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An influence diagram is a network representation for probabilistic and decision analysis models. The nodes correspond
to variables which can be constants, uncertain quantities, decisions, or objectives. The arcs reveal the probabilistic
dependence of the uncertain quantities and the information available at the time of the decisions. The detailed data
about the variables are stored within the nodes, so the diagram graph is compact and focuses attention on the relationships
among the variables. Influence diagrams are effective communication tools and recent developments also allow them to
be used for analysis. We develop algorithms to address questions of inference within a probabilistic model represented as
an influence diagram. We use the conditional independence implied by the diagram’s structure to determine the
information needed to solve a given problem. When there is enough information we can solve it, exploiting that
conditional independence. These same results are applied to problems of decision analysis. This methodology allows the
construction of computer tools to maintain and evaluate complex models,

Considerable effort goes into the construction and

validation of probabilistic and decision analytic
models. These models have a variety of features: some
forecast uncertain phenomena; some learn by incor-
porating information from observations or experi-
ments; some control partially observable processes
over time. One basic property they share is that they
use probabilistic inference to obtain probability distri-
butions for variables of interest given the data from
previous observations. Traditionally, a skilled analyst
obtains these conditional distributions by exploiting a
problem’s structure and manipulating the distribu-
tions that are estimated or assessed.

In practice, we are building larger and more com-
plex probabilistic models and attempting to describe
shorter-term phenomena. We rely on computers as
tools for computation, but there is also a role for them
in the structuring of problems, the organization of
data, and the control of the computational process. In
this paper, we describe an approach to organizing and
manipulating probabilistic models that can be imple-
mented on a personal computer (Shachter 1988). The
key is the use of an influence diagram representation.

An influence diagram is a network. The network
graph shows the structure of the model. The graph
consists of a node for each variable in the model and
arcs that indicate the relationships among the vari-
ables. Detailed information about each variable is
stored within the associated node.

Once a particular problem is identified, a solution
can be computed by manipulating the influence dia-

gram through a series of transformations to the model
that preserves the solution value. These transforma-
tions change both the graphical structure of the model
and the detailed data within the nodes. One can use
these transformations to determine the conditional
independence implicit in the graphical structure, and
the data needed to evaluate an arbitrary conditional
expression (or optimal decision). When those data are
present, a similar procedure can be used to compute
the solution.

None of the capabilities described above are new:
any good decision analyst does these things for a living.
What is new is the ability to implement these capabil-
ities on a personal computer. This makes them avail-
able to less experienced analysts, or to decision makers
with limited resources. It suggests ways to assess and
maintain our probabilistic knowledge, aiding in the
formulation and solution of complex problems. It
even has benefits for the skilled analyst, since it frees
him/her to concentrate on major issues, and provides
powerful tools for sensitivity analysis.

Influence diagrams were developed as a computer-
aided modeling tool by Miller et al. (1976) and
Howard and Matheson (1981). Olmsted (1983)
explored the notion of solving a decision problem
through influence diagram manipulations, and an
algorithm to accomplish that was constructed by
Shachter (1986). This current paper extends those
results by showing how any probabilistic inference
problem can be solved through basic operations
on the influence diagram. It also determines the

Subyect classification Decision analysis: representation, evaluation and information requirements. Dynamic programming: inference procedure and
information needs. Networks/graphs: structure to represent and solve decision and inference problems.

Operations Research
Vol. 36, No. 4, July—August 1988

0030-364X/88/3604-0589 $01.25
© 1988 Operations Research Society of America

Copyright © 2001 All Rights Reserved



590 / SHACHTER

information requirements for inference and decision
problems, and the conditional independence implicit
in the influence diagram’s graphical structure.

There are other approaches to analyzing an influ-
ence diagram. A message-based approach to updating
probabilities in a special class of influence diagrams
has been developed by Pearl (1986), and Henrion
(1988) uses simulations to calculate probabilities. A
more theoretical presentation of conditional inde-
pendence in influence diagrams based on the corre-
sponding undirected graphs is contained in Smith
(1986).

Section 1 presents the basic concepts of probabilistic
influence diagrams along with an example to illustrate
results throughout the paper. More formal properties
of the influence diagram and its graphical structure
are developed in Section 2, and Section 3 provides the
framework for the general inference problem. Sec-
tions 4 and 5 derive the basic operations that trans-
form the influence diagram to solve the inference
problem. Section 6 gives examples of how these oper-
ations can determine the information needed to solve
an inference problem, and general results, including
the conditional independence implications, are
derived in Section 7. An example of how this approach
can be used to develop and then consolidate a model
is presented in Section 8. Sections 9 and 10 extend
these results to problems in decision analysis. Finally,
Section 11 contains conclusions and some possible
applications of these results.

1. Probabilistic Influence Diagram Example

In this paper we will be examining issues in the
analysis of influence diagrams. Because influence dia-
grams are relatively new to the literature, this section
provides some needed background and develops an
example that is referred to throughout the paper.

There are some concepts from graph theory that are
basic to this presentation. A node is a primitive object,
and a (directed) arc is a line with an arrow on one
end connecting two nodes. A directed graph consists
of a finite set of nodes and (directed) arcs, and a
network is a graph in which additional data are stored
in the nodes or arcs. A directed path is a sequence of
nodes that we could visit by moving along the arcs in
the proper direction. A directed cycleis a directed path
that starts and ends with the same node. A node j is
reachable from a node i if there is a directed path
starting at / which contains j. (By this definition, a
node is always reachable from itself.)

An influence diagram is a network consisting of a
directed graph with no directed cycles and detailed
data stored within the nodes of the graph. Each node
in the graph represents a variable in the model. This
variable can be a constant, an uncertain quantity, a
decision to be made, or an objective. We call an
influence diagram probabilistic if all of its nodes rep-
resent constants or uncertain quantities. We will study
probabilistic influence diagrams for most of the paper.
Later on, we will consider more general influence
diagrams.

Each variable in a probabilistic influence diagram
has a data frame within its associated node, in which
there is a finite set of outcomes (the values that the
variable may take) and a conditional probability dis-
tribution over those outcomes. It is convenient to refer
interchangeably to a node :n the diagram and the
variable which corresponds to it. The conditioning
variables for its distribution are indicated in the graph
by arcs from (the nodes corresponding to) its condi-
tioning variables into (the node corresponding to)
it. If there are no arcs going into the node, then
it contains a marginal (unconditional) probability
distribution.

There are two types of variables in a probabilistic
influence diagram. A deterministic variable has a
degenerate conditional distribution and is drawn as a
double oval (or circle); otherwise, it is called probabi-
listic and drawn as a single oval. We might be uncer-
tain about the value of a probabilistic variable even
after observing the values of its conditioning variables.
In the case of a deterministic variable, we are certain
of its value given the value of its conditioning vari-
ables, although we might be uncertain about its value
if we could not observe their values.

