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Abstract

This paper develops a rich class of discrete-time, nonlinear dynamic term structure models
(DTSMs). Under the risk-neutral measure, the distribution of the state vector X; resides
within a family of discrete-time affine processes that nests the exact discrete-time counter-
parts of the entire class of continuous-time models in Duffie and Kan (1996) and Dai and
Singleton (2000). Under the historical distribution, our approach accommodates nonlinear
(non-affine) processes while leading to closed-form expressions for the conditional likelihood
functions for zero-coupon bond yields. As motivation for our framework, we show that it
encompasses many of the equilibrium models with habit-based preferences or recursive pref-
erences and long-run risks. We illustrate our methods by constructing maximum likelihood
estimates of a nonlinear discrete-time DT'SM with habit-based preferences in which bond
prices are known in closed form. We conclude that habit-based models, as typically param-
eterized in the literature, do not match key features of the conditional distribution of bond
yields.



1 Introduction

This paper develops a rich class of discrete-time, nonlinear dynamic term structure models
(DTS Ms) in which zero-coupon bond yields and their conditional densities are known exactly
in closed form. Under the risk-neutral measure Q, the distribution of the state vector X;
resides within a family of discrete-time affine? processes® that nests the exact discrete-time
counterparts of the entire class of continuous-time models in Duffie and Kan (1996) and Dai
and Singleton (2000) (DS).? Moreover, we allow the market price of risk A4, linking the Q
and historical () distributions of X, to depend generally on the state X;, requiring only that
this dependence rules out arbitrage opportunities and that the P distribution of X satisfy
certain stationarity/ergodicity conditions needed for econometric analysis. This flexibility
in specifying A; leads to a family of DTSMs in which the conditional P-distributions of X,
and bond yields can show very rich nonlinear dependence on X;.

While this leads immediately to a much richer family of arbitrage-free, affine® DT SMs
than has heretofore been implemented econometrically,® the primary motivation for this
paper derives from the growing literature on equilibrium macro-finance models of the term
structure. In particular, the literature on integrating DT'S M's with linearized neo-Keynesian
(“IS-LM” style) macroeconomic models (e.g., Rudebusch and Wu (2008), Hordahl, Tristani,
and Vestin (2007), Wu (2006), and Bekaert, Cho, and Moreno (2006)) has focused exclusively
on discrete-time Gaussian DT'SMs.* Arbitrage-free DTSMs are overlaid onto log-linear
macro models with Gaussian, homoskedastic shocks.

Concurrently, there is a growing literature exploring the ability of preference-based, equi-
librium DTSMs to resolve various empirical asset pricing puzzles. Campbell and Cochrane
(1999) and Wachter (2006), for instance, develop DT'SMs in which agents’ preferences exhibit
external habit formation. Alternatively, Bansal and Shaliastovich (2007) and Wu (2008) ex-
amine the properties of DT'SMs in which agents exhibit preferences for the early resolution of
uncertainty and face “long-run” risks in their consumption streams. To date, most of these
models have been evaluated using calibrated parameters rather than at estimates from the
model-implied likelihood functions.

The focus on Gaussian models in the macro-finance literature appears to be driven largely
by the absence of tractable discrete-time, multi-factor DT'SMs with flexible market prices

'We use the notation affine? to denote processes that are affine under the risk neutral measure Q.

20ur analysis extends immediately to the case of quadratic-Gaussian models discussed in Beaglehole and
Tenney (1991), Ahn, Dittmar, and Gallant (2002) and Leippold and Wu (2002). This can be seen from the
work of Cheng and Scaillet (2002) who show that quadratic-Gaussian models can be reinterpreted as affine
models, after an appropriate expansion of the state vector.

3With few exceptions, econometric specifications under P of continuous-time, affine® DTSMs have chosen
market prices of risk that preserve the affine structure under P (see, e.g., Dai and Singleton (2000), Duffee
(2002), and Cheridito, Filipovic, and Kimmel (2005)). In discrete-time, most of the empirical literature has
focused on the even more restrictive case of P and Q Gaussian models. Ang and Piazzesi (2003) and Ang,
Dong, and Piazzesi (2007) are examples of studies focusing on monetary policy, while Dai and Philippon
(2005) examine fiscal policy within a Gaussian DT'SM.

40ften, agent’s preferences do not appear explicitly in these models, but they are implicit in the specifi-
cation of the aggregate demand or “IS” function.



of risk and stochastic volatility. The use of calibration methods rather than likelihood-based
estimators in the preference-based literature has been influenced, no doubt in part, by the
computational burden associated with the absence of close-form solutions for bond prices.
Our proposed framework explicitly addresses both of these issues.

