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Abstract

Meyer (1971) showed that any point process whose compensator has con-
tinuous paths that increase to oo can be time-scaled to a standard Poisson
process. In this article we consider the converse to this result. We construct
a time change with continuous paths increasing to oo that transforms a stan-
dard Poisson process into a general point process with totally inaccessible
arrivals and compensator given by the time change. The time change gen-
erates path-dependent or self-affecting point processes whose dynamics de-
pend on the information generated by the arrivals of the process as well as
other observable information describing the state of the random environment.
The classical Hawkes and doubly stochastic processes are special cases. Time-
changed Hawkes processes are shown to combine the best features of these
classical families is a flexible and tractable way. We conclude by introduc-
ing time-change techniques to multi-name credit modeling. We describe the
economy-wide default process as a time-changed Poisson process, whose ar-
rivals are temporally clustered due to contagion and depend on the economic
environment. Random thinning generates sub-models for individual firms and
portfolios of firms.
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1 Introduction

Point processes on the real line provide the probabilistic tools to analyze the dy-
namics of events observed over time, such as earthquakes, insurance claims, corpo-
rate defaults, component failures in a system or trades on the stock exchange. The
stochastic structure of a point process is encoded in its compensator, which describes
the dynamics of event arrivals relative to the available information.

In 1971, Paul-André Meyer proved that any point process whose compensator
has continuous paths that increase to oo can be time-scaled to a standard Poisson
process. The scaling or time change is given by the inverse to the compensator. Thus,
a large class of point processes with totally inaccessible event times can be viewed as
standard Poisson processes in the appropriate time scale. This is analogous to Dubins
& Schwarz’s (1965) result that any continuous local martingale whose quadratic
variation increases to oo can be time-scaled to a standard Brownian motion. Here
the time change is given by the inverse to the quadratic variation.

Meyer’s powerful result immediately yields statistical tests for the fit of a point
process model. Observe a sequence of arrivals, transform the sequence with the
model compensator. If the model is correctly specified, then the transformed se-
quence is a realization of a standard Poisson process. Vice versa, a parametric point
process model can be estimated by choosing the parameters such that the model
compensator gives the correct scaling.

In this paper we study the converse approach to Meyer’s. We construct a time
change with continuous paths increasing to oo that transforms a standard Poisson
process into a general point process with totally inaccessible arrivals and compen-
sator given by the time change. This construction immediately provides the recipe
for simulating the resulting process, starting with a simple Poisson process. Meyer’s
result implies fitness tests for the resulting process.

Our approach generalizes the well-known construction of a time-inhomogeneous
Poisson process from a homogeneous Poisson process by a deterministic change of
time, which is recalled in Section 2. In Section 3, we construct a time change to
generate path-dependent or self-affecting point processes whose dynamics depend on
the information generated by the arrivals of the process as well as other observable
information describing the state of the random environment. In this general case
the time change is stochastic. At any time, it depends on the path of the resulting
process and the random environment up to that time.

As a by-product, our construction provides a representation of the compensator
of a self-affecting process in a filtration typically larger than the filtration generated



by the process itself. This extends the results of Chou & Meyer (1975), who consider
the filtration generated by the process itself. Our construction is also related to the
methods in Jeulin & Yor (1978), who describe the compensator of a one-point process
in the context of enlargement of filtrations.

Absolutely continuous time changes lead to intensity based point processes,
which are very flexible and thus dominant in applications. The associated intensity
describes the conditional event arrival rate relative to the observable information.
Special cases include the Hawkes (1971) process and the doubly stochastic process,
both discussed in Section 4. The Hawkes process is the prototypical example of
a self-affecting process. Its intensity at any time depends only on the information
generated by the arrivals observed up to that time, such as the arrival times and
their “marks.” This models the temporal clustering in arrivals. The doubly stochastic
process is on the other end of the spectrum in that it does not have the self-affecting
property. Its intensity depends on the information generated by the state of the
random environment, but not on the arrival history.

In Section 5 we study the class of time-changed Hawkes processes, which are
obtained through the composition of the two absolutely continuous time changes that
generate the Hawkes and the doubly stochastic processes. The resulting processes
generalizes both classical families and inherit their best features. Their intensities
depend in a flexible way on both the arrival history and externally observable factors.
Simulation is as easy and efficient as in the doubly stochastic case.

We conclude in Section 6 by proposing a time-change based approach to multi-
name credit modeling. In the “top-down” framework of Giesecke & Goldberg (2005),
the economy-wide default process is described by a time-changed Poisson process,
whose arrivals are temporally clustered due to contagion and depend on the economic
environment. The technique of random thinning consistently generates sub-models
for individual firms or portfolios of firms. Applications include the pricing and risk
management of multi-name credit products such as collateralized debt obligations,
tranches, default baskets and options on these instruments.

Our time-change strategy for generating realistic stochastic process models for
credit derivatives is conceptually analogous to the time-change approach in equity
derivatives modeling that was initiated by Clark (1973) and further developed by Ge-
man & Ané (1996), Madan, Carr & Chang (1998), Geman, Madan & Yor (2001) and
others. Here a Brownian motion is time-changed to generate a general semimartin-
gale asset price process whose diffusive volatility is stochastic and whose jumps arrive
according to a stochastic intensity. This is motivated by Monroe’s (1978) result that
every semimartingale can be written as a time-changed Brownian motion.