Our example is the analysis of an alarm system for
a chemical plant. There is the danger of an explosion
if the temperature of the process is not successfully
controlled. If there was an explosion, there might be
injuries and property damage. An alarm system has
been installed to warn the building’s occupants to
evacuate when the process temperature is at a danger-
ous level. There is also the possibility of a false alarm,
with a resulting loss in work. (The real problem with
a false alarm “crying wolf” is that the alarm signal
might be ignored later in a real emergency. Although
that can be modeled using influence diagrams, we will
not consider that effect.)

This example can be modeled with a probabilistic
influence diagram such as the one whose graph is
shown in Figure 1. On the far right, there are two
nodes, Company’s Utility and Social Utility, that

""""" TCopyright 200 T ARGt Reserved



Alarm
Sounds

Alarm
Defective

Probabilistic Inference and Influence Diagrams | 591

Property
Damage

Company's

‘ ’ Utility
o

Evacuate
Building

Perception

Figure 1. Example of an alarm in a chemical plant.

represent different values which we might want to
maximize if we were making a decision. Company’s
Utility is the goal of the firm, and it depends on
Injuries, Property Damage, Lost Work, and Alarm
Cost. If we assessed a utility function for the firm, or
computed a total cost in terms of these variables, then
Company’s Utility might be a deterministic variable.
In that case, it would be drawn as a double oval.
Another possible objective, Social Utility, represents
the objectives of a local regulatory committee, con-
cerned with potential injuries and the public’s percep-
tion of the risks from the plant.

Stepping back one level, Injuries has a conditional
probability distribution given that we know whether
there was an explosion and whether the building was
evaculated, the values for Explosion and Evacuate
Building. In a similar fashion, Property Damage has
a conditional probability distribution given Explosion,
and Alarm Cost has a marginal distribution. The
conditioning variables for the remaining variables in
the model can be interpreted in the same way,

In this example, the arcs are most naturally drawn
in a “causal” direction, e.g., injuries are caused by an
explosion and failure to evacuate, and an explosion is
caused by process temperature. Most diagrams are
easily assessed in such a causal direction. However,
there is no requirement that the “causes” condition
the “effects.” Indeed, in decision analysis, we often
need to reverse the direction of the arc (Shachter and
Heckerman 1988). For more examples of influence
diagram model formulation, see Howard and
Matheson, Owen (1978), Shachter (1986), Bodily
(1985), and Bunn (1985).

When the graph is completely drawn, the influence

diagram is said to be partially specified. If a partially
specified influence diagram is not missing any data,
outcomes or conditional probability distributions for
any of the variables, then we call it fully specified. It
is not necessary to have a fully specified influence
diagram to have a meaningful graph such as the one
in Figure 1. Even before we specify the data for the
variables, there is considerable information contained
in the influence diagram graph. In this paper, we show
how to analyze a problem’s graphical structure and
determine the variables that must have outcomes or
distributions specified in order to calculate a particular
result. We can often perform the desired analysis with
data missing for some of the nodes.

2. Probabilistic Influence Diagram

In this section we formalize some of the concepts of
influence diagrams. We also introduce some graph-
theoretic results and establish the connection between
influence diagrams and the joint distribution.

We assign indices to the nodes and variables in the
model, so that the nodes are given by N= {1, ..., n
and they correspond to variables X, ..., X,. Each
variable X, has a finite set of possible outcomes, Q,,
and a conditional probability distribution, #,, over
those outcomes. The conditioning variables for =, have
indices in the set of conditional predecessors, C(j),
N D C(j), and are indicated in the graph by arcs from
the nodes in C(j) into node j. If «, is a marginal
distribution, then C(j) is the empty set, &.

As a convention, we use a lower case letter to
represent one node in the graph, and an upper case
letter (possibly with subscripts or superscripts) to
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represent a set of nodes. If J is a set of nodes,
N 2 J, then X, denotes the vector of variables indexed
by J and @, denotes the cross product of their out-
comes, X,e,Q,. For example, the conditioning vari-
ables of X, are X,y and they have outcomes {c().

If X, is deterministic, then we can represent it as a
function of the values of its conditioning variables,
£ Q¢ — Q. Given f,, we can define , as

(% | Xen) = 0(x, S AC))

where & is one when its argument is zero and zero
otherwise. For a general variable X,, we will use
the probability distribution =,; when dealing specifi-
cally with a deterministic variable, we will use the
function f,.

Let F be the set of nodes corresponding to deter-
ministic variables, N 2 F.

The set of indices of all the variables that condition
X, is called the conditional predecessors C(J) of the
nodes J, and is defined as

C(J) = U, CUH).

We can also define the set of indices of all the variables
conditioned by X, the (direct) successors S(J) of the
nodes J, as

S(WN={jENJNC)#I}

It is also convenient to keep track of those nodes from
which the nodes in J are reachable. These are the weak
predecessors W(J) of nodes J and can be recursively
defined by

wWJ)=JUWCJ))=JUCTHUCICU)NU....

(They are “weak” in the same sensc that < is a weak
inequality.)

We call a list of nodes ordered if none of the weak
predecessors of a node follow the node in the list. An
ordered list exists if and only if there is no directed
cycle among the nodes (Lawler 1976). We can con-
struct an ordered list for all nodes N by first picking a
node that has no conditional predecessors. Now add
one node at a time to the end of the list, choosing any
node whose conditional predecessors, if any, are all
already on the list. Since we require that there be no
directed cycles in the influence diagram, all of the
nodes can be ordered this way. Such an ordered list is
not unique: there might be many ordered lists for the
same diagram. An ordered list for a subset of the
nodes can be obtained by deleting the other nodes
from an ordered list for all of the nodes. For the
example in Figure 1, both [Voltage Spike, Alarm
Logic, Temperature Sensor, Alarm Defective] and

[Voltage Spike, Temperature Sensor, Alarm Logic,
Alarm Defective] are ordered lists for those four nodes.

Given this framework, we are now prepared to
discuss the relationship between influence diagrams
and the joint probability distribution. We can think
of the conditional probability distributions, {m,}, in
the influence diagram as a particular factorization of
the joint distribution, Pr{Xy}. There is at least one
ordered list, [i1, ..., i,], of the nodes, N, in the
influence diagram. A fully specified influence diagram
contains the joint distribution factored into condi-
tional distributions:

PI{XN}

Pr{X,} - Pr{X, | X,}

e PHX X X
= 7, (X, | Xeay) + TulX, | Xew)
- (X, | Xea,)

where =, is just the marginal distribution for X,, since
C(iy) is the null set, @. By the construction of the
ordered list, we are guaranteed that C(i)) is a subset of
{i1,. .., i1} Because directed cycles are not permitted
in the influence diagram, the joint distribution can
always be uniquely determined.