Moreover, we overcome many of the challenges with estimation in the literature on
continuous-time diffusions. Even when the state vector follows a continuous-time affine
diffusion under the physical measure, the one-step ahead conditional density of the state
vector is not known in closed form, except for the special cases of Gaussian (Vasicek (1977))
and independent square-root diffusions (Cox, Ingersoll, and Ross (1985)). Accordingly, in
estimation, the literature has relied on approximations, with varying degrees of complexity,
to the relevant conditional P-densities.® By shifting to discrete time, we obtain exact rep-
resentations of the likelihood functions of bond yields even for our most flexible nonlinear
models. In particular, we have known likelihood functions for the (discrete-time counterparts
to the) entire class of affine DT'SMs classified by DS. Therefore, no approximations are
necessary in estimation.

To illustrate our modeling strategy we develop a habit-based model of the term structure
of interest rates, starting from the pricing kernel examined in Campbell and Cochrane (1999)
(hereafter C'C'), Wachter (2006), and Verdelhan (2008). These authors posit affine represen-
tations of the state under P which, when combined with the habit-based pricing kernel, lead
to nonlinear expressions for bond prices that must be solved numerically. Moreover, likeli-
hood functions for the data are not known in closed form. There is no strongly compelling
reason that past studies of habit-based asset pricing models specified X; as an affine process
under the historical distribution and then worked with nonlinear (non-affine) processes under
Q. Instead, we assume that X, follows an affine® process of a form that embeds all of the
key features of extant models with habit formation, including time-varying volatility of the
surplus consumption ratio S;, nonzero correlation between this ratio and inflation m;, and
an implied persistence in consumption growth. We show that, by appropriate choice of a
nonlinear consumption growth process under Q, an equilibrium implication of our model is
that the short rate is an affine function of X; and, therefore, so are zero-coupon bond yields.

Nonlinear market prices of surplus consumption and inflation risks are an equilibrium
implication of our habit-based model, which serves to motivate the flexibility in specifying
A(X;) provided by our modeling framework. Additionally, in spite of this nonlinearity, and
the associated non-affine structure of bond yields under PP, the likelihood function of the data
is known in closed form. C'C, Wachter, and Verdelhan calibrated their models to selected
sets of moments. Others have used GM M methods to estimate equilibrium models off Euler
equations; see, for example, Fuhrer (2000) and Engsted and Moller (2008) for habit-based
models, and Bansal, Kiku, and Yaron (2007) and Constantinides and Ghosh (2008) for
models with long-run risks in consumption growth. Our framework renders full-information
maximum likelihood feasible for these (and other) equilibrium asset pricing models.

5These include the direct approximations to the conditional densities explored in Duan and Simonato
(1999), Ait-Sahalia (1999, 2002), and Duffie, Pedersen, and Singleton (2003); the Monte Carlo based ap-
proximations of Pedersen (1995) and Brandt and Santa-Clara (2001)); and the simulation-based method-of-
moments estimators proposed by Duffie and Singleton (1993) and Gallant and Tauchen (1996).



We proceed to compute ML estimates of our habit-based model using historical data on
consumption growth, inflation, and U.S. Treasury bond yields. We compare our estimates,
and the model-implied properties of the conditional distribution of bond yields, to those
implied by parameters chosen according to several sensible calibration schemes. The results
highlight some of the limitations of the habit-based models that have been examined to date.

In what is perhaps the closest precursor to our construction of arbitrage-free pricing mod-
els, Gourieroux, Monfort, and Polimenis (2002) developed DTS Ms based on the single-factor
autoregressive gamma model (the discrete-time counterpart to a one-factor C'I R model), and
multi-factor Gaussian models. In terms of coverage of models, our framework extends their
analysis to all of the families of multi-factor models DA%(N ),6 M =0,1,...,N. Further-
more, Gourieroux, et. al. assumed that the market price of risk A is constant and, as
such, they focused on the “completely” affine versions of the DAY(1) and DAY(N) models.
A major focus of our analysis is on the specification and estimation of discrete-time affine
DTSMs that allow general dependence of A; on X;. Moreover, we illustrate this flexibility by
computing ML estimates of an equilibrium asset pricing model using both macroeconomic
and bond market data.

The remainder of this paper is organized as follows. We start in Section 2 with a more
in depth motivation for our modeling framework using the exponential-affine pricing kernel
underlying both habit-based and long-run risk models. We then proceed to develop both
the theoretical properties of our modeling approach and their application to a habit-based
DTSM in parallel. Section 3 presents the canonical families of affine® processes DA%(N ),
0 < M < N. The specific formulations of the state process in the habit-based model are set
forth in Section 4, and closed-form expressions for equilibrium bond prices are derived.

