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Abstract

Consider a single-server queuewith a Poissonarrival processand
exponential processingtimes in which each customerindependently re-
negesafter an exponentially distributed amount of time. We establish
that this system can be approximated by either a re
ected Ornstein-
Uhlenbeck processor a re
ected a�ne di�usion when the arrival rate
exceedsor is closeto the processingrate and the renegingrate is close
to 0. We further compare the quality of the steady-state distribution
approximations suggestedby each di�usion.
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1 In tro duction

It has long been recognizedthat reneging is an important feature in many
real-world queueing contexts. In fact, Palm [19] intro duced reneging as a
meansof modeling the behavior of telephone switchboard customersmore
than 60 yearsago. However, due to the explosive growth of the call center
industry, there has been renewed interest in such models in recent years.
In the call center setting, customer impatience (ampli�ed by large customer
loads) leads naturally to large amounts of reneging. Ignoring the presence
of renegingcan lead to inappropriate sizing of the system and poor sta�ng
allocation.

Models in which renegingis present are alsopotentially valuable in prob-
lem contexts within which customersarrive with deadlines. When the time-
in-systemexceedsa givencustomer'sdeadline,the customerleavesthe queue
(and thereby reneges).Deadline-sensitive tra�c is of practical interest cur-
rently in the wirelesscontext, becausecertain packets of wirelessdata (for
example,location data) losetheir valueunlesstransmitted or receivedwithin
a given time interval.

In this paper, we study approximations for a classof Markovian queue-
ing models in which reneging is present. Speci�cally , we approximate the
corresponding number-in-system birth-death processby a one-dimensional
re
ected di�usion with state-dependent coe�cien ts. Weshow that both a re-

ected Ornstein-Uhlenbeck (O-U) processand a re
ected a�ne di�usion (a
di�usion having linear drift and variance) serve as suitable approximations
for such a system. Although the steady-statedistribution of a re
ected a�ne
di�usion has a simple form, the re
ected O-U is in generalmore tractable.

The contributions of this paper are to (1) prove rigorous weak conver-
gence theorems for Markovian queueing models with reneging (2) intro-
duce the notion of a \univ ersal di�usion approximation" (3) establish weak
convergenceof steady-state distributions (4) provide a simple formula for
the steady-state distribution of a re
ected a�ne di�usion and (5) perform
a numerical study evaluating the quality of our proposedapproximations.
Theorem 1 establishesthe limiting regimes in which Markovian reneging
models may be approximated by di�usion processes.The most important
asymptotic regime is that in which the arrival rate and processingrate are
roughly in balanceand the renegingrate is small. The resulting re
ected O-
U processincorporatesboth the queueinge�ects associated with high server
utilization and the abandonment featuresassociated with a renegingmodel.
In contrast to the work of Garnett, Mandelbaum, and Reiman [11] (seealso
related work by Fleming, Stolyar, and Simon [10]), our theory is developed
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within a setting in which the number of servers is �xed (whereasthey focus
on di�usion limits obtained as the number of servers goesto in�nit y). As a
consequence,our approximation can more easily be applied to systemswith
a small number of servers. We appeal to a semigroup approach in proving
our di�usion limits, thereby providing an important illustration of how that
body of theory applies to queues. (Another possibleproof strategy would
be to apply continuous-mappingarguments, basedon ideasof Mandelbaum
and Pats [17].)

The secondcontribution of this paper is the intro duction of the notion
of a \univ ersaldi�usion approximation" in the context of heavy-tra�c limit
theoremsfor queues.Historically, in developing di�usion approximations for
systemsinvolving multiple problem parameters(lik e arrival rate, processing
rate, and renegingrate), di�eren t limit theorems(involving di�eren t tempo-
ral and spatial scalings)are o�ered for each of the various limiting regimes
under consideration. This can create di�culties for practitioners, as it will
require the practitioner to decidea priori which di�usion limit is appropriate
for a given set of problem parameters. The notion of a universal di�usion
approximation is intended to provide a singledi�usion approximation, to be
used universally acrossall combinations of the problem parameters. This
single approximating processis obtained by \pasting together" the di�er-
ent di�usion limits obtained from the various limiting regimes associated
with the model. We proposetwo universal di�usion approximations for our
model: a re
ected Ornstein-Uhlenbeck processand a re
ected a�ne di�u-
sion. Theorems2 and 3 make rigorous the idea that our proposeduniversal
di�usion approximations are indeed consistent with the case-by-caselimit
theoremsknown for this classof models. This idea is consistent with work
seenin the approximations literature in which a singleapproximation is pro-
posedin order that it be consistent with several di�eren t limiting regimes.
For example, Mitra and Morrison [18] develop a \uniform asymptotic ap-
proximation" for blocking probabilities in a �nite capacity model that is
appropriate for overloaded,critical, and underloadedregimes. A secondex-
ample is Birman and Kogan [3], in which they derive a uniform asymptotic
approximation to the partition function for a single-chain closed product
form queueingnetwork.

In addition to our functional limit theoremsfor the renegingmodel, we
establish the weak convergenceof steady-state distributions in the asymp-
totic regime in which the re
ected O-U processappears. Typically, show-
ing this convergenceis a non-trivial mathematical issue; see,for example,
Srikant and Whitt [20]. However, in our setting, such a result is straight-
forward becauseour reneging model is a birth and death processwith a
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tractable steady-statedistribution. In Proposition 1, weobtain a \lo cal limit
theorem" for the steady-statedistribution under a range of spatial scalings.
Thesescalingsidentify the rangeover which the steady-stateof the re
ected
O-U processo�ers accurateapproximations to that of the Markovian reneg-
ing model.

Motiv ated by our re
ected a�ne universal di�usion approximation, we
alsoestablish the steady-statedistribution of a re
ected a�ne di�usion pro-
cess. The density of this distribution turns out to have a form similar to
that of a gamma density.

The �nal contribution of this paper is a numerical study providing results
on the accuracyof the proposedapproximations. The study shows that even
for seemingly small probabilities of customer abandonments, ignoring the
presenceof reneging can lead to huge approximation errors. Fortunately,
our weakconvergencetheory suggestsa criterion on the problem data under
which the impact of reneging can be ignored (see Theorem 1), and our
numerical study validates this criterion.

In a forthcoming paper [23], we will show that the re
ected O-U pro-
cessarisesas a di�usion limit for queueswith renewal arrivals, and general
processingand renegingtime distributions. Consequently , the re
ected O-U
processplays the samerole in the renegingcontext as doesre
ected Brow-
nian motion in the setting of conventional queues. It therefore becomes
important to study as much of the structure of the re
ected O-U process
as is possible. We analyzevarious (steady-state and transient) properties of
re
ected O-U in a companion paper [24].

The rest of this paper is organized as follows. In Section 2, we specify
the model and its steady-state behavior. In Section 3, we discussthe con-
cept of a universal di�usion approximation in the context of a single-server
queue without reneging. In Section 4, we establish the appropriate di�u-
sion approximations in di�eren t limiting regimesfor our renegingmodel. In
Section 5, we show how one di�usion processcan consolidate the limiting
regimesfound in Section 4. In Section 6, we establish weak convergenceof
steady-statedistributions and �nd the steady-statedistribution of our alter-
native universaldi�usion approximation, a re
ected a�ne di�usion. Finally,
in Section 7, we numerically study the quality of our proposed di�usion
approximations in the context of approximating steady-state performance
characteristics.
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2 Mo del Description

In this paper, we are concernedwith developing approximations for a class
of queueingmodelsthat canbe characterizedasbirth-death continuous-time
Markov chains (CTMC's) Q = (Q(t) : t � 0) on Z+ = f 0; 1; 2; : : :g, with
birth rates � n = � (n � 0) and death rates � n = � + (n � 1)
 (n � 1),
where � , � , and 
 are positive parameters. The processQ describes the
number-in-system processfor a system that is fed by a Poissonarrival pro-
cesshaving rate � and in which customer processingtimes form an inde-
pendent sequenceof i.i.d. exponential random variables having mean � � 1.
The server processesavailable work at unit rate. Customers are served in
the order in which they arrive; seeRemark 5. Each customer independently
abandons the system when that customer has spent an exponentially dis-
tributed amount of time (having mean
 � 1) in the systemwithout receiving
service. Our approximations can easily be extended to the casein which s
unit rate servers processcustomersin the order in which they arrive. This
classof modelsdescribes,in simpli�ed form, a call center environment within
which customersabandon(or renegefrom) the queueafter an exponentially
distributed amount of time. Thus, this paper makes a contribution to the
general literature on Markovian queueswith reneging.

