISE (see Proposition 3) formally similar to the one for the re-
gression case given in GS. The weighting factor 1/ (7(1 — 7)) is the inverse of the conditional variance
VII{Y — po(X) <0} — 7|Z] of the moment function.
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of Proposition 1 provides a theoretical underpinning for a penalization approach based on

the Sobolev norm which includes the penalty term ||V|| in its definition.
3 The Q-TiR estimator

We address ill-posedness by Tikhonov regularization (Tikhonov (1963a,b); see also Kress
(1999), Chapter 16). We consider a penalized criterion Qr (@) + Ar [|¢||3;, where Qr (i) is

an empirical counterpart of Q4 () defined by

(@) = = > 2 (4)

and Ar is a sequence of strictly positive regularization parameters vanishing as sample size

grows. In (4) we estimate the conditional moment nonparametrically with

m(p,z) = /Xfmz(vaZ)an,z (¢ (@) |z, 2)de =7 = A(p)(z) =7, z€Z,  (5)

where fX| 7 and Fy‘ x,z denote kernel estimators of fx|z and Fy|x z with kernel K and
bandwidth hp. Indicator I, = 1 {Zt € Zr, fZ(Zt) > (log T)_l} is a trimming factor based
on the sequence of sets Zr C Z (see Assumption A.7) which controls for small values of

kernel estimator fZ of fz.
Definition 1: The Q-TiR estimator is defined by
¢ 1= arg ;Iel(f;) Qr () + Arllglly =: Lr (¢) (6)

where Qr (@) is as in (4), and Ar is a stochastic sequence with Ap > 0 and A\p — 0, P-a.s..



We prove in Appendix 3.1 that the estimator exists. Term Ay ||||3; in (6) penalizes highly
oscillating components of the estimated function induced by ill-posedness, and restores its

consistency.
4 Consistency of the Q-TiR estimator

The next result establishes consistency of the Q-TiR estimator with stochastic regularization
parameter.

Proposition 2: Suppose A s such that A\ > 0, A\p — 0, P-a.s. and

logT)? [ logT
(log g
A7

joint density of (X,Y,Z). Then, under Assumptions 1, A.1-A.8, A.7 and A.10, the Q-TiR

+h%m> = O,(1), where m > 2 is the order of differentiability of the

estimator (p is consistent, namely ||¢ — ¢l = 0.

The proof of Proposition 2 in Appendix 3.2 relies on two results. First, the Sobolev
penalty implies that the sequence of estimates ¢ for T' € N is tight in (L?[0,1], ||.||). This
induces an effective compactification of the parameter space: there exists a compact set that
contains @ for any large 7" with probability 1 — 4, for any arbitrarily small 6 > 0. Second,
we show a suitable uniform convergence result for )7 on ©. We obtain such a result with
an infinite-dimensional and possibly non-totally bounded parameter set by exploiting the
specific expression of m(p, z) given in (5). We are able to reduce the sup over © to a sup
over a bounded subset of a finite-dimensional space. Combining the tightness and uniform
convergence results allows us to conclude on consistency by an argument similar to the one

for finite-dimensional or well-posed settings.
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5 Asymptotic distribution of the Q-TiR estimator

In the rest of the paper we assume a deterministic regularization parameter Ar.

5.1 First-order condition

The asymptotic expansion of the Q-TiR estimator is derived by following the same steps as
in the usual finite-dimensional setting. To cope with the functional nature of ¢,, we exploit
an appropriate notion of differentiation to get the first-order condition. More precisely, we

introduce the following operators from L2[0,1] to L?(Fyz, )

) = [ frvalo. a2 (o) d g

and

_ / Fry iz, ¢(@)]2)0 (z) da, (8)
where z € Z, ¢p € L?[0,1]. These operators correspond to the Frechet derivative A :=
DA (p,) of operator A at ¢, and to the Frechet derivative A := DA () of operator A

at ¢, respectively (see Appendix 4.1). Under Assumption A.6, operator A is compact. In

Appendix 4.2 we show that the Q-TiR estimator satisfies w.p.a. 1 the first-order condition

d . sl .
0= ghr@ren)| =24 (A@)=7) + M) (9)
for any ¢ € HZ[O 1], where A* = DA Operator A is defined by

A(x) = =7 Z I fx vz (x,¢(x)|Z) ¢ (Z;) and D! denotes the inverse of operator

D : H2[0,1] — L2|0, 1] w1thD = 1-V*?and H2[0,1] := {p € H?[0,1] : V¢(0) = V(1) = 0}.

11



Operators A* and A are the empirical counterparts of A* and A, which are the adjoint oper-
ators of A w.r.t. the Sobolev and L? scalar products on H2[0, 1], respectively, and are linked

by A* = D7'A (see GS). ® From (9) { satisfies the nonlinear integro-differential equation

A (/l (@) — T) A = 0. (10)
5.2 Highlighting the nonlinearity issue

We can rewrite Equation (10) by using the second-order expansion A (p) = A (o) + Ao AP+
R, where Ayih(z) = /]E)gyz(%, @o(z)|2)p(x)dz and R := R({,¢,) is the second order

residual term (see Lemma A.4). Then, after rearranging, we get
Ap =AY+ Kr (Ap), (11)

where Af: = f—g, with & = (Ar + A3y T (e + 4340 ) B (A~ &) (A@) -)
—: b+ by and 7 = Aoy +7 — A(pg), K (AD) = — ()\T n A3A0> " Az, and A is defined
as A*, but with ¢, substituted for ¢.
This representation is instrumental in distinguishing the different contributing terms:
(i) The interpretation of 1})1 is as a linearized solution obtained from replacing the nonlin-
car equation A (¢) = 7 with the linear integral type I equation Ay ~ 7, and from applying

Tikhonov regularization to the linear proxy.

5 The boundary conditions Vp(0) = V(1) = 0 in the definition of HZ[0, 1] are not restrictive since
they concern the estimate (, whose properties are studied in L? or pointwise, but not the true function ¢,.

Propositions 3-5 below hold independently whether ¢, satisfy these boundary conditions or not (see also
Kress (1999), Theorem 16.20).

6 See e.g. Linton and Mammen (2005), (2006), Gagliardini and Gouriéroux (2007), and the survey by
Carrasco, Florens and Renault (2005) for examples of estimation problems leading to linear integral equations
of Type II.

12



(i) Impact of nonlinearity is two-fold. On the one hand, we face the second order term R
in Kr (A@). Tt is induced by the expansion of the nonlinear operator A. On the other hand,
we face A* — fl?j in &2. It is induced by the use of the estimate ¢ in the Frechet derivative
Ain (8).

The key difference between our ill-posed setting and standard finite-dimensional para-
metric estimation problems, or well-posed functional estimation problems, concerns the be-
haviour (and the complex control) of the nonlinearity terms K7 (A®) and 1. We prove in

Appendix 4.3 (i) that Kr (A¢) satisfies a quadratic bound

|&r (a0) (12)

< F 1A,
w.p.a. 1, with a suitable constant C. From the RHS of (12) we see that the coefficient of the
quadratic bound is not fixed but rather is proportional to 1/y/Az. It diverges as the sample
size increases. Hence, the usual argument that the quadratic nonlinearity term is negligible
w.r.t. to the first-order term no matter the convergence rate of the latter, does not apply.
Still, we can derive an asymptotic expansion for the MISE of the estimator ¢ in terms of

A1) (see Appendix 4.3 (ii)-(iii)) via Equation (11):

JroGellail])

Then, we need a suitable condition on the choice of the regularization parameter A\ to ensure

B llagl] - £ [ai

that F U

2
} is the dominant term in such an expansion, and that the nonlinearity term

{pQ in A{D is negligible. This is made precise in the next section. Finally, A{ﬁ can be

13



decomposed as (see Appendix 4.4):

A = (Ap+ A*A) T ACH [ + ATA) T ATA — 1] gy + R, (13)

where & = //(T —1{y < go(2)}) AfXA}ZZ((Zy, 2)

der term Rr is given in (49) below. This corresponds to a Bahadur-type representation

dydxr and the expression of the remain-

of the Q-TiR estimator (see e.g. Koenker (2005) for Bahadur-type representations in the

finite-dimensional parameter case).

5.3 Mean Integrated Square Error

Proposition 3: Suppose that Assumptions 1 and A hold. Let hr — 0 such that

(log T)?
——— =0(1). (14)
2(d
ThT( z+1)
Further, let Ay — 0 such that for some € > 0
(logT)* . 1 m c
TRt + 1 =0 (Arb (A1), TR + By =0 (A\F), (15)
and
TZ E ||¢ I°+00)* =0 (M), (16)

where b(Ap) = || (A\p + A*A) ™" A* Ay — @, and v, and ¢; are the eigenvalues and eigen-
functions of A*A, with Hgb]HH = 1. Then, up to negligible terms,
1 o0
E[|Ag || Z 2 Hﬁb H +bo(M)? = V() +b(M\p)* = My (Ar).  (17)

]=1

Proof: Appendix 4.4.
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The sufficient conditions (14)-(16) on hy and Ar ensure that the MISE of the estimator
@ is asymptotically equivalent to the MISE of the linearization, and asymptotically equal
to My (Ar) given in (17). The possibility to find bandwidth and regularization parameter
sequences satisfying these restrictions is determined by an interplay between the smoothness
properties of the parameter ¢,, through the bias function b()\), and the severity of ill-
posedness, through the decay behaviour of v; and H(bj H2 (see Proposition 4 below). The set
of Assumptions A in Appendix 1 used to prove Proposition 3 includes regularity conditions
on the eigenfunctions of operator A*A (Assumptions A.11-A.13), which are more restrictive
(see also the discussion in Appendix 1) than the conditions used e.g. in Horowitz and Lee
(2007), and Chen and Pouzo (2008). These stronger assumptions are required to derive the
sharp asymptotic expansion of the MISE, which is a stronger result than the upper bounds
on MISE rates derived in previous papers. Furthermore these stronger assumptions are also
required to establish later the pointwise asymptotic normality result, which is new for the
nonlinear ill-posed setting.