The distribution of bond yields under the physical measure is taken up in Section 5. For
each family DAY, (N), we specify an associated family of state-price densities (dP/dQ)P,
linking the P and Q distributions of X;,; that has a natural interpretation as a discrete-time
counterpart to the state-price density associated with affine diffusion-based, continuous-time
DTSMs. Moreover, just as in a continuous-time model, we allow the modeler substantial
flexibility in specifying the dependence of the market price of factor risks, A;, on X;. By
roaming over admissible choices of A;, we are effectively ranging across the entire family of
admissible arbitrage-free DT'SMs constructed under the assumption that, under Q, X follows
a process residing in one of the families DA%(N ). Importantly, a key difference between
our discrete-time construction and the continuous-time counterpart is that each choice of
(dP/dQ){.;, when combined with a known affine? distribution of the state X, leads to a
known parametric representation of the P-distribution of bond yields.

The properties of the market prices of risk underlying our choice of (dP/dQ)fZ, are
elaborated on in Section 6. Details of the P distribution of the state and the associated
market prices of risk in our habit-based, illustrative DT'SM are presented in Section 7.
Finally, the empirical examples are presented in Section 8.

6We use the notation DA%[(N ) to denote the discrete-time counterparts to the A% (N) models as classified
by DS. The total number of risk factors in the affine pricing model is N, and M is the number of factors
driving time-varying volatility.



2 Equilibrium Affine Bond Pricing Models

Two widely explored equilibrium models in asset pricing— models in which agents exhibit
habit formation or evaluate long-run risks with recursive preferences— specify agents’ marginal
rate of substitution in exponential-affine form. Specifically, letting C; denote real consump-
tion, P, denote the price level, g;.1 = log (Cy11/Cy) and w1 = log (Piy1/F;), the logarithm
of the pricing kernel for valuing nominal cash flows takes the affine form

mii+1 = Y0l0g 0 — Y1Gt+1 — Yoll41 — 1. (1)

Both the specification of 7,,1; and the relationship among the ~’s varies across these two
equilibrium formulations.

In the models of habit formation, as parameterized in C'C' and Wachter (2006), 1,41 is
the growth rate of the consumption surplus ratio. Letting H; denote agents’ level of external
habit, s; = log[(Cy — H;)/Cy] and m41 = (s¢11 — st), and the 7’s satisfy 70 = 1, and 71 = 7.
Additionally, the state vector X, is comprised of the current consumption surplus ratio (s;)
and the current inflation rate (7). Consumption growth (g;) is assumed to be conditionally
perfectly correlated with the consumption surplus ratio.

Alternatively, in the long-run risks (LRR) model explored by Bansal and Yaron (2004)
and Bansal, Kiku, and Yaron (2007), among others, my ;11 is given by (1) with 1,41 = 7441,
the one-period return on a claim to aggregate consumption flows. The ~’s satisfy v1 = 70/,
and v = (1 — ), where 9 is the elasticity of intertemporal substitution and the coefficient
of risk aversion is a known function of vy and .

Several practical issues arise when fleshing out implementable versions of these models
with exponential-affine pricing kernels. First, both models involve a strictly positive process
that is the central source of time variation in risk premiums. In the case of habit models it
is the surplus consumption process

Sip1 = (1 = @)5 + ¢sp + A(s¢) (9e1 — Elgis1]) (2)

where A(-) is a strictly positive sensitivity function that induces conditional heteroskedasticity

in s;. The positivity of s;;1 implies that innovations in consumption growth, (g;11— F[gi+1]),

cannot literally be Gaussian as was assumed by Wachter (2006). We avoid this inconsistency

by positing a strictly positive, discrete-time stochastic process for surplus consumption. As

in CC and Wachter, our representation of s; also exhibits conditional heteroskedasticity.
For the LRR model consumption growth is typically specified as

Git1 = e+ Ty + O1€441,

where z; is expected consumption growth (the persistent component of g; that induces long-
run risks in ¢;) and oy is the shared volatility process of g; and x;. In the simplest versions
of LRR models, time variation in risk premiums is induced entirely by time variation in oy,
a process that by definition is strictly positive. Yet most studies of the effects of LRR on
asset returns have assumed that o? follows a Gaussian AR(1) process, a logical impossibility



(see, e.g., Bansal, Kiku, and Yaron (2007) and Bansal and Shaliastovich (2007)). Their
Gaussian process for o2 can be replaced by the discrete-time, autoregressive-gamma process
(see Gourieroux and Jasiak (2006) and Section 3.1) that is strictly positive and, importantly,
that preserves the affine structure of their pricing model.

Pursuing the latter point, a tractable feature of many of the LRR models built upon (1)
is that they lead to affine pricing models. Subject to a linearization that has r.,;; being
an affine function of ¢g;11 and the logarithm of the ratio of the price of the claim to future
aggregate consumption flows to C;, LRR models lead to affine P and Q distributions of the
state. It follows immediately that zero-coupon bond prices are exponential-affine functions
of the the state (Duffie and Kan (1996)), and the affine® distribution of the state facilitates
econometric evaluation of these models.

