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Abstract
A multi-name credit derivative is a security tied to an underlying portfolio of

corporate bonds or other credit-sensitive securities. It enables investors to buy and
sell protection against the default losses in the portfolio. The value of a multi-
name derivative depends on the distribution of portfolio loss at multiple horizons.
Intensity-based models of the loss point process that are specified without reference
to the portfolio constituents determine this distribution in terms of few economically
meaningful parameters, and lead to tractable credit derivatives valuation relations
that can be addressed by a variety of efficient methods. This paper proposes random
thinning to extend the reach of these models beyond the portfolio level. Random
thinning decomposes the portfolio loss process into the sum of its constituent loss
processes, and allocates aggregate portfolio risk to sub-portfolios. We show that any
loss process can be thinned, and that the associated thinning process is a probabilis-
tic model for the next-to-default. We derive a formula for the constituent default
probability in terms of the thinning process and the portfolio intensity, and show
how to evaluate it for a large family of portfolio intensity models. This formula fa-
cilitates consistent pricing and calibration of constituent and portfolio credit deriva-
tives, which we demonstrate by fitting a familiar stand-alone model of the portfolio
loss to market rates of CDX index, tranche and constituent single-name credit swaps.
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1 Introduction

A multi-name or portfolio credit derivative is a financial instrument tied to a portfolio of

defaultable securities, such as loans, corporate bonds or credit swaps referenced on these

bonds. Its payoff is a function of the aggregate default loss in the underlying portfolio.

For example, an index swap pays any losses before the contract maturity, while a tranche

swap covers the losses that exceed a fixed threshold, up to a maximum amount. Portfolio

credit derivatives play an important role in the financial market since they allow credit

investors such as banks or asset managers to trade default insurance on the reference

portfolio. Yet their analysis is challenging due to the complex economic phenomena that

underpin correlated corporate default risk.

One approach is to view a multi-name instrument as a derivative written on the

point process that models portfolio loss. Reduced-form or intensity-based models of the

loss process that are specified without reference to the constituents have received signif-

icant interest for several reasons. First, they naturally extend the reduced-form models

that are widely used to analyze corporate bonds and other single-name derivatives. Sec-

ond, they allow the researcher to describe salient empirical phenomena including cyclical

default behavior, contagion and frailty in terms of a concise set of economically meaning-

ful parameters. Third, they lead to valuation formulae for standard and exotic portfolio

derivatives that are computationally tractable, and that are largely independent of the

number of assets in the reference portfolio. The formulation of the pricing problem sup-

ports the application of a range of computational techniques, including semi-analytical,

transform, simulation, tree and PDE methods. Finally, they can accurately fit daily mar-

ket index and tranche swap rates, as well as time series of swap rates.

There is an important catch, however. Since it is specified without reference to the

constituent firms, a stand-alone reduced-form model of the portfolio loss process is silent

about the component risks. Therefore, it cannot be used to address applications involving

the constituent securities, for example single-name market calibration or constituent risk

analysis and hedging. In this article, we show how to complement a stand-alone reduced-

form model of the portfolio loss process to facilitate these important applications. We

propose random thinning to decompose the default counting process driving portfolio loss

into the sum of its constituent processes. Random thinning allocates to a sub-portfolio

a fraction of the portfolio intensity, which is the primitive in a stand-alone model of

portfolio loss. It generates sub-portfolio and single-name intensities that reflect the name

dependence structure specified on the portfolio level. The resulting sub-models capture,

for example, the cyclical, contagion and frailty effects in the ambient portfolio. They also

treat sub-portfolio intersections consistently. This feature is important for the analysis of

overlapping portfolios, which often occur in practice.

We show that any stand-alone model of the portfolio loss process can be thinned.

The random thinning process that allocates the portfolio intensity to the constituent

names has a natural interpretation. We demonstrate that it is a model for the next-to-
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default: its value represents the conditional probability that a firm defaults next, given

default is imminent. We derive a formula for the conditional default probability of a

constituent name in terms of the thinning process and the portfolio intensity. This formula

is analytically tractable for a wide range of familiar portfolio intensity specifications,

including affine and quadratic models. It supports the valuation of securities referenced

on the portfolio constituents such as bonds or single-name credit default swaps. Given

a specification of the portfolio intensity, we obtain a consistent link among single-name

and portfolio derivative prices, which facilitates a joint calibration to single- and multi-

name market price data. This brings information contained in the single-name credit

swap market to bear on the calibration of a reduced-form model of portfolio loss. The

joint calibration is a prerequisite for estimating the sensitivity of the value of a portfolio

derivative position to a change in the default risk of a constituent.

We illustrate our results by using random thinning to calibrate a familiar stand-alone

model of portfolio loss to market rates of CDX High Yield index, tranche and single-name

credit swaps. The thinning processes are specified in terms of a doubly-stochastic matrix

of next-to-default probabilities. An element of this matrix represents the probability of a

CDX index constituent to be the nth defaulter. We provide a fast and stable quadratic

programming algorithm to calibrate this matrix, which guarantees that single-name swap

market rates are matched perfectly for a given fit of the portfolio intensity to market CDX

rates. The fitted thinning matrix reveals investors’ risk-neutral probabilities of ordered

defaults, which can be used for the valuation of other derivatives, such as first- or second-

to-default swaps referenced on the CDX index.

1.1 Related literature

Stand-alone, intensity-based models of the portfolio loss process can be distinguished

by the way in which the intensity is updated as new information arrives.1 In a doubly-

stochastic model the intensity is a function of risk factors that describe the economic state.

The factors are exogenous in that they do not have jumps in common with the portfolio

loss. Conditional on a realization of the factors, the inter-default times are independent.

In a self-exciting model the intensity is a function of risk factors that jump at event times.

The intensity responds to an event, reflecting the impact of a default on the surviving firms

that is channeled through the complex web of contractual and informational relationships

in the economy. Random thinning can be applied to both doubly-stochastic and self-

exciting intensity models to generate compatible constituent intensities. It supports a

top-down alternative to a bottom-up approach in which correlated constituent intensity

processes are the modeling primitives.2

1For alternative specifications, see Arnsdorf & Halperin (2007), Brigo, Pallavicini & Torresetti (2006),
Davis & Lo (2001), Ding, Giesecke & Tomecek (2006), Errais, Giesecke & Goldberg (2006), Giesecke &
Tomecek (2005), Longstaff & Rajan (2007), Lopatin & Misirpashaev (2007) and Tavella & Krekel (2006).

2For bottom-up models, see Duffie & Garleanu (2001), Duffie & Singleton (1998), Giesecke & Goldberg
(2004), Jarrow & Yu (2001) and Schönbucher & Schubert (2001), among others.
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1.2 Structure of this article

Section 2 formulates a stand-alone reduced-form modeling framework for the portfolio

default process that encompasses the specifications proposed in the literature. Section 3

develops random thinning to decompose the default process and shows that a thinning

process is a probabilistic model for the next-to-default. The results do not require the ex-

istence of an intensity. Therefore, they are applicable to generalized reduced-form models

of the default process. Section 4 derives a formula for the constituent default probabil-

ity, and shows how to evaluate it for many familiar portfolio intensity specifications. A

set of examples illustrates the results. Section 5 applies random thinning to calibrate a

portfolio intensity model to market rates of CDX index, tranche and single-name credit

swaps. Random thinning processes are extracted from the market data. Section 6 con-

cludes. Appendix A discusses a stronger version of random thinning that decomposes the

default process as well as its intensity. Appendix B contrasts our single-name default prob-

ability formulae with standard alternatives. Appendix C demonstrates that two familiar

specifications of a doubly-stochastic model disagree.