Conversely, we can construct an influence diagram
corresponding to a joint distribution for any permu-
tation of the nodes N. We have thus proven the
following proposition.

Proposition 1

Given a fully specified influence diagram, these exists
a unique joint distribution corresponding to it. There
might be many different influence diagrams corre-
sponding to any joint distribution.

There are two ways that conditional independence
is revealed in the influence diagram graph. The first is
through the use of deterministic variables, and we
shall see more about this in later sections. The second
is by the arcs which are not drawn, There is conditional
independence whenever C(i) is a proper subset of
{is, ..., i}, For example, in Figure 1 Injuries is
conditionally independent of Alarm Defective and
Process Temperature given that we observe Explosion
and Evacuate Building. In general, let M be all the
nodes which can precede node j in an ordered list,
that is, all the nodes which are not reachable from
node ;. This set includes C(j) but does not include j
itself. X, is conditionally independent of Xac() given
Xcgy that is, PriX; | Xard = PriX,| Xc()}. (Set subtrac-
tion is indicated by “\” where A\B = {i € A:i & B}.)
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In our example, given Explosion and Evacuate Build-
ing, Injuries is conditionally independent of all the
other variables in the model except for Company’s
Utility and Social Utility.

The conditional independence in the graph is fur-
ther complicated by the other relationships among the
variables—it is not a local property. For example,
Injuries and Alarm Defective are conditionally inde-
pendent given Alarm Sounds and Explosion. However
they might not be conditionally independent given
only Alarm Sounds, since knowing whether the alarm
is defective provides information about whether there
was an explosion and subsequent injuries. We will
explore manipulations to the graphical structure
which allow us to determine these relationships. It is
in this fashion that deterministic variables play an
important role. In short, the absence of an arc indi-
cates that there is some conditional independence in
the model. The full nature of that independence
depends on the other relationships in the graph.

3. Probabilistic Inference

In this section, we pose the general probabilistic infer-
ence problem that will be addressed in the next few
sections. We will be interested in solving the problem
with a fully specified influence diagram, or in deter-
mining what data are needed to solve it when the
diagram is only partially specified. These data require-
ments give us insight into the conditional independ-
ence shown in the model graph.

The general probabilistic inference problem is to
determine Pr{ fo(X,) | X«}, where J and K are arbitrary
subsets of NV and f; is an arbitrary real-valued function
defined on the outcomes Q; of X,. We assume that a
probabilistic data base for the variables, Xy, has been
assembled in the form of a partially specified influence
diagram. For the example in Figure 1, we might
wish to know the probability distribution for the com-
pany’s utility given whether an explosion occurs and
whether the alarm is defective. In that case, J =
{Company’s Utility}, K = {Explosion, Alarm Defec-
tive}, and fo(X)) = X,.

We will solve the inference problem by introducing
a new variable, X, to the influence diagram. It cor-
responds to a deterministic node with conditional
predecessors C(0) = J, no direct successors, and func-
tional distribution, X, = fy(X,). Our goal will be to
guide the influence diagram through a series of trans-
formations that preserve Pr{f(X,)| Xk}, but which
“reduce” nodes outside of {0} U K from the graph.
This process can be thought of as conditioning
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out the “nuisance” variables. Eventually, all the con-
ditioning predecessors for node 0, if there are any,
will be elements of K, K 2 C(0), in the revised
influence diagram. At that point, the revised condi-
tional probability distribution for Xy, mo(Xo | Xc©) =
Pr{ fo(X,) | Xk}, is the desired result.

It is not always necessary to add the new variable,
Xo, but we do so for convenience and regularity. It
gives us an “objective,” which is always a single vari-
able with no direct successors.

The process described above for solving the infer-
ence problem involves iterative modifications to the
influence diagram. The structure of the graph changes
as nodes are eliminated and arcs are added and
deleted. At the same time, although the outcomes
do not change, the conditional probability distribu-
tions stored within the nodes are revised. The real
“work” of the inference algorithm is to update those
distributions.

We could carry out the process at the graphical level
instead, with no change to any distributions. Although
this does not calculate the answer, it reveals the infor-
mation needed to solve the problem. Since it does not
look at the detailed data, the outcomes and distribu-
tions within the nodes, it can be performed even when
those data are incomplete or missing entirely. It com-
putes two sets, No(J, K) and N,.(J, K), which indicate
the information needed to solve the inference prob-
lem. Outcomes are needed for the nodes in Ng(J, K),
and distributions are needed for the nodes in
N.(J, K). Any nodes not belonging to either set are
irrelevant for the inference problem, so no detailed
data are needed for any of them. This process allows
us to calculate the conditional independence revealed
in the graphical structure.

The reduction procedure can also help in the assess-
ment of a complex relationship. The model can be
constructed by “extending the conversation” to create
a more detailed submodel, and then consolidating that
submodel into summary conditional probability dis-
tributions. This approach facilitates sensitivity analy-
sis, but we will see that it can introduce some errors if
not used properly.

Finally, we can apply our probabilistic inference
results to influence diagrams with decisions, to deter-
mine the information needed to solve a decision
analysis problem.

4. Simple Reductions

The manipulations to the probabilistic influence dia-
gram are based on three simple reductions which
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eliminate nodes, revise the arcs showing conditional
dependence, and update the distributions within the
nodes, without changing the underlying probability
distribution for Pr{ f,(X,) | Xx}. These transformations
are the elimination of “barren” nodes, the propagation
of deterministic nodes, and the reversal of arcs. The
arc reversal transformation is from Howard and
Matheson, and Olmsted, while the barren node prop-
erty is similar to the one in Shachter (1986).

Suppose that a node has no direct successors and is
not an element of J nor K. We call such a node barren.
Since we are not trying to estimate it, we do not
observe its value, and no other variables are condi-
tioned by it, it is irrelevant to the inference problem
we are solving. Therefore, we could eliminate the
barren node from the influence diagram without
affecting the solution. Consider the example in Figure
1 with J = {Company’s Utility}. If K = {Social Utility},
then there are no barren nodes in the diagram. If
K = @, then Social Utility is barren. We could
delete it from the influence diagram without changing
the solution. Afterwards, we would find that Public
Perception became barren. In general, any node from
which we cannot reach some node in J or X can
become barren in this manner. Thus, it is convenient
to extend the definition and call node i barren with
respect to J and K if it is not a weak predecessor of
either set, i ¢ W(JU K).

Proposition 2. (Barren Node Reduction). If node i is
barren with respect to J and K then it can be eliminated
from a probabilistic influence diagram without chang-
ing the value of Pr{ f( X)) | X«}.

A barren node is not inherently irrelevant, but only
irrelevant with respect to a particular J and K. Essen-
tially, its information is “orthogonal” to the inference
problem being solved, but it might be critical in the
evaluation of other problems.