Studies of asset prices in habit models, on the other hand, combine an affine process for g,
(typically constant mean and a Gaussian innovation) with the surplus consumption process
(2). Together with the pricing kernel (1), this system gives rise to an non-affine process
under Q and, as such, bond prices must be determined numerically from the representative
agent’s Euler equation. Instead, we formulate our model so that X; follows an affine® process
and the one-period short-rate r; is an affine function of X;, and this leads immediately to
closed-form solutions for zero-coupon bond prices. Then market prices of risk are chosen
so that the P distribution of consumption growth shares many of the features of previous
specifications. In fact, in the continuous-time limit of our discrete-time model, g; is i.i.d.
and conditionally homoskedastic, just as in C'C' and Wachter.

In spirit, then, our approach is more in line with that of the LRR literature. However,
importantly, no approximation or linearization is involved in the derivation of our habit
model, and the state in our model does not follow an affine” process because of the model-
implied nonlinear market prices of risk. Nevertheless, we obtain a closed-form representation
of the likelihood function for our model.

A common feature of extant LRR models and our habit model is that, in these equilibrium
settings, the functional dependence of r; on X; depends on the structure of preferences and
the specifications of the P and Q distributions of the state. As part of the development of
our pricing model with habit formation, we demonstrate that the assumed affine dependence
of ry on (s, m) is an equilibrium implication of the model. This is achieved by judicious
choice of the nonlinear drift of g; under Q.

We expand on these and related issues subsequent to presenting the affine® family of
models used in our empirical illustrations.

3 Canonical Discrete-Time Affine? Processes

To exploit the exponential-affine structure of (1) in pricing bonds we characterize the sub-
families of discrete-time affine® models DA(]%[(N ) that are formally the exact discrete-time
counterparts to their continuous-time families A% (N).” A member of DAY (N) is a well-

"These are not the only well-defined discrete-time affine DTSMs. Gourieroux, Monfort, and Polimenis
(2002) discuss a variety of other examples that are outside the purview of our analysis (because their



defined affine model in its own right that (by construction) converges to a member of A% (N)
as the sampling interval of the data shrinks to zero.

Throughout this paper, we assume that the state vector X; is affine under the risk-neutral
measure Q, in the sense that the conditional Laplace transform of X, given X, satisfies:®

¢ (u; X;) = E9 [e“,X’f“

Xt} _ (W) +b()Xe (3)

In the rest of this section, we make explicit the functional forms of a(-) and b(-) that define
the affine@ families DA%(N ), M =0,...,N. That a conditionally Gaussian process with
constant variance satisfies (3) is well known. What has inhibited the development of richer
discrete-time equilibrium pricing models is the absence of strictly positive volatility processes
upon which researchers can build DA(]%[(N ) processes for 0 < M < N. Accordingly, we turn
first to the family of DA%(N ) models, the discrete-time counterpart to the correlated, multi-
factor square-root or C'I R model.

3.1 DAY(N)

The scalar case N = 1 was explored in depth in Gourieroux and Jasiak (2006) and Darolles,
Gourieroux, and Jasiak (2006). We extend their analysis to the multi-variate case of a
DAY (N) process Z; as follows.

As in the canonical A% (N) model of DS we assume that, conditional on Z;, the compo-
nents of Z;,; are independent. To specify the conditional distribution of Z,,;, we let o be
an N x N matrix with elements satisfying

0<Qn’<1, Qing, lgz,jSN

Furthermore, for each 1 <i < N, we let p; be the i row of the N x N non-singular matrix
p = (Inxny — 0). Then, for constants ¢; > 0, v; >0, i = 1,..., N, we define the conditional
density of Z; , given Z; as the Poisson mixture of standard gamma distributions:

HL\(P, Z,) ~ gamma(v; + P), where P|Z, ~ Poisson(p;Z;/c;). (4)

(3

Here, the random variable P € (0, 1,2, ...) is drawn from a Poisson distribution with intensity
modulated by the current realization of the state vector Z;, and it in turn determines the
coefficient of the standard gamma distribution (with scale parameter equal to 1) from which
Z},, is drawn.

continuous-time counterparts do not reside in one of the families A% (N)).

8See Duffie, Pan, and Singleton (2000) for a proof that the continuous-time affine processes typically
examined have conditional characteristic functions that are exponential-affine functions, and Gourieroux and
Jasiak (2006) and Darolles, Gourieroux, and Jasiak (2006) for discussions of discrete-time affine processes
related to those examined in this paper.