2 Default process

Consider a strictly increasing sequence of stopping times (T n) defined on a complete

probability space (Ω,F , P ) equipped with a right-continuous and complete filtration F =

(Ft)t≥0. The T ns represent ordered default times in a portfolio of credit-sensitive securities

such as loans, bonds or credit swaps. They generate the default process N given by

Nt =
∑
n≥1

1{Tn≤t}.

We assume that N starts at 0 and is non-explosive. It can be decomposed into a sum

of a local martingale and a nondecreasing predictable compensator A. Giesecke (2007)

shows that if the times T n are totally inaccessible and exp(AT ) is square integrable for

some horizon T > 0, then the Fourier transform of the default process N can be expressed

in terms of a Laplace transform of A. More precisely,

E

[
exp

(
−
∫ T

t

rsds

)
eizY+iv(NT−Nt)

∣∣∣Ft] = Evt
(
Ψ(v), z, T, r, Y

)
(1)

for real z, v and t ≤ T , where r is a stochastic discount rate process, Y ∈ FT is a random

payoff at the horizon T , Ψ(v) = 1− exp(iv) is the characteristic exponent of the Poisson

process and, taking u be a complex number with nonnegative real part,

Evt
(
u, z, T, r, Y

)
= Ev

[
exp

(
−
∫ T

t

rsds

)
eizY−u(AT−At)

∣∣∣Ft] (2)

where the expectation is taken under the equivalent complex measure P v on FT defined

by the Radon-Nikodym derivative exp(ivNT + Ψ(v)AT ). The Laplace transform (2) is a
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familiar expression in the credit risk literature. If A =
∫ ·

0
λsds is given in terms of an

intensity3 λ that represents the conditional default rate, then formula (2) is analogous

to the price at t of a security that pays exp(izY ) at T if the issuer survives to T and 0

otherwise, assuming the issuer defaults at intensity uλ. The calculation of this price is well

understood for a wide range of parametric models for λ. Therefore, the counting process

transform formula (1) supports a portfolio modeling approach in which the process λ is

the primitive. Transform inversion leads to computationally tractable pricing relations for

many portfolio derivatives. It also generates explicit expressions for risk measures of debt

portfolios. Below, we show how to extend the reach of this approach beyond the portfolio

level to include the single-name constituents. Again, the Laplace transform (2) plays a

key role: it leads to convenient expressions for constituent default probabilities.

3 Disintegrating the default process

Hedging of single-name exposures associated with a position in a portfolio derivative

requires that the multi-name model be calibrated to the single-name market. Risk man-

agement demands appropriate capital allocation to sub-portfolios. We propose random

thinning to facilitate these applications.

3.1 Sub-portfolios and information

Suppose the default process N associated with a portfolio of credit-sensitive securities has

compensator A relative to a filtration F. Consider a finite sub-portfolio whose constituents

are indexed by a set S and let τ(S) denote the set of default times τ k corresponding to

firms k ∈ S. The sub-portfolio default process NS counts defaults in S. It is given by4

NS
t =

∑
k∈S

1{τk≤t}.

The sub-portfolio default process need not be adapted to the multi-name model fil-

tration F. While F must always be fine enough to guarantee that the default process N

is adapted, it may not be rich enough to distinguish the identity of a defaulter. In this

case, a default event is observable but the identity of a defaulter is not. This simplifying

assumption underlies many of the stand-alone reduced-form models of the portfolio loss

process in the literature. The assumption is standard because it facilitates the specifica-

tion of parsimonious intensity models that lead to computationally tractable valuation

relations for portfolio derivatives via the default process transform (1).

3We do not require that the intensity is a priori predictable. Given a general intensity λ, its predictable
projection λP with respect to F generates the same compensator since

∫ t

0
(λs − λP

s )ds is a bounded
variation continuous martingale and hence constant. The projection is unique up to indistinguishability.
See Dellacherie & Meyer (1982, Chapter VI) and Revuz & Yor (2005, Chapter IV, Theorem 1.2).

4If the sub-portfolio contains a single name k only, we use the superscript k instead of {k}.
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To cover the case where the sub-portfolio default process NS is not adapted, we

consider the optional projection of NS onto F.5 The optional projection is an adapted

process that is unique up to indistinguishability. Its value at t is equal to E[NS
t | Ft]

almost surely. Note that if NS is adapted, then it is equal to its optional projection. Since

NS is nondecreasing, its optional projection is a submartingale. Therefore the optional

projection has a Doob-Meyer decomposition into a sum of a nondecreasing predictable

process AS and a martingale.6 Below we explain the relationship between AS and the

compensator A of the default process of the full portfolio.

3.2 Random thinning

In Proposition 3.1, we express AS as a Stieltjes integral with respect to the compensator

A of the next-to-default process, which is denoted ZS, and defined as an almost sure limit

with respect to an appropriate measure on the product space Ω× R+:

ZS = lim
ε→0

ZS(ε). (3)

The variable ZS
t (ε) is the conditional probability at time t that the next defaulter is in

the sub-portfolio S, given that a default occurs in the ambient portfolio by time t+ ε:

ZS
t (ε) =

∑
n

P
[
T n ∈ τ(S) and T n ≤ t+ ε | Ft

]
P
[
T n ≤ t+ ε | Ft

] 1{Tn−1<t≤Tn}. (4)

In formula (4), ε > 0 and the quotients on the right are taken to be 0 when the denominator

vanishes. In particular, ZS(ε) vanishes whenever all firms in the portfolio are in default.

The relevant measure on the product space Ω × R+ is denoted µA. As suggested by the

notation µA is model dependent—it is determined by the compensator A. It is supported

on the maximal subset for which there is a positive probability of imminent default.7 8

The measure µA is constructed in terms of the random measure ν on R+ generated by

the compensator A.9 The random measure ν induces a measure µ on (Ω×R+,F⊗B(R+))

defined by

µ(X) = E

[∫ ∞
0

Xs dνs

]
(5)

5See Dellacherie & Meyer (1982, Numbers 43–44) for further details.
6The sub-portfolio compensator AS is the dual predictable projection of NS onto F.
7The statement that for all t, the limit (3) exists P -almost surely is inadequate to our needs since it

is consistent with infinitesimal operator being ill defined on a set of positive µA measure, i.e., a set on
which imminent default can occur with positive probability. This is ruled out by the stronger statement
proved in Proposition 3.1.

8A precise construction of µA is given in Dellacherie & Meyer (1982, Chapter VI, Number 86).
9Background on random measures is in Dellacherie & Meyer (1982, Chapter VI, Numbers 63–89).
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for X non-negative and F⊗B(R+)-measurable. In many cases of economic importance, µA
is in the same measure class10 as the product measure P ×λm where m denotes Lebesgue

measure on R+.11

Proposition 3.1. For any sub-portfolio S, the next-to-default process ZS is predictable.

Furthermore, ZS is finite and unique almost surely µA. The sub-portfolio compensator AS

can be expressed as a Stieltjes integral

ASt =

∫ t

0

ZS
s dAs. (6)

Proof. Since the random measure ν generated by AS is absolutely continuous with respect

to the random measure µA, it follows that µAS is absolutely continuous with respect to

µA. The Radon-Nikodym derivative dµAS/dµA is a predictable process and it is shown in

Dellacherie & Meyer (1982, Chapter VI, Theorem and Remark 68) that the process AS is

indistinguishable from ∫
dµAS

dµA
dA.

To complete the proof, we must show that almost surely µA, the Radon-Nikodym

derivative dµAS/dµA is equal to the infinitesimal operator:

dµAS

dµA
= lim

ε→0
ZS(ε).