Another simple reduction in the influence diagram
is the propagation of a deterministic node i. Any direct
successor j of the node i contains a conditional prob-
ability distribution =, for which X, is a conditioning
variable. Because X, is a deterministic variable and a
function of its conditioning variables, that function
can be substituted into the distribution for X,. In the
process, node  is replaced as a conditional predecessor
for the node j by the nodes in C(i). The changes to
the diagram graph are shown in Figure 2. The irregular
shapes in the figure are used to represent sets of
conditional predecessors.

5

becomes

1O
H

Figure 2. Propagation of deterministic node.

Theorem 1. (Deterministic Node Propagation). Given
a fully specified probabilistic influence diagram con-
taining an arc from deterministic node i to node j, it
is possible to transform the diagram to one with no
arc between i and j. In the new diagram, node j inherits
the conditional predecessors of node i. If node j is
deterministic, it will remain so.

Proof. The new conditional predecessors for node
jare

C™*(j) « C) U CHOINY

and the new probability distribution for X, is obtained
by direct substitution,

T | Xemewi ) = 750 | Xcon s X0 = filXew))-

The third simple reduction is the reversal of an arc
from a probabilistic node i into another node j, which
might be probabilistic or deterministic. This is the
influence diagram representation of Bayes’ Theorem.
It is similar to the propagation of a deterministic node
in that the conditional predecessors of node i, C(i),
replace node i as conditional predecessors of node J.
In several respects, however, it is a more compli-
cated operation. First, if node j is deterministic it be-
comes probabilistic. (Probabilistic variable X, would
no longer be a conditioning variable, and hence, no
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longer able to “explain the variance” in X,.) Second,
X, and X, are not conditionally independent given C(i)
as they would be if X, were deterministic, so X, must
become conditioned by X, and Xc(,,. Finally, because
of these new arcs, a condition must be added to
prevent the creation of a directed cycle.

The arc reversal operation is illustrated in Figure 3.
If it were applied to the arc from Alarm Defective into
Alarm Sounds in Figure 1, then afterward, Alarm
Logic, Temperature Sensor, and Process Temperature
would become conditional predecessors of both nodes.
The probability that the alarm is defective, given
whether it sounds, would also depend on the process
temperature, and the probability that it sounds would
depend on the state of the logic and the temperature
sensor as well as the temperature.

Theorem 2. (Arc Reversal). Given a fully specified
probabilistic influence diagram containing an arc from
probabilistic node i to node j but no other directed path
Jrom i to j, it is possible to transform the diagram
to one with an arc from j to i instead. In the new dia-
gram, both i and j inherit each other’s conditional
predecessors. If node j is deterministic, then it be-
comes probabilistic.

Proof. Let I = CH(NC(j), J = COUNCM@Ni,
and X = C"@J) N C°j). The new conditional

C(i} n Cli)

=
S AN
o] e e

Figure 3. Reversal of arc from probabilistic node.
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predecessor sets for i and j are
C(j)e—TUJUK

and
C**(N)«—ITUJUKU{j).

Since there is no other directed path from i to j, and
hence i & W(J),

PriX, | X, X, X}
= PriX, | XiXx} = 79X, | Xcoa),
PriX, | X. X, X, X}
= Pr{X, | X. X, Xi} = 70X, | Xcou,)),
and
PriX.X,| X,X,Xc)
= PriX, | X. X;X, X} - PriX, | X X, X}
= 109X [ Xeoe) - 7K, | Xeo)
= Pr{X) | X;XoXe} - PriX, | XX, X, X}
= 1K, | Xenowyy » w7 | Kmewy)).

The new conditional probability distribution for X,
is found by summing,

TG | Xemew,))
= Ve, 779X | Xcon ) TP, | Xcoay), n

and the new conditional probability distribution for
X, is just

72X, | X)) 90, | Xeonay)
777, | Xgmen )

7K, | Xonengn) = 2

The inheritance of conditioning variables is needed
to consider the conditional joint distribution for
XX, | X; X, Xx. The requirement that there be no other
directed (i, j)-path is necessary and sufficient to pre-
vent creation of a cycle. It is equivalent to requiring
that there be an ordered list of the nodes in which
nodes i and j are adjacent. Their order is switched by
the arc reversal.

4. Compound Reductions

The three simple reductions can be combined into a
sequence of transformations that solves the inference
problem. Any node can be eliminated from a proba-
bilistic influence diagram through a compound reduc-
tion, formed from the three simple reductions. If all
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of the nodes except 0 U K were reduced through such
compound reductions, Pr{ /,(X,) | Xx} would be com-
puted in the process. In fact, we shall see that it might
not be necessary to reduce all the other nodes.

There are different compound reductions for deter-
ministic and probabilistic nodes. When node 0 was
created, it had no direct successors. Throughout these
reductions, it will continue to have no successors.

Proposition 3. (Deterministic Node Reduction). 4ny
deterministic node in a fully specified probabilistic
influence diagram can be reduced from the diagram.
Simply propagate the node into each of its successors.
At that point it has no successors and is barren, so it
can be eliminated from the diagram.

Theorem 3. (Probabilistic Node Reduction). Any
probabilistic node i in a fully specified probabilistic
influence diagram can be reduced from the diagram.
First, order its direct successors, if any, with node 0
last in the list, if it is present. Then reverse the arcs
from node i into each successor in order. At that point,
node i has no successors and is barren, so it can be
eliminated from the diagram.

Proof. We want to show that it is possible to perform
all of the arc reversals without creating a cycle, and
that node 0 will never acquire direct successors. By
reversing the arcs into the successors in the order they
appear in the list, by the time each reversal is per-
formed it involves the first node in the list. This
ensures that no cycle could be created by reversing
the arc. Since node 0 has no direct successors, it can
always be ordered last in the list. It becomes a condi-
tional predecessor of node i during the last reversal
just before node i is eliminated, so it has no direct
successors at the end.

When a probabilistic node i has only one direct
successor, the reduction process can be simplified. We
only need to compute a new distribution for its suc-
cessor using Equation 1. We can avoid computing a
new distribution for node i using Equation 2, since
node / is becoming barren and will be eliminated from
the diagram. When node i has multiple direct succes-
sors, this simplifies the last reversal. If node 0 were
one of the direct successors, it would always be the
last successor to have its arc reversed, and thus, we
would never compute a distribution conditioned by
node 0.

Both of the compound reductions take a node that
might not be barren, and turn it into a barren node.
They do so by repeated substitutions and arc reversals,

using Bayes’ Theorem to extract all of the relevant
information from the node. At that point, it is no
longer needed to solve the inference problem. If we
did this to all of the nodes in the diagram outside of
{0} U K, then our problem would be solved. Essen-
tially, our goal is to reorder the nodes so that an
ordered list starts with K and then 0. The compound
reductions allow us to “bubble down” each of the
nodes outside of {0} U K until the desired order is
achieved.