The expression of the asymptotic MISE in (17) is similar to the formula derived in GS for
the MISE of a TiR estimator for NIVR, with operator A in (7) replacing the conditional ex-
pectation operator of X given Z. In My (Ar) we distinguish a regularization bias component
b(Ar)?, and a variance component Vy(\r). The bias b (Ap) converges to zero as Ay — 0. The
formula of Vr(Ar) is reminiscent of the usual asymptotic variance of the quantile regression

estimator: it involves the factor fy|x z(0]x,2) (see (2)) through the Frechet derivative A,

15



and the factor 7(1 — 7) through the adjoint A*, hidden in the spectrum of A*A. 7

The optimal regularization sequence A7 is defined by minimizing the asymptotic MISE
E [HAQ)Hﬂ w.r.t. Ayr. The optimal MISE is denoted by M}. The optimal sequence A} also
corresponds to the minimizer of My (Ar) in (17), whenever the latter satisfies Conditions
(14)-(16) for the validity of the asymptotic expansion. In the next section we illustrate
the interplay between the smoothness of ¢, and the severity of ill-posedness in a Gaussian
example of nonparametric IV median regression. The assumptions in Horowitz and Lee

(2007) do not cover the Gaussian case, which is known to yield a severely ill-posed estimation

problem in NIVR.

5.4 A Gaussian example

Let us assume that variables X, U*, Z admit a jointly normal distribution

X 0 1 p o
us | ~N 0| p 10 ,
Z 0 0 01

with p? 4+ ¢ < 1, and define U = & (U*) ~ U(0, 1), where the function ® denotes the c.d.f.

8

of a standard Gaussian variable. ® We consider a separable specification Y = @,(X) + U*

and the case of a median regression, 7 = 1/2.

7 If the limit minimum distance criterion is not rescaled by factor 7(1—7), that is Qe (@) = E [m(p, Z)?],

& |¢j||2 + b(Ar)? after appro-

1 _ oo
the asymptotic MISE in (17) becomes E {HA@HQ} = T(1-1) Z . |
T o (v +Ar)
priate redefinition of adjoint A* and regularization parameter Ar.

8 In this section, the variable X is defined on X =R. We can map it to [0, 1] using a transformation with
®. Other functions on X, norms on X and operators are transformed accordingly. We do not make this
transformation explicit to simplify the notation.

16



From (7), the Frechet derivative operator is given by
) = (@7 (7)) [ oz (el vla)ds (18)
R

. M/R¢1—p2—92¢(¢1—p2—92)Mdm’

where ¢ denotes the p.d.f. of a standard Gaussian variable. It is a conditional expectation

operator for the distribution of X given Z and U = 7 (up to a multiplicative constant).
The spectral decomposition of A*A admits simple expressions when the norms ||.|| and ||.||;;
on [0, 1] correspond to norms L?(Fy—,) and H*(Fxy—,) on R. We derive it by adapting
the standard result for the spectral decomposition of the conditional expectation operator
of normal variables (see e.g. Carrasco, Florens, and Renault (2005)) to the case where the

adjoint A* is defined w.r.t. the Sobolev norm. We get:

2 T 2 A 5
¢](x): 02+]H] <E>7 Vj:;cg_’_jgz]a jzovla (19)
1— 2 1— 2 2
where ¢ = g and £ € (0,1) is such that 525 = p2 € , and H;(.) for j =0,1,---
0
2
c

denote the Hermite polynomials. Further, ||¢j||2 = . Thus, the eigenvalues feature

2+

geometric decay v; < ¢%, and the eigenfunctions norms feature hyperbolic decay HqﬁjHQ =

j~ L. The bias is given by

B =N = [ avten @iy (20)

If function @, is a polynomial (of any degree), then b(\) < X as A — 0. ?

9 The notation a (A) < b(\) means that functions a (A) and b(\) are equivalent as A — 0 up to logarithmic
terms, i.e. c1 [log(1/A\)]® < a(\)/b(A) < g [log(1/A)]“* for some constants 0 < ¢; < ¢z and c3 < ¢4.
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We particularize the result in Proposition 3 for a spectrum of operator A*A featuring
decays as in (19), and a bias function behaving like a power of A. For expository purpose,
we consider d; = 1.

Proposition 4: Suppose that Assumptions 1 and A hold. Further, suppose that v; < e,

H%’HQ = j P, as j — o0, and b(\) < \° as A — 0, for some a,3 >0 and § € (0,1].

(i) If
1/2 <6 <1, (21)
149
hr <T-" with n = ————— d
T R Y S . L
m
A < T77 with v < ———— 22
then
My (Ar) = 1 a7 (23)
—~ T .
TAr [log (1/A7)]°
(i) If
m + 2
— <6< 1 24
2(m+1) — = 7 (24)
and hr is as above, then the optimal regularization parameter A\ is such that:
A =< T77 with v = ———— 2
T we Y 1+257 ( 5)
and the optimal MISFE is
M = T 1%, (26)

Condition (21) guarantees that there exists a suitable window of regularization para-
meters (given in (22)), for which the asymptotic expansion of the MISE in (23) is valid.
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Condition (22) is an upper bound on the rate of convergence of Ar. The choice for the
bandwidth hr is in order to maximize the window of admissible regularization parameters
n (22). Under the stronger Condition (24), we can derive the sequence of optimal regular-

ization parameters and the optimal MISE, given in (25) and (26), respectively. Note that

m+ 2

2m+1) depends on the order of differentiability of

the minimal admissible regularity § =
the joint density fxy.z, such that it approaches the limit 1/2 as m increases.

Condition (24) is a joint constraint on the severity of ill-posedness and on the smoothness
of function @,. Given the geometric decay of the eigenvalues in (19), v; =< e * with

a = 2log(1/€), a necessary condition is that the coefficients d; of function @,(cx) in the

Hermite basis share a geometric decay. '© If d? = e " for some p > 0, we can show that:

)N §=min{ XL
b(A) <\, 5—m1n{2&,1}. (27)
Condition (24) becomes
m + 2
> a——-. 2
b= +1 (28)

If the function {p, is such that ij @OH < K/, j €N, for a given xk > 0, we can prove that
d? < e for any pu > 0 and large j, and (28) is satisfied.

The analytical study of the spectral decomposition of operator A*A with general norms
|.]| and |.||;; and across probability levels 7 € (0, 1) is more complex. However, from the
expression of the Frechet derivative in (18), we can make a couple of general remarks for

the separable Gaussian case: (i) If function @, is such that |p,(—2z)| = |py(x)], z € R,

19 To see this, suppose that d? > ¢j~* for some ¢, > 0. Using v; < e=*/, a = 2log (1/£), and defining
4 (\) € N such that e~ < X\ as A — 0, we have from (20) that b(A\)? > Cj (\) ™" < [log (1/X)]*.
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the asymptotic MISE is symmetric w.r.t. 7 — 1 — 7. (ii) Two functions @, and @, that
differ by a constant, have the same regularity in the sense that they yield regularization
bias functions with same behaviour as A\ — 0. (iii) By changing 7 € (0,1), the regularity
of vy(z) = po(z) + ®71(7) is invariant and the impact on the MISE is through the density

Ix|zv (x|2,7), and thus through the spectrum of A*A, only.

5.5 Asymptotic normality

In the next proposition we establish pointwise asymptotic normality of the Q-TiR estimator.

This result is induced by the Bahadur-type representation (13).

(lo

Proposition 5: Suppose that Assumptions 1 and A hold, Thgd +) +hipy =0 (A?eﬂb ()\T)) ,
T
), M

(log T 1 . . ]
ey = O gy T = O0F"), TAz = O(1), Mr (0r) = 0 (A).
T T
Mr (A7) _
———= =0(M7), 29
o2(z)/T () (29)

for a e >0, where 0%(z) := Z 2gb (x). Further, suppose that for a € > 0 we have

()\T + V])
1 1 - J 2 1+5
Tmﬁwg;h+)w<wmw =0(1). (30)
mmep:E@ammT@%m%@:;tgﬂww@ﬁwS¢m»—
7)/\/Vj, and \/E 20 il )\T+Vj = 0(1). Then the Q-TiR estimator is asymptot-
=

tcally normal:

T/o%(x) (p(x) = @o(x) = Br (1)) == N (0.1),
where Br (x) = (A\p + A*A) ™" A*Agy () — @,(z).
Proof: See Appendix 5.
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Condition (29) requires that the rate of convergence of the variance o2(x)/T at x € X
is not too large compared to the global rate of convergence of the MISE. Condition (30) is
used to apply a Lyapunov CLT. When ||g; H3 j'* diverges with j, Condition (30) is an upper
bound on the rate of convergence of A\y. Under an assumption of geometric spectrum for the
eigenvalues v, and hyperbolic behavior for the eigenfunction values qb?(a:) and for ||g;l[5, the
arguments in the proof of Proposition 4 imply that (30) is satisfied whenever Ay > ¢T~7 for
some ¢,y > 0. Proposition 5 shows that a pointwise nondegenerate limit distribution exists,

a usual prerequisite for applying bootstrap.