2 Time-Changing the Poisson Process: Basic Idea

Let V1, V5, ... be a sequence of independent, identically distributed standard expo-
nential random variables defined on a probability space (£2, F,P). Suppose V; repre-
sents the waiting time between the (i — 1)st and ith event, so S,, = Vi +Vo+...+ V],
represents the arrival time of the nth event. Since .5, is a sum of independent expo-
nentials, the counting process N defined by

N = ls.<n

is a standard Poisson process in the filtration H = (H;);>o generated by the times
(Sp)n>1- For s < ¢, the distribution of the number of arrivals N°(s, #] in the interval
(s,t] is Poisson with parameter ¢t — s, i.e.

t — g)»
P[N°(s,t] =n] = (—|S)e(ts) n=20,1,2,... (1)
n!

so E[N(s,t]] = Var[N(s,t]] =t — s. The compensated Poisson process (N —t) is
an H-martingale. In other words, the process (t) is the compensator to N°. Hence
the intensity, or conditional event arrival rate, at time ¢ is 1, almost surely:

1
lim ~E[N°(t,t + €] | Hy] = 1.
el0 €

The assumption of unit arrival rates underlying the standard Poisson process is
too restrictive in many situations of practical interest. Suppose we want to generate
a time-inhomogeneous Poisson process N with arrival times (7},), whose conditional
event arrival rate A(t) is a positive, deterministic function of time so as to capture
the basic time variation in the arrivals. A simple way to do this is to let G be the
continuous, strictly increasing deterministic function defined by

G(t) = /0 t)\(s)ds

and then re-scale the arrival times (.S,,) of the standard Poisson process N? with G
by setting

T, =G (S,) =inf{t >0:G(t) > S,}. (2)

The counting process N associated with the times (7},) is given as the standard
Poisson process NV, time-changed by the deterministic function G:

Ne=D 1z =) ls.<con = Nag,
n=1 n=1



In other words, we can view the inhomogeneous Poisson process N as the Poisson
process N in the deterministic time scale generated by the function G.
For s < t, the distribution of the number of arrivals N (s, ] in the interval (s, ]

is Poisson with parameter G(t) — G(s):
(G(t) - G(s)"

e~ (GO-G6) = 0.1.2 (3)
n! Y Y PR

P[N(s,t] =n] =

so E[N(s,t]] = Var[N(s,t]] = G(t) — G(s). It is easy to check that the process N -G
is an martingale in the filtration G, defined by G; = H¢(). Hence the function G'is
the compensator to N in the time-changed filtration G. It follows that almost surely

lim SE[N (£, ¢ + €] | G)] = A(E).
el0 €
The inhomogeneous Poisson process captures the deterministic variation in

event arrival intensities, for example the known seasonality in the arrival of in-
surance claims. It does not account for the information generated by its arrivals,
neither does it account for other information revealed over time, for example about
the state of the stochastic environment. Below we extend the time change argument
to generate general counting processes N, whose arrival intensities vary stochas-
tically over time. This variation may come from the response in the intensity on
arrivals of N, or from the dependence on the state of the random environment.

3 Self-affecting Time-Changed Poisson Processes

We provide a rigorous construction of the stochastic time change transforming a
standard Poisson process into a general counting process. Let (2, H,P) be a prob-
ability space equipped with a filtration F = (F;);>¢ containing all P-null sets of H.
We take as given a standard marked Poisson process N = (N?);>o with respect to
the filtration H = (H;)>0, which contains F, for all ¢. This implies that the process
NY is independent of F. Let the arrival times of NY be denoted 0 < S; < Sy < ...
and the marks be denoted Z,, € M, where M is a general mark space.

3.1 Construction

We define a point process through measurable transformations of the inter-arrival
times of the Poisson process. The transformation of S, — S,,_; will be given by the
inverse of an adapted process G,, which we refer to as the nth time change. To
allow transformations back and forth between the Poisson process and the process



we create, we require all time changes to be continuous one-to-one mappings from the
non-negative real line onto itself. Thus, for every n, GG,, is continuous and strictly
increasing, with G,,(0) = 0, G,,(t) < oo for all ¢t and lim;_,., G,,(t) = oo, almost
surely. Note that G, ! exists, and also satisfies these conditions.

Define the filtration G° = IF, and for n > 1:

e Let G, be a stricty increasing, continuous, G" !-adapted process on R, with
the properties above.

At a time ¢ after the (n — 1)st arrival, G,,(¢) depends on information in F up
to time 7,1 + ¢, the arrival times T},...,T,_1, and their marks Z;,..., 7, _1.

[ ] Let Tn = Tn—l —|- G;I(Sn - Sn—l) == ZZ:l G,;l(Sk - Sk—l)-
e Let the filtration G" be the right continuous version of (Gf: )0, where

G = FuV o(lin<sy, Zelin<sy : s Su,k <)

Let the definition of the first n times (7}) be given. At time T, + ¢, the o-
algebra Gr. ., represents the information described by the information in F up
to time 7T;, + ¢t and the information generated by the times 77,...,7},, their
marks Z1,...,Z, and the Poisson times Si,...,S5,.

This construction clearly indicates how to simulate the resulting process. To do
this, we first need to simulate the arrival times 5, of the standard Poisson process

—1
n o

N° and then the processes G, !, which may depend on the Poisson arrivals. The
G,’s may also depend on the information in F, which may make the simulation
of their inverses computationally intensive. Below, we consider a general, but more

tractable, form for GG,, that simplifies simulation.

3.2 Counting Process

The counting process N associated with the event times (7},) is defined by

Ny = Z Liry<ty- (4)
=1

We wish to ensure that the process N is non-exploding, which is guaranteed so long
as lim,, ., T,, = oo almost surely. Since this is not guaranteed by our construction,
we provide sufficient conditions on the transformations G,,.



Proposition 3.1. If there exists a subsequence ng, an € > 0, and a sequence of
bounds (Mj)k>o such that Y oo e M = oo and Gy, (€) < My, almost surely for all
k, then the process N s non-exploding.

Proposition 3.2. If there exists a non-exploding point process N, constructed from
N with time change functions (G,,)n>0, and such that G, (t) < G, (t) for allt, then
N is non-exploding.

In applications, we are often dealing with a finite number of arrivals. If we are
interested in at most the first ng arrivals, we can take G, (t) = t for all n > ng
without loss of generality. This will yield a non-exploding point process N with the
desired dynamics for the first ng arrivals, and we can then focus on N7, . In the
following, we assume the process N is non-exploding.