This is demonstrated with an extension of the well known martingale proof of the Radon-

Nikodym theorem in Meyer (1966, Pages 153–154). The extension, given in Airault &

Föllmer (1974, Theorem 4.7), expresses the Radon-Nikodym derivative dµAS/dµA as a

limit of a martingale defined on a directed set. More precisely, the sums

k−1∑
l=0

ZS
tl

(tl+1 − tl)1{tl<t≤tl+1}

where (t0, t1, . . . , tk) is a dyadic partition of [0,∞) converge µA almost surely to dµAS/dµA
as the partitions refine. It follows that for µA almost all (ω, t) ∈ Ω × R+, if t can be

expressed as the intersection of dyadic intervals (ti, ti + di), then

lim
i→∞

ZS
ti

(di)(ω) = ZS
t (ω).

This, combined with the fact that outside an evanescent set,12 ZS
t (ε) can be arbitrarily

well approximated by ZS
s (d) with s and d dyadic, yields the result.

10Two measures are in the same class if they identify the same sets as null.
11Here are two examples. If portfolio defaults follow a Poisson process with constant intensity λ, then

the measure µA is the product measure P ×λm. If portfolio defaults are governed by an intensity that is
strictly positive and stochastic, then the compensator A is a strictly increasing process and the measure
µA is equivalent to the product measure P ×m but it is not, itself, a product measure.

12A subset of Ω × R+ is evanescent if its projection on Ω has P measure zero. An evanescent set has
µA measure zero.
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Definition 3.2. A thinning process for the sub-portfolio S is a predictable process ZS

that satisfies formula (6).

Proposition 3.1 shows that a thinning process exists for every sub-portfolio S and

that it can be expressed almost surely µA as the probability that the next default is in S,

given that default is imminent. In Section 5 we show how to extract these next-to-default

probabilities from market rates of index, tranche and single-name swaps. Lemma 3.3 below

lists elementary properties of thinning processes that are relevant for the specification of

a parametric thinning process. These properties follow immediately from Proposition 3.1

and formulae (3) and (4).

Lemma 3.3. Thinning processes satisfy the following properties almost surely µA:

(1) ZS takes values in the unit interval [0, 1].

(2) For any collection Sk of distinct sub-portfolios whose union is the full portfolio,∑
k Z

Sk = 1 on {(ω, t) : t ≤ supn T
n(ω)}

(3) ZS = 0 on {(ω, t) : t > supn T
n(ω)}

(4) If NS is adapted then ZS = 0 on {(ω, t) : t > supk∈S τ
k(ω)}.

Property (3) in Lemma 3.3 says that whenever all the names in the portfolio are

in default, the thinning process for any sub-portfolio must vanish. Property (4) refines

property (3) in case the multi-name filtration F is rich enough to distinguish the identity

of a defaulter. It says that the thinning for S must drop to zero once all the firms in S

have defaulted. If the sub-portfolio default process is not adapted, then unless the whole

portfolio is in default there is generally a positive probability that a firm in S remains

viable and hence the thinning process ZS is not guaranteed to drop to zero.

Lemma 3.4. The following statements are equivalent:

(1) The portfolio default process N admits an intensity λ.

(2) Each sub-portfolio default process NS admits an intensity given by ZSλ.

(3) Each firm default process Nk admits an intensity given by Zkλ.

Proof. If λ is an intensity of N , then At =
∫ t

0
λsds so Proposition 3.1 implies that

ASt =

∫ t

0

ZS
s dAs =

∫ t

0

ZS
s λs ds. (7)

It follows that ZSλ is an intensity of AS so that (1) → (2). Statement (3) is a special

case of statement (2), and (3) → (1) is a consequence of the fact that the intensity of

N is given by the sum over constituents k of the single-name intensities, see Proposition

4.4 below, which gives the argument in case F is fine enough to distinguish the defaulter

identities. The general case follows by the same argument, noting that N is equal to the

sum over constituents k of the projections of the constituent default processes Nk.
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In statement (1) of Lemma 3.4 the term “intensity” refers to the conditional default

rate in the whole portfolio, i.e. the process λ such that A =
∫ ·

0
λsds. In statements (2)

and (3), the term designates the density of the sub-portfolio compensator with respect to

Lebesgue measure, see formula (7). If the identity of a defaulter can be distinguished and

the sub-portfolio default process is adapted, then this density is literally the conditional

rate of default in the sub-portfolio.

A thinning process allows us to recover the compensator AS of a sub-portfolio from

the compensator A of the ambient portfolio. In general, it cannot be used to recover a sub-

portfolio default process NS from the ambient process N . In the special case that we can

thin a default process, we say that ZS replicates NS. In Appendix A, we derive necessary

and sufficient conditions for replication and discuss implications for default modeling.

4 Constituent analysis

Random thinning disintegrates the portfolio default process into the sum of its constituent

processes. This section shows how to implement random thinning.

4.1 Constituent default probabilities

We provide an abstract formula for the conditional default probability of a constituent

name in terms of the thinning process and the portfolio intensity. In Section 4.3 we develop

analytically tractable expressions for this formula.

Proposition 4.1. Suppose the portfolio default process N admits an intensity λ. For

every constituent name k with thinning process Zk and 0 < t < T we have

P
[
t < τ k ≤ T | Ft

]
=

∫ T

t

E
[
Zk
s λs | Ft

]
ds (8)

so the expectation E[Zkλ] defines the probability density of firm k’s default time.

Proof. Let N̂k be the optional projection of the constituent default process Nk. For t > 0

we have N̂k
t = E[Nk

t | Ft] almost surely. Since N̂k has compensator Ak, the process N̂k−Ak
is a martingale. These two observations imply that

P
[
t < τ k ≤ T | Ft

]
= E

[
N̂k
T − N̂k

t | Ft
]

= E
[
AkT − Akt | Ft

]
for 0 < t < T . Now formula (8) follows from Proposition 3.1, noting that the compensator

A has intensity λ, and Fubini’s theorem.

Formula (8) establishes a link between the price of a multi-name derivative provid-

ing protection against multiple correlated defaults in the portfolio, and the price of a

single-name derivative providing protection against the default of a portfolio constituent.

The former is determined by the default process transform (1) in terms of the portfolio
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intensity. The latter is determined by the default probability formula (8) in terms of the

portfolio intensity and the thinning process, assuming the loss at default is independent

of the default time. This link facilitates the calibration of a portfolio intensity model to

market rates of portfolio and single-name derivatives. The joint fit brings the information

contained in the single-name credit swap market to bear on the calibration of the port-

folio intensity. It is a prerequisite for estimating the sensitivity of the value of a portfolio

derivative position to a change in the default risk of a constituent.

The structure of formula (8) differs from that of the classical reduced-form formulae

for single-name default probabilities established in Lando (1998), Duffie, Schroder & Ski-

adas (1996) and Collin-Dufresne, Goldstein & Hugonnier (2004) under different sets of

assumptions. The classical formulae are based on an alternative definition of the intensity.

Appendix B contrasts this alternative definition with our definition and illuminates the

source of the distinction between the default probability formulae.

4.2 Illustrative examples

Before we show how to evaluate the single-name default probability formula (8), we il-

lustrate the specification of thinning processes and the calculation of single-name default

probabilities in a simple Poisson model for two alternative filtrations. In both cases, the

thinning processes are constant between arrivals. They generate single-name intensities

that are updated at events.

Example 4.2 (Defaulter identities can be distinguished). Consider a two credit portfolio

whose default process N is a standard Poisson process stopped at T 2 in a filtration F that

is generated by the firm default times τ 1 and τ 2. The compensator is At = t∧T 2 and the

intensity is λt = 1{t≤T 2}. It follows that N has distribution given by

P
[
NT = n

]
=


e−T n = 0

Te−T n = 1

1− e−T − Te−T n = 2.