6 Monte-Carlo results and empirical illustration

6.1 Computation of the estimator

To compute the estimate ¢, defined on a subset of the function space H?[0,1], we use
a numerical series approximation. We rely on standardized shifted Chebyshev polynomi-
als of the first kind (see Section 22 of Abramowitz and Stegun (1970) for their math-
ematical properties). For example, if we take orders 0 to 5 this yields six coefficients
(k = 6) to be estimated in the approximation ¢(z ZG Pj(x) =: 6 P(z), where
Py(z) = Ty (z)//7, Pi(zx) = x)/\/7/2, j # 0. The shlfted Chebyshev polynomials
of the first kind are Tg(z) = 1, Tf(z) = =1+ 2z, Ty(z) = 1 — 8z + 822, Ty(z) =
—1 + 18z — 48z% + 3223, Tj(z) = 1 — 32z + 1602? — 2562° + 1282, Ty (z) = —1 +
50z — 40022 4 112023 — 12802* 4 5122°. The squared Sobolev norm is approximated by

klkz 1
ol = [+ [ (wor

Z@ 0, / (P,P; + VP,V P;) =: §'Df. The coeflicients in
=0 7=0
this quadratic form are explicitly computed with a symbolic calculus package. The squared
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Ly norm ||| is approximated similarly by #'B#, say. Such simple and exact forms ease

11" and improve on computational speed. The convexity in 6 (quadratic

implementation
penalty) helps the numerical stability of the estimation procedure.

Estimated conditional probabilities P[Y < ¢(X)|Z = 2] used in the criterion are based

on a Gaussian kernel smoother, and are approximated by

S (20)  (55)
S

where K (x / K (u) du corresponds to the integrated kernel of K. This smoothing

is asymptotically equivalent to the one described in Equation (5). We use it because of
its numerical tractability: we avoid numerical integration without sacrificing differentiabil-
ity (in a classical sense) of the approximated empirical criterion Qr(6'P) with respect to
6. Individual bandwidths are selected via the standard rule of thumb (Silverman (1986)).
Analytical expressions for derivatives are computed and are implemented in a user-supplied
analytical gradient and Hessian optimization procedure. In the separable case we take the
NIVR estimates of GS on the same regularization parameter grid as starting values. In the
nonseparable case we start from the true coefficients of the projection of ¢, on the poly-
nomial basis. If we use NIVR estimates instead we need to extend convergence time by a
factor of at least five to achieve the same accuracy when 7 # 1/2.

The k£ x k matrix corresponding to operator A* A on the subspace spanned by the finite-

11 The Gauss programs developed for this section and the empirical application are available on request
from the authors.
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dimensional basis of functions {P; : j = 0,....,k — 1} in H?[0,1] is given by (P, A*AP})y =

T
1 N ~ 1 el lEas o~
—> AR-) Z (AP-) Z :—(PP> i =0, k-1, where P i
Tr(l—7) £ ( (Zt) 5 ) (Z4) T e 1,7 0 where P is

the T x k matrix with rows P (Z,) = (r(1—7)) /? / P(x) fxyiz (@, 0(x)| Z) dx, t =
1,...,T. Hence we can use the suggestion of GS, which consists in estimating the asymptotic
spectral representation (17) to select the regularization parameter. We need a first-step
Q-TiR estimator 6P of ¢, based on a pilot regularization parameter A. Then we can
perform the spectral decomposition of the matrix DP'P /T to get the eigenvalues #; and
the eigenvectors w;, normalized to @D;-D@Dj =1, 7 = 1,...,k. Finally we can minimize an

estimate of the MISE
k

_ 1 Iy
M) ==Y L ! Buy
( ) Tj:1 (/\—I—’}j)z ’ !

=/ 1/\/"\ 1"\/’\ -1 1’\/"‘ _11/\/"\
+0 fPP()\D—FTPP) -1\ B ()\D+TPP) fPP—[ 0,

w.r.t. A to get the optimal regularization parameter 5\, and compute the second-step Q-TiR

estimator with 0 using the regularization parameter A

6.2 Monte-Carlo results

Following Newey and Powell (2003), the errors Uy, U; and the instrument Z are jointly
normally distributed, with zero means, unit variances and a correlation coefficient of 0.5
between Uy and U;. We take X* = Z + Uy, and build X = & (X*) and U = ®(U7). '

First we examine a separable design. Case 1 is Y = sin(7X) + U;. The variable X

is endogenous. The quantile condition is P [Y — ¢, (X) < 0| Z] = 7, where the functional

12 This data generating process is a Gaussian model of the type considered in Section 5.4, but with the
variable X explicitly transformed to live in X =10, 1].
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parameter is p,(r) = sin (rz)+®~1 (1), z € [0,1], for a given 7 € (0, 1). The chosen function
resembles a concave Engel curve as in GS. Case 2is Y = ®(3(X +U — 1)), and the quantile
structural effect is ¢y(z) = ®(3(x + 7 — 1)), € [0,1], for a given 7 € (0,1). This is a
nonseparable specification. We get a monotone increasing convex function in x for small 7,
an S-shape for moderate 7, and a monotone increasing concave function for large 7. We
climb towards the upper part of the normal c.d.f. by increasing 7, and gradually change the
curvature of the function.

We consider sample size T" = 1000. In Table 1 we compare the optimal asymptotic MISE
and the optimal finite sample MISE of the Q-TiR estimator with £ = 6 on 1000 replications.
The asymptotic features are computed by Monte-Carlo integration using (17) and (18). The
minimum of the finite sample MISE and of the asymptotic MISE are close for all probability
levels. For 7 = 1/2 they are equal to .0133 and .0147, and correspond to a regularization
parameter equal to .0006 and .0009. For other probability levels 7 € {.10,.25,.75,.90} we
have an increase of the optimal finite sample and asymptotic MISE because of (equally)
increasing bias and variance. This is a consequence of a vanishing density function, as
we move into the tails, together with the invariant regularity of function ¢, (Remark (iii)
in Section 5.4). Symmetry with respect to 7 = 1/2 is explained by the symmetry of the
Frechet derivative (Remark (i)). Optimal regularization parameters are (symmetrically)
slightly decreasing as we depart from 7 = 1/2.

Table 1 also gathers results for estimation with the data driven procedure. We use A =

.0001 as pilot regularization parameter. Other values such as .00005 or .0002 leave the results

24



qualitatively unchanged. We report the average and quartiles of the selected lambda over
1000 simulations, and the average ISE when we use the optimal data driven regularization
parameter at each simulation. The selection procedure tends to slightly overpenalize in
average, and the selected lambdas are positively skewed. However impact on the MISE of
the data driven Q-TiR estimator is low since the average ISE are of the same magnitude as
the optimal finite sample MISE. This is true across probability levels 7.

When we move to the nonseparable case, Table 2 shows that we need to penalize more.
The order of magnitude of the optimal regularization parameter is 1072 or 1073 instead
of 107%. We also observe a larger difference between the asymptotic and finite sample
values of the MISE in relative terms, probably explained by the increased complexity of the
model. However, the differences in absolute terms are comparable in Case 1 and Case 2.
The performance of the data driven procedure is also comparable, and the selection rule

continues to deliver good results.

6.3 Empirical illustration

This section presents an empirical illustration with U.S. long-distance call data '* extracted
from the sample of Hausman and Sidak (2004). They investigate nonlinear price schedules
chosen by consumers of message toll service offered by long-distance interexchange carri-
ers. Their econometric methodology relies on parametric IVR and parametric IVQR using

logarithm of annual income as instrument. We estimate quantile structural effects for non-

13 See e.g. Miravete (2002) and Economides, Seim and Viard (2008) for empirical studies on local telephone
service demand.
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linear pricing curves based on the conditional quantile condition P[Y < ¢, (X) | Z] = 7,
with X = & (X*) and Z = ®(Z*). Variable Y denotes the price per minute in dollars, X*
denotes the standardized amount of use in minutes, and Z* denotes the standardized loga-
rithm of annual income. We consider the quartile structural effects, i.e., 7 = {.25,.5,.75},
and clients of a leading long-distance interexchange carrier with age between 30 and 45. To
study the effect of education on the chosen nonlinear price schedule we divide the sample
into people with at most 12 years of education (7" = 978), and people with more than 12
years of education (7" = 435). The estimation procedure is as in the previous Monte-Carlo
study and uses data-driven regularization parameters for each quantile structural effect and
education category. We present our empirical results with eight polynomials (k = 8). We
have checked that estimation results remain virtually unchanged when increasing gradually
the number of polynomials up to sixteen. Setting in advance k large may raise numerical
convergence issues when optimizing a nonlinear criterion. We have observed a stabilization
of the value of the optimized objective function, of the loadings in the numerical series ap-
proximation, and of the data-driven regularization parameter. We have also observed that
higher order polynomials receive loadings which are closer and closer to zero. This suggests
that we can limit ourselves to a small number of polynomials in this application. We use a
pilot regularization parameter A\ = .0001 to get a first step estimator of ¢,, and start the
optimization algorithm with the data-driven NIVR estimates. To build pointwise confidence

bands we use a nonparametric bootstrap procedure following Blundell, Chen and Kristensen