Corollary 1. (Solving the Inference Problem). In order
to solve the inference problem Pr{fo(X,)| Xk} in a
fully specified probabilistic influence diagram, create
the new variable X, = fy(X,) with conditioning vari-
ables X,, and reduce nodes not belonging to {0} U K
until K 2 C(0). The desired expression is the revised
conditional probability distribution .

An example of the transformations in this process
is shown in Figure 4, in which we solve for
Pr{ fo(X5) | X2}. In the first step, going from 4a to 4b,
we reduce barren node 3. In the next step, we intro-
duce deterministic node 0 to obtain the graph in
Figure 4c. We then reduce the probabilistic node 5.
We do this by reversing the arc from 5 into 0, which
also creates an arc from 4 into 0, and then eliminating
the barren node 5, as shown in 4d. There was no
need to compute the conditional distribution for

O
ORORORO
NORONORO
NORORORORO
" OO

e)

;

()

Figure 4. Solving the inference problem.

Copyright- @200 Al Rigtite REserved



{Xs | X4, Xo}, since X was eliminated. The next step is
to reduce node 4, by reversing the arc from 4 to 0 and
then eliminating the barren node 4, as shown in 4de.
This is the last step in the process because the distri-
bution =, stored within node 0 is now Pr{X, | .X;} =
Pr{ f(X5) | X2}, which we were seeking.

Although Corollary 1 does not state any order to
perform the reductions, some orders can be consider-
ably more efficient than others (Ezawa 1986). Deter-
mining the most efficient order for a general
probabilistic influence diagram is an open problem at
this writing. By always reducing conditional predeces-
sors of node 0 (and barren nodes), as in the example
above, however, we will show that we can solve the
inference problem with a minimal specification of
detailed data within the nodes. The following algo-
rithm is such a procedure.

DEFINE PROCEDURE inference (f,, J, K) TO BE

BEGIN
Reduce all barren nodes, N\W(J U K)
Create deterministic node 0 with function £,
conditional predecessors C(0) — J, and no suc-
cessors, S(0) «— .
UNTIL K 2 C(0) DO

Pick a node i € C(0)\K and reduce it.

RETURN ()

END.

6. Examples of Information Requirements

In this section, we present examples of the information
needed to solve some inference problems. These
results are based on “walking through” the algorithm
in the previous section over the graphical structure of
the influence diagram. We will not be looking at the
detailed data within the nodes, but just determining
the data that would be needed. Thus, this procedure
could be performed before any data is obtained, and
might be a useful preprocessing step to determine
the necessary data. In an object-oriented or parallel
processing computer environment, messages could
be sent to obtain the missing information while the
solution algorithm is begun.

The results of this procedure are two sets, No(J, K)
and N, (J, K), the set of nodes for which outcomes
must be specified to compute Pr{ 5(X,) | Xx} and the
set of nodes for which distributions must be specified.
We need outcomes and a distribution for each of the
nodes involved in an arc reversal or node propagation.
We also need outcomes for the conditional predeces-
sors of any node that must have a distribution. For
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example, we must always have outcomes for the nodes
belonging to J, just so that we can specify the function
Jo in our inference statement.

There are a number of different cases to consider
which only differ by the direction of an arc or two, or
by the presence of a deterministic node. We will
consider these cases in some detail to understand the
subtlety of their distinctions.

First, we consider a case in Figure 5a that is similar
to the example we saw in Figure 4. The nodes in
J = {4} are marked with J and the nodes in K = {2}
are marked with K. We would solve this problem
(after creating node 0) by reducing nodes 4 and 3, by
reversing arc 4 into 0 and arc 3 into 0, so we need
distributions (and outcomes) for nodes 3 and 4, and
outcomes for node 2 because it is a conditional pred-
ecessor of node 3. In Figure 1, this might correspond
to computing Pr{Evacuate Building | Alarm Defective,

(O
JC
10
10

e)

Key. Information needed in order to solve problem:

\\\\\\\\\\

(no information needed) @&féé;ﬁ:iéé;»

//////////

(both outcomes and distribuﬁons)

Figure 5. Information needed for probabilistic infer-
ence with probabilistic nodes.

Copyright © 2001 All Rights Reserved



598 / SHACHTER

Process Temperature}. We need distributions (and
outcomes) for Evaucate Building and Alarm Sounds,
and outcomes for Alarm Defective and Process Tem-
perature to solve that problem.

In Figure 5b, node 3 is barren and is eliminated at
the start, so only a distribution for node 4 is required.
This is similar to Pr{Process Temperature | Alarm
Defective}. We observe this result because Process
Temperature and Alarm Defective are independent.

Figure 5c is identical to 5b except that K now
includes node 5 as well as 2. The reductions involve
reversals of arcs from 4 into 3, 4 into 0, 3 into 5, and
3 into 0. Therefore, we would need probabilities for
nodes 3, 4, and 5, and outcomes for node 2. In Figure
1, this is similar to Pr{Process Temperature | Alarm
Defective, Evacuate Building}. Given Evacuate Build-
ing, Process Temperature and Alarm Defective are no
longer independent.

In Figure 5d, node 3 is a conditional predecessor of
nodes 2 and 4. We would reverse 4 into 0, 3 into 2,
3 into O, and 1 into 0, so we would need distribu-
ions for all four nodes. This corresponds to
Pr{Explosion | Alarm Sounds} in Figure 1. We also
need distributions for all four nodes in 5e, which is
similar to Pr{Alarm Logic | Alarm Sounds).

Figure 6 shows examples in which node 3 is now
deterministic. Figure 6a has similar information
requirements to Figure 5a, and it corresponds to
Pr{Evacuate Building | Alarm Defective, Process Tem-
perature} if Alarm Sounds were deterministic. Like-
wise, the information needed in 5b and 5c¢ is no
different if node 3 were deterministic.

We do see a major change from 5d, however, when
we make node 3 deterministic because of the addi-
tional conditional independence it implies. To per-
form the reductions in 6b, we reverse arc 4 into 0 and
then propagate 3 into 0. Node 2 never becomes a
conditional predecessor of node 0. We need distribu-
tions for nodes 3 and 4, and no data for any other
nodes. This is like Pr{Explosion|Alarm Sounds} if
Process Temperature and Temperature Control were
deterministic. Process Temperature would be con-
stant, so Explosion and Alarm Sounds would be inde-
pendent! If node 3 had a conditional predecessor,
node 5, that belonged to K as in Figure 6c, the only
change would be that now we also need outcomes for
node 5. This is similar to Pr{Explosion|Alarm
Sounds, Temperature Control} if Process Tempera-
ture were deterministic.