Let q be a (2 × 2) doubly-stochastic matrix, i.e. a matrix for which all entries are non-

negative and all rows and all columns sum to 1. The entry qkn of q is the probability that

firm k is the nth defaulter. Letting Ωkn = {τ k = T n} ∈ FTn , the thinning processes are

Zk
t =


qk1 t ≤ T 1

1Ωk2 T 1 < t ≤ T 2

0 T 2 < t.

Each constituent intensity λk = Zkλ. Note that Zk and therefore λk drop to zero as soon

as firm k defaults, as illustrated in Figure 1. Since the inter-arrival times T 1 and T 2− T 1

are independent and standard exponential, Proposition 4.1 implies that

P
[
τ k ≤ T

]
=

∫ T

0

E
[
Zk
s λs
]
ds = 1− e−T − (1− qk1)Te−T . (9)
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Figure 1: Intensity of firm 1 in Examples 4.2 (left panel) and 4.3 (right panel). The default

process is a standard Poisson process stopped at the second default in a filtration that is

generated by the firm default times or the default process itself, respectively. The thinning

processes are constant between events.

This shows that each τ k is a mixture of independent exponential variables. If qk1 = 1, then

τ k = T 1 almost surely so τ k has the exponential distribution. If qk1 = 0, then τ k = T 2

almost surely so τ k has the gamma distribution. The dependence structure of the default

times τ k is governed by the parameter qk1. The expression for the joint probability of

default P [τ 1 ≤ T, τ 2 ≤ T ] = P [NT = 2] = 1 − e−T − Te−T emphasizes the fact that the

joint default risk of the two firms is completely determined by the specification of the

portfolio intensity λ. The thinning only attributes that risk to the constituents; here this

attribution is governed by the parameter qk1.

In Example 4.2 the filtration is rich enough to distinguish the identities of defaulters.

As a result, the thinning processes can reflect the identity of the first defaulter from

T 1 onwards. In Example 4.3 below, we thin the stopped Poisson process in the coarser

filtration generated by the Poisson process itself. This is the minimal filtration that is

compatible with the Poisson model. In this case the thinning processes are given by the

projection of the thinning processes in Example 4.2 onto the coarser filtration.

Example 4.3 (Defaulter identities cannot be distinguished). Consider a two credit port-

folio whose default process N is a standard Poisson process stopped at T 2 in a filtration F
that is generated by the default process. As in Example 4.2, the intensity is λt = 1{t≤T 2}.

The thinning processes are given by

Zk
t =


qk1 t ≤ T 1

qk2 T 1 < t ≤ T 2

0 T 2 < t.

Each constituent intensity λk = Zkλ. While Zk and hence λk must drop to zero at T 2, it

need not drop to zero at T 1 because the events Ωkn are not observable in the filtration
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generated by N ; see Figure 1. Therefore the single-name intensity λk follows a process that

is different from the process in Example 4.2. However, the unconditional joint and single-

name default probabilities agree with those in Example 4.2 since the filtration generated

by N and that generated by the τ k share the trivial sigma field.

The informational setting of Example 4.3 is representative of many stand-alone port-

folio intensity specifications in the literature in which the filtration is not rich enough to

distinguish the defaulter identities. Note that in this case, neither the intensity nor the

thinning processes can reflect the identity of a defaulter.

It is instructive to compare the top-down approach taken in the examples above with

an alternative bottom-up approach, in which the modeling primitives are the constituent

default processes Nk and a filtration F that is fine enough to distinguish the defaulter

identities. Each Nk is specified in terms of its compensator Ak, or more commonly in terms

of its intensity λk. Together, these components specify the portfolio default process.

Proposition 4.4. The compensator A to the default process N is given by

A =
∑
k

Ak. (10)

Proof. A is nondecreasing, predictable and starts at zero. Since N =
∑

kN
k, the process

N −A is the sum of local martingales Nk −Ak and thus a local martingale itself. Hence

A is the compensator in the Doob-Meyer decomposition of N .

Formula (10) implies that if N admits an intensity λ and the Nk admit intensities

λk, then λ =
∑

k λ
k in the sense that they generate the same compensators. The following

example is studied, from a different perspective, in Collin-Dufresne et al. (2004), Jarrow

& Yu (2001) and Kusuoka (1999). It illuminates the connection between bottom-up and

top-down model formulations.

Example 4.5. Consider a two credit portfolio in a filtration F that is generated by the

firm default times τ 1 and τ 2. Suppose the firm intensities satisfy

λ1
t =

(
p11 + p121{τ2<t}

)
1{t≤τ1}

λ2
t =

(
p21 + p221{τ1<t}

)
1{t≤τ2}

for a matrix p = (pkn) of parameters with pk1 ≥ 0 and pk1 +pk2 ≥ 0. Thus, the intensity of

a firm is constant between events. It jumps at the default of the other firm to incorporate

the feedback of the event. The jump sensitivity is specified by the parameter pk2. The

intensity of the portfolio default process N is given by Proposition 4.4 as

λt = λ1
t + λ2

t =


p11 + p21 t ≤ T 1

(p21 + p22)1Ω11 + (p11 + p12)1Ω21 T 1 < t ≤ T 2

0 T 2 < t

12



The thinning processes Zk are the same as in Example 4.2. The portfolio intensity is

updated at the first event. If the response in the intensity does not depend on the identity

of the first defaulter, i.e. if p11 + p12 = p21 + p22 =: b, then the default process N is a

birth process stopped at T 2 in the filtration F. This simplifying assumption amounts to

a specification of N in a filtration that does not distinguish the defaulter identities. As a

result, we can immediately calculate the probabilities

P
[
NT = n

]
=

{
Γ( a

b−a
+k)

Γ( a
b−a

)k!

(
1− e−(b−a)T

)k
e−aT n = 0, 1

1− P
[
NT = 0

]
− P

[
NT = 1

]
n = 2

where a := p11 + p21 > b and Γ is the gamma function. If a = b, then N is a Poisson

process stopped at T 2 with intensity λt = a1{t≤T 2}. If the parameter matrix p is doubly-

stochastic, then a = 1 and we obtain the model analyzed in Example 4.2 with q = p. In

the general case without any restrictions on p, the (2 × 2) doubly-stochastic matrix q of

initial probabilities qkn that firm k is the nth defaulter is determined by

qk1 =
pk1

p11 + p21

and the property that the columns sum to one.

In a bottom-up model there is no need to disintegrate the portfolio default process

since the constituent default processes are the primitives. However, the researcher must

build the dependence structure of all names into each of the single-name intensities. In a

top-down model, the name dependence structure is specified on the level of the portfolio

intensity. The thinning mechanism guarantees that the dependence is compatibly reflected

in the constituent intensities.

It is difficult to incorporate a realistic dependence structure into a bottom-up model

while maintaining computational tractability of portfolio derivatives valuation. A simpli-

fying assumption that is widely used is that the constituent default times are conditionally

independent given the realization of a risk factor that does not have jumps in common

with the Nk. Here, dependence among names is due to the sensitivity of firm intensities

λk to common risk factors. Event feedback is ignored.

Conditional independence or doubly-stochastic Poisson models are discussed in more

detail in Appendix C. In particular, we show that bottom-up and top-down doubly-

stochastic models are inequivalent. The intuition is foreshadowed by Example 4.5: if we

take pk2 = 0, then the default times are independent and we can think of τ k as the first

jump time of a Poisson process with intensity pk1. This choice generates the simplest

bottom-up doubly-stochastic model for (N1, N2). The corresponding portfolio default

process N has intensity λt = p111{t≤τ1} + p211{t≤τ2}. It follows that N is not a Poisson

process but a birth process stopped at T 2.

13



4.3 Evaluating constituent default probabilities

We show how to evaluate the single-name default probability (8) in terms of the Laplace

transform Evt (u, z, T, r, Y ) of the compensator A =
∫ ·

0
λsds to the portfolio default process

N , which is defined in formula (2). The Laplace transform can be calculated explicitly

for a wide range of parametric models for λ, including affine and quadratic specifications

(Giesecke (2007)). It leads to computationally tractable valuation relations for portfolio

credit derivatives through the counting process transform formula (1), and single-name

credit derivatives through formula (11) below. Section 5 illustrates the procedure.