(2007).
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Figure 1 plots the estimated median structural effect and bootstrap pointwise confi-
dence bands at 95% with 1000 replications for the two education categories. Figure 2
is a picture "a la box-plot" where we represent the estimated quantile structural effects
at 7 = {.25,.5,.75} and the estimated mean structural effect (NIVR estimate '* ) for
the two education categories. The box-plot interpretation is as follows. For any given
value z of the instrument, the conditional probability of the shaded area is asymptotically
Plg(X,0.25) <Y <g(X,0.75) | Z = z] = .5. Both figures show that the estimated struc-
tural effects are nonlinear, and their patterns differ across the two education categories. As
in Hausman and Sidak (2004) we observe that less educated customers pay more than better
educated customers when the number of minutes of use increases. A possible explanation
is that the latter exploit better the tariff options for long-distance calls available at those
ranges. Vertical sections of the shaded areas correspond to measures of dispersion. For
high usage the dispersion is smaller for better educated people, and vice versa for low usage.
Thus, better educated people seem to make a strong effort to find the more convenient tariffs
only in the case of high usage of the service. Regularization parameters range from 1072 to
10!, This exemplifies the need to opt for a data-driven procedure, and not a fixed value for
all categories and probability levels 7. In Figure 3 we report the difference between the es-
timated quantile structural effect at 7 = .75 and at 7 = .25, i.e., the estimated interquartile

range §(x,.75) — g(z,.25) of the structural effect, together with bootstrap pointwise confi-

14 The specification test of Gagliardini and Scaillet (2007) does not reject the null hypothesis of the correct
specification of the moment restriction used in estimating the mean pricing curve at the 5% significance level
(p-value = .32 for the less educated category and p-value = .77 for the better educated category).
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dence bands at .95% with 1000 replications. If the model were separable as in the Gaussian
example (Section 5.4) and Case 1 (Section 6.2) we would have a straight line. The plots
point to a separable pricing curve for less educated people, and a nonseparable pricing curve

for better educated people. A formal test of separability is left for future research.
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Appendices

In Appendix 1, we list the regularity conditions and provide their detailed discussion. In
Appendix 2, we prove Proposition 1 on local ill-posedness of the nonparametric estimation of
the endogenous quantile problem. In Appendix 3, we establish Proposition 2 on consistency
of the Q-TiR estimator, and provide the auxiliary result of its existence. In Appendix 4,
we prove Proposition 3 on the explicit expression of the asymptotic MISE, and provide the
auxiliary steps leading to it. In Appendix 5 we show Proposition 5 on asymptotic normality

of the Q-TiR estimator.

Appendix 1: List of regularity conditions

Al {(X, Y5, Z):t=1,....,T} is an i.i.d. sample from a distribution admitting a density

fxy.z with convex support S =X x Y x Z CRY X =[0,1], Y =[0,1], d =2+ dz.

A.2: The density fxyz of (X,Y,Z) is in class C™ (Rd), with m > 2, and V*fxyz is
d

uniformly continuous and bounded, for any o € N? with |a| == Z a; =m.
i=1

A.3: (i) Function 7 +— g(x,7) is strictly monotonic increasing and continuous, for al-
most any = € (0,1), and sup|g(x,7)| < oo, sup |V,g(x,7)| < oo; (ii) sup fxz(z|z) < oo,

T, T T, T T,z

sup |V fx|z(z|2)| < 0o and sup |V. fx|z(z]2)| < oo ; (iii) sup | V. Fyx,z(ulz, z)| < 0o and

UL, 2

sup |V Fyx,z(ulz, z)| < oo 5 (iv) sup fuxz(ulz, z) < oo .

U,T,2 U,T,2

A.4: There exists h > 0 such that function q(s):= sup |Vfxyz(v)|, s €S, is integrable
vEB(s)
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w.r.t. Lebesgue measure on S, where By,(s) denotes the ball in RY of radius h around s.

A.5: There exists h > 0 such that function q, (s) := sup |V*fxyz(v)|, s € S, satisfies

vEB(s)
2
Ga (5)

ds < o0, for any a € N? with |a| = m.
s fxy,z(s)

A.6: (i) sup fxy|z (@, po(2)|2) < oo; (ii) sup |V, fxyiz(z,y]2)| < 0.

X,z x,Y,z

A.7: Set Zr C Z is such that sup |z| = O (Tb) for b < oo, P(Z€Z%) =0 (T_B) for

2EZT
any b >0 and inf fz(z) > 2(logT) .
Z2EZT
20 1 A*A
A.8: We have: ————  sup |Vny,y|Z(x,y|z)‘2 < 5 inf M
T(1 = 7) verxyey, ez lpollz wivla<2leols |3l

A.9: Function @, is an interior point of © w.r.t. ||.|.

A.10: The kernel K on RY is such that (i) /K(u)du =1 and K is bounded; (ii) K has
compact support; (iii) K is differentiable, with bounded derivatives; (iv) / u*K(u)du = 0

for any o € N with |a| < m, where m is as in Assumption A.2.

A.11: The (.,.) -orthonormal basis of eigenfunctions {gb] RS N} of operator A*A satis-

N L (9,00
fies (i) Z ||¢jH < o005 (ii) Z 5 5 <00
j=1 it |05l
A.12: Functions v;(z) = L (A;) (), j € N, satisfy sup E [w (Z) 1), (Z)Q] < oo and
VVi jeN

] /Q(w,Z)dw
sup &/ [‘1/13 (Z)ﬂ < 00, for § > 2, where w(z) := ¥—————— for w := (x,y) and q as in
jEN fz(2)

Assumption A.J.

A.13:  Functions 1; are in class C™ (R%) such that (i) sup E [’V@bj (Z)ﬂ < 0

jEN
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and SupE[w(Z)|V@/Jj(Z)|2] < oo; (i) supE“VO‘z/)j(Z)}Q] < oo and

jeN jeN

sup F [’Vawj (Z —¢) = VY, (Z)ﬂ — 0 as |¢| — 0, for any o € N with |a| = m.

jEN

In Assumption A.1, the compact support of X and Y is used for technical reasons.
Mapping in [0, 1] can be achieved by simple linear or nonlinear monotone transformations.
Assuming univariate X simplifies the exposition. Assumptions A.2 and A.10 are classical
conditions in kernel density estimation concerning smoothness of the density and of the
kernel. In particular, when m > 2, K is a higher order kernel. Moreover, we assume a
compact support for the kernel K to simplify the set of regularity conditions. It is possible
to reformulate the list of technical assumptions in terms of high-level conditions concerning
the nonparametric estimation of fxy . This facilitates the extension to other types of
smoothing methods, but requires listing some technical conditions to get the results on the
MISE and asymptotic normality, which are difficult to interpret at the generic level. This
also complicates the separation of the regularity conditions on the nonparametric smoothing
parameter and the regularization parameter.

Assumptions A.3 (i)-(iii) are used to prove local ill-posedness (Proposition 1). Specifi-
cally, Assumption A.3 (i) is a boundedness and smoothness condition on function g(z, )
w.r.t. both its arguments. In particular, it implies that the structural quantile effect
v, € H?[0,1], for any 7 € (0,1). Assumptions A.3 (ii) and (iii) concern boundedness and
smoothness of the densities of X given Z, and of U given X, Z, respectively. Assumption

A.3 (iv) also concerns the density of U given X, Z and is used in the proof of consistency
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(Proposition 2). The set Zr in Assumption A.7 is used to introduce a trimming for small
values of fz(z). Assumptions A.1-A.3, A.7 and A.10 imply the consistency of the Q-TiR
estimator.