Our approximations are also valid for another closely related class of
Markovian queueingmodels in which reneging is present. Speci�cally , con-
sider a birth-death processQ

0
on Z+ , with birth rates � n = � (n � 0) and

death rates � n = � + n
 (n � 1). Note that in this model, customerscan
abandon the system even after servicehas been initiated. In particular, Q

0

describes the number-in-system processfor a system with Poissonarrivals
(having rate � ), exponential processingtimes (with mean � � 1), and a unit
rate server. A customer abandonsthe system after spending an exponen-
tially distributed amount of time having mean
 � 1. The abandonment times
in this model can be interpreted as customer deadlines. When a given cus-
tomer's deadline is exceeded,service of that customer becomesworthless
and that customer is immediately dropped from the system. For example,
this might be appropriate in a wirelesscontext in which either a packet is
transmitted within its deadline time or it becomestoo dated to be of value.
It should be noted that in this classof models, the exponential assumptions
we have made imply that the distribution of Q0 is una�ected by the service
discipline used(e.g. FIFO, LIF O, processorsharing, etc.).

The CTMC queueingmodelsdescribed above are always irreducible and
positive recurrent. Focusing on the �rst class of models, it follows that
Q(t) ) Q(1 ) as t ! 1 . The birth-death structure implies that the steady-
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state probabilities � n = P(Q(1 ) = n) can be computed fairly explicitly . In
particular,

� 0 = (1 +
1X

n=1

� n

Q n� 1
j =0 (� + j 
 )

) � 1

and

� n =
� n

Q n� 1
j =0 (� + j 
 )

� 0

for n � 1. The product
Q n� 1

j =0 (� + j 
 ) can be expressedin terms of known
special functions. Speci�cally ,

n� 1Y

j =0

(� + j 
 ) =

 n �( �=
 + n)

�( �=
 )

and
1X

n=1

� n

Q n� 1
j =0 (� + j 
 )

= (�=
 )1� (�=
 ) exp(�=
 )� �=
 (�=
 )

where�( y) =
R1

0 ty� 1e� t dt is the gammafunction and � x (y) =
Rx

0 ty� 1e� t dt
is the incomplete gamma function; see[5], [22].

A number of important steady-state performance measurescan easily
be expressedin terms of the above steady-state distribution. For example,
the mean number-in-system is given by E[Q(1 )], and Little's Law implies
that the meantime-in-system is given by E[Q(1 )]=� . Similarly, the steady-
state reneging rate is 
 E [Q(1 ) � 1]+ , whereasthe steady-state fraction of
customersthat renegeprior to receiving serviceis 
 E [Q(1 ) � 1]+ =� .

But more complexperformancemeasurescan alsobe computed in terms
of the above steady-state distribution. An important such example is the
quantit y � that describesthe averagetime-in-system spent by a non-reneging
customer in the FIFO system described above. Note that:

� = E [time in system spent by a customer j customer receivesservice]

=
E [� I (customer doesnot renege)]

P(customer doesnot renege)

where � is the time-in-system spent by a (t ypical) customer and I (�) is the
indicator function. Supposethat such a customerarrivesto �nd n customers
in the system. BecausePoissonarrivals seetime averages,this occurs with
probabilit y � n ; seeWol� [27]. Such a customer needsto wait for each of
thesen customersto exit the system before s/he receives service. Suppose
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we temporarily view the systemasconsistingof the n queuedcustomersplus
the arriving customer. Then, the time required for the systempopulation to
decreasefrom j to j � 1 (1 � j � n + 1) is exponential with rate parameter

 (j � 1) + � . The probabilit y that the arriving customer does not renege
during the interval of time required to drive the population from i to i �
1 (2 � i � n + 1) is (
 (i � 2) + � )=(
 (i � 1) + � ). Hence,

E [� I (customer doesnot renege)] (2.1)

= � 0(
1
�

) +
1X

n=1

� n

n+1X

j =1

1
(
 (j � 1) + � )

n+1Y

i =2

(

 (i � 2) + �

 (i � 1) + �

)

=
1X

n=0

� n (
�


 n + �
)

nX

j =0

1
(
 j + � )

; (2.2)

from which � may then be computed.
In principle, the formulae provided above can be numerically evaluated

to compute the requisite performance measures. However, becauseof the
factorial-t ype products involved in the steady-stateprobabilities, under
o w
and over
o w issuesneedto be carefully addressedin such a numerical com-
putation. Consequently , we provide, in Section 6, an approximation to the
steady-state distribution basedon our di�usion approximation ideas. This
approximation avoids the numerical issuesjust mentioned, and provides ad-
ditional qualitativ e insight that we believe is more transparent than that
exhibited in the exact formulae. Our discussionin Section 6 will illustrate,
for example,how the steady-stateperformancemeasure� just described can
be suitably approximated via our di�usion approximation.

Computations for transient performance measuresfor reneging models
generally involve numerical proceduresto invert transforms. SeeWhitt [26]
for expressionsin terms of transforms for sometransient performancemea-
sures in reneging models and Abate and Whitt [1] for a description of the
Fourier-seriesmethod for transform inversion. The intro duction of di�usion
approximations for renegingmodels with tractable analytic expressionsfor
transient performancemeasureseliminates the needfor transform inversion.
We brie
y return to the issueof transient performancemeasurecomputation
at the end of Section 5.

3 Univ ersal Di�usion Appro ximations

Oneof our principal goalsin this paper is to establisha heavy-tra�c di�usion
approximation for the class of Markovian reneging models intro duced in
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Section 2. To put our results in context, we brie
y review here some of
what is known about conventional heavy-tra�c theory for queueswithout
reneging.

Consider the M/M/1 number-in-system processQ� = (Q� (t) : t � 0),
where Q� is a birth-death processon Z+ with constant birth rates � n =
�� (n � 0) and constant death rates � n = � > 0 (n � 1). The parameter
� can, of course, be identi�ed with the tra�c intensity of the queue or,
equivalently , the server utilization (when � � 1). The conventional heavy-
tra�c limit theorem assertsthat when � " 1,

j1 � � jQ� (�=(1 � � )2) ) X R (�) (3.1)

in the topology of weak convergenceon D[0; 1 ); see,for example,Billings-
ley [2] for a discussionof this convergenceconcept. Here,X R = (X R (t) : t �
0) is a re
ected Brownian motion (RBM) with drift � � and varianceparam-
eter 2� . (SeeHarrison [13] for a rigorous de�nition of RBM and derivations
of many important properties.) A similar limit theorem holds as � # 1, in
which caseX R is a RBM with drift � and variance parameter 2� ; seeIgle-
hart and Whitt [15] for such results. Thesetwo limit theoremsdescribe the
time-dependent behavior of an M/M/1 queuein which the tra�c intensity
� is closeto one, when viewed on time scalesof (1 � � ) � 2 and spatial scales
of (1 � � ).

But there are other di�usion approximations that can also be developed
for the M/M/1 queue. For example, if � > 1, then

� (Q� (�=�2) � � (� � 1)e(�=�2)) )
p

� (1 + � )B (�) (3.2)

in D [0; 1 ) as � # 0, where e(t) = t and B = (B (t) : t � 0) is a stan-
dard Brownian motion with zero drift and unit variance parameters; see
Whitt [25]. This approximation establishesthat if the queueis over-saturated,
then the queueeventually leavesthe boundary associated with the idle state,
and the re
ecting barrier on the Brownian motion can therefore be ignored.

A lesswell-known di�usion approximation for the M/M/1 queuein heavy
tra�c assertsthat if 0 < p < 1, then

j1 � � jpQ� (�=(1 � � )2p) ) X R (�) (3.3)

in D [0; 1 ) as� " 1, whereX R is a RBM with zerodrift and varianceparame-
ter 2� ; seeGlynn [12] for a related result. This heavy-tra�c result describes
the behavior of the number-in-system processfor the M/M/1 queue over
time scalesof smaller order than (1 � � ) � 2.
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Thus, at least three di�eren t typesof limit processesarise in the context
of the M/M/1 queue. The particular approximation to be used to analyze
Q� (t) may depend on the relative magnitudes of t and j1 � � j. Each of the
limit processesdescribed above is appropriate in a particular subregion of
(t; j1 � � j) space. In principle, given a speci�c applications environment,
the userof such a di�usion approximation needsto assesswhich of the three
limit theorems(3.1) - (3.3) is most appropriate to the particular combination
of t and j1 � � j arising in the application.