Proposition 4.6. Suppose the portfolio default process N admits an intensity λ such that

exp(
∫ T

0
λsds) is square integrable for some T > 0. If the thinning processes are given by

Zk =
n∑
j=1

Mkj1{N−=j−1}

for k = 1, 2, . . . , n, where M = (Mkj) is an (n×n) doubly-stochastic matrix of predictable,

unit-valued processes, then for 0 < t < T we have the default probability formula

P
[
t < τ k ≤ T | Ft

]
=

∫ T

t

n∑
j=1

{
Gt(j − 1, s, k, j)−Gt(j − 2, s, k, j)

}
ds (11)

where for t ≤ s ≤ T and k, j = 1, 2, . . . , n, the function Gt(m, s, k, j) vanishes for integers

m < Nt and for all other integers m it is given by

Gt(m, s, k, j) =
1

2πi

∫ π

−π

e−ivm − eiv

Ψ(v)
eivNt ∂z Evt (Ψ(v), z, s, 0,Mkj

s λs)|z=0 dv. (12)

Proof. For fixed t and s with t ≤ s, the P -almost surely nondecreasing function defined

by the conditional expectation

Gt(x, s, k, j) = E
[
Mkj

s λs1{Ns≤x} | Ft
]
, x ∈ R

corresponds to a measure whose Fourier-Stieltjes transform is given by

Gt(v, s, k, j) =

∫ ∞
−∞

eivxdGt(x, s, k, j) = E
[
Mkj

s λse
ivNs | Ft

]
, v ∈ R.

Given the integrability hypothesis on λ, we can apply the transform formula (1), which

implies that E[eizY+iv(Ns−Nt) | Ft] = Evt (Ψ(v), z, s, 0, Y ) for an integrable random variable

Y ∈ Fs. Setting Y = Mkj
s λs in this formula and differentiating with respect to z, we get

Gt(v, s, k, j) = −ieivNt∂zEvt (Ψ(v), z, s, 0,Mkj
s λs)|z=0.

With this expression, formula (12) is obtained by Fourier inversion.
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5 Calibrating random thinning processes

This section illustrates our theoretical results by thinning a familiar stand-alone portfo-

lio intensity model and calibrating the associated thinning processes to market rates of

CDX index, tranche and constituent credit swaps. Throughout this section, the reference

probability P is a risk-neutral pricing measure relative to a constant interest rate r > 0.

5.1 Portfolio intensity

Suppose that under risk-neutral probabilities, the intensity λ of the portfolio default

process N evolves through time according to the self-exciting model

dλt = κ(c− λt)dt+ σ
√
λtdWt + δdLt (13)

where κ ≥ 0, c > 0, σ ≥ 0, δ ≥ 0 and λ0 > 0 are constant parameters such that 2κc ≥ σ2,

W is a standard Brownian motion, and L =
∑N

n≥0 `
n is the portfolio loss process, where

`n is the loss at the nth event. At time T n, the loss process jumps and so does λ, with

jump size equal to δ times the realized loss `n. The response of λ reflects the impact of the

event on the surviving portfolio constituents. After the event the intensity reverts back

to the level c exponentially in mean at rate κ, with diffusive fluctuations that are driven

by W . The parameter σ is the exposure of the portfolio constituents to the risk factor

W . The model filtration F is the right-continuous and complete filtration generated by

W and L. The defaulter identities cannot be distinguished.

The intensity model (13) can be extended along several dimensions. As discussed in

Errais et al. (2006), we can include time-dependent coefficient functions, and additional

jump and diffusion terms that describe other risk factors. Here we wish to focus on the

random thinning, and therefore choose the relatively parsimonious parametrization (13).

In addition, we assume that the loss at default `n is equal to a constant ` for all n. Thus,

L = `N and it suffices to consider the default process N .

A portfolio derivative is a contingent claim on N . To value a portfolio derivative

we require the distribution of N under risk-neutral probabilities. This distribution is

given in terms of the characteristic function E[exp(iv(NT − Nt)) | Ft]. Formula (1) ex-

presses this characteristic function in terms of the Laplace transform Evt (u, z, T, 0, Y ) of

the compensator A =
∫ ·

0
λsds under the equivalent complex measure on FT defined by

the Radon-Nikodym derivative exp(ivNT + Ψ(v)AT ). From Giesecke (2007),

Evt (u, z, T, 0, λT ) = Ev

[
exp

(
−u
∫ T

t

λsds

)
eizλT

∣∣∣Ft] = exp
(
α(t) + β(t)λt

)
(14)

for the intensity model (13), where t ≤ T and the coefficient functions β(t) = β(u, z, v, t, T )

and α(t) = α(u, z, v, t, T ) satisfy the complex-valued ordinary differential equations

∂tβ(t) = u+ κβ(t)− 1

2
σ2β(t)2 − eiv(eδβ(t) − 1) (15)

∂tα(t) = −cκβ(t) (16)
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with boundary conditions β(T ) = iz and α(T ) = 0. These ODEs are solved numerically.

The distribution of N is then obtained by Fourier inversion.

Index and tranche swaps are the most important and actively traded portfolio deriva-

tives. An index swap provides protection against the losses associated with all portfolio

defaults. A tranche swap offers insurance against losses exceeding a threshold, up to a

maximum amount. As shown in Errais et al. (2006), the fair swap rate can be expressed in

terms of prices of call options written on the portfolio default count N . These prices are

gotten by integrating the option payoff against the distribution of N . They only depend

on the parameters of the portfolio intensity process λ.

5.2 Thinning processes

Suppose that under risk-neutral probabilities, the thinning processes take the form

Zk =
n∑
j=1

Mkj1{N−=j−1}

where k = 1, 2, . . . , n and n is the number of firms in the portfolio, and M = (Mkj)

is an (n× n) doubly-stochastic matrix of deterministic, unit-valued functions. Thus, the

thinning process Zk is deterministic between arrivals. The corresponding single-name

intensity λk = Zkλ inherits the attributes of the portfolio intensity λ. In particular, λk

responds to events, reflecting the impact of a default on firm k. Unless the function Mkj

has jumps, between events λk diffuses according to the Brownian motion W , reflecting

the exposure of firm k to a common risk factor.

To value a credit derivative referenced on a portfolio constituent k, we require only

the risk-neutral default probability F k
t (T ) = P [t < τ k ≤ T | Ft]. Proposition 4.6 ex-

presses this probability in terms of the quantities ∂zEvt (u, z, T, 0,Mkj
T λT )|z=0. Since Mkj

is deterministic, formula (14) gives

∂zEvt (u, z, T, 0,Mkj
T λT )|z=0 = Mkj

T ∂zE
v
t (u, z, T, 0, λT )|z=0

= Mkj
T ∂z exp(α(u, z, v, t, T ) + β(u, z, v, t, T )λt)|z=0

where the coefficient functions α and β satisfy the ODEs (15)–(16). The partial deriva-

tive can be expressed in terms of ODEs for ∂zα and ∂zβ. Thus, the constituent default

probability F k
t (T ) =

∑n
j=1

∫ T
t
Mkj(s)Hj

t (s)ds for some function Hj
t (s) that is determined

via formula (11) in terms of four ODEs.

A credit default swap (CDS) referenced on firm k provides protection against the loss

due to the default of firm k. The fair swap rate Skt (T ) for maturity T can be expressed in

terms of the default probabilities F k
t . For constant Mkj, it satisfies the equation

Skt (T )Bt(T ) =
n∑
j=1

Mkj
[
gjt (T )Skt (T ) + hjt(T )`k

]
(17)
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where Bt(T ) =
∑

t<tm≤T exp(−r(tm − t))cm with cm the day count fraction for period

m and (tm) the quarterly coupon dates, gjt (T ) =
∑

t<tm≤T exp(−r(tm − t))cmU
j
t (tm),

and hjt(T ) =
∑

t<tm≤T exp(−r(tm − t))(U j
t (tm) − U j

t (tm−1 ∨ t)) for U j
t (T ) =

∫ T
t
Hj
t (s)ds.