The situation in 6d corresponds more to the prob-
abilistic case because the uncertainty in node 5 makes
node 3 uncertain. The reductions would consist of the

a)

b)

c)

d)

e)

Key. Information needed in order to solve problem:

Go information neede(D omcomes)

@oth\outéomes and diétribution@

Figure 6. Information needed for probabilistic infer-
ence with some deterministic nodes.

reversal of the arc from 4 into 0, the propagation of 3
into 2 and 3 into 0, and the reversal of 5 into 2, 5 into
0, and 1 into 0. Finally, 6e has similar information
needs to Se.

7. Computing the Information Required

The procedure from the preceding section can be used
to calculate the sets of nodes, No(J, K) and N,(J, K),
for which information is needed when solving the
inference problem. While the procedure allows us to
figure out these sets by hand, there is a simpler algo-
rithm that can perform the same calculations on
the computer. In either case, the need for informa-
tion might be overstated if there is conditional inde-
pendence not revealed in the graph, either due to
unnecessary arcs in the graph or probabilistic variables
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with degenerate distributions. This is because the set
Ny(J, K) only reveals the conditional independence
relationships implied by the graph. Precise statements
of that conditional independence are derived in terms
of st(J, K )

The algorithm below computes the set of nodes,
N.(J, K), for which we need both outcomes and
distributions. Unlike the method used in the preceding
section, it operates on the original influence diagram,
reduces a set of nodes at a time, and does not require
updating information for each node. We need to keep
track of the nodes that stay deterministic, G, and the
nodes that are currently conditional predecessors
of node 0, Q. We will compute No(J, K) directly
from N,(J, K) after we finish, but we could obtain
it by accumulating the nodes in Q. The nodes in
No(J, KN\N.(J, K) are those belonging to K that
are not involved in arc reversals, but that become
conditional predecessors of node 0.

DEFINE PROCEDURE N.(J, K) TO BE
BEGIN
G «— F; nodes which stay deterministic
Q <« J, conditional predecessors of node 0
R « &, nodes which must have conditional
probability distributions
UNTIL K2 @ DO
BEGIN
L «— Q\K; nodes to reduce
IFGNL#Y
THEN BEGIN
L « G N L; only reduce deterministic
nodes
M « L; propagated nodes need distri-
butions
END
ELSE BEGIN
M« L U S(L) N W(J, K); nodes
involved in reductions need distributions
G «— G\M; some deterministic nodes
become probabilistic
END
O «—(QUMU (CMNR)\L; new prede-
cessors of node 0
R «— R U M; accumulate nodes needing
distributions
END
RETURN (R)
END.

Theorem 4. (Sufficient Information to Perform Infer-
ence). In order to solve the inference problem
Pr{ fo(X,)| Xk}, it is necessary to have outcomes %,
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and a conditional probability distribution «, for every
node j in the set N.(J, K) given by the preceding
algorithm, and outcomes R, for every node j in the set
No(J, K) given by

No(J, K) = JU N.(J, K) U C(N.(J, K)).

Neither a sample space nor a probability distribution
is needed for any other variables. If there is additional
conditional independence not shown in the influence
diagram graph, the information needed could be less.

Proof. The key to this result is that the sets N,(J, K)
and Ny(J, K) are invariant to the order of node
reductions, provided those reductions do not unnec-
essarily discard the conditional independence shown
in the original diagram. This could occur through an
unnecessary arc reversal, which might add arcs or
transform a deterministic node into a probabilistic
one.

We could find a sequence of node reductions that
yields the set N.(J, K) obtained using this algorithm.
The set Ny(J, K) consists of the nodes N,(J, K) plus
those nodes which are (initially) conditional predeces-
sors for either the nodes in N.(J, K) or node 0.
QOutcomes must be specified for these nodes in order
to define the required conditional probability distri-
butions.

Since the N.(J, K) given is achievable and the
corresponding No(J, K) is defined from it, we must
show that, given the graph, there is no smaller set
N.(J, K). Such a smaller set could only arise through
a different sequence of simple reductions, arc reversals
in particular.

One possibility is that there is a deterministic node
i which the algorithm removes from G even though
Pr{X,| Xx} is degenerate. But that distribution is
shown to be degenerate by the graph only if every
directed path from a probabilistic node to i includes a
node in the set K. If this were indeed true, the algo-
rithm would never remove i from the set G.

The other possibility is that a different order for arc
reversals might make a difference. However, the only
arcs reversed emanate from a node j that is being
reduced and that is a conditional predecessor of node
0. All of its successors will belong to N, (J, K), regard-
less of the order of arc reversals.

Corollary 2. (Unconditional Inference). In order to
solve the unconditional inference problem Pr{ (X))},
it is necessary to have outcomes , and a conditional
probability distribution =, for each nonbarren node j,

N(J, D)= Nu(J, Q)= W(J).
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Corollary 3. If L 2 J then
N.(L,K) 2 N.(J,K)

and

No(L, K) 2 No(J, K).
IfNo(J,K) 2 L 2 J then
N.(L,K)=N.(J,K)

and

No(L, K) = No(J, K).

Proof. The results of the algorithm for N.(J, K)
depend on which nodes become conditional predeces-
sors of node 0 at one point or another. (Those nodes
form Nuo(J, K).) If No(J, K) 2 L 2 J then there will
be no change in the results. If, however, L 2 J and
I\Ny(J, K) # @ then No(L, K) 2 No(J, K) (strictly)
and

NAL,K)2 N.(J, K).

The same type of result does not hold for K. For
example, in Figure 1 with J = {Evacuate Building}
and K = {Alarm Defective}, N, (J, &) D N.(J, K) and
No(J, @) D No(J, K). If J = {Alarm Logic} and
K = {Alarm Sounds}, then N,(J, K) D N.(J, &) and
Nq(J, K) D Nqo(J, D). Instead, we can say the following
about K.

Corollary 4

If KU [W(EKN\No(J, K)] 2 L 2 KN No(J, K) then
No(J, L) = No(J, K)

and

N.(J, L) = N.(J, K).

Corollary 5. (Recognizing Independence). X, is con-
ditionally independent of Xi\vys.x) given Xeowguxr If
KN No(J, K) =D then X, and Xy are independent.

Proof. Let M = K N Ny(J, K). By Theorem 4, no
information is needed for Xx\, SO

PriX;| X«} = PriX,| Xor, Xicwr] = PriX;| Xl

Corollary 6. (More Independence). X; is conditionally
independent Of XW(K)\NO(J,K) given XKrwn(J,K). If
Kn NQ(J, K) = @ then Xj and XW(K)\]VQ(‘]’K) are
independent.

Using these results we can detect conditional inde-
pendence in a complex probabilistic influence dia-
gram. While this is a sufficient condition for

independence, it is not a necessary condition, since
some conditional independence might not be shown
in the influence diagram graph.