3.3 Compensator and Distribution

Let the o-algebra G, represent all the information available at time ¢t. The cor-
responding filtration G = (G;)i>o is the right continuous version of the filtration
generated by the o-algebras

\/ gf D) .,Itt V 0(1{TnSS}7 an{TnSS} .S S t,n Z 1)

n=1

Under the additional assumption that E[N;| < oo for all ¢, the counting process
N defined in (4) is a right continuous G-submartingale. It admits a unique Doob-
Meyer decomposition into the sum of a G-local martingale and a non-decreasing,
G-predictable process starting at zero called the G-compensator of N.

We construct the compensator from the time changes G,,. Define

n—1

G(t) =Y  Gu(T = Ther) + Gu(t = Tumy)  on {Thy <t < T} (5)

k=1

By the properties of the G,’s, and since T,, — oo almost surely, the process G

is continuous and G-adapted, hence predictable. It is also strictly increasing, with

G(0) =0, G(t) < oo almost surely, and lim; ., G(t) = 0o almost surely.
Furthermore, G defines a change of time, and we have that for all n,

S, = in(Tk —Ti1) = G(T)). (6)

k=1



Since G is strictly increasing, for any n and ¢, we have T,, = G~1(S,,) and the events
{T,, <t} ={S, < G(t)}. It follows that

Theorem 3.3. N and G are G-adapted, and for all n, the stopped process (Niat, —
G(tAT},)) is a G-martingale. If T,, — oo almost surely, N—G is a G-local martingale,
with localizing sequence (T,,). Thus G is the G-compensator of N.

Remark 3.4. Under the additional assumption that E[N;] < oo for all ¢ > 0, we
have E[[M, M];] < oo for M = N — A. By Corollary 3 in Protter (2004, page 73),
the process M is a martingale with E[M?] < oo for all ¢ > 0. O

Remark 3.5. Since the compensator G' to N is continuous almost surely, the ar-
rival times (7)) of N are totally inaccessible stopping times in the filtration G, see
Dellacherie & Meyer (1982, Chapter VII, Theorem 14). O

Remark 3.6. Theorem 3.3 is a partial converse to Meyer’s (1971) time change
theorem for point processes. Let N be a G-adapted counting process with contin-
uous compensator A, such that lim; .., A; = oo almost surely. If A=! is the right-
continuous inverse of A, then N4-1 is a standard Poisson process with respect to
the filtration (G At_1)t20. Meyer transforms a general counting process N with totally
inaccessible arrival times into a Poisson process, whereas we start with a Poisson
process and transform it into a general process N with totally inaccessible arrival
times. In both cases, the transformation is given by the compensator to V. [

The distribution of the inter-arrival times can be expressed in terms of the GG,,’s.

Theorem 3.7. Fort > s and n > 1, the following equalities hold almost surely

P(T, — To—1 > t|Gy " L) = Bl 0Gpt ] (8)

P(T = Too1 > 1[Gr, 1) = Ele 0= ONGr ] on {T, = Thor > s}, (9)
Remark 3.8. Taking ¢ = s in equation (8) gives
Gu(t) = —1ogP(T,, — T,y > t|GF " L)) (10)

almost surely for each t. Thus, the time changes (G, can be specified through the
conditional distribution of the inter-arrival times. By letting Z, be the optional
projection of (1r,_r, ,>#) onto the filtration G"~! and setting G,, = —log Z,, we
define the process G,, up to indistinguishability such that (10) holds almost surely
for each t. For details see Dellacherie & Meyer (1982, Chapter VI, Theorem 43). [

8



Remark 3.9. Chou & Meyer (1975) construct the compensator of a general counting
process N with respect to the minimal completed filtration generated by N. For
point processes N with continuous compensators that increase strictly to infinity,
Theorem 3.3 and Remark 3.8 extend their construction to a filtration G that may
be larger than the filtration generated by N. In our case, the “extra information” in
G is represented by the filtration F and the information about the marks of N. [

3.4 Intensity

To study the properties of the time-changed Poisson process N, it is instructive to
consider time changes that are absolutely continuous. Suppose G is almost surely
absolutely continuous with respect to the Lebesgue measure. If T,, — oo almost
surely, this is equivalent to G, being absolutely continuous for all n. Then G(t) =
3 Asds and G,,(t) = [y gn(s)ds, almost surely. Since G is the compensator to N, the
density A is the intensity, or conditional arrival rate of N. It is given by

M=gn(t—T,—1) on {7, <t<T,}. (11)

In the absolutely continuous case the process N is called intensity based.
Define, for n > 1 and t > 0, the following impact processes:

Vo(t) = g1(?)
Vn(t) = gusr(t) — gu(t + Ty — Toy). (12)

The intensity of the process N at time 7T, +t (the post-T,, intensity) is

)\Tn+t = 9n+1(t)

and at time ¢ € [T,,_1,T},), the pre-T,, intensity process is
)\t - gn(t - Tn—l)

Thus, v,(t) is the difference between the post-T,, and pre-T,, intensity functions
evaluated at time T,, + t. This means that v,(t) represents the impact of the nth
arrival on the intensity after time t has passed since the event, and 14 represents the
arrival intensity of the first event. In particular, the jump in A at time T,, is

A)\Tn = gnJrl(O) - gn(Tn - Tnfl) = Vn(o)



Now, by summing over the v,’s, we get

n—1
Gn(t = Tocr) = wo(t) + > vt — Ty). (13)
k=1

As a result, the intensity of N has the special form:

Ae=wo(t) + > vt —Th). (14)

Tip<t

The kth arrival contributes the term v4(t — Ty) to the intensity A. This term may
depend on T; and Z; for i < k and so the arrival intensity of the (k + 1)st event
depends on the timing of the previous k£ events and their associated marks. When
the impact processes are positive, the arrivals cluster together, or are overdispersed
relative to a reference process with intensity 1. Conversely, when the impact pro-
cesses are negative, the arrivals are spread out, or are underdispersed relative to this
reference process. Since the past arrivals affect the timing of future arrivals, N can
be described as path-dependent, or self-affecting.
The second consequence of (13) is that

t n—1 .t
G,(t) = / vo(s+ Th-1)ds + Z/ vi(s + Ty — Ty)ds.
0 e J0
Since G, is a G" !-adapted, continuous, one-to-one, mapping of the non-negative
real line onto itself, this yields conditions on the sequence of impact processes.