The conditional density function of Z}, takes the form:’

. k-1  zi
(ZZH)VH_ 6_ tcirl

L | (%)
— 1 N ) -us
f2(Z 1 2) = . Z m e X T(v; + k) . (5)

Using conditional independence, the distribution of a DA%(N ) process Z;. 1, conditional on
Zy, is given by f@(Zi|Z) = [1%, f&(Zi,11Z:). Finally, it is straight-forward to show that
for any w, such that u; < c%_, the conditional Laplace transform of Z;,; is given by (3) with

N

a(u) = — Z v; 10g (1 - Uici>7 b(u) = Z

Uy

Pi- (6)

— 1 — uc;

=1

When the off-diagonal elements of the N x N matrix g are non-zero, the autoregressive gamma
processes {Z'} are (unconditionally) correlated. Thus, even in the case of correlated Z!, the
conditional density of Z;,; is known in closed form. This is not the case for correlated Z in
the continuous-time family A% (N). The nature of the correlation between Z¢ and Z7 (i # j)
is constrained by our requirement that g;; < 0. Analogous to the constraint imposed by DS
on the off-diagonal elements of the feedback matrix £2 in their continuous-time models, this
constraint serves to ensure that feedback among the Z’s through their conditional means
does not compromise the requirement that the intensity of the Poisson process be positive.
Equivalently, it ensures that we have a well-defined multivariate discrete-time process taking
on strictly positive values.

The conditional mean E2[Z,,,] and conditional covariance matrix V;%[Z, ] implied by
the conditional moment-generating function (3) and (6) are

EXZin) (i) = vici + 0 Zs, V2 Zia)(iy4) = vick + 2¢ipiZ, (7)

and the off-diagonal elements of V;Q[Ztﬂ] are all zero (correlation occurs only through the
feedback matrix). Note the similarity between the affine form of these moments and those
of the exact discrete-time process implied by a univariate square-root diffusion.

That this process converges to the multi-factor correlated A%(N ) process'?

2 .
by letting p = Iyxn — KCAL, ¢; = C;—iAt, and v; = Q(R:Q;f@)l, where k2 is a N x N matrix and

can be seen

0% is a N x 1 vector. In the limit as At — 0, the DAY (N) process converges to:

dZ; = k%(0% — Z,)dt + o\/diag(Z,)dBR,

where ¢ is a N x N diagonal matrix with i** diagonal element given by o;.

9A computationally efficient and accurate algorithm for computing the infinite summation in (5) is avail-
able from Anh Le’s website.

Y Gourieroux and Jasiak (2006) attribute the insight that the DA?(l) process is a discrete-time counterpart
to the square-root diffusion to Lamberton and Lapeyre (1992).

7



3.1.1 DAY (N) Processes, For 0 < M < N

We refer to an N x 1 vector of stochastic processes X, = (Z!,Y/)" as a DAY (N) process if
(i) Z, is an autonomous DAY (M) process; and (ii) the Laplace transform of

fQ(Xt+1|Xt) = fQ(Y;‘/—I—l‘Zt-l-lu }/;57 Zt) X fQ(Zt+1|Zt>7 (8>

is an exponential-affine function of X;.

This will be the case if Yy, is exponentially affine with respect to (Zi,1,Y:, Z;).' For
example, if fQ(YtH|Zt+1, Yi, Z;) is the density of a Gaussian process with conditional mean
and variance wgt = po+pz 21+ py Xi and Qyy = 3y Sy X4, where Xy is an (N—M) x (N —
M) matrix, and Sy; is a (N — M) x (N — M) diagonal matrix with the i" diagonal element
given by a; + (3/Z;, 1 < i < N — M.'?2 The proposed formulation of a habit-based DT'SM
follows this structure. We will assume that the inverse surplus consumption ratio z;,1 follows
a DA®(1) process and inflation 7., is Gaussian conditional on z4, and X! = (z,m), and
this will imply that X, follows an affine® process.

3.2 Bond Pricing

As in the extant literature on affine term structure models, suppose that the interest rate
on one-period zero-coupon bonds is an affine function of the state: r; = dg + dxX;, where
dx > 0is alx N vector.!® With this additional assumption, the time-t zero-coupon bond
price with maturity of n periods is given by

DI = E;@ [6_ pDpans 7’t+z‘:| — 6_7"tE';@ [D?-‘r_ll] = ¢~ An=Bn Xt (9)
where the loadings A,, and B,, are determined by the following recursion:

An - An—l = 50 + An—l - a'(_Bn—l)a (10)
Bn - 5X - b(_Bn—1)> (]_1)

with the initial condition Ay = By = 0.1

UTo see this, consider: E[ewyYerituzZin|y, 7] = E[E[e"YYe+1|Zy 1, Yy, Zi)e"22e+1|Y,, Zy). I Yigq is
exponentially affine with respect to (Z;11,Y:, Z¢) then E[e®Yt+1|Z,,1,Y;, Z;] = etzZer1+byYetezZi wwhich
implies E[e" Yet1tuzZii |y, 7,] = Elel®ztuz)Zui1| 7,]ebvYitez 2t which is exponential-affine in X;.

12For continuous-time formulations, Collin-Dufresne, Goldstein, and Jones (2008) and Joslin (2007) show
that, when N >4 and 2 < M < N — 2, then this formulation of the conditional variance is not the maximal
canonical A%(N ) model. Our framework accommodates the discrete-time counterpart to their maximal
models by appropriate choice of y.