The remaining assumptions are used to derive the exact asymptotic expansion of the
MISE and prove asymptotic normality. Specifically, Assumptions A.4 and A.5 impose inte-
grability conditions on suitable measures of local variation of density fxy z. These assump-
tions are used in the proof of Lemmas A.11 and A.12 to bound higher order terms in the
asymptotic expansion of the MISE coming from kernel estimation bias. Assumption A.6 is
used to show that A is Frechet differentiable, with compact Frechet derivative. This assump-
tion can be rewritten in terms of densities fyx z, fx|z and function g. The formulation as
in A.6 is closer to the use in the proofs, and simplifies the exposition. In Assumption A.8,
a:eleelg,zez |V, fx.yiz(x, y|z)| is involved in the bound of the quadratic term in the expansion
of A (see Lemma A.3 in Appendix 4), and controls for the amount of nonlinearity in the
conditional moment restrictions. Thus, Assumption A.8 is a joint restriction on the amount
of nonlinearity, on the severity of ill-posedness, and on the Sobolev norm of the functional
parameter. In particular, for given joint density of X, Y, 7, Assumption A.8 is satisfied if
ool is small enough. Assumption A.8 is used to bound some residual terms in the as-
ymptotic expansion of the estimator, involving probabilities of large deviations (see Lemma
A.10 in Appendix 4). Assumption A.9 is used to derive the first-order condition satisfied by

estimator ¢. Finally, the last three Assumptions A.11-A.13 concern the spectrum of operator

A*A. Assumption A.11 (i) is used to simplify the proof of Lemmas A.14, A.16 and A.17 in
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order to get asymptotic normality. Assumption A.11 (ii) requires that the eigenfunctions of
operator A*A, which are orthogonal w.r.t. (.,.) 5, satisfy a summability condition w.r.t. (., .).
Under this Assumption, the asymptotic expansion of the MISE in Proposition 3 involves a

single sum, and not a double sum, over the spectrum. Assumptions A.12 and A.13 ask for the

1
Ao:) (2),

j € N, both under density f7 and under the density defined by function ¢ in Assumption A.4.

existence of a uniform bound for moments of derivatives of functions 1;(z) =

Functions v; satisfy £ [%(Z )2} =1, 7 € N. Assumptions A.12 and A.13 are met whenever
the functions 1; and their derivatives do not exhibit too heavy tails. These assumptions
are used to control terms of the type /wj(z) [1{y < po(x)} — 7] fx.y.z(r)dr, uniformly in

j € N, in Lemma A.11 and in the proof of Lemma A.14.

Appendix 2: Proof of Proposition 1

Here we show local ill-posedness of the nonseparable setting (part (a)), and we prove
that sequences generating ill-posedness exhibit diverging L?-norm of their first derivative
(part (b)). To prove part (a), we need the following Lemma A.1, which is a local version of

Proposition 10.1 in Engl, Hanke and Neubauer (2000).

Lemma A.1: Suppose the following conditions are satisfied: (a) Operator A is compact.
(b) For any r > 0 small enough, there exists a sequence (p,) C B.(¢y) s.t. ¢, =+ ¢, and
Alp,) = A(p,) where = denotes weak convergence. Then the minimum distance problem

18 locally ill-posed.
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Proof of Proposition 1 (a): We establish that the conditions (a) and (b) in Lemma
A.1 are satisfied. (a) We have to show that A maps closed sets into relatively compact sets.
Let S C L?[0,1] be bounded. We have to prove that the closure of A(S) C L*(Fyz,7) is
compact. We can equivalently use |[|.|| 2z, ;) O |||l 2y, - Proposition 2.24 in Alt (1992)

states that A(S) is relatively compact if and only if:

sup [ A(@)| 2,y < 0, (31)
peS
Sup [A() (. + 1) — APl z2(r,) — 0, as |h] =0, (32)
©
and
sup HA(SO) 'XRdZ\BR(O)HLz(FZ) — 0, as R / o0, (33)
peS

where Xgaz\ g, 0)(2) =1 {z € Rz \ Bg(0)}, and Bg(0) is a ball in R% of radius R around

0. To prove (31), notice that for any z

4@ O] = [ Tzl P (o7 wole) 02 do < [ frateli =1 @1
Thus [|A(9)[| 2,y < 1, for any ¢ € L*[0, 1], and (31) follows. To prove (32) we use
A @) (= + 1) — Ap) (=)
< [ Vxiatalz+ W) = frialel2)| Forz (67 (5,00 .+ ) da
i /X Pxiz(@l2) |Fopz (97" (@ap(@) fe, 2 + ) = Fuxz (97 (2.p(@)) |2, 2)| do
< Clhl,
where C' = sup |V.Fyx z(ulz, 2)| fxz(z|2) + sup V. fxz(]z)| < oo from Assumptions

U,x,2

A.3 (ii) and (iii). Thus we get

A+ 1) = APl 2(r,) < ClR] = 0 as h — 0, (35)
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uniformly in p € L?[0, 1]. Thus, (32) is proved. Finally, from (34) we get that for ¢ € L?[0, 1]

2

||.A XR42\ By (0 )HLQ(FZ) < /RdZ\B o fz(z)dz — 0 as R /" 0.
R

This implies (33) and that A is compact.
(b) Define 9(x) = sin (2rx) and ¢, (z) := ey (nzx), € X, where 0 < ¢ < min{7,1 — 7}.
Further, let ¢, (z) := g(z,7 + ¥, (z)), = € X. Then, we deduce that ||¢, — ¢,|° =
/ [9(x, T + ep(nx)) — g (z,7)]* dz. Split the integral w.r.t.  over the partition ((k — 1) /n, k/n)
x

with £ =1, ..., n. It follows that

n k/n
lon =l = 3 / o e —g ) e

— Z /{ <_+g T+ eY(y ))—g(%Jr%,T)rdy,

using the periodicity of 1. Using Assumption A.3 (i),

5 w1 [t k—
len = @oll :Z; g
k=1 0

The first term is a converging Riemann sum, and

1,T+g¢(y)) g (k;:l,T)rderO(l/n).

lon — oll? — /X / oz, + () — g (2, 7)) dyd.

The RHS is strictly larger than zero, and converges to zero as ¢ — 0 by the dominated
convergence Theorem. Thus, for ¢ > 0 sufficiently small, we have (¢,) C B,(¢,) and
Pn 7 Po-

Moreover, for ¢ € L?(Fyz, ) we have

@A iran = mrmy | W) [ el P (74, @) o.2) da.
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Thus, we have to show

Ty = / a(2)f2(2) /X Fxiz(x|2) Fox.z (7 + 0, (0) |2, 2) dedz — 7 / a(z)fz(2)dz. (36)

To this end, split the integral w.r.t.  over the partition ((k — 1) /n,k/n) with k =1,....n

—
k=1 " (

k—1)/n
"1t k—1 1 E—1 1

= _/ /@(Z)fZ(Z)wa (— + —y|z> Fuixz <T +ep (y) | ——+~v, Z) dzdy
—~nJo n n n n

after a change of variable and using periodicity of function ). Then we have

n=30% Jurs (S50 [ o (s 0w

k/n

/f?(z)fz(z)fxz(iv\Z)FUm,z (7 + ey (nz) |z, 2) dzdx

1
,z) dydz + I ,, (37)

where
1 <Y [ G120 5w 19w a12) iy = 001 /),
—1 0 U,z
and H(u,z|z) := Fyxz (ulr, 2) fxz(z|2), sup,, . |V.H(u,2|2)| < oo from Assumptions

A.3 (ii)-(iii). Since the Riemann sum in (37) converges to the corresponding integral, we get

Jn—>/X/Q(2)fZ(Z)fX|Z (x|z)/0 Fuix,z (T4 ¢ (y) |z, 2) dydzdx =: J.

Using that / Ix1z (®]2) Fyix,z(u|z, 2)de = P [U < ulz] = u by the independence of U and
x

Z, and the uniform distribution of U, we get

1=7 [aaiz e [ 1526 [ v war=r [aee

and (36) follows. B
Proof of Proposition 1 (b): The proof is by contradiction. Suppose that there
exists B < oo such that ||V, || < B for any n large enough. Since © is bounded, and by the
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compact embedding theorem (see Adams (1975)), set {¢ € © : ||Vy| < B} is compact w.r.t.
the norm ||.|. Therefore, there exists a subsequence (¢, ) which converges in norm ||.|| to
©* € O, say. Since Q is continuous, we get Qs (¢,,,) = Qoo (%), and thus Q (¢*) = 0.
By identification (Assumption 1), we deduce p* = ¢, and the subsequence (gpmn) converges

to ,. But this is impossible, since H(pmn — ngH >e>0.1
Appendix 3: Proof of Proposition 2

We establish existence of the Q-TiR estimator in A.3.1 before showing its consistency in
A3.2.

A.3.1 Existence

1

T
= Z m(p, Z;)*1; is positive, a function ¢ € © minimizes Qr (¢) +
TT(1—71)

t=1

Since Qr ()

Ar || ¢l|3; if and only if

¢ =arg inf Qr (p) + Mr el st Arlely < Lr(go). (38)

The solution ¢ in (38) exists P-a.s. since (i) mapping ¢ — ||¢[|3, is lower semicontinuous on
H?[0,1] w.r.t. the norm ||.|| (see Reed and Simon (1980), p. 358) and mapping ¢ — Qr (¢)
is continuous on © w.r.t. the norm |||, P-a.s., for any T} (ii) set {p € © : ol < L} is
compact w.r.t. the norm ||.||, for any constant 0 < L < oo (compact embedding theorem;

see Adams (1975)).

The continuity of @ (¢) , P-a.s., follows from the mapping ¢ — m(, z) being continuous
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for almost any z € Z, P-a.s.. The latter holds since for any ¢, p, € O,

‘fx\z(l’

| [Frix (@@, ) = Brixz(ea(@)le, 2)

< sup
z€[0,1],yeR

and thus, by the Cauchy-Schwarz inequality,

w1 (z) n
/ fX,Y|Z(~”U7y|Z)dZ/
po()

fX,Y|Z(xvy|Z)‘> l1(z) — @a(z)]

o) = rien A < [ [Frielele) [zt @lin ) - rxalesole. )] ds

< C_1T ||§01 - 902H )

for almost any z € Z, P-a.s., where Cp :=  sup fX7y|Z(x,y|z) < oo for almost any

z€[0,1],y€ER

z € Z, P-as.
A.3.2 Consistency

The next Lemma A.2 is used below in the proof of Proposition 2 (consistency). Lemma A.2
(i) is proved in the Technical Report by extending an argument in Hansen (2007). Lemma

A.2 (ii) and (iii) establish (uniform) convergence of the minimum distance criterion Qr(¢p).