Proposition 3.10. For any n > 0, the impact processes v, satisfy the following
conditions:

(1) v, is G™-adapted since g,,1 is G™-adapted.

(2) vo(t) > = 020w (t + T, — Th) almost surely for all t > 0.

(3) fo Un(s)ds < oo almost surely since G,11(t) is finite almost surely for allt > 0.
(4) vy, must be such that limy_., Gy, 11(t) = 00, almost surely for all t > 0.

Furthermore, we see that

I/n(t) =0 = Gn+1<t) = Gn<t -+ Tn — Tnfl) — Gn(Tn — Tn71>

10



Example 3.11 (Positive Impact Processes). Let v4(t) = vy > 0 be constant,
and take v,(t) = a,e . for a, > 0 and b, > 0. These impact processes satisfy
the conditions in Proposition 3.10, even if a,, and b, are functions of T7,...,T, and

Zis 2. O

Example 3.12 (Negative Impact Processes). Let 1y(t) = 15 > 0 be constant,
and choose a sequence p, € (0,1). Take v,(t) = —vp(1 — p,)II}Z{pr. Then the
conditions in Proposition 3.10 are satisfied. In particular, condition (2) holds since
for any n > 1 and any ¢t > 0,

—_

n—1
— v(t+ T, —T) = —10 Hpk < vp(t).
0 k=1

3

B
Il

In addition, p,, can be a function of T3, ...,7T, and Z,..., Z,. ]

4 Two Classical Families as Special Cases

In the intensity based case, we can specify the time changes via the filtration F and
the impact processes (v,), based on our view of how the intensity of the process will
respond to its arrivals and the information described in F. Following this strategy,
below we characterize two classical families of intensity based processes, the Hawkes
process and the doubly stochastic process. This provides some understanding of the
class of processes that can be obtained by time-changing the Poisson process.

4.1 Hawkes Processes

Assume the filtration F is trivial: F, = Fy = 0(Zy) VN for all ¢, where Z, € M is
some initial mark and N is the set of P-null sets of H. Therefore, the impact variable
vn(t) is measurable with respect to the o-algebra o(1y,...,T,) V 0(Zo, ..., Z,) for
all ¢. Since this o-algebra does not depend on ¢, v,(t) is a deterministic function of
t, the times 71, ..., T, and the marks Zy, ..., Z,. Then the intensity of the resulting
point process N is given by A = pu with

e = vo(t) + Z Un(t = T,,) (15)

Tn<t

and N is called a Hawkes process. It was proposed by Hawkes (1971) for the special
case vy a constant and v,(t) = v(t,Z,) for n > 1, where v : Ry x M — R, is
a non-negative deterministic function. With this choice an arrival always increases

11



the intensity, which suggests to call the process N “self-exciting.” See Kwiecinski &
Szekli (1996) for a rigorous analysis of this property.

Versions of the Hawkes process have been widely used in seismology, neuro-
physiology, epidemiology and reliability; see Daley & Vere-Jones (2003) for many
examples. In finance, variants of the Hawkes process have recently been proposed
by Giesecke & Goldberg (2005) as probabilistic models for the arrival of dependent
firm defaults in a bond portfolio. Here the idea is that an individual default can
trigger further defaults through contagion. Bowsher (2003) introduces the Hawkes
process as an econometric model for the frequency of stock market trades, which are
often temporarily clustered.

Simulation of the arrival times (7,,) corresponding to a choice of impact pro-
cesses (,) can be done as follows:

(1) Simulate Zy, € M, and let T; = 0.

(2) For n > 0: given Ty, ..., T, and Zy, ..., Z,, simulate T,,,; as the first arrival
time of an inhomogenous Poisson process with intensity at time t given by

vo(t) + ) w(t — Th),

which is a deterministic function of ¢ given the available information. Given
T,.1, simulate Z,,; € M.

The second step in the above procedure can be done by thinning a homogeneous
Poisson process, or by the inverse compensator method, which is equivalent to de-
terministic transformations of the inter-arrival times. Moller & Rasmussen (2004)
propose alternative simulation methods that are based on the Poisson cluster process
representation of N established in Hawkes & Oakes (1974).

4.2 Doubly Stochastic Processes

Hawkes processes are based on the assumption that F is trivial. In this case, the
only randomness in the intensity is from the realized arrival times and marks. We
consider the case when F is non-trivial, but the impact processes v,, are identically
zero for n > 1. This implies the randomness in the intensity is due solely to the
arrival of information described in F. Such processes are not self-affecting.

Suppose ['(t) = fot vsds is a strictly increasing, absolutely continuous, F-adapted
process. For concreteness, we assume that X € R? is a stochastic process describing

12



the state of the random environment, [ is the filtration generated by X, and ~, =
h(X;), where h : RY — R, is a positive measurable function. For n > 1, choose

vo(t) =y, Vn<t) = 0.