BIf X, is a DA%[(N) process, then setting dx; > 0 for i > M is a normalization, but setting dx; > 0 for
i < M is a model restriction. When M > 0, this restriction ensures that (i) the level of the short rate r
and the factors with stochastic volatility are positively correlated; and (ii) zero-coupon bond prices are well
defined for any maturity. See Footnote 14 for further elaboration on the second point.

4 When M > 0, the assumption §x > 0 ensures that the first M elements of B,, are never negative. This
in turn ensures that a(-) and b(-) are always evaluated in their admissible range in the recursion.



4 Pricing in the Habit-Based DT'SM

In this section we apply the framework just presented to the pricing of nominal zero-coupon
bonds in the habit-based DT'SM. We proceed in three steps: first we present the risk-
neutral, affine® representation of the state; then we show that, by appropriate choice of the
drift of consumption growth, in equilibrium the short-rate r; is affine in X;; and finally we
combine these results to derive close-form expressions for zero-coupon bond prices.

4.1 Risk-Neutral Representation of the State

The inverse consumption surplus ratio:
We define the inverse consumption surplus ratio as z; = Syae — St, Where $,,4, is the upper
bound of s,.'> Since z, is strictly positive, it is natural to model z as a DAY(1) process:

s |(P, z;) ~ gamma (v, + P), and P|z ~ Poisson <pzzt) . (12)

z 4

The first two conditional moments of z; are:

EP[zt+1] = p.z + v.cs, (13)
U?[ZHIF = 2p.c.z + v.C (14)

The consumption growth:
We assume that under Q consumption growth follows the process

Zt+1 — Ez(t@[ztﬂ]

Uf(;@[zt—i—l]

g1 = f(z) — Og (15)

The innovation in gy 41, 2441 —EP [2¢11], is the shock to s;11; that is, s;11 and 2,1 are perfectly
correlated conditional on date ¢ information. The scaling by o2 [2¢41] renders g¢11 approxi-
mately conditionally homoskedastic, an assumption maintained in both CC and Wachter.!6

The conditional mean of consumption growth, f(z;), will be chosen subsequently to ensure
that, in equilibrium, the short rate r; is an affine function of the state.

The inflation process:
Inflation is assumed to following the process

T = T+ pa(m = 7) + pralzr — E9[z)) = 0ng(zei1 — B [2001]) + 0nerpyr, (16)

5Note that s; is always negative therefore a natural (trivial) upper bound for s; is Spaz = 0. 84 = 0
implies a zero habit level: H; = 0. Therefore a non-zero upper bound of s; essentially imposes a minimum
level of habit, H;, as a fraction of current consumption, C;.

164, 1 is exactly conditionally homoskedastic if o2[s;41] = oF[s+1]. However, it can be shown that the
difference between these two quantities is small for typical sampling intervals A, on the order of (A)2.



where e%m ~ N(0,1) and the risk-neutral long run Q-mean of z; is v,c,/(1 — p.). The
parameters p, and o, govern the autoregressive nature of inflation and idiosyncratic infla-
tion shocks, respectively. The parameters p, . and o,, modulate the unconditional and
conditional correlation between consumption growth and inflation.

This inflation process extends the specification in Wachter (2006) by allowing feedback
from the lagged value of consumption surplus z; to 7.1, in addition to having nonzero
conditional correlation between z;,1 and m;;. As will be discussed in depth in Section 8.3,
the conditional and unconditional correlations between z;,; and 7, play central roles in
the ability of the habit-based model to resolve expectations puzzles in the term structure
literature. By introducing a nonzero p,., our habit-based model adds an additional degree
of flexibility along this dimension relative to Wachter’s formulation. Following Wachter, we
assume that inflation has no impact on the real side of the economy.

Risk-neutral density of states:
In the notation of the last section, X, follows a DA?(Q) with one-period ahead density

fQ(Zt—i-la 7Tt+1|Zt>7Tt) = fQ(Zt+l|Zt) X fQ(Wt+1|Zt+1, 2t 7Tt)> (17)
where f@(z,,1|2) is given by equation (5) and f@(m 411|241, 2, ™) is a Gaussian density with

ER[mi |21, 2 m) = T+ pal(me — 7) + pra(z — BE92]) — 0n g (2001 — EPl2e11]) (18)

O-z(f@[ﬁt+l|zt+lazt>7rt] = O (19)

Given this structure, it follows immediately that X is an affine® process with Laplace
transform

CbQ(u; [Zt,ﬂ‘t]) = Ei@[e’LLzZt+l+U7r7Tt+l:| _ ea(u)+bz(u)zt+bﬂ(u)m’ (20)

where:

o v,C, 1 9 9
() =ty ( (1= ) = pro g Ongics ) + 5022 —vadog (1= (1.~ usoreg)es) (21
— Pz
and
bz(u) = Uw(Pw 2T 0x pz) + pz(uZ _ uwngg) (22)
) g 1 - (uz - uﬂ-0-7.‘.7g>cz

be(u) = Urpr. (23)