8. Consolidation and the “Extension
of the Conversation”

The reduction operations and the algorithm for prob-
abilistic inference are powerful tools for consolidating
a complex model into an equivalent, summary ver-
sion. They are especially useful when teamed with the
“law of the extension of the conversation” (Tribus
1969). Together they can facilitate problem formula-
tion,.solution, and sensitivity anatysis. In this section,
an example illustrates how they can be used effectively
and correctly, and how to guard against a subtle error
in reasoning,

The first step in the process is the construction of a
simple influence diagram with just a few nodes. For
the example in Figure 1, we might start with just
Company’s Utility, Explosion, and Injuries, and their
arcs. When we try to assess the probabilities (or per-
haps earlier), we find that the model is too abstract to
really understand. It is only with the extension of the
conversation—the addition of more nodes—that we
begin to understand the relationship among the vari-
ables. This process of extending the conversation con-
tinues until we can assess distributions in the model.

Once we have constructed a fully specified diagram,
we can use the inference algorithm and reductions to
consolidate it back into a few key relationships. This
gives us insight into the implications of the micro-
model and feedback on factors we might have omitted.
Even if we have not specified the detailed data within
the nodes, we can still use the methods of the preced-
ing section to learn about the conditional independ-
ence implicit in our graphical model.

One application of this approach is to consolidate
part of a model that will be reduced many times.
Rather than perform the same reductions each time
on those nodes, we can perform it just once. This is
particularly efficient when we perform sensitivity
analysis on other parts of the model. We must be
careful, however, to guarantee that our changes are
consistent.

Suppose we have the model in Figure 1, and want
to perform some stochastic sensitivity analyses
(Matheson and Howard 1968) on possible injuries.
We have scheduled separate consultations with a
chemical engineer and an electrical engineer. To con-
centrate on Process Temperature with the chemical
engineer, we reduce the diagram to one with just two
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Process

a) Temperature

b)

Logic

Spike

d) Alar_m
Logic

Figure 7. Using probabilistic inference for stochastic
sensitivity.

nodes, Process Temperature and Injuries, as in Figure
7a. We can now change the probability distribution
for Process Temperature and then reduce that node
to compute the resulting probability distribution for
Injuries as in Figure 7b. The process is much faster
and simpler than solving the complete diagram.

We next visit the electrical engineer, and carry out
a similar analysis to reduce the complete model to
Just the three nodes, Voltage Spike, Alarm Logic, and
Injuries, as shown in Figure 7c. We could reduce it
further to just two nodes, starting either with the
complete diagram or the reduced one, to obtain the
diagram in Figure 7d. However, we would be incorrect
to then proceed with the electrical engineer as we did
with the chemical engineer.

The problem is that to obtain the reduced diagram
in Figure 7d the calculations made use of the prob-
ability distribution for Alarm Logic. If we later
changed its probability distribution in the reduced
diagram, we would obtain results that are inconsistent
with a change to the complete diagram, since
Pr{Injuries | Alarm Logic} might change also. We can
detect this problem easily because Alarm Logic €
N.({Injuries}, {Alarm Logic}) in the complete dia-
gram. If the complete diagram is reduced only to the
one with three nodes in Figure 7¢, then there would
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be no problems, since probability distributions are not
needed for Voltage Spike or Alarm Logic in order to
perform that reduction.

Extending the conversation and then consolidating
the model are a useful combination for analysis. We
obtain the detail needed to build a defensible model,
and the simplification and efficiency of the summary
relationships. Before making any changes to the
reduced model, however, we must be careful that the
changes are consistent with the larger model. The sets
N, and N, indicate the distributions and outcomes
that were used in the reduction. The distributions and
outcome sets for other nodes may be freely changed.

9. Influence Diagrams with Decisions

The results derived for probabilistic influence dia-
grams may also be applied to more general influence
diagrams that include sequential decisions and an
objective. In this section, we introduce the variables
and nodes used to represent these concepts.

The value node, drawn as a rounded rectangle,
represents the objective to be maximized in expecta-
tion by the decision analysis. In general, our objective
is u(X,) where X are the attributes for utility function
u. To emphasize this role of objective, we will use the
function u instead of £, for the rest of this paper.

A decision variable, drawn as a rectangular node,
represents a variable whose value is chosen by the
decision maker. The criterion for this choice during
our analysis is the maximization of expected utility,
u(X,). The arc into a decision node has a different
meaning than one into the other nodes: it indicates
that the predecessor will be observed before the deci-
sion is made. Thus, we call the predecessors of a
decision node d its informational predecessors I(d).

Consider the example shown in Figure 8a. A firm
is setting its price for a product which is also sold by
one other company. The other firm will announce its
price first and then our customers will wait for our
firm to set its price before choosing their orders. Some
of those customers will be placing their orders early,
before we make our production lot size decision. Qur
goal is to maximize the expected profit which depends
on sales, price, and lot size.

The conventional representation for this problem is
a decision tree, such as the “generic” tree shown in
Figure 9. The sequence of the variables in the tree
indicates the order in which uncertain quantities are
observed and decisions are made. The conditioning
variables for a probability distribution in the tree are
assumed to be all the variables to the left in the tree.
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Early
Orders

a) Price sLi;;
Competitor's Profit
Price
Early
Orders
t
b) Price > sLiZe
Competitor's Sales Profit
Price
Early
Orders
c) Price > SLigze

Competitor's
Price

Figure 8. The information needed to make decisions.

For example, profit appears to be a function of all the
other variables. If conditional independence were
explicitly revealed by drawing arcs to show the con-
ditioning variables (and informational predecessors
were indicated by arcs into the decisions), then this
would become an influence diagram. An influence
diagram can always represent the distributions in the
form they are assessed, but that might not be possible
in a decision tree. For example, because Early Orders
is observed before the Lot Size decision while Sales is
not, we must reverse the arc from Sales to Early Orders
in order to draw the decision tree.

We assume that there is a single, rational decison
maker. It follows that the decisons he/she will make
can be uniquely ordered in time. For example, Price
is chosen before Lot Size. If our decisions are num-

. . Early Lot
Competitar's ‘ Price ‘ ‘
Price Q Orders Size

Figure 9. Generic decision tree corresponding to the
influence diagram in Figure 8a.

bered d,, . .., d., then we could define conditioning
sets, K'=d UId)fori=1,..., m (Let K° =B be
the conditioning set before the earliest decision.) If the
decision maker does not forget, then any information
observed before one decision is made will also be
available for all subsequent decisions. As a result

K"DK"'>3...0K'DK"

The standard technique for solving problems of this
sort is to iterate backwards, solving for the optimal
decision at each decision, given all the decisions and
information that will have been accumulated by that
point in time, and assuming that optimal decisions
are made in the future (Bellman 1957). In our frame-
work, this appears as the transformation of the deci-
sion node into a deterministic node. Its informational
predecessors become conditional predecessors and its
deterministic function, the optimal policy, is con-
structed through optimization (Olmsted, and Shachter
1988).