This yields a point process N with intensity A = ~, and compensator G = I'. Using
Proposition A.10, the strong Markov property of the Poisson process, and the fact
that I' is F-adapted, we almost surely get, for t > s

P(N; — Ny = k|G, V Fy) = P(Npyy — Ny = k| Gs V )
= E[P(ng(t) - NFO(S) =k|Hr() | Gs V Fi

= JEI(T(H) ~ T(s))e TOTO G, v 7]

1
= () = T(s))re OO,

In other words, conditional on the o-algebra G, V F;, the random variable N; — N
has the Poisson distribution with parameter I'(t) — I'(s); compare with (3). Thus N
is a doubly stochastic process, or Cox process driven by IF; see Section 3 in Giesecke &
Goldberg (2005) for a rigorous analysis. As outlined in Daley & Vere-Jones (2003),
the doubly stochastic process is a versatile probabilistic model with applications in
seismology and reliability, to name a few fields. In finance, it was recently used by
Das, Duffie & Kapadia (2004) to model the arrival of defaults in a security portfolio.
The idea is that dependence between default events arises from the dependence on
the economic environment, whose state is described by the process X.
The time change implies that

T, =T"Y4S,) =inf{t > 0:T(t) > S,} (16)

for the Poisson arrivals (S,). Hence, a doubly stochastic arrival time 7}, can be
simulated by finding the time that I' first reaches the Poisson arrival time S,,. Here,
S, and I' are generated independently of each other.

5 A Class of Time-Changed Hawkes Processes

We propose a broad subclass of intensity based, time-changed Poisson processes
that are a combination of the two classical families covered in the preceding section.
Their intensities will depend both on information in F and on the realization of

13
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Figure 1: Construction of the time-changed Hawkes process.

arrivals and their marks. Furthermore, processes in this subclass are more tractable
and easier to simulate than general time-changed Poisson processes.

The subclass is constructed via a stochastic time change that is the composition
of two time changes, where the first is of the form described in Section 4.1 and
the second is of the form in Section 4.2. Furthermore, the two time changes are
independent, given Fy. The first time change models the dependence of the process
on its arrival history, and the second one represents the effect of externally observable
factors as described by the filtration F.

5.1 Construction

The construction is summarized in Figure 1. As above, let (S,,) be the arrival times
of the standard Poisson process N in the filtration H. In a first step we time-change
N? to obtain a Hawkes process N!, whose arrival times we denote (,). As described
in Section 4.1, this requires a time change process defined by M (t) = fg lsds, where

14



4 is given by
e =10(t) + Y valt —tn)

tn <t

for impact processes (v,). The counting process N! associated with the arrival times
(t,) has intensity p and compensator M. By (6), we know that ¢, = M~(S,).

In a second step, we time-change N to obtain our target process N with arrival
times (7},), using the time change process I'(t) = fot ~vsds. Here, 7 is given by

Tt = h(Xt)

for a positive, measurable function h and a stochastic process X that generates
the filtration FF, as described in Section 4.2. By construction, the time change M is
conditionally independent of the time change I' given F.

The process N so constructed is called a time-changed Hawkes process. The
associated time change is given by the composition of M and I':

r'(t)
G(t) = M(I(t)) = / uds. (17)

Note that both the Hawkes process and the doubly stochastic process are special
cases. The time change GG can be decomposed into the inter-arrival time changes
Gn, where G, (t) = G(t + T,,-1) — G(T,,—1). In addition, the mark Z,, which was
previously associated with the arrival t,, is now associated with T,.

5.2 Intensity

From equation (17), we see that the compensator G of the time-changed Hawkes
process N is absolutely continuous. The corresponding intensity is given by

At = Ve Hr(t)- (18>

The first factor is the intensity of the corresponding doubly stochastic process, and
reflects information contained in . The second factor, which is not found in doubly
stochastic models, is the self-affecting component of the intensity.

Since I is a continuous, strictly increasing process almost surely, g oI possesses
many of the same path properties as u. For example, pu is discontinuous at 7 if and
only if poT' is discontinuous at I'(7). Similarly, p is decreasing (increasing) at 7 if
and only if o T" is decreasing (increasing) at I'(7). Most importantly, o T’ jumps
at T, if and only if p jumps at ¢,,, and the jumps are of the same size.
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Thus, if v is continuous, the jump in the intensity of N at the nth arrival time
T,, depends on both the specification of the self-affecting properties (through v,)
and on information in F (through ~):

For identifiability of the factors in equation (18), we must make assumptions
on v and p. For interpretation, it is most convenient to take vy = 1 or vy(t) — 1
as t — o0o. If vy = 1, then + is the intensity of the first arrival. If we only assume
vo(t) — 1, then \; approaches -, as more and more time passes without any arrivals.
In that case, we can think of v as the “base” intensity, or the intensity of the
process in the absence of excitation. We may wish to choose 1vy(t) — 1 to include
contributions to the intensity from events that happened before t = 0.

In applications, one must choose a “base” intensity -, as well as the impact
processes (v,). The choice of impact processes determines how the intensity A of
the time-changed Hawkes process responds to arrivals, where the response is always
measured as a factor of the “base” intensity.

5.3 Simulation

Due to the interactions that take place in even the simplest of self-affecting processes,
simulation is typically required to evaluate quantities of interest. When the filtration
[F is non-trivial, simulation becomes even more computationally intensive, since the
paths of F-adapted processes are often needed. The particular form of the time-
changed Hawkes process simplifies the simulation procedure, as compared with a
general time-changed Poisson process. It also enables us to change the dependence
of a process on its history, and re-simulate the results without having to start over.

The arrival times of the time-changed Hawkes process N are given through
equation (6) by

T, =G S, =T"Y(MS,)) =T (t,). (19)

Since I' is finite and increases to infinity almost surely, the process N is non-
exploding if and only if the threshold process is nonexploding. Equation (19) implies
that 7T,, can be simulated as the first time that the process I' reaches the arrival time
t, of the Hawkes process:

T, =inf{t > 0:T'(t) > t,}. (20)
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Here, I' and ¢, are generated independently of each other given the information
contained in Jy. This is analogous to simulating the arrivals of a doubly stochastic
process, compare equation (16). The only difference is that in (20), the “thresholds”
(t,) are the arrivals of a Hawkes process, while in (16) the thresholds (.S,) are the
arrivals of a standard Poisson process. In the former case, the distances between
thresholds may be neither independent nor exponential.