4.2 Bond Prices in the Habit-Based DT SM

Key to obtaining closed-form representations of bond prices are the conditions that X, follows
an affine? process and 7, is an affine function of X;. The former property of the model is
introduced by assumption on the exogenous variables in the model. We turn next to a
sufficient set of restrictions on the risk-neutral expectation of consumption growth to ensure
that the model-implied, equilibrium short rate is an affine function of X;.
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Proposition 1 If the conditional expectation of g1 under Q is given by:
1 EQ[euAZt+l]
=C— . 2 — —log | =L——~ 24
F(2) = € = (3 + )0y ] - ~log (EPG []> (24)
where

e C is a constant

. uA:—7<1—I—L>—UW7g

of [z 1]

e QY denotes a Gaussian measure with the same conditional mean and variance implied
by the measure Q,

then the nominal interest rate per unit of time interval is affine in the state:

Ty = 00 + 0,2 + 0ry (25)
where 6 = py,*"
_ v.c,
50 = _logé + (1 - pw)ﬂ- - pw,zﬁ — YV:Cy + 76
—1—17202 + 1(7 + 07 g)vaCE + l(72 (26)
2 g 2 g z 2 T
0, = 7(1 - /)2) + Prz + (’7 + UW,Z)2pzcz- (27)

Proof: See Appendix D.

We defer further interpretation of the nonlinear conditional Q-mean f(z;) of consump-
tion growth until after we have specified the market prices of risk. This will allow direct
comparisons between the model-implied P and Q distributions of surplus consumption and
consumption growth.

From Proposition 1 and our assumption that the states follow a DA9(2) process, it follows
that nominal zero-coupon bond prices of any maturity are exponentially affine in the state.

5 Physical Distribution of Bond Yields

A standard means of constructing an affine DT'SM in continuous time is to start with a
representation of X in one of the families A%(N ) and then to specify a market price of risk
7; that defines the change of measure from Q to P for X. In principle, starting with an
affine? model for X, one can generate essentially any functional form for the P drift of X by

17 At first glance, the fact that r; increases in 03 and o2 might seem contrary to investors’ pre-cautionary

savings motive. However, this is a consequence of representing dg and J, in terms of parameters of the
risk-neutral distribution. If the risk-neutral mean is replaced by its equivalent expression in terms of the
physical mean and market prices of risk, then we recover the usual negative coefficients on volatilities.
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choice of the market price of risk 7, up to the weak requirement that n not admit arbitrage
opportunities. What has led researchers to focus on relatively restrictive specifications of
n(X;) are the computational burdens of estimation that arise when the chosen 7 leads to an
unknown (in closed form) P-likelihood function for the observed bond yields.

In this section we introduce a discrete-time P-formulation of affine DTSMs that over-
comes this limitation of continuous-time models. This is accomplished by choosing a Radon-
Nykodym derivative (dP/dQ)P (X1, A;) satisfying

SH (X Xy) = (dP/dQ)P (Xp1; Ar) X f( X | Xo), (28)

with the properties that (P1) it is known in closed form (so that f¥ can be derived in closed-
form from our knowledge of f@ developed in Section 3); (P2) A; is naturally interpreted
as the market price of risk of X;,1; and (P3) rich nonlinear dependence of A; on X, is
accommodated. In principle, any choice of (dP/dQ)? that is a known function of (X; 1, A;)
and for which P and Q are equivalent measures (as required by the absence of arbitrage)
leads to a nonlinear DTSM satisfying P1.

We proceed by adopting the following particularly tractable choice of (dP/dQ)?:

dP el

(@)D (X153 Ay) = Ay X)) (29)

where ¢© is the conditional Laplace transform of X under Q, A; is a N x 1 vector of
functions of X satisfying Prob{Alc; < 1} =1, for 1 < Vi < M, and Prob{A! < oo} = 1,
for M +1 < i < N.'® This formulation of (dP/dQ)” is a conditional version of the Esscher
(1932) transform for the conditional Q distribution of X.' With this choice of (dP/dQ)?,
the conditional P-Laplace transform of X, is given by

Q .
P P u+ A Xe)  A@d)+BsA)X
u; Xy) = = e\ ARt 30

¢ 2 PR(Ay; Xi) (30)
where A(u;v) = a(u + v) — a(v) and B(u;v) = b(u + v) — b(v). Though ¢F(u; X;) has an
exponential-affine form, A(u; A;) and B(u; A;) are functions of A; which, in turn, may be a
nonlinear function of X;. Thus, in general X is not an affine process under P. We elaborate
on the nature of the non-affine nature of this distribution below.