The variable `k is the loss at the default of name k. The model spread depends on the

parameters of the portfolio intensity process λ through the functions H1, . . . , Hn and the

parameters Mk1, . . . ,Mkn of the thinning process for name k.

5.3 Calibration results

Our calibration proceeds in two steps. First we calibrate the portfolio intensity parameter

vector θ = (λ0, κ, c, σ, δ) to a set of market rates of index and tranche swaps referenced

on the CDX High Yield portfolio. The CDX.HY is a standard reference portfolio that

consists of n = 100 names. Market rates for the five year maturity are observed on May

11, 2007. In accordance with market practice, we suppose that the loss at default ` is

60%. The risk-free rate of interest r is 5%. Swap premium payments are made quarterly.

The valuation date is t = 0. Using gradient based methods, we numerically solve the

constrained nonlinear optimization problem

min
θ∈Θ

∑
m

(
MarketMid(m)−Model(m,θ)

MarketAsk(m) − MarketBid(m)

)2

subject to 2κc ≥ σ2

where Θ = (0, 5]×[0, 5]×(0, 5]×[0, 2]×[0, 5] and the sum ranges over the quotes. The mar-

ket mid quote MarketMid(m) is the arithmetic average of the market bid MarketBid(m)

and ask MarketAsk(m) for index or tranche m. The model rate is denoted Model(m,θ).

The index and tranche swap pricer and the optimization were implemented in Matlab.

The computations were performed on a desktop PC with a 1.6 GHz Dual Core Intel pro-

cessor and 2 GB of RAM. The market and fitted rates are shown in Table 1. The model

fits the data, with an average absolute percentage pricing error (AAPE) of 0.87%. Three

out of five contracts are priced within the bid-ask spread. The optimal parameters are

θ̂ = (0.68, 1.88, 1.41, 0.35, 2.49). (18)

These values are insensitive to the initial values: we ran 100 distinct optimizations, each

based on random initial values drawn from a uniform distribution over the parameter

space Θ. For each set of initial values the optimization converged to values very close or

equal to the optimal values in (18), indicating the stability of the calibration procedure.

Taking the fitted portfolio intensity parameters (18) as given, in a second step we

calibrate the doubly-stochastic matrix M to the rates of the five year single-name credit

swaps referenced on the 100 constituents of the CDX High Yield portfolio, all observed on

May 11, 2007. We adjust the single-name market swap rates to account for differences in

the terms of the index and constituent swap contracts. For example, some types of credit
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Portfolio Contract MarketBid MarketAsk Fitted

Index 262.85 263.10 262.97

0-10% 70.50% 70.75% 71.69%

CDX.HY 10-15% 34.25% 34.50% 33.48%

15-25% 316.00 319.00 317.86

25-35% 79.00 81.00 79.90

AAPE 0.87%

Table 1: CDX High Yield index and tranche swap calibration data and results. The five

year swap market bid and ask rates were observed on 5/11/2007. The index swap pays

all default losses in the underlying portfolio of 100 names that occur before the five year

maturity. A tranche swap is specified by two percentage attachment points. It pays the

default losses exceeding the lower attachment point. The payoff is capped at the upper

attachment point. The 0-10 percent and 10-15 percent tranches are quoted in terms of a

percentage upfront rate that is paid at contract inception. All other tranches and the index

are quoted in terms of a running spread rate that is measured in basis points (10−4) and

paid quarterly. We report the average absolute percentage fitting error (AAPE) relative

to mid-market quotes.

events that trigger a payoff in a single-name credit swap do not lead to a payoff in the index

contract. For this reason, the market index rate may differ from the intrinsic bottom-up

index rate, which is given by a weighted average of the single-name rates (Errais et al.

(2006)). In accordance with market practice, we determine a common adjustment that

applies to every single-name rate such that the corresponding intrinsic index rate matches

the observed market index rate.

The market mid quote MarketMid(k) is the arithmetic average of the adjusted market

bid and ask quotes for the swap referenced on firm k. Since we are calibrating to a single

maturity only, it suffices to take the entries of M to be non-negative constants. Motivated

by the swap pricing formula (17), we formulate the single-name calibration problem as

the quadratic programming problem

min
M

100∑
k=1

{ 100∑
j=1

Mkj
[
gj(θ) ·MarketMid(k) + hj(θ)`k

]
−B ·MarketMid(k)

}2

subject to M = (Mkj) doubly-stochastic

where gj(θ) = gj0(θ, T ), hj(θ) = hj0(θ, T ) and B = B0(T ) are defined in Section 5.2

above, T is equal to five years, and the portfolio intensity parameter vector θ is set to the

calibrated value (18). The loss `k at the default of name k is set to 60%, consistent with

market practice and the portfolio intensity calibration. We use the Mosek Matlab toolbox

to address the quadratic programming problem.
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Figure 2: Single-name swap calibration data and results. Upper panel: Mid-market single-

name credit swap spreads of all 100 CDX High Yield portfolio constituents. The names are

ordered according to their spreads. Name 1 is the firm with the lowest creditworthiness

(Tembec, Inc.) and name 100 is the firm with the highest credit quality. Lower panel:

Relative fitting errors, measured in 10−9 percent. The fitting errors are essentially zero.

Figure 2 shows the mid-market single-name swap market rates and the fitting errors.

All swap rates are matched perfectly. Figure 3 shows the corresponding fitted (100× 100)

doubly-stochastic matrix M of next-to-default probabilities that represents the thinning

processes Zk for all 100 names. The kth row of M represents the risk-neutral probability

of name k to be the jth defaulter, for j = 1, . . . , n. Figure 4 shows these probabilities for

the riskiest name in the portfolio (Tembec, Inc.), and the least risky name. As expected,

Tembec is assigned the highest probability of defaulting first. The jth column of M

represents the risk-neutral probability of name k to be the jth defaulter, for each k =

1, . . . , n. The fitted risk-neutral default probability term structures {P [τ k ≤ T ] : 0 < T ≤
5Y } are shown in Figure 5. The fitted term structures and next-to-default probabilities

can be used for the valuation of other derivatives, such as first- or second-to-default swaps

referenced on the CDX High Yield portfolio.

We can reduce the effective dimension of the doubly-stochastic matrix M . Suppose we

focus on the first d columns of M only and distribute mass uniformly over the elements

in the remaining columns. This choice is reasonable since higher order next-to-default

probabilities are very hard to pin down. The average fitting error across all names is

decreasing in d. However, the average fitting error only rises significantly above zero for

d ≤ 20. The errors tend to be higher for high-quality names.

19



Figure 3: The fitted (100×100) doubly-stochastic matrixM of next-to-default probabilities

that represents the thinning processes for all 100 names. The riskiest name 100 (Tembec,

Inc.) is assigned the highest probability of defaulting first, roughly 50%.

6 Conclusion

A multi-name credit derivative is a contract tied to an underlying portfolio of corporate

bonds or other defaultable assets. Multi-name derivatives play a key economic role: they

provide tailored insurance against default losses in the reference portfolio, and therefore

allow investors to mitigate their exposure to correlated default risk. A popular approach

to analyzing these derivatives is to specify the portfolio loss process without reference to

the constituent names, and then to value the contract as a claim written on portfolio loss.

This approach leads to a derivative pricing problem in which the underlying “security”

follows a point process with given intensity. Several computational tools are available to

efficiently address this pricing problem.