Lemma A.2: Under Assumptions A.1, A.2, A.8 (ii)-(iv), A.7, and A.10:

fX|Z($|Z)FY|X,Z(y|%Z)— fX\Z(I|Z)FY|X,Z(y|Ia 2)|2 =0, (ar), where ap =

(i)  sup
z€[0,1],yeER,z€Z

(1ou Y (7oks + 1" ) () Qro) — Qe () = O ar)s (i) 519 101(9) - Qe (¢)] =
0, (@—1— %) = 0p(1) for ar = o(1).

Proof of Lemma A.2: (ii) We have Qr(¢,) — Qw () = m (g, Z:)*1;,

HM’%

1—7
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where Am(p,.) = m(yp,.) — m(p,.). Furthermore,

|[Am(p,.)] < /X‘]gXlZ(x|-)ﬁY|X,Z((p(m)‘x7')_fX|Z(x")FY|X,Z(§0(I)|5Ca-)}dx

< sup | fxiz(@]) Fyix 2 (yle, ) — fxiz(2]) Fyix 2 (yla, )’ ; (39)

 x€l0,1]yeR
uniformly in ¢ € ©. Then, (ii) follows from (i).

(iii) Using m(ep,.) = Ay, .) + m(p,.), we have

Qr(p) ~ Qulp) = TO%TZ Nin(p, 7,) It+{TT S 2P~ Qi >}

From (39) and (i), the first term in the RHS is O,(ar), uniformly in ¢ € ©. By Cauchy-

T 1/2
1
Schwarz inequality, the third term in the RHS is O, | v/ar (ﬁ E m(p, Zt)21t> ,
T

1—71
umformly in ¢ € 0. Thus, the conclusion follows iE_lwe show that
T
zlelg Tr( 1_7_ ;m 0, Z)* 1, — Qoo (0)| = Oy (%) We have:
T 1 T
TT 1_7_ ;m 0, Zt) It Qoo (p)| < m;m(gp,ztf (1-1)
1 T
+ Tr(l—7) ;m(% Z)? = Qoo (1)

= Lr(p) + Lar(p).

T
Z (1 — 1), uniformly in ¢ €

t=1

4
Since |m(p, .)| < 2, the I 7(¢) term is bounded by m

T

1
=2 (1-1)

t=1
b > 0, from Assumption A.7 and a large deviation bound argument as in the proof of Lemma

O. Now, F

ZGZT

<Pl[ZeZj|+P [ inf f(z) < (logT)l] =0 <T*I_’>, for any

A2 (i). We get sup I r(¢) = O, <T‘E>, for any b > 0. To bound the I, 7(p) term, we use
p€eO
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m(p,z) = /X [Fuix,z (97" (@, 0(2)) | 2, 2) — 7] fxz(2|z)dz. Then
= mle. 2 — E [m(p, 2)"

/x/x%; {fx12(®Z) fx12(E| Z0)
[FU|X,Z (9_1 (z,0(z)) | z, Zt) — T] [FU|X,Z (9_1 (& 0(8)) | €, Zt) — T]
—E [fx12(z|2) fx2(€| Z)

[Foixz (97" (w.p(@) [ 2, 2) = 7] [Fuixz (971 (€.9(€) | €, Z) — 7]] } dadg

T
1 1
We get sup [ r(¢p) < ———= s — a(Zy, 0) Z,0)])|, where a(z, o) :=
() S s |23 @) ~ Bla(Zo)) (.0)

fx12(@|2) fx12(E]2) [Fuix,z (u | @,2) = 7] [Fux,z (v ] € 2) — 7], 0= (z,& u,v) € [0,1]%. Us-

ing Assumptions A.3 (ii)-(iv), function a is bounded and Lipshitz w.r.t. o: |a(. —afl. <
g p ’ p 0 y 01 )

C'lo, — 0|, for a constant C'. By Andrews (1994), Theorem 2, the family F := {a(., 0) : 0 € [0, 1]*}

satisfies the Pollard entropy condition. By Andrews (1994), Theorem 1, the empirical process
1
v = — a(Zy, 0) — Ela(Z, , 0 € ]0,1]%, is stochastically equicontinuous. Since
T (0) ﬁZ((t@) [a(Z, 0)]), 0 € [0,1] y eq
we can apply a CLT for any g € [0, 1], by the fundamental convergence result for empirical
processes (see e.g. Andrews (1994), p. 2251), vy (.) converges weakly. By the Continu-
ous Mapping Theorem, sup,cp1)2 [V7 (0)] = Op(1), and thus sup,cq Lo r(¢) = O, (1/\/T>

Hence, the conclusion follows. B
Proof of Proposition 2: By Lemma A.2 (ii) and the condition on Ay, we have

0 < Qr(¢) + MrllllE < Qr(po) + Arllollly = Oplar + Az) = Op(Ar).

By Qr > 0, this implies that A\7||¢||} = O,(A\r), that is, ||¢||3 = O,(1). Thus, by
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the compact embedding theorem, the sequence of minimizers ¢ is tight in (L?[0,1],] - ||)-
Namely, for any § > 0, there exists a compact subset K5 of (L?[0,1] N ©, || - ), such that
p € Ks wp 2 1 — ¢, where notation wp 2 1 — § means "with probability at least 1 — ¢ for
all sufficiently large sample sizes".

Next we have that for any ¢ > 0 and § > 0, and any 7 sufficiently large,

Plo & Be(eo)] < PH® & Be(wo)} N {® € Ks}] + PP ¢ K

< PH¢ & B(wo)} N{p € Ks}| +0

< i 2 < ; >l12

< P[%K&;g\fBE(%)QT(w) + Arllolly < Qr(p) + Ar||@ll7] + 0
< Pl inf Qr(e)+ Mllelll < Qrlpy) + Arlleolli] + 6.

PEKsNO\Be(pg)

Using Lemma A.2 (iii), we get:
Plp & B. < P inf 0o 1 2 <
P& Be(po)] < Pl Jnf  Qeol) +0p(1) + Arlipller < Op(Ar)] +0

PJ inf )Qoo(cp)mp(l)gop(AT)]H

PEKsNO\Be (g

IA

IN

P inf () < o, (1)] + 6.
[¢€K6;g\36(¢0)Q (¢) < op(1)] +

Now let ks 1= inf,cx;n0\B.(¢) @ (). By compactness of Ky, continuity of (), and iden-

tification, we have r;. = Qoo (p5.) > 0 for some 5, € K; N O \ B.(p,). Thus

Plp & B-(pg)] < Plise < 0p(1)] +0 — 0§, as T — 0.

Since § can be made arbitrary small, we conclude that P[¢ & B.(y,)] — 0. Since € > 0 is

arbitrary, consistency follows. ll
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Appendix 4: Proof of Propositions 3

This appendix concerns the derivation of the asymptotic MISE of the Q-TiR estimator.
The steps are as follows: computing the Frechet derivatives in A.4.1, getting the first-order
condition in A.4.2, making the asymptotic expansion of the MISE in A.4.3, deriving the final
expression in A.4.4.

A.4.1 Frechet derivatives

Lemma A.3: Under Assumption A.6, the Frechet derivative of A at ¢, is the linear

operator A = DA (y,) defined by Ay (z /ny|Z z, po(x)|2)Y (x)dx, 2z € Z, for

Y € L?[0,1]. Moreover we have A(p) = A(p,) + AAp + R (p,¢,), where the residual

R, o) is such that || R (¢, o)l 2, < §CHA¢H2, and c:=  sup |V fxyiz(z,y[2)].

reX YyeY,zeZ

1
Define <¢»¢>L2(FZ,T) = mzft@ (Z) ¥ (Z;) and H?ﬂ”;(ﬁzy) = <¢aw>L2(FZ,T)
t=1

Then, <g0, A1/1>L2 () <A*80,¢>H

Lemma A.4: Under Assumption A.10, the Frechet derivative of A at © 1s the linear opera-

tor A:= DA(p) defined by A (z /ny|Z z)|2)0 (z)dx, z € Z, for ¥ € L?[0,1].
Moreover we have A () = A(@)+ A (p — @)+ R (¢, @), where R (@, @) is such that P-a.s.,
. 1 , )
, R < clle — @l|”, and ¢ = su \Y z,y|z)|.
(¥ SD)‘ L2(Fzr) — 24/7(1 —7) lo=el xex,yeugzezT IVifxviz(@,yl2)

We will denote the Frechet derivative of A at ©o by Ay == DA (o), and denote A=

~

DA(?).
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A.4.2 First-order condition

Proof of Equation (9): By Assumption A.9, let r > 0 be such that B, (p,) N H?[0,1] is

contained in ©. The estimator ¢ is such that, when ||Ap|| < r we have:
Vi € H?[0,1], 3p=p () >0: @ +ep € O for any € s.t. |g] < p.