18The restrictions that the products Asc;, 1 < i < M, for the M volatility factors are bounded by unity
are required to ensure that f¥ is a well-defined probability density function and that P and Q are equivalent
measures. This follows from the observation that ¢@(u; X;) is finite if and only if u;c; < 1. Unless Ajc; < 1
almost surely, for s = 1,..., M, $@(As; X;) is infinite with positive probability. In this case, f¥ would not
integrate to unity for a set of X; that has positive measure, and P and Q would not be equivalent. These
bounds are typically weak and in the applications we have encountered so far they are far from binding. As
At approaches zero (continuous time), the only requirement is that the A;; be finite almost surely.

9Buhlmann, Delbaen, Embrechts, and Shiryaev (1996) formally develop the conditional Essher transform
using martingale theory in the context of no-arbitrage pricing. A notable application of the Esscher transform
(with constant A) to option pricing is Gerber and Shiu (1994) who demonstrate that many variants of the
Black-Scholes option pricing model can be developed using the Esscher transform. For our purposes, the
conditional transform is essential, because of our linkage (see below) of A; to the market prices of risk.
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With this choice of (dPP/dQ)P, the pricing kernel for pricing one-period ahead payoffs in
our discrete-time model is
o P X X) e M

M =g "X L=t X — 31
b fP(XtH‘Xt) ‘ ¢P(_At§Xt) ( )

where we have used the fact that ¢(—As; X;) = [qbQ(At;Xt)}_l, which follows from (30)
evaluated at u = —A;. This choice of Radon-Nykodym derivative— equivalently pricing kernel
M is natural in that, for small time interval A, its counterpart in affine? diffusion models
(dP/dQ)® is approximately equal to (dP/dQ)P(t,t + A).2° As such, the P distributions
of the bond yields implied by our families DA%(N ), and associated market prices of risk
A, capture essentially the same degree of flexibility inherent in the families A%(N ) as one
ranges across all admissible (arbitrage-free) specifications of the market prices of risk n(X;).
It is in this sense that we view our framework as the discrete-time counterpart of the entire
family of arbitrage-free, continuous-time affine DT'SMs derived under the assumption that
the Q-representation of X resides in one of the families A, (N).

Under these regularity conditions we have all of the information necessary to construct
the likelihood function of the state, and hence the bond yields, under P. We effectively know
fX;11|X;) from the cross-sectional behavior of bond yields. Furthermore, the relationship
between the observed yields y; and the state vector X; are also known due to the pricing
equation (9), which depends only on the risk-neutral distribution f@(X;;|X;). Thus, the
unknown function (dP/dQ)P(X;y1;A¢) can be estimated from the time-series observations
of bond yields, ;.

6 The Market Prices of Risk

An immediate implication of (29) is that, if A; = 0, then fF(X;11]X;) = fUXp1]|Xy).
Thus, agents’ market prices of risk are zero if and only if A; = 0. In our discrete-time
setting, A; is not literally the market price of X risk (MPR), but rather the MPR is a
nonlinear (deterministic) function of A;. However, in a sense that we now make precise, A;
is the dominant term in the MPR. Accordingly, we will refer to A; as the MPR as this will
facilitate comparisons with the MPR in continuous-time (A%, (N),7) models.

20 That is, for a small time interval A, and approximate affine state process X;ia =~ pi(X;)A +
EX\/SXtE]f+A7 with 6,5+A|Xt ~ N(O, AI),

1,7 ’ P ’ P
efint”tA*ntEHA e*AtEX\/SXteuA

(dQ/dP)¢, ~ =
tt+A P
i+ Egb [eiénéaninéég‘j#»A} E%P |:67A£EX\/SXt€]f+A

e*A;Xt+A e*A;Xt+A
E? [e*A;Xt+A} - (bP(—At;Xt),

where A, = (ZX \/SXt)Fl 1 is a transformation of the market price of risk ;.
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Notice first of all that?!

Ef [Xen] = BY [Xen] = [AD(0;A) — aV(0)] + [BY(0; A) = bV (0)] X,
= VP[Xpa] X A+ o(Ay), (32)

where V;F[-] is the conditional covariance matrix under P. Ignoring the higher order terms,
the above relationship is exactly what arises in diffusion-based models: A; is the vector of
market prices of risk underlying the adjustment to the “drift” in the change of measure from
Q to P. Moreover, the continuously compounded, expected excess return on the security
with the payoff e=¢Xt+1 ig

e—C/Xt+1

EY |log =0 —r, = —[a(—c) + daW(A)] = [b(—c) + BV (A,)] X,
t

I:e_Tt e_ClXt+1 ]

= —VF[X1] x A+ o(c) + o(Ay). (33)

Since ¢ determines the exposure of this security to the factor risk X and V[ X,,] measures
the size of the risk, the random variable A; is the dominant term in the true market price of
risk underlying expecte