In this article, we show how to extend the reach of this methodology to the portfolio

constituent securities. Our top-down approach allows the researcher to consistently ana-

lyze the portfolio derivative and the securities referenced on its constituents. It facilitates

important applications that cannot be addressed with a stand-alone model of the portfolio

loss process, for example single-name market calibration or constituent risk hedging. At

the center of the top-down approach is random thinning, which allocates the intensity
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Figure 4: Two rows of the fitted (100 × 100) doubly-stochastic matrix M of next-to-

default probabilities. Upper panel: Probability of the riskiest name in the CDX High Yield

portfolio, Tembec, to be the jth defaulter, for j = 1, . . . , n. Lower panel: Probability of

the least risky name in the CDX to be the jth defaulter.

governing the portfolio default process to the constituent single-name default processes.

We show that under mild technical conditions, any default process can be thinned, and

that the thinning process is a probabilistic model of the next-to-default. We derive a for-

mula for the constituent default probability in terms of the portfolio intensity and the

thinning process, and show how to evaluate it for familiar portfolio intensity models. We

develop and implement a fast and stable calibration algorithm to extract the thinning

processes from market rates of multi- and single-name credit derivatives.

A Strong random thinning

In general, a thinning process ZS given by Definition 3.2 cannot be used to recover the sub-

portfolio default process NS from the default process N . In this appendix, we consider

thinning on the level of default processes. The analysis has implications for structural

multi-name modeling and the simulation of intensity-based multi-name models.

Throughout this appendix, we assume that the model filtration F is fine enough to

distinguish the identity of a defaulter. In other words, the constituent default times τ k

are stopping times. This assumption is satisfied in the cases of interest.

Definition A.1. A strong thinning process for the default process N with respect to a

21



0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure 5: Fitted default probability term structures for all 100 CDX High Yield portfolio

constituents. The riskiest name is Tembec, Inc.

stopping time τ is a bounded,13 predictable process Z for which the Stieltjes integral∫ t

0

ZsdNs (19)

is a version of the indicator process of τ .

Proposition A.2. If Zk is a strong thinning process for the default process N with respect

to the constituent default time τ k, then the Stieltjes integral∫ t

0

Zk
s dAs (20)

defines a version of the single-name compensator Ak.

Proof. Using formula (19), we get

Mk
t = Nk

t −
∫ t

0

Zk
s dAs =

∫ t

0

Zk
s dMs (21)

where M = N−A. Since M is a local martingale so is Mk. Since A is a nondecreasing and

predictable process starting at 0 and Zk is a non-negative process, the process defined by

formula (20) is a nondecreasing and predictable process starting at 0. The uniqueness of

the compensator yields the result.

13The assumption that the process Z be bounded can be weakened. For example, it is sufficient that
Z be integrable with respect to the local martingale N −A. If we make this a priori weaker assumption,
Propositions A.2 and A.3 still hold and the boundedness of a strong thinning process is a consequence.
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Next, we characterize the situation when a thinning vector is a strong thinning vector.

Note first that formula (20) implies that the value of a thinning process is determined

only on sets where the compensator A is increasing. Therefore, the values of the thinning

vector are well defined only up to a measure µA subset of Ω× R+.

Let C denote the set of coordinate vectors, which are unit vectors that have a single

coordinate equal to one and all other coordinates equal to zero.

Proposition A.3. A strong thinning vector Z for the default process N takes values in

the set C of coordinate vectors µA-almost everywhere.

Proof. The constituent default process Nk is given by the pathwise Stieltjes integral

Nk
t =

∫ t

0

Zk
s dNs =

∑
j

Zk
τ j 1{τ j≤t} (22)

P almost surely. It follows that off a P -measure zero set of paths, the strong thinning

vector Z takes values in C at the event times. Let W ⊂ Ω×R+ denote the set for which

the thinning vector Z does not take values in C. Then W ∈ FP , the predictable sigma

algebra on Ω×R+, and it intersects the graphs of the default times on an evanescent set.

We show that W has µA measure zero.

The counting process N induces a measure µN on (Ω × R+,F ⊗ B(R+)) that is

analogous to µA. Since A is the compensator, or the dual predictable projection of N ,

Dellacherie & Meyer (1982, Section VI, Theorem 65) implies the two measures µA and

µN agree as linear functionals on non-negative, predictable processes.

Therefore, 0 = µN(1W ) = µA(1W ).

Proposition A.3 says that at any time at which default risk is non-trivial, the strong

thinning vector Z points to a single-name as the next defaulter. Since each coordinate

process Zk of Z is predictable by hypothesis, it follows that “the name of the next de-

faulter” is also a predictable process. This is economically unrealistic for two reasons.

First, it assumes that investors can anticipate the identity of the next defaulter. Second,

it shows that a strong thinning vector exists only if at any given time, a single firm carries

all the default risk in the portfolio. This is made precise in the next result.

Proposition A.4. There exists a strong thinning vector Z for the default process N if

and only if the single-name compensators Ak are mutually singular as random measures

on R+ almost surely.

Proof. This is immediate since the coordinates Zk of the thinning vector Z are the Radon-

Nikodym derivatives of the compensator Ak with respect to A.

Remark A.5. Suppose the default stopping times τ k are predictable. Then the random

measures νAk associated to the single-name compensators Ak are Dirac measures con-

centrated at the times τ k. Since the sequence (T n) of default times is strictly increasing,

the νAk are mutually singular. It follows that a strong thinning vector always exists in a

portfolio with predictable default times.
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This observation has implications for multi-name models that are based on pre-

dictable default times. The multi-name extensions of the structural models of Merton

(1974) and Black & Cox (1976) are prime examples. In these models, a firm defaults

when its continuous and adapted firm value process falls below a constant barrier. There-

fore, the default times are predictable and investors can anticipate events. Remark A.5

implies that in addition, investors anticipate the identity of the next defaulter. Therefore,

these models forecast that short term credit spreads are zero. This prediction is incon-

sistent with empirical data. The prevalence of positive spreads in the market provides

evidence that there are aspects of default that cannot be anticipated by investors.

B Single-name default probabilities

Our default probability formula (8) differs markedly from the standard formulae derived

in the literature. In this appendix we compare the two formulations to gain further insights

into the probabilistic structure underlying the top-down approach.

Let H be a non-explosive counting process defined on a probability space (Ω,F , P )

with right-continuous and complete filtration F. Let τ = inf{t > 0 : Ht > 0} be the first

jump time of H. The stopping time τ models the default time of a firm. If H has bounded

nonnegative intensity h and the process V (T ) defined for fixed T > 0 by

Vt(T ) = E
[
e−

R T
t hsds | Ft

]
, 0 ≤ t ≤ T (23)

does not jump at τ almost surely, then on {τ > t} the default probability satisfies

P
[
t < τ ≤ T | Ft

]
= 1− Vt(T ), 0 ≤ t ≤ T

see Duffie et al. (1996). The no-jump hypothesis is violated when h depends on τ as in

Example 4.5. It can be relaxed by introducing an absolutely continuous change of measure

that puts zero probability on paths for which default occurs before T ; see Collin-Dufresne

et al. (2004). Since h is the intensity of H, the process defined by Ht −
∫ t

0
hsds is a local

martingale. It follows that the process given by

1{τ≤t} −
∫ t∧τ

0

hsds (24)

is a uniformly integrable martingale. Therefore, the indicator process associated with τ has

intensity given by ht1{t≤τ}. In the traditional intensity-based credit modeling literature,

the process h is the modeling primitive.14 It is chosen such that the calculation of the

expectation (23) is computationally tractable.