Thus, when ||Ap|| < r the estimator ¢ satisfies the first order condition

diLT(gb—kew) =0, YyeH0,1].
€ e=0
N 2
Writing L (¢) = || A(p) — T‘ Ly + Az |l@ll%,, we have
d ) .
— Ly (¢ = ») —7,DA(¢ 2\r (¢
Flrren) = 2A@ -1 DA@Y), L+ 2 ()
= 2(A(p)—1,A 21 (¢
<A(<10) T, w>L2(ﬁZ7‘r)+ )‘T<§07w>H
= 2(A" (A(@) 1) + Ao v)

By the consistency of ¢ (Proposition 2), P [||[A¢|| < r] — 1. We show below that P [||Ap|| > r] =

O <T‘5> , for any b > 0.
A.4.3 Asymptotic expansion

In this section we provide the asymptotic expansion of the MISE of estimator ¢. Our strategy
consists of three steps. In Step (i) we show that the nonlinearity term K7 (A®) in Equation
(11) satisfies a quadratic bound w.p.a. 1 (Lemma A.5). In Step (ii) we exploit Equation (11)
and the quadratic nature of K7 (A®) to get a bound on the difference between E [HA@HQ}

NIt
and |:HA¢H } (Lemmas A.6 and A.7). The bound involves probabilities of large deviations
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for ||Ap| and HATZJH In Step (iii) we bound these probabilities by a large deviation result
for penalized minimum distance estimators (Lemmas A.8 and A.9). Combining the three
steps, we get the asymptotic expansion of the MISE E [||A§0||2] in terms of the expectations

of powers of HA@ZJH (Lemma A.10).

(i) Quadratic bound for the nonlinearity term

Lemma A.5: Under Assumptions A.1-A.3, A.6, A.7, A.10, for any b > 0 and any con-
1
stant C > ———— sup |Vyfxy‘z($ y|z) MICT
2\/T (1 — 7') reEX YyeY,ze2Z
0 <T*l_’> .

(ii) Control of the nonlinearity term

)| > =18l -

First we consider the nonstochastic analogue of Equation (11).

Lemma A.6: Let function ¢ satisfy ¢ = 1 + €K () ,where 1 is a known function, K

a nonlinear operator such that |K (¢)|| < ||l¢|°, and € > 0. If € ||| < 1/8, then either

3
[llel® = 1917 < 32 01, or lel* > o

C
We can use Lemma A.6 with ¢ = e = —— to bound the difference ||AQ||* — HAwH

VAT
on the set {eT HA@H < 1/8A A <4z /\ HICT AQP) H <er|Ap]| }, and derive the fol-

lowing result.

Lemma A.7: Under Assumptions A.1-A.3, A6, A.7 and A.10, we have for any b > 0, with
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1
— sup V , T, Y|Z)|,
24/T (1 — T) reX,ye),zeZ ‘ ny YlZ( y‘ )}

pliser] - e aif ] = o( e lfaif] e r a2 5]
3)\T
v (1l = 222 ) o (1), (a0
s 3Ar
Note that for large T, probability P |[|A¢|* > = scz| on the RHS of (40) controls for
3
both the event ||A|* > ) and the event ||[A@|| > r, in which the first-order condition
T

(11) does not hold.
(iii) A large deviation bound for penalized minimum distance estimators

Lemma A.8: We have P[||¢ — @oll = er] < ki (T,C (ep, A7) +ko (T, C (e, A1), where

er >0,

C(e,N) = inf  Qu(p)+ el — Mol (41)

PEO:|[p—ppll>e

and

2 2
A7 Ar oz + 21—/ Ar [l
b (To) = P |sup sup (272 Vol Vel , (42)
pe0zezp /T (1 —7) 4

k2 (T,7) := P |sup
goe@

#—7) Y m(p, Z)’ I — Qe (9)| 2 77/2] : (43)

In an ill-posed setting, the usual "identifiable uniqueness" condition (White and Wool-
dridge (1991)) o ”inf . Qo () > Qo (py) does not hold (see GS). It is replaced by the
P€O:[lp—pq|I2e

Inequality C' (e, \) > 0 for the penalized criterion, and the behaviour of C' (¢, \) as A\,e — 0

matters for the rate of convergence of . A lower bound for the function C'(¢,\) as A — 0
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and ¢ = O (\/X) is given in the next result.

Lemma A.9: Suppose Assumption A.6 holds. Let d > 0 be a constant such that

Il
&> A, (44

vlllp<2leoly |||

Then, for any M < oo and for X\ close enough to 0 :

A
inf  Qu () + A lE = Al > M———.
B Qe () Ml — Ml = My

In the RHS of (45), can be replaced by A\g()), where ¢ () is any function of A

A
log(1/%)
such that g (A\) — 0 as A — 0 (see the proof of Lemma A.9). From Lemmas A.8 and A.9 we

deduce that for d > 0 as in (44), and some constant b > 0 :

5 R A
Pllg—wol?>d*Ar] < P {Sup sup |Ar (g, 2)|* > b—T]

€O €27 log (1/Ar)
4 A
+P |su m (¢, Z 00 b——L |,
eo |TT(1—7) 1-— ;é; (0 20711 = Qe () 2 ]og(l/AT)]
(46)

From the proof of Lemma A.2 (Appendix 3.2) terms sup sup |Ar (p,2)|* and
QOG@ZGZT

- Z m (9, Z0)" I = Qoo ()

can be bounded by suprema of suitable empirical
Tt (1—7) —

sup
peO®

logT
processes over compact finite-dimensional sets, which are O, ((log T)? (% + h?pm))
T

1 1 1 1 -
and O, (ﬁ) respectively. When — e (W + 3™ ﬁ) =0 (T*E), for £ > 0, these

orders are negligible w.r.t. and by standard large deviation results the two prob-

log (1/Ar)’

abilities in the RHS of (46) are converging to zero as 7' — oo at a geometric rate. Thus,
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they are negligible compared to the other terms in the RHS of (40), which converge as a
negative power of T. The next result is proved by combining Inequality (46) and Lemma

A.7, and yields the asymptotic expansion of the MISE E [HA(oHﬂ

Lemma A.10: Suppose that Assumptions A.1-A.3, A.6, A.7, A.10 hold, and

20 2 1 : (1, A*AY)
— = s \Y , — R &t et £ 4 - A7
=) s [ Velxriz(e.ul2)] ool% wlaselools 6| 47
Let Ay — 0 such that for € > 0 :
1 1 1 _
S _+hzm+_):o 7% . 48
Ar (Thlfdz VT (™) (48)
— _B A
then £ [181F] = & |83 | + 0 (= [ad]]) + 0 (1)  for any 5> .

Condition (47) is used to show that Condition (44) is satisfied, when bounding the

probabilities in the RHS of (40) by means of the result in (46).

A.4.4 Proof of Proposition 3 (MISE)

1 1 11
From Conditions (14) and (15) we have EW =0 (ET) = 0(\5), )\Tth _
O (M), 27 =0 (hmax{dz 2})\€> , and thus Condition (48) is satisfied as long as hy =< T~
T

and \p <T77, n,v > 0. From Assumption A.8 and Lemma A.10, the conclusion follows if:

MAwH } T Z 7 Hgb H +b(Ar)?, up to negligible terms, and,
| ] = 1i—2u¢ I+ 50w ).

/\T T . ( + )\
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To show these statements, we write

A(‘Po // (IH{y <o)} —7) AfX’}}ZZé:)’y’ Z)dydx

/ / (1{y < gol)} —7) [fxyz<x ulz) - fXYZ(ff” | dyde

=: +4(2).
Then we decompose A{ﬁ as Aﬁ) =: Vr + By + Rt such that
AY = (Ap + AA) A+ [+ ATA) AT A = 1] o + R,
where Vr is the variance term, Br is the regularization bias term, and the remainder term
R is given by
Rr = {(AT n AgAO) T Ort A*A)‘l} Ar¢

+ {(AT + A;;AO) T Ardy— (g + AT A)! A*A] 0

+ O+ Agdo) (45 (¢ - ) - 470)

— (e + A3y - (A= 4) (A@) - 7). (49)
We now give a series of inequalities and bounds to show that the remainder term Ry can

be neglected. First, from Cauchy-Schwarz inequality,

MMH } B (Ve +Brl] + E[IRel"] + O (E [Ivr + Brl') 7 E[IRI]"*) . (50)
and
113 412 2]1/2
slls] = ] o[ |
< C(E[IVe+Bel'] + E[IRe]'])” E [HMHZ] (51)

o1



for a constant C. Second, we can isolate the estimation bias by writing
Vit Br = (Ap + A*A) " (g Eg) Or+ A"A) A EC+ [ + A"A) T AA — 1] g,
Thus,

B (Ve + Balf] = B || 0w+ 4n) 4 (¢ - Q)

|

O+ 4 )T 4B+ [+ A A) T A4 1]

2

, (52)

and for a constant C"
Vet el < 0 ([Jor+asaytar (G- g2
+ H (Ar + A*A) " AEC + [(Ar + A*A) 7 ATA — 1] ¢0H4) . (53)

Jo

E [H (A + A*A) " A* <C — EC) H } . In Lemma A.12 we prove that estimation bias is negli-

In Lemma A.11 we give the asymptotic behavior of F M (M + A*A ) (C EC )

gible compared to regularization bias, and in Lemma A.13 we give bounds on the remainder
term. Combining Lemmas A.11 (i), A.12, A.13 (i) with Equations (50), (52), yields State-
ment (i) above. Then, combining Lemmas A.11 (ii), A.12, A.13 (ii) with Inequalities (51),

o 3/2
(53) yields £ |:HAQZJH3:| =0 ((% Z W |9, H +b (A7) > ) . The latter in turns

implies Statement (ii) by using Condition (16).