Suppose we are given m different parameterizations of the impact processes
(v,,) for the general Hawkes process. Each parametrization represents a different
assumption about the dependence of N on its history. These parameterizations will
lead to m different threshold sequences (t!),>1,. .., (t™),>1. We can then simulate
arrivals from the corresponding processes N, ..., N™ by simulating the process I'
only once, and setting T = T'~1(¢%).

This method is useful when comparing different assumptions on the impact
processes, since it is significantly more efficient than simulating I" for each different
parametrization. This is especially true when I' needs to be simulated using a fine
time discretization. Furthermore, any differences between the counting processes is
due only to the choice of impact processes, and not to different realizations of I', a
fact that makes it easier to compare choices.

6 Towards Multi-Name Credit Modeling

We conclude by proposing time-changed Poisson processes to the reduced form mod-
eling of multi-name credit risk. We specialize in Giesecke & Goldberg’s (2005) “top-
down” modeling framework. Here the portfolio default process and its compensator
are modeled first. The technique of random thinning consistently generates the de-
fault process and the associated compensator of individual firms.

The default times in a portfolio of ng firms are modeled by the increasing se-
quence (T,) of totally inaccessible G-stopping times, where the filtration G describes
the evolution of the information available to investors. The dynamics of the associ-
ated counting process N depend on the firm-specific default risks and the dependence
among individual defaults. The default dependence generates temporal clusters in
the sequence (T,). It has two broad sources. The first is “contagion:” a default can
trigger financial distress at other firms via explicit linkages between firms. The in-
formation revealed at a default can also lead investors to update their assessment
of the credit quality of similar surviving firms, which generates information based
contagion. The second source is firms’ dependence on common economic factors,
whose evolution over time is described by the filtration F C G.
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We take account of the clustering and the dependence on the risk factors gener-
ating IF by modeling the default process N as a self-affecting, time-changed Poisson
process with G-compensator G. We can then write N = N2, where NV is a standard
Poisson process in the filtration G. When time is measured according to the default
time scale G, defaults arrive at a rate of one per unit time. Conditional default
probabilities given the o-algebra G, can be calculated using the formulae established
in Theorem 3.7. These formulae extend the single-name reduced-form formulae of
Duffie, Schroder & Skiadas (1996) to the multi-name case.

The mark Z,, associated with T,, denotes the loss at the nth default. The com-
pound point process L defined by

Ny no
@zZL:Z%m@

describes the cumulative portfolio losses over time. Portfolio credit derivatives such
as collateralized debt obligations, tranches and default baskets can be viewed as
derivative securities written on the compound point process L.

Consider a tranche i € {Equity, Mezzanine, Senior, Super Senior}, which is
specified by a lower attachment point K%, an upper attachment point K}, and a
maturity date T, see Figure 2. The difference K = K}, — K} is the tranche no-
tional. The portfolio losses L are allocated to the tranches according to a “waterfall:”
tranche ¢ absorbs the losses that exceed K% up to K{;. At time ¢, the cumulative
losses allocated to tranche 4, denoted L, are given by

Ly= (L — Kp)" — (L — Kpp)*

so that L} € [0, K] almost surely.
The tranche investor pays the losses allocated to the tranche as they occur: at
time ¢ < T, the payment is L! — L! . The value of these payments at time 0 is

T T
Di — B |:/ e—rtdLi:| — B_TTE[L?T] + ’I“/ e_rtE[Li]dt,
0 0

where we assume that the underlying probability measure P is a pricing measure
and 7 > 0 is a constant risk-free interest rate. We recognize the term e " F[L{] as
the price at time 0 of a call spread on L with strikes Kt and K}, and maturity .
For agreeing to pay the losses allocated to the tranche, the investor receives a
periodic coupon payment proportional to the non-defaulted tranche notional:

SUK"— L)t te{ti,ty,....tm=T}
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Figure 2: A sample path of the cumulative portfolio losses L and the allocation of
losses to tranches.

The market value of these coupons at time 0 is given by

Fi(S)Y=FE | e ™S(K' — Lj )| =8 e (K'— E[L]).
k=1 k=1

The tranche spread S? is chosen such that at time 0, the market value of the
investor’s position is 0. That is, S? satisfies the equation D’ = F(S"). The tranche
legs D' and F*(S%) can be priced by exploiting the option characterization of these
positions. Options on the compound point process L are most conveniently valued
when the characteristic function of L; is available. We explore this in Errais &
Giesecke (2005), using the time change representation of the default counting process
N = Ng driving L.

Our approach to multi-name credit based on time-changed Poisson processes
provides an alternative to the standard industry approach based on copula functions,
see Li (2000), Gregory & Laurent (2003) and Andersen, Sidenius & Basu (2003). In
a copula-based approach, the focus is on the unordered sequence of default stopping
times (7;,). The marginal distribution of each 7, is specified, as well as a copula that
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fully describes the dependence between the times. Together, the marginals and the
copula completely specify the joint distribution of 7,..., 7,.

In our point process approach the fundamental object is the default order statis-
tics, i.e. the distribution of the ordered default times (7;,) where 7} = ming{7;} and
T,, = maxg{7}. The copula approach models the distribution of the unordered
sequence (7,), which must then be transformed into the order statistics. While pos-
sible, this can be a complex task, see Maurer & Margolin (1976). Simplifications are
possible in the exchangeable case where the marginals have the same distribution
and the copula is symmetric, but this is often too restrictive.

The time-change approach allows a flexible and intuitive specification of the de-
fault dependence structure embedded in the order statistics. The dependence struc-
ture is dynamically updated with the information that is revealed over time. In the
copula approach, the default dependence structure is fixed through the copula at
time 0 and remains invariant. Moreover, the choice of copula is often arbitrary.

A Proofs

We begin by establishing the following proposition.