14In this literature, the process h is often called the “intensity of τ .” Duffie & Garleanu (2001) use the
term “pre-intensity,” which is more appropriate.
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In the top-down approach we take a different perspective. The martingale property

of the process given by (24) implies the alternative default probability formula

P
[
t < τ ≤ T | Ft

]
=

∫ T

t

E
[
hs1{s≤τ} | Ft

]
ds, 0 ≤ t ≤ T (25)

which is expressed in terms of the intensity of τ . Since it does not involve the auxiliary

process V (T ), formula (25) does not require the no-jump hypothesis. Compare formula

(25) with formula (8). In the top-down approach the portfolio intensity λ and the thinning

processes Zk are the modeling primitives. Assuming the filtration is fine enough to make

τ k a stopping time, thinning establishes the process Zkλ as the intensity of the indicator

process associated with the default time τ k of firm k. Therefore the variable Zk
s λs in

formula (8) takes the role of the variable hs1{s≤τ} in formula (25).

C Bottom-up vs. top-down doubly-stochastic models

Doubly-stochastic Poisson processes are widely used in bottom-up multi-name modeling.

In this appendix, we contrast a bottom-up doubly-stochastic model with its top-down

counterpart. The analysis has implications for multi-name model design.

C.1 Doubly-stochastic model from the bottom-up

A standard definition of a doubly-stochastic model is cast in terms of the single-name

default processes Nk, see Lando (1998) or Duffie & Garleanu (2001). The filtration F is

assumed to be fine enough to distinguish the identity of a defaulter.

Definition C.1 (Bottom-up specification of a doubly-stochastic model). The firm default

process (N1, . . . , Nn) is doubly-stochastic with respect to a right-continuous, complete fil-

tration H ⊆ F if its default times τ k are conditionally independent with respect to H15 and

if there are H-predictable processes hk so that for each t ≥ 0, u > 0 and k,

P
[
τ k > t+ u | Ft ∨Ht+u

]
= exp

(
−
∫ t+u

t

hksds

)
on {τ k > t}. (26)

A bottom-up doubly-stochastic model can be specified by giving the underlying sam-

ple space Ω a product structure so that ω ∈ Ω is an ordered pair (ω1, ω2). The first factor

ω1 supports a stochastic process X that generates the processes hk. The process X typi-

cally represents firm-specific and portfolio wide default risk factors. The filtration H ⊆ F
is the right-continuous and completed filtration generated by X. Each ω1 corresponds to

a deterministic hk(ω1) for each firm.

15The default times τk are called conditionally independent with respect to a filtration H ⊆ F if, for
each t ≥ 0 and u > 0, the events {τk > t+ u} are independent given the σ-algebra Ft ∨Ht+u.
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The product structure points to a theoretical built-in limitation of doubly-stochastic

models, which is illustrated by fixing a time t and ω1 and letting ω2 vary. Then the

values of the firm j default indicator N j(ω) = N j(ω1, ω2) vary with ω2. However, the

process hk(ω) = hk(ω1) does not vary with ω2 since it is deterministic conditional on H.

Consequently, the default of firm j cannot directly affect the intensity of firm k unless N j

is H-adapted.

To extend the reach of the doubly-stochastic framework, one might try to build a

doubly-stochastic model whose filtration H is generated by the default process of a large,

important firm. However, this is not possible. The default times cannot be stopping times

in a doubly-stochastic filtration H. Hence, in a doubly-stochastic model, the default of

one firm cannot immediately affect the intensity of another.

Proposition C.2. In a doubly-stochastic model supported by a filtration H ⊆ F, the event

{τ k ≤ s} is never contained in Hs.
16

Proof. Suppose on the contrary that {τ k ≤ s} ∈ Hs for some k and s. Choose t so that

t < s and set u = s− t. Then

P
[
τ k > t+ u | Ft ∨Ht+u

]
= P

[
τ k > s | Ft ∨Hs

]
= 1{τk>s}.

This contradicts Definition C.1.

Note that Proposition C.2 does not make use of the assumption of conditional inde-

pendence. However, the following discussion regarding the joint distribution of the default

times τ k does. Since the τ ks are totally inaccessible in a doubly-stochastic model, any fi-

nite subset of them determines a unique copula C. Recall that C = C(x1, x2, . . . , xn) is

subject to the Fréchet bounds: Cl ≤ C ≤ Cu, where the lower bound is Cl = max{x1 +

x2 + . . . + xn + 1 − n, 0} and the upper bound is Cu = min{x1, x2, . . . xn}. Totally inac-

cessible default times τ k are perfectly positively dependent if their underlying copula is

the upper Fréchet bound Cu. When C = Cu, the variables are deterministic functions of

each other.

Proposition C.3. A doubly-stochastic model does not admit perfectly positively dependent

default times.

Proof. Suppose, on the contrary, that for k 6= j, the copula determined by τ k and τ j is the

upper bound Cu. Then according to Embrechts, McNeil & Straumann (2001, Theorem 2),

there is a random variable Z and nondecreasing functions fk and f j so that τ k = fk ◦ Z
16For the stopping time property to fail, it suffices that there is a single s such that {τk ≤ s} is not in
Hs. Proposition C.2 establishes a stronger result by showing that there is no time s at which the default
event {τk ≤ s} is in Hs.
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and τ j = f j ◦ Z. Fix u and suppose without loss of generality that τ k ≤ τ j. Then

P
[
τ j > u

]
= P

[
τ j > u, τ k > u

]
= E

[
P [τ j > u, τ k > u | F0 ∨Hu]

]
= E

[
exp

(
−
∫ u

0

(λks + λjs)ds

)]
< P

[
τ j > u

]
,

which is a contradiction.

C.2 Doubly-stochastic models from the top-down

A top-down specification of an intensity-based doubly-stochastic model is cast in terms

of the portfolio default process N . The filtration F may or may not be fine enough to

distinguish the identity of a defaulter.

Definition C.4 (Top-down specification of a doubly-stochastic model). The default pro-

cess N is doubly-stochastic with respect to a right-continuous, complete filtration H ⊆ F
if there is a non-negative H-predictable process h so that for each t ≥ 0, u > 0,

P
[
Nt+u −Nt = k | Ft ∨Ht+u

]
=


p(k,

∫ t+u
t

hsds) k < n−Nt∑∞
i=n−Nt

p(i,
∫ t+u
t

hsds) k = n−Nt

0 k > n−Nt

(27)

where p(i, α) = e−ααk/i! is the probability that a Poisson distributed variable with param-

eter α > 0 equals i ∈ N and n is the number of firms in the portfolio.

In case n = ∞, Definition C.4 simplifies to the specification of a doubly-stochastic

model given by Duffie (2004). Then the intensity of the default process N in the filtration

F is given by λ = h, an H-adapted process. In case n <∞, the default process is gotten

by stopping an infinite counting process with intensity h at the nth event. The intensity

of N in the filtration F is therefore given by λ = h1{N≤n}. It is not H-adapted.

Proposition C.5. Suppose that the number of firms n is at least 2. Fix a filtration

H ⊆ F and suppose F is fine enough to distinguish the identity of a defaulter. A model

(N1, . . . , Nn) that is bottom-up doubly stochastic (in the sense of Definition C.1) does not

generate a model N that is top-down doubly-stochastic (in the sense of Definition C.4).

Proof. Suppose (N1, . . . , Nn) is a doubly-stochastic model in the sense of Definition C.1

with respect to H. There are H-predictable processes hk so that

P
[
τ k > u | F0 ∨Hu

]
= exp

(
−
∫ u

0

hksds

)
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for all u. The intensity of the firm default process Nk in the filtration F is given by λk =

hk(1−Nk
−). From Proposition 4.4, the intensity of N in F is given by λ =

∑
k h

k(1−Nk
−).

However, λ cannot be adapted to H since hk is positive and H-adapted and Nk
− cannot

be H-adapted by Proposition C.2. Since the process h in Definition C.4 must agree with

the intensity λ on the set {N ≤ n}, it cannot be H-adapted. Therefore N cannot be

doubly-stochastic with respect to H in the sense of Definition C.4.

It follows that Definitions C.1 and C.4 generate disjoint classes of models. However,

they are similar in the sense that the intensity cannot be updated at event times.
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