However, it turns out that there is no need to make this assessment.
In particular, there is a universal di�usion approximation that can be used
globally acrossall combinations of t and j1 � � j that are consistent with
each of the three limit theorems above. Speci�cally , we may choose to
approximate Q� as follows:

Q� (�)
D
� X R

� (�) (3.4)

where X R
� = (X R

� (t) : t � 0) is a RBM with drift � (� � 1) and variance

parameter (1+ � )� . Here,
D
� means\has approximately the samedistribution

as", and can be rigorously veri�ed to be accurate in each of the limiting
regimesintro duced in (3.1)-(3.3). For example, (3.4) suggeststhat

� (Q� (�=�2) � � (� � 1)e(�=�2)
D
� � (X R

� (�=�2) � � (� � 1)e(�=�2))) : (3.5)

Both the left-hand side and right-hand side of (3.5) convergewhen � > 1 in
D [0; 1 ), as � # 0, to the limit speci�ed in (3.2), Brownian motion with zero
drift and varianceparameter � (1+ � )). Consequently , (3.4) canbe rigorously
expected to provide a good approximation (in a relative magnitude sense)
when � > 1 and t is large. A similar argument, taking advantageof (3.1) and
(3.3), establishesthe rigorous validit y of the approximation (3.4) whenever
� is closeto one and t is large; seeGlynn [12] for additional discussionof
thesemathematical issues.

Of course,a potential userof the universaldi�usion approximation (3.4)
is free to use the approximation even in parameter regions of (t; j1 � � j)
spacein which rigorous validit y of the approximation has not beenveri�ed
or is questionable. The key point, from our perspective, is that the user
has available a single di�usion approximation (provided by (3.4)) that is
consistent with all known asymptotic regimes.

Our goal, in this paper, will be to develop an appropriate universal dif-
fusion approximation for Markovian queueswith reneging. We obtain these
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approximations by �rst developing, in Section 4, various di�usion approxi-
mations that arevalid in di�eren t subregionsof the model's parameterspace.
Section5 then \knits together" theseapproximations in an e�ort to provide
a universal di�usion approximation for Markovian queueswith reneging.

4 Di�usion Appro ximations for Queues with Reneg-
ing

In studying the CTMC model Q intro duced in Section2, we note that if the
reneging rate 
 is zero, then the model reducesto an M/M/1 queue with
arrival rate � and servicerate � . As discussedin Section 3, it is well known

that when �
4
= �=� is closeto one, then Q behaves like an RBM over time

scalesof order (1� � ) � 2 and spatial scalesof order (1� � ) � 1. More precisely,
the limit theorem (3.1) holds.

On the other hand, if � = 0 in the CTMC model Q0, we end up with a
model that is identical to the in�nite-serv er M/M/ 1 queuewith arrival rate
� and processingrate (per server) 
 . A well known di�usion approximation
(see Iglehart [14]) is also available for this model. Speci�cally , if Q0

�;
 =
(Q0

�;
 (t) : t � 0) is an M/M/ 1 queue with arrival rate � and processing
rate (per server) 
 with Q0

�;
 (0) = �=
 , then

� � 1
2

�
Q0

�;
 (�) � �=

�

) Y (�) (4.1)

as � ! 1 in D [0; 1 ), where Y is an Ornstein-Uhlenbeck (O-U) di�usion
processwith in�nitesimal drift � 
 x and in�nitesimal variance 2, starting

from the origin. Noting that Q
0

�;
 (�=
 ) D= Q0
�=
 ;1(�) (where D= denotesequality

in distribution), it follows from (4.1) that



1
2

�
Q0

�;
 (�=
 ) � �=

�

) Y (�) (4.2)

as 
 # 0 in D [0; 1 ) where Y is an O-U processwith in�nitesimal drift
� x and in�nitesimal variance 2� . Becauseof the minor di�erence in the
transition structures of Q and Q0, it is easily seenthat Q obeys the same
limit theorem (4.2) as doesQ0. Consequently , in a pure renegingmodel, Q
can be approximated by an O-U processon time scalesof order 1=
 and
spatial scalesof order 
 � 1=2, at least when 
 is closeto zero.

Our goal is to construct a di�usion approximation for Q that re
ects
the queueingphenomenathat arise both becauseof limited servicecapacity
and the presenceof customer reneging. Thus, we wish to develop a di�usion
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approximation that describesthe behavior of Q in an asymptotic regimethat
is intermediate to (3.1) and (4.2). Given that (3.1) describes 
uctuations
of order (1 � � ) � 1 on time scalesof order (1 � � ) � 2 and (4.2) describes

uctuations of order 
 � 1=2 on time scalesof order 1=
 , this suggeststhat an
intermediate asymptotic regime (the regime of part 1 of Theorem 1) should
be one in which c
 1=2 � (1 � � ), where 
 (or, equivalently , (1 � � )) is close
to zero.

This intuition turns out to be correct. To set the stage for our limit
theorem, let X = (X (t) : t � 0) be the strong solution to the stochastic
di�eren tial equation (SDE)

dX (t) = (� � 
 X (t))dt + � dB(t) + dL(t) (4.3)

subject to X (0) = x � 0, where L = (L(t) : t � 0) is the minimal non-
decreasingprocesswhich makesX (t) � 0 for t � 0. The processL increases
only when X is zero, so that

Z

[0;1 )
I (X (t) > 0)dL(t) = 0:

The existenceof a unique strong solution to (4.3) is guaranteed by a careful
extension of the results of Lions and Sznitman [16] (reference [16] treats
only bounded domains). We refer to X as a re
ected O-U processwith
in�nitesimal drift � � 
 x and in�nitesimal variance � 2.

Remark 1 When 
 = 0, the re
ected O-U processX reducesto RBM. In
the setting of RBM, the processL can be described explicitly in terms of
the unre
ected Brownian motion with drift; see,for example Harrison [13].
No such explicit representation is possiblein the setting of a re
ected O-U
process,becausewhen 
 > 0, the state-dependent drift implies that the
concept of an \unre
ected version" of X is meaningless. The lack of an
explicit representation for L meansthat many of the methods widely used
in analysis of RBM are inappropriate in the re
ected O-U setting.

Let Q
 = (Q
 (t) : t � 0) be the birth-death processon Z+ with birth
rates � n = �� (n � 0) and death rates � n = (� + (n � 1)
 ) (n � 1).
Theorem 1 provides a description of the behavior of Q
 in a panorama of
limiting regimes. In particular, Theorem 1 pertains to the situations in
which � � 1 or � > 1. Whenever � << 1, the server spends positive time
in the idle state, and we can not hope for a di�usion approximation to be
rigorously valid.
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Part 1 of Theorem 1 describes the behavior of Q when (1 � � ) � c
 1=2

with 
 small. Note that the approximating processX has both a constant
term in the drift (as in RBM) and a linear term in its drift (as in an O-U
process). Thus, a re
ected O-U processis, in some sense,a blend of the
processesdiscussedin (3.1) and (4.2). Since this is the only asymptotic
regime in which both the e�ects of the server and the e�ects of customer
reneging appear in the limiting di�usion process,part 1 of Theorem 1 is
the most important asymptotic regime and motivates the �rst \univ ersal
di�usion approximation" we develop in Section 5.

We seethe parts of the parameter spacein which our model behavesasa
queuewithout renegingin parts 2 and 3 of Theorem 1. In particular, when

 1=2 << 1 � � , then the limit processis identical to that obtained in the
setting of no reneging,namely RBM; see(3.1). In other words, if 
 1=2 <<
1 � � , renegingmay be e�ectiv ely ignored. This is a potentially important
qualitativ e insight that we revisit in our numerical study in Section7. Also,
when Q
 is viewed on time scalesof smaller order than those discussedin
parts 1 and 2, the limit processis again identical to that obtained in the
setting of no reneging;see(3.3).

Finally, parts 4 and 5 of Theorem 1 focus on the situation in which
� > 1. In part 4, we obtain an analog to (4.2). In part 5, we establish the
approximate behavior of Q
 when � > 1 and when viewed under shorter
time scales,as in part 3.

Throughout Theorem 1, ) denotesweak convergencein D [0; 1 ).

Theorem 1 ( Weak convergence of Q
 )

1. Suppose that � = � (
 ) is such that 
 � 1=2(1 � � ) ! c as 
 # 0 for
some �nite constant c. In addition, suppose that 
 1=2Q
 (0) ) X (0)
as 
 # 0. Then,


 1=2Q
 (�=
 ) ) X (�)

as 
 # 0, where X is a re
ected O-U processwith initial position X (0),
in�nitesimal drift � c� � x, and in�nitesimal variance 2� .