Lemma A.11: Under Assumptions A.1, A.2, A.4, A.10, A.11 (ii), A.12, A.13 (i):

(i) up to negligible terms, E {H()\T + A*A) TR A (é _ Eé) ‘ﬂ _ %i (V—J)\>Q H(ijQ;
=1 T

7 v+
E U\(AT +ATA) A (¢ - BQ) ))4] =0 ((% i s HW) ) -
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Lemma A.12: Suppose that Assumptions A.1, A.2, A.8 (ii), A.5, A.10 hold, and h}' =

o (Arb (A7)). Then, up to negligible terms:
H(AT +AA) T ATEC+ [ + ATA) T ATA -] %H —b(Ap).

Lemma A.13: Suppose that Assumptions A.1-A.7, A.10, A.11 (ii), A.12, A.13 hold, and

(log T>2 . (log T)2 m 1 2m __ 2+te
W— (1) > W‘i‘hT —O()\Tb<)\T)), and W—i—hT —O()\T ),€>0.
Then: ()  E[|Re]’] - ( Z ? H¢ 1>+ b (Ar) ) and

o0

(i) E [|Rr[|'] =0 <%ZW ¢, H +b(Ar) )

Appendix 5: Proof of Proposition 5

Let us show the asymptotic normality of the Q-TiR estimator. From Equation (11) and the

decomposition in A.4.4, we have

1/oh(a) (@ () ~ 0 @) = \/T/R () O+ 4A) 7 A7 (E - BL) ()

+/T/o(2)Br () + \[T/o%(x) (Ar + A*A) " A°EL ()

+y/T/0%(@)Re(x) +/T/0%(@)Kr (A9) (2)

=: (I) + (IT) + (III) + (IV) + (V),

where Rp(x) is defined in (49). We now show that the term (I) is asymptotically N(0,1)

distributed in A.5.1, and the terms (III), (IV), and (V) are o,(1) in A.5.2, which implies

Proposition 5.



A.5.1 Asymptotic normality of (I)

Since {¢; : j € N} is an orthonormal basis w.r.t. (.,.);, we can write:
o0

O+ A A A (C= BC) (1) = D0 (0, Qa+ A A4 (C— EC)) 6(a)

j=1
C S (e (e 80)), 00

for almost any = € [0,1]. Then, we get

/o3 (@) O + A°A) 7 4 (E = BL) () Zwﬂ (54)

1 2 .
where Zj,T = \/_l/_]<¢j7ﬁA (C—EC>>H, ]—172,-..7

~ 1/2
and w;r(z) = )\T\/fyjqﬁj (x)/ (Z ()\T+ >2¢ (x) ) , j=1,2---.

Note that Z w;r(r)* = 1. Equation (54) can be rewritten (see the proof of Lemma A.11)
j=1
using

iwj,T<$)Zj,T = —VT / Gr(r) [fx,y,z(r) - B fx,y,z(T)} dr, (55)

1 (Ag)) (2)
T(l—7) 7

r = (w,2), Gp(r) == Gp(x,r) := ZwﬂT x)g;(r), g;j(r) =
Ly, (w) = Hy < pg(x)} — 7.
Lemma A.14: Suppose that Assumptions A.1, A.10, A.11 (i), A.13 (ii) hold, b} = o (Ar)

>
i—1 ()‘T + Vj) N A
and ‘/hT 00]7 ” = 0(1) . Then: \/T/GT(T) |:fX,Y,Z(T) —Ef)(’yz(r)] dr
Y — ()

J=1

(A + v))?

T

ZYQT‘F% , where Yy = GT Rt Z”LU]T g] Rt R, = (XbY;fth) .
=1
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T
From Lemma A.14 it is sufficient to prove that 77/2 ZY;T is asymptotically N(0,1)
t=1

. 1 1
m%MmmdP%mﬂmtEwﬂRﬂ:Tu_T»WZEKA@)&UEﬂ%UWHﬂ}zoﬁmd
1 1 2
Covlg;(R), gi(R)] = 72(1_T)2\/V_j\/y_lE[(A¢j) (2) E 14, (W)"|2] (Ad) (Z)]
= B [(46)) (2) (A6) (2)]

T(1—17) Nzl
1 *

Thus E [Yir] =0 and V [Yir| = Z wjr(x)w,r(z)Cov [g;(R Zw];r =
7,l=1
From application of a Lyapunov CLT, it is sufficient to show that

1 3
?@Emm}ﬁu T — 0. (56)
To this goal, using |Yr| < Z \w;r(x)||g;(R:)| and the triangular inequality, we get

j=1

3
1

3
1
T1/2 UYtT| T1/2 (Z ‘w]T ‘ ‘93 )‘) = m

EE:IUUJ(xﬂfgﬂ
j=1

3

1 (Z oo 19 @) ||gj||3)

7j=1

T1/2 o . 3/2 -
(Z%E:ZF%@>

j:
1/2
1
j1+€ )

00 3
1
<= (Z wyr (@) ngug> -
j=1
Moreover, from the Cauchy-Schwarz inequality we have

() 00 1/2
Vi Vj 2 142
S5 o @l < <Z st @ ol ) (

J=1

L
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and Z = < o0, for any € > 0. Thus, we get

00 3/2
2
() lg;ll5 5+

. 3/2
1 . 1 = ( AT+
T1/2E “Y;T| } < (Z j1+e> T1/3 ’

j=1 x)2

il )‘T + v;)’

and Condition (56) is implied by Condition (30).
A.5.2 Terms (III), (IV), and (V) are o(1), 0,(1), 0,(1)

Lemma A.15: Suppose that Assumptions A.5, A.10 hold, and hl = O ()\;Jra/zb()qv)) ,
M =0 (A7), for €>0. Then: \/T/o%(z) (Ar + A*A) T AEC (x) = o(1).
or(x)/T

L A.16: S that A tions A hold, and YT L pm _ o AL ()
emima . H uppose a sSsuUMpPrLIons ola, an W + = T T ,

T

1 2 2rey (log T>2 1 2 arey Mp (Ar) _
"= 8, 22" — 01 m o _ O)(\ZFe — o)==
Th%z + h7 O(N\77), T2054) 0(1), Th2 + hy (A7), 2.(0)/T 0( T ), for

e>0. Then: \/T/o%(x)Rr(z) = 0,(1) .

1
Lemma A.17: Suppose that Assumptions A hold, and Py + BEm = O(\3H9),
T
(logT)* . (log T)* My (A7) -
W+hT =0 (b (M), rriray = O, Z@)T " (A7), TAr = O(1), My (Ar) =
T

O (A7) for &> 0. Then: \/T/o%(z)Kr (AQ) () = 0,(1) .
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TABLE 1: Case 1: Separable model: ¢,(x) = sin(rz) + ®~!(7).
Asymptotic and finite sample optimal regularization parameter and MISE.
Average ISE, average and quartiles of selected regularization parameters

with data driven procedure.

T .10 .25 .50 75 90

Asymptotic values
A .0006 .0008 .0009 .0008 .0006

MISE .0302 .0180 .0147 .0180 .0302

Finite sample values
A .0004 .0005 .0006 .0005 .0003

MISE .0353 .0189 .0133 .0173 .0401

Data driven values
Ave A .0009 .0006 .0006 .0006 .0009
Ist Qu A .0003 .0003 .0003 .0003 .0003
Med A .0004 .0004 .0004 .0004 .0004
2nd Qu A .0007 .0005 .0006 .0006 .0012

Ave ISE .0423 .0225 .0178 .0237 .0466
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TABLE 2: Case 2: Nonseparable model: ¢,(z) = ®(3(z + 7 —1)).
Asymptotic and finite sample optimal regularization parameter and MISE.
Average ISE, average and quartiles of selected regularization parameters

with data driven procedure.

T .10 .25 .50 75 .90

Asymptotic values
A .013 .013 .027 .016 .016

MISE .0010 .0013 .0010 .0012 .0009

Finite sample values
A .001 .004 .012 .003 .002

MISE .0024 .0019 .0023 .0021 .0024

Data driven values

Ave A .007 .007 011 .009 .008
1st Qu A .003 .002 .002 .002 .002
Med A .006 .005 .006 .005 .005
2nd Qu A .008 .010 .015 013 .008
Ave ISE .0043 .0029 .0038 .0033 .0036
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price per minute (in dollars)

Figure 1: Estimated median structural effect (solid line) and bootstrap pointwise confidence
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bands at 95% (dotted lines) for the two education categories.
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Years of education below or equal to 12 Years of education above 12
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Figure 2: Estimated quartile structural effects (solid lines) and mean structural effect (dashed
line) for the two education categories.
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Figure 3: Estimated interquartile range of structural effect (solid line) and bootstrap point-
wise confidence bands at 95% (dotted lines) for the two education categories.
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