Proposition A.1. Suppose we are given a probability space (Q, F,P), a filtration
H = (H;)¢>0 that satisfies the usual hypotheses, an H-local martingale M° = (M})i>¢
with localizing sequence (Sy)n>1, and a continuous process G = (G(t))i>0, increasing
to infinity almost surely such that for every t > 0, G(t) is an H-stopping time with
P(G(t) < o0) = 1. Then the time changed process M given by M; = Mg(t) is a local
martingale with respect to (Hg(t))i>o0. The localizing sequence is given by (T,,)n>0
where T,, = inf{t : G(t) > S, }.

Proof. Clearly M is adapted. Let T,, = inf{t : G(t) > S,,}. Since (S,,) is a localizing
sequence S,, — oo almost surely. Furthermore, since G is finite and increases to
infinity almost surely, P(7,, < co) = 1 and T,, — oo almost surely.

By localization, M, s, is a uniformly integrable martingale. The Optional Sam-
pling Theorem implies, for any t > s > 0,

E[Mg(t)/\sn |HG(S)/\Sn] = Mg(s)/\Sn .

But G(t) A S, = G(t) N G(T},), so

E[Mgnry | Hasnam,)) = Ment,):
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Applying the result of Protter (2004, Corollary on p.10) gives

Mg(s/\Tn) = E[Mg(an)mG(s)AG(Tn)]
= E[E[Mgr,) | Hom,)] Has)

= E[Mgnr)Haos)
But since M, = Mg(t),
E[Minr, [Ha(s)] = Mant, -

Hence M is a local martingale with respect to (Hg(t))i>o with localizing sequence
(Tn)TLZO- D

Consider the situation described in Section 3.1, in which we are given a prob-
ability space (2, H,P), a filtration F containing all P-null sets of H. We are also
given a standard marked Poisson process NV with respect to the filtration H, which
contains F,, for all . This implies that the process N is independent of F. Let
the arrival times of this process be denoted 0 < S; < S5 < ... and the marks be
denoted Z, € M, where M is a general mark space. Suppose we have constructed
the G"-adapted time-changes G,, as in Section 3.1.

We have filtrations H, G™ and G that satisfy the usual hypotheses, where:

H: D Foo V J(l{skgs}, Zkl{Skgs} s <t k> 1) (21)

Gi' = [ Fu Vol Zilinss =5 < uk < n) (22)
u>t

gt == mfu V U(l{Tkgs}a Zkl{Tkgs} .S S u, k 2 1) (23)
u>t

Since F contains all P-null sets of F, so will any filtration containing Fj.
Define H,(t) = min(7,, — T,,—1, (t — T,—1)"). These processes are continuous,
linear between T),_; and T},, and constant elsewhere. Thus,

0, t<T, 1
Gn(Hn(t)) = Gn(t - Tn—l)a T, <t<T,
Gn(Tn - Tnfl)a Tn S t
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Then, we can re-write G(t) as:

G(t) = Gr(Ty —Tp—1) + Gt —Typ—1) on {T,1<t<T,}

= Gu(Hq(t)) (24)
Remark A.2. If T;, — oo almost surely, then almost surely, G is continuous, strictly
increasing, with G(0) = 0, G(t) < oo, and lim; .., G(t) = oc. O

Remark A.3. If F = (F;);>0 and G = (G;);>0 are any filtrations, F; C G;, and G
satisfies the usual hypotheses, then the right continuous completion of ' is contained
in G. That is m ftJré - gt. ]

e>0

Remark A.4. Foranyn > 1,s > 0, H,(s) is a stopping time for G, and (s—T,,_1)"
is a stopping time for G" .

Proof. They are both non-negative and for ¢ > 0,
{6-Th)" <t ={s-—Ta<th={s <Ta+t} Gy,
{H,(s) <t} ={T,,—T,.1 <t}U{s—T, 1 <t}

={T, <Tp1 +t}U{s < T, 1 +t} €G} .,

Lemma A.5. For alln > 1, G,((s —T,,_1)") is G*'-measurable.

Proof. Fix s > 0. We know that (s —T,_1)" is a stopping time for G"~! by Remark
A4, and that G, is G"'-adapted. Thus G,,((s —T,,—1)") is measurable with respect

—1
tO g,;infl‘i’(sf,l—'nfl)+ : BUt

Tnfl + (3 — Tn,1)+ <sV Tnfl.

So Gn(H,(s)) is G&7  -measurable, and hence for any ¢ > 0,

{Gnl(s = Tn—1)+) <t} e g?\/_iln,l
By definition of this o-algebra,

(Gol(s — T)*) <t} N {sV Ty < s} e g,
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But {sVT, 1 <s}={T,_ 1 <s}and {T,,_; < s} € G"! sowe have that

{Gul(s = Tua)™) < t}
= ({Ga((s = T-1)™) < tF N {Th1 < sH U ({Ga(0) <t} N {s < Tp1})
=({Gul(s —Tm)) <3 N{s VT < sHU{s <T,a} € G
and we are done. 0
Lemma A.6. For alln > 1, G,(H,(s)) is G"-measurable.

Proof. Fix s > 0. We know that H,(s) is a stopping time for G" by Remark A 4,
and that G,, is G" '-adapted. Thus G, (H,(s)) is G711, (s Measurable. But

T 1+ Hn<8) <Th1+ (S — Tnfl)+ <sVT,_1.

The remainder of the proof follows that of the preceding Lemma, with (s — T),_1)"
replaced by H,(s) and G"! replaced by G". ]

Remark A.7. Lemma A.6 and (24) imply that G is adapted to G.

Lemma A.8. The filtration (Go-1())e>0 satisfies the usual hypotheses and fort > 0,
Ga-1) C H.

Proof. Since G is a continuous, strictly increasing, G adapted process, it is well
known that the time changed filtration (Gg-1())i>0 satisfies the usual hypotheses.
The fact that Gg-1(4) C H; follows from the Monotone Class Theorem and the fact

that 1gs,<n = Lir,<c-1(0)- =

Proposition A.9. For any ty > 0, G(to) is a stopping time for H.