2. Suppose that � = � (
 ) is such that 1 � � # 0 and 
 1=2=(1 � � ) # 0 as

 # 0. In addition, supposethat (1 � � )Q
 (0) ) X (0) as 
 # 0. Then,

(1 � � )Q
 (�=(1 � � )2) ) X R (�)

as 
 # 0, where X R is a RBM with initial position X (0), drift � � , and
variance 2� .
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3. Suppose that � = � (
 ) is such that 
 � 1=2(1 � � ) ! c as 
 # 0 for
some �nite constant c. In addition, suppose that 
 p=2Q
 (0) ) X (0)
as 
 # 0. Then, if 0 < p < 1,


 p=2Q
 (�=
 p) ) X R (�)

as 
 # 0, where X R is a RBM with zero drift and variance parameter
2� , starting from X (0).

4. Suppose� > � is �xed and that 
 1=2
�

Q
 (0) � � � �



�
) Y (0) as 
 # 0.

Then,


 1=2(Q
 (�=
 ) � � � �

 ) ) Y (�)

as 
 # 0, where Y is an O-U process with initial position Y(0), in-
�nitesimal drift � x and in�nitesimal variance 2� .

5. Suppose that � > � is �xed and that 
 p=2(Q
 (0) � (� � � )=
 ) )p
2�B (0) as 
 # 0, for somep 2 (0; 1). Then,


 p=2(Q
 (�=
 p) � (� � � )=
 ) )
p

2�B (�)

as 
 # 0, where B = (B (t) : t � 0) is a standard Brownian motion
starting from B (0).

The proof of Theorem 1 can be found in the appendix. In the following, we
make a few remarks of interest.

Remark 2 A similar limit to that described in part 2 of Theorem 1 holds
when 
 1=2=(1 � � ) " 0 as 
 # 0. In this setting, where � > 1 for the queue,
the limit process(under the samenormalization) is an RBM X R with initial
position X (0), drift � , and variance parameter 2� .

Remark 3 It may at �rst seemun-intuitiv e that the parameter � doesnot
appear in the in�nitesimal variance parameters given in parts 4 and 5 of
Theorem 1. Therefore, we o�er the following heuristic argument showing
that this is the case.The variance for the CTMC Q is:

var (Q(t + h) � Q(t)jQ(t) = n) = (� + � + 
 (Q(t) � 1))h + o(h): (4.4)

When � > � , the \mass-balance" point for this system is: (� � � )=
 . (One
can seethis by setting the birth rate � equal to the death rate � + n
 .)
Substituting (� � � )=
 for Q in the equation above, we have:

var (Q(t + h) � Q(t)jQ(t) = n) � 2�:

13



Remark 4 Theorem 1 is also valid when we replaceQ = (Q(t) : t � 0) by
the CTMC Q0 = (Q0(t) : t � 0), with preciselythe samespatial and temporal
normalizations. In other words, the slight di�erence in the de�nitions of the
death rates for Q and Q0 is irrelevant in the asymptotic regimeswe consider
above.

Remark 5 Theorem 1 remainsvalid, when suitably modi�ed, in the setting
of multi-server queueswith reneging. Speci�cally , supposethat Q = (Q(t) :
t � 0) is a birth-death CTMC on Z+ with birth rates � n = � = s�� (n � 0)
and death rates equal to either � n = min(s;n)� + n
 or � 0

n = min(s;n)� +
(n � s)+ 
 , for n � 1. These death rates describe a Markovian queuewith
s servers, in which customerseither can or can not renegewhile in service.
Then, Theorem 1 holds as stated, with the parameter s� replacing � in all
the limit processesand normalizations that arise.

5 A Univ ersal Di�usion Appro ximation for Queues
with Reneging

As discussedin Section 3, our goal here is to \knit together" the di�usion
approximations obtained in Theorem 1, in an e�ort to provide one globally
applicable approximating di�usion process.Given the CTMC Q, with asso-
ciated parameters � , � , and 
 , we proposethe following univeral di�usion
approximation to Q:

Q(�)
D
� X (�) (5.1)

where X = (X (t) : t � 0) is a re
ected O-U processwith X (0) = Q(0),
in�nitesimal drift � � � � 
 (x � 1) and in�nitesimal variance 2� .

At a practical level, (5.1) can potentially be usedto compute an approxi-
mation (involving X ) to virtually any performancemeasureinvolving Q. Of
course,in using such approximations, it is important to be able to identify
those subregionsof (t; �; 
 ) parameter spacewithin which the approxima-
tions can be rigorously validated to be accurate. To obtain such rigorous
guaranteesrequires useof limit theorems.

As in Section 4, we consider limit theoremsthat are expressedin terms
of the reneging parameter 
 . We view � = � (
 ) = � (
 )=� as a function
of 
 . For 
 > 0, let X 
 be a re
ected O-U processwith in�nitesimal drift
(� (
 ) � 1)� � 
 (x � 1) and in�nitesimal variance 2� (
 )� , and let Q
 be
de�ned as in Section 4.

We shall prove that X 
 and Q
 have distributions that are, in some
sense,\close". Our measure of distance involves the Prohorov metric d
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de�ned on the spaceof probabilit y measureson the function spaceD[0; 1 ).
The Prohorov metric is the metric that gives rise to the topology of weak
convergenceon D[0; 1 ); see,for example, Ethier and Kurtz [9]. In other
words, � n ) � in D [0; 1 ) if and only if d(P(� n 2 �); P(� 2 �)) ! 0 as
n ! 1 . In a (slight) abuseof notation, we shall henceforth write d(� n ; � )
in place of d(P(� n 2 �); P(� 2 �)).

Let D= denoteequality in distribution, and assumethroughout the follow-

ing theorem(whoseproof canbefound in the appendix) that X 
 (0) D= Q
 (0).

Theorem 2 (Universal Di�usion Approximation)

i) If 
 � 1=2(1 � � ) ! c and 
 p=2Q
 (0) ) Q(0) as 
 # 0, then

d
�


 p=2Q
 (�=
 p); 
 p=2X 
 (�=
 p)
�

! 0

as 
 # 0 (for 0 < p � 1).

ii) If � ! 1, 
 1=2=(1 � � ) ! 0, and (1 � � )Q
 (0) ) Q(0) as 
 # 0, then

d
�
(1 � � )Q
 (�=(1 � � )2); (1 � � )X 
 (�=(1 � � )2)

�
! 0

as 
 # 0.

iii) If � > 1 is �xed and 
 p=2(Q
 (0) � (� � � )=
 ) ) Q(0) as 
 # 0, then

d
�


 p=2(Q
 (�=
 p) �
� � �



); 
 p=2(X 
 (�=
 p) �

(� � � )



)
�

! 0

as 
 # 0 (for 0 < p � 1).

Note that the temporal and spatial scalings appearing in Theorem 2
are, in each case, identical for X 
 and Q
 . This guarantees that in each
of the asymptotic regimesdescribed by Theorem 1, the universal di�usion
approximation provided by (5.1) provides approximations with high rela-
tiv e accuracy. This provides a mathematical justi�cation for the assertion
that (5.1) legitimately \knits together" the limiting di�usions obtained in
Theorem 1.

Remark 6 An almost identical universaldi�usion approximation exists for
Q0. In particular, given the CTMC Q0, with associated parameters � , � ,
and 
 , we proposethe universal di�usion approximation:

Q0(�)
D
� X 0(�);
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where X 0 is a re
ected O-U processwith X 0(0) = Q0(0), in�nitesimal drift
� � � � 
 x and in�nitesimal variance 2� . Furthermore, Theorem 2 holds
with Q0 and X 0 appropriately replacing Q and X .

Remark 7 Suppose that we are given a multi-server queue, possessings
servers, in which reneging is present. As discussedin Remark 5, this leads
to a CTMC Q with (slightly) modi�ed birth and death parameters. We
proposeapproximating Q by X , where X is a re
ected O-U processwith
in�nitesimal drift � � s� � 
 x and in�nitesimal variance 2� .

It turns out that there is an alternativ euniversaldi�usion approximation
that is consistent with the asymptotic regimesdescribed in Theorem 2. To
motivate this alternativ e universal approximation, note that we can easily
compute the following analogs to the in�nitesimal drift and in�nitesimal
variance for the CTMC Q. Speci�cally , for n � 1,

E (Q(t + h) � Q(t)jQ(t) = n) = (� � � � 
 (Q(t) � 1))h + o(h)

and

var (Q(t + h) � Q(t)jQ(t) = n) = (� + � + 
 (Q(t) � 1))h + o(h)

as h # 0. This suggeststhat we can construct an alternativ e universal dif-
fusion approximation to Q by using a di�usion processthat matches the
in�nitesimal mean and variance characteristics of Q, and that exhibits re-

ection at the origin.

Speci�cally , let Z = (Z (t) : t � 0) be the solution to the SDE

dZ (t) = (� � � � 
 (Z (t) � 1))dt (5.2)

+
p

� + � + 
 (Z (t) � 1)dB(t) + dL(t)

subject to Z (0) = z, whereL = (L(t) : t � 0) is the minimal non-decreasing
processwhich makes Z (t) � 0 for t � 0. The existence of a unique so-
lution to (5.2) is again guaranteed by a careful extension of the results of
Lions and Sznitman [16]. The processZ without re
ection is referred to
as an a�ne di�usion in the �nance literature; see,for example Du�e, Pan,
and Singleton [7]. For this reason,we call the processZ a re
ected a�ne
di�usion.

Our alternativ e universal di�usion approximation to Q then takes the
form

Q(�)
D
� Z (�) (5.3)
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where, of course,we require that Z (0) = X (0). This universal approxima-
tion can be mathematically justi�ed in the sameway asTheorem 2 supports
(5.1). Speci�cally , let Z 
 be the universal approximation to Q
 associated
with (5.2), whereQ
 is de�ned asin Section4, and Z 
 hasin�nitesimal drift
(� (
 ) � 1)� � 
 (x � 1) and in�nitesimal variance � (� (
 ) + 1) + 
 (x + 1).

Theorem 3 Theorem 2 holdswith Z 
 replacingX 
 throughoutthe theorem
statement.

Given that Z more faithfully reproduces the �ne structure of the in-
�nitesimal drift and varianceof Q, we suspect that oneoften obtains better
approximations to Q by using Z rather than X . In fact, Table 2 in Section7
illustrates that Z estimatessteady-statetail probabilities slightly better than
X . However, the presenceof state dependencein the in�nitesimal varianceof
Z makesit substantially harder to compute transient performancemeasures
for Z than for X . As we show in our companion paper [24], transient per-
formancemeasurecomputations involving X are tractable. For this reason,
we recommenduseof the universalapproximation basedon X in preference
to that basedon Z .

6 Re
ected O-U and Re
ected A�ne Di�usion
Pro cesses: Steady-State Behavior

Perhapsthe singlemost important performancemeasurefor Q is its steady-
state distribution. Given the universal di�usion approximation to Q pro-
posedin (5.1), we expect that

Q(1 )
D
� X (1 );

where X (1 ) is the steady-state of X .
Let X = (X (t) : t � 0) be a re
ected O-U processwith in�nitesimal

drift � � 
 x and in�nitesimal variance � 2, with 
 , � 2 > 0. Then, X has a
unique stationary distribution � with density

p(x) = P[N (� =
 ; � 2=2
 ) 2 dxjN (� =
 ; � 2=2
 ) � 0]

=

r
2

� 2

�
� p

2
 =� 2(x � � =
 )
�

1 � �
�

�
p

2� 2=
 � 2
�

for x � 0, where � (�) and �( �) are the density and distribution of a N (0; 1)
random variable respectively. Computation of the distribution � can be
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found in Ward and Glynn [24], Browne and Whitt [4], and Co�man, Puhal-
skii, Reiman, and Wright [6].

Weakconvergenceof 
 1=2Q
 to X , asestablishedin part 1 of Theorem 1,
doesnot imply that the steady-statedistribution of 
 1=2Q
 convergesweakly
to that of X . In the current setting, establishing weak convergenceof the
steady-statedistribution is quite straightforward, becausethe processQ
 is
a birth-death processwith a steady-state that is very tractable. Our next
result uses this tractabilit y to rigorously establish the weak convergence
of the steady-state distributions. Actually , our proof technique establishes
much more. It yields not only a weak convergencestatement, but also a
\lo cal limit theorem" in which it is shown that the probabilit y massfunc-
tion of Q
 (1 ) may be approximated by the density of X (1 ), whereQ
 (1 )
and X (1 ) are random variables endowed with the steady-state distribu-
tions of Q
 and X , respectively. In addition, our argument shows that the
steady-statedistribution of X provides asymptotically accurateapproxima-
tions to the steady-stateof Q
 over spatial scalesas large as 
 � 2=3, and that

 � 2=3(= 
 � 1=2
 � 1=6) is the critical spatial scaleat which the steady-state
approximation given by X breaks down (seepart ii.).

Prop osition 1 Let Q
 and X be de�ned as in part 1 of Theorem 1, and
satisfy the conditions stated there. Assume, in addition, that 1 � � (
 ) =
c
 1=2 + o(
 2=3) as 
 # 0. Supposep(�) is the stationary density of X .

i.) If x 
 = o(
 � 1=6), then

P(Q
 (1 ) = b
 � 1=2x 
 c) � 
 1=2p(x 
 )

as 
 # 0. Also,

P(
 1=2Q
 (1 ) > x 
 ) � P(X (
 ) > x 
 )

as 
 # 0.

ii.) If x 
 � x
 � 1=6, then

P(Q
 (1 ) = b
 � 1=2x 
 c) � 
 1=2p(x 
 ) exp(x3

 =6� 2)

as 
 # 0.

Proof:

Recall that P(Q
 (1 ) = n)
4
= � 
 (n), where � 
 (n) = v
 (n)=

P 1
m=0 v
 (m)

and

v
 (n) = � n
n� 1Y

j =0

(1 + j 
 =� ) � 1:
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Observe that

log(1 +
j 

�

) =
j 

�

�
1
2

j 2
 2

� 2 + O(j 3
 3)

uniformly in j = o(1=
 ). Consequently ,

n� 1X

j =0

log(1 +
j 

�

) � 1 =
� n(n � 1)


2�
+


 2

6� 2 (n � 1)(n � 1=2)n + O(n4
 3);

provided that n = o(1=
 ). So,

v
 (n) = exp(n log(1 � (1 � � )) �
n� 1X

j =0

log(1 + j 
 =� )

= exp

 
� n(1 � � ) + O(n(1 � � )2)
� n(n� 1)


2� + 
 2

6� 2 n(n � 1=2)(n � 1) + O(n4
 3)

!

(6.1)

uniformly in n = o(1=
 ). We concludethat

v
 (n) = exp(� cn
 1=2 �
(n
 1=2)2

2�
+ o(1)) (6.2)

uniformly in n = O(
 � 1=2). Choose k so large that P(X (1 ) > k) <
�; exp(� ck � k2=2� ) < � , and �= (� + 
 1=2dk
 � 1=2e) < 1=2. Then, (6.2)
implies that for K (c; � ) =

p
2� � exp(c2�= 2)(1 � �( � c

p
� ))

bk
 � 1=2cX

m=0

v
 (n) = 
 � 1=2K (c; � ) exp(o(1))
bk
 � 1=2cX

n=0

p(n
 1=2)
 1=2

� 
 � 1=2K (c; � )
Z k

�1
p(y)dy

= 
 � 1=2K (c; � )(1 � O(� ))

as 
 # 0. Also,

1X

n= dk
 � 1=2e

v
 (n) = v
 (dk
 � 1=2e)
1X

j =0

jY

l=0

�
�

� + 
 (dk
 � 1=2e+ l)

�

� 2v
 (dk
 � 1=2e) � 2� (1 + o(1))

as
 # 0. Since� > 0 canbemadearbitrarily small, this yields the conclusion
that

1X

n=0

v
 (n) � 
 � 1=2K (c; � ) (6.3)
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as 
 # 0. It follows from (6.1) and (6.3) that

� 
 (b
 � 1=2x 
 c) � 
 1=2p(x 
 )

as 
 # 0, proving the �rst assertion of part i.). The secondassertion of
part i.) follows easily from (6.2) and (6.3) if x 
 = O(1). If x 
 ! 1 , put
r (
 ) = dx 
 
 � 1=2e, s(
 ) = 2r (
 ), and note that (6.1) and (6.3) together
imply that

s(
 )� 1X

m= r (
 )

� 
 (n) = exp(o(1))
s(
 )� 1X

m= r (
 )

p(n
 1=2)
 1=2

�
Z 1

x 


p(y)dy

as 
 # 0, whereas
1X

m= s(
 )

� 
 (n) � 2
v
 (s(
 )) 
 1=2

K (c; � )
(1 + o(1))

� 2p(2x 
 )

as 
 # 0. Sincep(2x 
 )=
R1

x 

p(y)dy ! 0 as 
 # 0, this establishesthat

P(Q
 (1 ) > x 
 
 � 1=2) =
1X

n= r (
 )