Proof. Fix ty > 0. Since G is continuous and strictly increasing, Lemma A.8 implies
{G(tg) <t} ={to <G (t)} € Gg11y C Ha.

Thus G(tg) is an H stopping time. O]

Proposition A.10. If G(t) is strictly increasing, G C Ha for all t.

Proof. Fix t > 0. For any n, the process (1{g,<s) is H-adapted, and cadlag. Since
G(t) is a finite stopping time, Theorem 6 in Protter (2004, Chapter I) yields that
lis,<ac()y is measurable with respect to Hg() for all . But, since G is strictly
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increasing, 1¢s,<a()y = lyr,<s) and hence 1¢7, <sy and Zp 17, <4y are Hg)-measurable
for all ¢.
Thus, since n was arbitrary,

o(Lyr,<sys Znlim<ey,s <t,n > 1) C Hep-
Furthermore, since F; C Foo C Ho, and 0 < G(t), we get Fy C Heyyy. This implies
FiV o(Lr,<sys Znlim,<sy, s <t,n > 1) C Hapy

since He(y) is a o-algebra containing each of the two components, and the left-hand
side is the smallest o-algebra containing them. Now, since G, is the right continuous
version of the left-hand side, and H¢(y) satisfies the usual hypotheses, G, C Hg ) by
Remark A.3. O

Proof of Theorem 3.3. By definition, (1{1,<4) is G-adapted, hence so is N. By Re-
marks A.2 and A.7, G is G-predictable, and hence it remains to prove that N — G
is a G-martingale.

Since NV is a Poisson process with respect to H, the process M? given by
M = N —t is an H-local martingale with localizing sequence (S,,),>0. The process
G is continuous and increases to infinity almost surely. Given T,, — oo almost surely,
Remark A.2 and Proposition A.9 imply G(¢) is a finite H-stopping time for all t.
Applying Proposition A.1, it follows that the time changed process

is a local martingale with respect to (Hg))i>0 Wwith localizing sequence T, =

G~1(S,). By Proposition A.10, G is a subfiltration of (Ha))e=0 and so N — G
is also a G local martingale. Thus G is the compensator of N. m

Proof of Proposition 3.1. Isis clear that N does not explode if and only if lim,, .o, T}, =
oo almost surely.

Suppose we are given the subsequence ng, € > 0, and positive (M} )g>o satisfying
the given properties. Since (S, — Sn_1)n>0 are i.i.d. exponential random variables,
the Borel Cantelli lemma implies that

P(Snk — Snk—l > M, 10) =1.

But since G,;! is increasing, and G ! (M) > € almost surely for all k, we have that
with probability one, G} '(Sp, — Sn,—1) > € infinitely often. Hence

lim T, =Y G (Sn = Sne1) = > Gol(Sy, = Snpm1) = 00
n=1 k=1

almost surely. O
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Proof of Proposition 3.2. Let the process N, with arrivals (T,,) and time change
functions (G,,) be given. Suppose that for all n > ng, Gy, (t) < G, (t) for all t. Thus,
for all n > ng and all s, G;'(s) > G (s). Hence,

lim T, = > G (Sy = Sact) = Y G (S0 — Saci)

n=1 n=ng

o0

since T/} — oo. O
Lemma A.11. The Poisson inter-arrival time S,, — S,_1 is independent of QT 4t

Proof. Since NV is a Poisson process, S, — S, is independent of Hg,_,. Note that
(G )0 only contains information about F and the first n — 1 arrivals. Since all
these arrivals have happened by T),_1, the monotone class theorem, and Proposition
A.10 imply

o CG LV Fe CGn,, V F C Ham,y) = Hs,_y-

Thus S,, — S,_1 is also independent of Q » +t O
Proof of Theorem 3.7. (1) Fix t > 0. Lemma A.11 implies that S — Sp—1 has an
exponential distribution given GI:' |, and since G,(t) is G}, ,-measurable, it

follows that
P(Ty, — Ty > t1Gr L) = P(Sn — St > Ga(8)|Gn L) = e 60,
Hence
P(T, = Tor > tG7 " 1) = E[P(T, — Tomr > t1G7 L )IGT L]
=Ele” |G L)

(2) Since the S,’s are arrivals of the standard Poisson process N, we have that
for any H-stopping time o > S,,_1, and fixed ¢ > 0

P(Sn >0+ t|HU) = 6_t1{5n>0}.

By Lemma A.11, we know that for any s < t, G,,(s) and G,,(t) are Hg, ,-measurable,
and hence also H,-measurable. Thus, the variable G,,(t) — G,,(s) is H,-measurable,
implying that

P(S, > 0 + Gu(t) — Gu(s)|H,) = e @ O=CEnlD o o
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Now, note that since Gy,(s) > 0 is Hg, ,-measurable, ¢ = S, _; + G,(s) is an H-
stopping time by definition of Hg, ,. Thus,

P(S,, > Sho1 4+ Gu(t)[Hs, 1+Ga(s) = 6_(0"(t)_G”(5))1{Sn>sn_1+Gn(s)}-
Since T, — Tp,_1 = G;;* (S, — Sn_1),
P(T, — T > HHs, y1Gu(s) = € OO oy

But, by construction, S, + G(s) = G(T,,-1 + s) for T,,_1 + s < T, and hence,
since G (s) is increasing, S,,—1 + G,(s) > G((T,,—1 + s) A'T,,). Thus, by Proposition
A .10,

Hs, 14Gn(s) D Ha(Tuor+)ATn) D G(Tho1+5)ATy -
It follows that
P(T, —Th-1 > t’g(Tn,l—&—s)/\Tn) = E[e_(G"(t)_G”(S))1{Tn—Tn,1>s}|g(Tn,1+s)/\Tn]

which implies the result on the event {7, — T,,_1 > s} = {T,,—1 + s < T,,}. O
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