� 
 (n) �
Z 1

x 


p(y)dy

as 
 # 0, completing the proof of the secondassertionof part i.).
For part ii.), note that (6.1) shows that if x 
 � x
 � 1=6, then

v
 (bx 
 
 � 1=2c) � exp(� cx
 �
x2




2�
+

x3



6� 2 )

as 
 # 0. Combining this asymptotic with (6.3) completesthe proof. �

As promised in Section 2, we can use the steady-state approximations
of this section to approximate various complex performance measuresas-
sociated with the original reneging queue. As an illustration, consider the
quantit y � = � (
 ) of Section 2 that describes the average time-in-system
spent by a non-renegingcustomer in the systemassociated with Q
 . Recall
that (see(2.2)

� (
 ) = E

2

4
�

�

 Q
 (1 ) + �

� Q 
 (1 )X

j =0

1

 j + �

3

5
�
1 � 
 E [Q(1 ) � 1]+ =�

� � 1 :
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Straightforward analysis then shows that

� (
 ) = 
 � 1=2EX (1 )=� � varX (1 )=� 2 �
1
2

EX 2(1 )=� 2 + o(1)

as 
 # 0. The leading term is the time-in-system that one typically seesin a
queuewithout reneging. The correction terms, which are negative in sign,
are the reduction in time-in-system for a given customer that is contributed
by those customers \ahead" of the given customer that choose to renege
before receiving service.

We close this section with a discussionof the steady-state behavior of
our alternativ e approximating di�usion, the re
ected a�ne di�usion Z . We
start with a non-rigorous argument that yields an appropriate di�eren tial
equation for Z 's stationary density.

Assuming that a stationary distribution � (with density p) exists, Echev-
erria [8] shows that p ought to satisfy

Z

[0;1 )
(Af )(x)p(x)dx = 0 (6.4)

for all functions f that are twice continuously di�eren tiable on [0; 1 ) with
compact support and satisfying the boundary condition f 0(0) = 0, where

A =
1
2

(� + 
 x)
d2

dx2 + (� � 
 x)
d

dx
:

Suppose that the stationary density p is four times continuously di�eren-
tiable (with bounded derivatives) and satis�es xp(x) ! 0 and xp0(x) ! 0
as x ! 1 . Integrating by parts twice then yields the relation

Z 1

0

1
2

(� + 
 x)f 00(x)p(x)dx =
Z 1

0
f (x)[
 p0(x) +

1
2

(� + 
 x)p00(x)]dx

+


2

p(0)f (0) +
1
2

� p0(0)f (0): (6.5)

On the other hand, integration by parts oncegivesus the equality
Z 1

0
(� � 
 x)f 0(x)p(x)dx = �

Z 1

0
f (x)[( � � 
 x)p0(x) � 
 p(x)]dx

� � p(0)f (0): (6.6)

Substituting (6.5) and (6.6) into (6.4) yields
R1

0

� 1
2(� + 
 x)p00(x) + (
 � � + 
 x)p0(x) + 
 p(x)

�
f (x)dx

+[ �
2 p0(0) + ( 


2 � � )p(0)]f (0) = 0:
(6.7)
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If we can �nd a probabilit y density p satisfying the second-orderdi�eren tial
equation

1
2

(� + 
 x)p00(x) + (
 � � + 
 x)p0(x) + 
 p(x) = 0 (6.8)

subject to the boundary condition

�
2

p0(0) + (


2

� � )p(0) = 0; (6.9)

then (6.7) is clearly satis�ed. Thus, we concludethat we may compute the
stationary density of Z by solving (6.8), subject to (6.9).

The key to solving (6.8) is to note that it can be re-written as

d2

dx2 [(� + 
 x)p(x)] �
d

dx
[(� � 
 x)p(x)] = 0: (6.10)

Integration of (6.10) therefore yields a �rst order linear di�eren tial equation
(with non-constant coe�cien ts) that may be solved explicitly . The general
solution is

p(x) = exp(� 2x)( � + 
 x) �
�
2C1

Z x

0
exp(2u)( � + 
 u) � (� +1) du + C2

�

where� = (2� + 2� � 
 )=
 and C1, C2 are arbitrary constants of integration.
In order that p integrates to unit y and satis�es (6.9), we concludethat

p(x) =
exp(� 2x)( � + 
 x) �

R1
0 exp(� 2y)( � + 
 y) � dy

: (6.11)

Note that p is non-negative so that (6.11) yields a legitimate density.
Having obtained a candidate stationary distribution through the above

argument, it remainsonly to rigorously verify that this distribution is indeed
the stationary distribution for Z . This argument is similar to that of Propo-
sition 1 in Ward and Glynn [24], and is therefore omitted. We summarize
this discussionwith the following result.

Prop osition 2 Suppose that 
 and � are positive. Then, the re
ected dif-
fusion Z hasa unique stationary distribution � with density given by (6.11).

The di�usion Z has strikingly di�eren t tail behavior in its stationary
distribution as compared to X . Nevertheless,under the limiting regimes
described in Sections4 and 5, the two stationary distributions have identical
asymptotic behavior. We discussthis issuefurther in Section 7.
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7 Numerical Study of the Qualit y of the Suggested
Appro ximations

We concludethis paper with a brief numerical investigation of the accuracy
of the two universal di�usion approximations proposedin Section 5 for our
Markovian renegingmodel. In particular, we study the relative error asso-
ciated with approximating the steady-state of the continuous-time Markov
chain Q by both the steady-state of the re
ected O-U processX , and the
steady-state of the re
ected a�ne di�usion process,Z . The processesX
and Z are related to Q via (5.1) and (5.3) respectively.

In many real-world serviceindustry applications of queueingtheory (such
as call centers, fast food restaurants, etc.), reneging is present. Of course,
if the reneging rate is small, one might be tempted to ignore the presence
of reneging and model the system as a normal queue (without reneging).
In such settings, the RBM approximation to the queue becomesrelevant.
Therefore, we also take this opportunit y to present the relative error as-
sociated with approximating the continuous-time Markov chain Q via the
re
ected Brownian motion processX R having in�nitesimal drift � � � and
in�nitesimal variance� + � ; seeHarrison [13] for its steady-statedistribution.

Becausethe magnitude of the parameter 
 itself is di�cult to interpret,
Table 1 also provides the \steady-state renegingprobabilit y" (i.e. the long-
run fraction of arriving customersthat eventually renege). It is striking to
observe the degreeto which tiny amounts of renegingcan have a substantial
impact on queueingperformancecharacteristics. For example,at a nominal
tra�c intensity of 0.98(with � = 0:98 and � = 1) and with only .36%of the
customers choosing to renege, the RBM relative error (in which reneging
is ignored by the di�usion approximation) is already 32 times larger than
that associated with the re
ected O-U approximation (in which renegingis
incorporated). Given that a modeler may well be tempted to ignore the
presenceof reneging at such small reneging rates, the numbers in Table 1
make clear the perils associated with such shortcuts.

The numbers in Table 1 alsocon�rm the heuristic suggestedin Section4
as to when RBM provides a reasonableapproximation for renegingmodels.
The heuristic is that when

p

 << (1 � � ), we may e�ectiv ely ignore the

presenceof reneging. Notice that when either � = :85 or � = :9 and 
 =
:0001,the RBM approximation hasa relative error lessthan 10%. Of course,
asTheorem 2 and 3 suggest,the error associated with the re
ected O-U and
re
ected a�ne approximations is small for these parameter combinations
as well. Since in practical situations it is often hard to con�rm

p

 <<
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(1 � � ), in systemswhere reneging is present (even if at small rates), the
safeapproach is to explicitly model the reneging.

With regard to the quality of our two universaldi�usion approximations,
Table 2 suggeststhat Z outperforms X in someregionsof the tail distribu-
tion of the steady-state. Given that X and Z di�er only in the asymptotic
behavior of their corresponding in�nitesimal variances,it is perhapsnot sur-
prising that tail probabilities approximated via Z perform better than those
obtained from X (becauseits in�nitesimal variance reproducesmore faith-
fully that of Q than doesX ). Nevertheless,our conclusion is that Tables1
and 2 support the useof the approximation basedon X over that basedon
Z . The approximations basedon X beat those of Z in virtually all entries
of Table 1 and X is competitiv e with Z in approximating tail probabilities,
except when the tail probabilities themselves becomevery small (in which
caseboth approximations tend to do poorly). The fact that X is analyti-
cally more tractable than Z makesthe casefor X even stronger. Of course,
both approximations consistently outperform the RBM approximation (that
e�ectiv ely ignoresthe presenceof reneginge�ects).
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� = :98 � = 1 Approximate Valuesand Percent Relative Error

 P[renege] E [Q(1 )] E [X (1 )] E [Z (1 )] E [X R (1 )]
0.0001 0.0036 36.74 37.02(00.8%) 37.18(01.2%) 49.50(0034.7%)
0.0010 0.0184 19.03 19.07(00.2%) 19.40(01.9%) 49.50(0160.1%)
0.0100 0.0655 07.34 07.25(01.2%) 07.67(04.5%) 49.50(0574.4%)
0.1000 0.1814 02.58 02.44(05.5%) 02.87(11.2%) 49.50(1818.6%)
1.0000 0.3625 00.98 00.79(19.4%) 01.19(21.4%) 49.50(4951.0%)

� = :9 � = 1 Approximate Valuesand Percent Relative Error

 P[renege] E [Q(1 )] E [X (1 )] E [Z (1 )] E [X R (1 )]
0.0001 0.0009 8.84 9.33 (05.5%) 9.34 (05.7%) 9.50 (007.5%)
0.0010 0.0077 7.84 8.22 (04.8%) 8.31 (06.0%) 9.50 (021.1%)
0.0100 0.0452 4.93 5.07 (02.8%) 5.32 (07.9%) 9.50 (092.6%)
0.1000 0.1578 2.18 2.13 (02.3%) 2.50 (14.6%) 9.50 (335.8%)
1.0000 0.3406 0.90 0.74 (17.5%) 1.12 (24.4%) 9.50 (955.6%)

� = :85 � = 1 Approximate Valuesand Percent Relative Error

 P[renege] E [Q(1 )] E [X (1 )] E [Z (1 )] E [X R (1 )]
0.0001 0.0006 5.62 6.12 (08.8%) 6.12 (08.9%) 6.17 (009.8%)
0.0010 0.0052 5.30 5.74 (08.2%) 5.79 (09.2%) 6.17 (016.4%)
0.0100 0.0363 3.90 4.13 (05.9%) 4.33 (10.9%) 6.17 (058.0%)
0.1000 0.1439 1.95 1.96 (02.2%) 2.29 (17.3%) 6.17 (216.1%)
1.0000 0.3264 0.85 0.72 (15.8%) 1.07 (26.4%) 6.17 (625.5%)

� = :7 � = 1 Approximate Valuesand Percent Relative Error

 P[renege] E [Q(1 )] E [X (1 )] E [Z (1 )] E [X R (1 )]
0.0001 0.0002 2.33 2.82 (21.4%) 2.83 (21.4%) 2.83 (021.5%)
0.0010 0.0023 2.30 2.78 (21.0%) 2.79 (21.5%) 2.83 (023.1%)
0.0100 0.0197 2.07 2.45 (18.6%) 2.53 (22.5%) 2.83 (036.8%)
0.1000 0.1062 1.37 1.51 (10.6%) 1.75 (27.6%) 2.83 (106.6%)
1.0000 0.2808 0.70 0.64 (09.1%) 0.94 (33.8%) 2.83 (304.3%)

Table 1: Relative Error Calculations for E [Q(1 )]
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� = 0:98 � = 1 
 = 0:0001 Percent Relative Error
x P(Q > x) P(X > x) P(Z > x) X Z
1 9:53� 10� 1 9:76� 10� 1 9:76� 10� 1 2.40 % 2.42 %
50 2:64� 10� 1 2:68� 10� 1 2:71� 10� 1 1.31 % 2.65 %
100 5:71� 10� 2 5:69� 10� 2 5:87� 10� 2 0.40 % 2.89 %
500 6:22� 10� 11 3:72� 10� 11 6:55� 10� 11 0.40 % 5.33 %
1000 3:19� 10� 31 2:06� 10� 32 3:56� 10� 31 93.53% 11.60%
� = 0:98 � = 1 
 = 0:001 Percent Relative Error
x P(Q > x) P(X > x) P(Z > x) X Z
1 9:25� 10� 1 9:61� 10� 1 9:62� 10� 1 3.98 % 4.00 %
50 5:04� 10� 2 5:06� 10� 2 5:35� 10� 2 0.43 % 6.13 %
100 3:22� 10� 4 2:65� 10� 4 3:50� 10� 4 17.81% 8.79 %
500 3:68� 10� 53 1:82� 10� 61 1:17� 10� 52 � 100% � 100%
1000 1:49� 10� 178 3:76� 10� 232 1:89� 10� 174 � 100% � 100%
� = 0:98 � = 1 
 = 0:01 Percent Relative Error
x P(Q > x) P(X > x) P(Z > x) X Z
1 8:33� 10� 1 9:13� 10� 1 9:12� 10� 1 9.62 % 9.55 %
50 1:37� 10� 6 2:81� 10� 7 1:94� 10� 6 79.53% 41.81%
100 2:52� 10� 19 2:10� 10� 24 9:09� 10� 19 � 100% � 100%
500 2:98� 10� 256 1:17� 10� 558 1:15� 10� 221 � 100% � 100%
1000 2:66� 10� 722 5:15� 10� 2223 3:39� 10� 564 � 100% � 100%
� = 0:98 � = 1 
 = 0:1 Percent Relative Error
x P(Q > x) P(X > x) P(Z > x) X Z
1 6:08� 10� 1 7:90� 10� 1 7:80� 10� 1 29.81% 28.18%
50 2:87� 10� 14 9:72� 10� 56 1:89� 10� 23 � 100% � 100%
100 6:44� 10� 74 1:88� 10� 220 6:99� 10� 58 � 100% � 100%
500 2:21� 10� 660 7:26� 10� 5525 6:37� 10� 381 � 100% � 100%
1000 2:81� 10� 1601 7:50� 10� 22126 4:99� 10� 804 � 100% � 100%

Table 2: Relative Error Calculations for Tail Probabilities
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A App endix

Pro ofs of Theorems 1- 3

We will prove our weak convergencetheorems by appealing to semigroup
convergencemethods. This requires working with certain function spaces.
To this end, let B (S) be the Banach spaceof bounded real-valued mea-
surable functions on S, equipped with supremum norm. Furthermore, for
�1 � r 1 < r2 � + 1 , let C(r 1; r2) be the spaceof continuous functions on
(r1; r2) having �nite limits at r 1 and r2, C2(r1; r2) be the spaceof twice con-
tinuously di�eren tiable functions on (r 1; r2), and let Ĉ(r1; r2) be the space
of continuous functions vanishing at the in�nite boundariesof (r 1; r2).

Proof of Theorem 1:

Parts 1-3: For part 1, we start by identifying the generator of the limit
processX . Set

A = � (c� + x)
d

dx
+ �

d2

dx2

and let f 2 C(0; 1 ) \ C2(0; 1 ) with Af 2 C(0; 1 ) and lim x#0 f 0(x) = 0.
Put f (0) = lim x#0 f (x). Note that for such an f , f 0(0) existsand equalszero.
To seethis, realize f (h) � f (0) = f (h) � f (� h) + f (� h) � f (0) = f 0(� )(h �
� h) + O(h2), where � 2 (� h ; h), provided we choose � h < h2 small enough
so that jf (� h) � f (0)j � h2. Furthermore, we can repeat this argument to
establish that f 00(0) exists (using the fact that f 0(0) = 0; Af 2 C(0; 1 ), and
f (h) � f (� h) = f 0(0)h + f 00(� ) h2

2 , with � 2 (� h ; h) and � h < h3 chosenso that
jf (� h) � f (0)j � h3). Consequently , It ô's formula and the properties of L
establish that for such an f ,

f (X (t)) � f (X (0)) =
Z t

0
(Af )(X (s))ds +

p
2�

Z t

0
f 0(X (s))dB(s)

Becausef and Af are clearly bounded, it follows that

Ex f (X (h)) � f (x) = (Af )(x)h + o(h)
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as h # 0. We now apply Remark 8.1.3 and Corollary 8.1.2 of Ethier and
Kurtz [9] to concludethat f (f ; Af ) : f 2 Ĉ(0; 1 )\ C2(0; 1 ); f 0(0) = 0; Af 2
Ĉ(0; 1 )g generatesa Feller semigroupon Ĉ(0; 1 ).

We now appeal to Theorems1.6.1and 4.2.11of Ethier and Kurtz [9]. To
do this, observe that ~Q
 (�) = 


1
2 Q
 ( �


 ) = (r 
 � X 
 )( �), where r 
 : Z+ ! < +

is de�ned by r 
 (k) = 

1
2 k and X 
 is a CTMC on Z+ with birth rates

� n = (�� )=
 (n � 0) and death rates � n = (� + (n � 1)
 )=
 (n � 1). We
must show that for each pair (f ; Af ) generating the semigroup,there exists
(f 
 : f 
 2 B (Z+ ); 
 > 0) such that

sup
k� 0

jf 
 (k) � f (

1
2 k)j ! 0 (A.1)

and
sup
k� 0

j(A 
 f 
 )(k) � (Af )( 

1
2 k)j ! 0 (A.2)

where A 
 is the generator of X 
 .
Select � = � (
 ) ! 1 so that

j(� � 1)
 � 1
2 � cj sup

0� x� �
jf 0(x)j ! 0 (A.3)



1
2 � sup

0� x� �
jf 00(x)j ! 0 (A.4)



1
2 sup

0� x;y � �
jx � yj� 1

jf 00(x) � f 00(y)j ! 0 (A.5)

Note that f ; Af lie in Ĉ(0; 1 ), sothat f (x) and (Af )(x) ! 0 asx ! 1 .
Consequently , f (x) � f (x � 1) = f 0(� x ) ! 0 for some� x 2 (x � 1; x). Also,
f (� x ) � f (� x � 1)� f 0(� x ) = � f 00( ~� x )=2 ! 0 asx ! 1 for some~� x 2 (x � 2; x).
Hence,there exists ~� x 2 (x � 2; x) such that f ( ~� x ), jc� + ~� x jf 0( ~� x ), and f 00( ~� x )
all converge to zero as x ! 1 . Put � = ~� � ! 1 and let ~f 
 be the twice
continuously di�eren tiable function on [0; 1 ) such that ~f 
 (x) = f (x) for
x � � , and ~f 
 (�) is de�ned on [�; � + 1] through a smooth spline so that

sup
� � x � � +1

j ~f (k)

 (x)j ! 0; (k = 0; 2) (A.6)

sup
� � x � � +1

j(c� + x) ~f 0

 (x)j ! 0: (A.7)

The spline, s
 (x), is de�ned on [�; � + 1] as follows:

s
 (x) = f (� ) + f 0(� )(x � � ) + (� 3f (� ) � 2f 0(� ))( x � � )2

+(2 f (� ) + f 0(� ))( x � � )3:
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Finally, put f 
 (x) = ~f 
 (

1
2 x) + 


1
2 h(


1
2 x), where h is twice continuously

di�eren tiable, has compact support, and satis�es h0(0) = f 00(0)=2. Clearly,
(A.1) is satis�ed for this choice of (f 
 : 
 > 0).

As for (A.2), observe that

sup
k� 0

j(A 
 f 
 )(k) � (Af )( 

1
2 k)j (A.8)

� j(A 
 f 
 )(0) � (Af )(0) j + sup
1� k�b �
 � 1

2 c

j(A 
 f 
 )(k) � (Af )( 

1
2 k)j

+ sup
� � x � � +1

j(A 
 ~f 
 )(k)j + sup
� � x

j(Af )(x)j

The fourth term on the right-hand side clearly convergesto zero (because
x ! 1 ), while the �rst term can be written as

��



(f (

1
2 ) � f (0) + 


1
2 (h(
 ) � h(0)) � �f 00(0)

= ��
 � 1
2 f 0(0) +

��
2

f 00(0) + ��h 0(0) + o(1) � �f 00(0)

! 0

as 
 # 0, becausef 0(0) = 0 and h0(0) = f 00(0)=2. For the secondand third
terms, note that

(A 
 f 
 )(k) =
�

� (� � 1)
 � 1
2 � (k � 1)


1
2

�
f 0


 (

1
2 k)

+ �
�

� + 1
2

+ 
 (k � 1)
�

f 00

 (� 
 (k)) + o(1)

where � 
 (k) lies in 

1
2 (k � 1; k + 1). Use of (A.3) - (A.7) then establishes

that the secondand third terms in (A.8) converge to zero, completing the
proof of (A.2).

The proofs of parts 2 and 3 of Theorem 1 are very similar to that of part
1, and are omitted.

Parts 4 and 5: Sinceparts 4 and 5 of Theorem 1 involve a limit processon
< (as opposedto the half line), we could appeal to the results of Stone [21]
(which can be used when the state spaceof the limiting di�usion process
is the real line) to establish these results. This is the methodology used
in Iglehart [14] and part 4 of Theorem 1 is a minor variant of his result.
However, in an e�ort to illustrate semigroupmethodology, we outline these
parts of the proof.
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Here the generator of the limit processY is:

A = � x
d

dx
+ �

d2

dx2

and f (f ; Af ) : f 2 Ĉ(�1 ; 1 ) \ C2(�1 ; 1 ); Af 2 Ĉ(�1 ; 1 )g generates
a Feller semigroup on Ĉ(�1 ; 1 ). We represent ~Q
 (�) = 


1
2 (Q
 (�=
 ) �

(� � � )=
 ) = (� � X 
 )(k), where � 
 (k) = 

1
2 (k � (� � � )=
 ) and X 
 is a

CTMC on Z+ with birth rate � n = ��=
 (n � 0) and death rates � n =
(� + (n � 1)
 )=
 (n � 1).

For (f ; Af ) as above, we need to prove that there exists (f 
 : 
 > 0)
satisfying

sup
k� 0

jf 
 (k) � f (

1
2 (k � (� � � )=
 )) j ! 0 (A.9)

and
sup
k� 0

j(A 
 f 
 )(k) � (Af )( 

1
2 (k � (� � � )=
 )) j ! 0 (A.10)

as 
 # 0, where A 
 is the generator of X 
 . To construct f 
 , we select ~f 


(as in the proof of Theorem 1) so that ~f 
 agreeswith f on (� �; � ) (with
� ! 1 su�cien tly slowly) and vanishesoutside (� � � 1; � + 1), and then
put f 
 (k) = ~f 
 (


1
2 (k � (� � � )=
 )).

Becauseof the compact support of ~f 
 , (A.10) reducesto showing that

sup
j j j� (� +1) 
 � 1

2

j(A 
 f 
 )( j + l) � (Af )( 

1
2 (j + 4 )) j ! 0

as 
 # 0, where l = b(� � � )=
 c and 4 = bl � (� � � )=
 c. But

(A 
 f 
 )( j + l) = � (4 + j )

1
2 ~f 0


 (

1
2 (j + 4 )) + (� + (j + 4 )
 ) ~f 00


 (� 
 (j ))

and

(Af )( 

1
2 (j + 4 )) = � (4 + j )


1
2 f 0(


1
2 (j + 4 )) + �f 00(


1
2 (j + 4 ))

where � 
 (j ) lies within 

1
2 of 


1
2 (j + 4 ). A straightforward argument then

yields (A.9) and (A.10).
The proof of part 5 follows a similar pattern to that of part 4; its proof

is therefore omitted. �

Proof of Theorem 2:
We prove part i) for p = 1; the other casesfollow an identical style of
argument.
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The triangle inequality for metrics implies that it is su�cien t to prove
that 


1
2 X 
 (�=
 ) ) X (�) in D [0; 1 ) as 
 # 0. Note that 


1
2 X 
 (�=
 ) can be

represented as (� 
 � X̂ 
 )( �), where X̂ 
 (�) = X 
 (�=
 ) and � 
 (x) = 

1
2 x. The

processX̂ 
 hasgenerator Â 
 = A

 , whereA is de�ned asin the proof of The-

orem 1. Furthermore, the identical collection f (f ; Af )g (as in Theorem 1)
generatesa Feller semigroupon Ĉ(0; 1 ) for X .

We must show that for each pair (f ; Af ), there exists (f 
 ; Â 
 f 
 ) in the
collection such that

sup
x� 0

jf 
 (x) � f (

1
2 x)j ! 0

and
sup
x� 0

j(Â 
 f 
 )(x) � (Af )( 

1
2 x)j ! 0

as 
 # 0. As in the proof of Theorem 1, we select ~f 
 so that ~f 
 is twice
continuously di�eren tiable, agreeswith f on [0; � ] (with � ! 1 su�cien tly
slowly), and vanisheson [� + 1; 1 ). Set f 
 (x) = ~f 
 (


1
2 x). The key calcula-

tion is that

( ~A 
 f 
 )(x) = (( � � 1)� � 
 (x � 1))
 � 1
2 f 0(


1
2 x) + 2��f 00(


1
2 x)

and
(Af )( 


1
2 x) = � (c� + 


1
2 x)f 0(


1
2 x) + �f 00(


1
2 x)

for x � �
 � 1
2 . The rest of the details can easily be �lled in. �

The proof of Theorem 3 follows a similar pattern to Theorem 2; its proof
is therefore omitted.
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