Theorem 5 (Making Multiple Decisions). Consider
an influence diagram with one or more decisions,
di, ..., dn. Starting with the latest decision, i «— m,
solve the inference problem E{u(X,) | Xx+}. Now obtain
the optimal policy as a deterministic function fo: Q)
— Q, where

Jo(Xnay) = arg max,, eo (E[u(X)) | Xk = xc]).

Next propagate node d, with the new policy into node
0 and repeat for the next earlier decision, i « i — 1.

In our example, we first solve for E{Profit | Com-
petitors’s Price, Price, Early Orders, Lot Size]. This
requires reversing Profit into 0, Sales into Early
Orders, and Sales into 0. After computing the optimal
Lot Size as a function of the other variables, we can
now solve for E{Profit | Competitor’s Price, Price}. We
next compute the optimal Price as a function of
Competitor’s Price and we then reduce completely to
obtain the optimal E{Profit}. Our results are the opti-
mal policy functions for the decisions, and the
expected value of the objective function with those
optimal policies.

10. Information Required with Decisions

We can now apply the previous results to the influence
diagram with decisions. In order to analyze decisions
d, ..., d., we need conditional probability distribu-
tions for the nodes in N(J) and the outcomes for the
nodes in Ni(J). Let N9(J) and Na(J) be the sets

Copyigit© 2001 Al RIgHS RESEVED



corresponding to the data requirements before the
earliest decision.

Before we derive the general results, consider the
example in Figure 8. In the preceding section, we saw
how to solve for the optimal decisions in 8a. We need
outcomes and probability distributions for every node
except the decisions, since we compute their distribu-
tions during the procedure. In particular, we need a
distribution for Early Orders because it belongs to K>
and helps to make the Lot Size decision.

If Sales were also observed before making the Lot
Size decision, we obtain the diagram in 8b. In this
case, Early Orders & N,(J, K?), so it can be ignored
when making the Lot Size decision, and we do not
need outcomes for it. It was valuable earlier because
it gave partial information about Sales that we could
not observe directly. Now that Sales will be known at
the time of the Lot Size decision, Early Orders does
not help us decide.

In Figure 8c, we do not observe Sales, but it is a
deterministic function of two variables that we can
observe. Again, Early Orders & Ny(J, K?), so it can be
ignored when making the Lot Size decision. The infer-
ence algorithm recognizes that we can compute Sales
via its deterministic function, so Early Orders provides
no useful information.

These results are summarized in the following
theorem.

Theorem 6 (Information Requirements for Decision
Making). The data needed to solve the decision analy-
sis problem are given by

Ni(J) = N.(I{(d+)) N N§'(J), K) U N,
fori=0,...,m—1,
N7(J) = N.(J, K™),
and
o)) =J U N(J) U C(N=(J)),

fori=0,...,m.

Proof. When constructing an optimal policy for
decision d..,, we need the information given by
N(J) and N5(J). Propagating node d,., with its
newly derived deterministic function requires no addi-
tional information (besides that new policy) and the
objective function for the next earlier decision d, has
conditional predecessors I(d,.,) N N5'(J). The data
needed for decisions d,, . . . , d,, are then accumulated
by adding the needs for 4, to the data needed for
diry...,dn.
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Corollary 7

NUJ) = W(NJ(IHN\D

NN =NANG'(),KND, fori=1,...,m—1,
and

Na(J) = W(N(J)).

11. Conclusions

There are a number of good reasons to represent a
probabilistic or decision analytic model as an influ-
ence diagram. Because it is concise and intuitive, it
fosters good communications among people who are
developing, analyzing, and using the model. At the
same time, it is a convenient structure for computer
manipulation and solution procedures. Finally, the
graphical structure of the model contains considerable
information without requiring detailed assumptions
about the variables.

The results in this paper allow us to obtain precise
statements of the conditional independence implied
in the graphical structure. A procedure is derived
which exploits that independence to determine the
data needed to evaluate an arbitrary conditional
expression. When that data are specified, we can also
solve the problem. All of these results can be imple-
mented on a personal computer to assist in the struc-
turing, assessment, and solution of complex problems
(Shachter 1988).

The influence diagram imposes a healthy discipline
on our approach to problem structuring. The graphi-
cal structure focuses attention on the key variables
and their relationships. It is quite natural with an
influence diagram to begin with the most important
variables in a simple diagram. We are forced to explic-
itly recognize how they are dependent, what variables
can be observed, and when they can be observed. As
we develop the model, specifying outcomes and con-
ditional probability distributions, it often helps to
introduce new variables. Once the model is complete,
we consolidate it by reducing the unobserved explan-
atory variables and returning to a simple diagram.
When the assumptions change, we can retrieve the
detailed model for recalculation. Sensitivity analysis
and fine tuning are natural because the detailed model
is structured in the way the decision maker thinks.

There are several general uses of these results in the
way problems are analyzed and in the way they are
represented and manipulated inside computers. For
example, an influence diagram graph can be “drawn
on the back of an envelope” without any detailed data
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for the variables in the model. Using the techniques
derived in this paper, we can learn about the relevance
and role of variables in the solution purely from the
structure of the problem.

Another application is to the organization of an
analysis even when it cannot be performed by the
simple reductions in this paper. The basic operations
on the influence diagram are substitution, summation,
and Bayes® Theorem. These operations are straight-
forward on a computer when the sample spaces are
finite or for special parametric families, such as the
multivariate normal (Kenley 1986). Even when the
distributions are more complex, however, the algo-
rithms presented here still apply and can be used as a
“metalevel” framework for managing the computa-
tions, no matter how they are actually performed.

The results are well suited to an expert system
implementation. First, the influence diagram repre-
sentation is convenient for automatic construction of
the model (Holtzman 1984 and Breesc 1987). Next,
given a desired conditional probability distribution,
the algorithm in this paper can determine the infor-
mation required to solve it. In an object oriented
environment, messages can be sent to each “variable”
indicating the data needed from it. This would work
particularly well in a parallel processing system.
Finally, the conditional probability distribution can
be computed and the information used within the
expert system.

Future research can proceed in a number of direc-
tions, especially in the application of this procedure
to special structures. A particularly useful result would
be a method to determine the optimal order of node
reductions when solving an inference problem over
finite state-spaces (Pearl and Ezawa). The recognition
and exploitation of the conditional independence
implied by the influence diagram structure are
the keys to efficient solutions to practical inference
problems.

Acknowledgment

This paper has benefited from the helpful suggestions
of my colleagues, especially Richard Barlow, Leonard
Bertrand, Yann Bonduelle, Robin Keller, Dennis
Lindley, James Matheson, the associate editor, and
the anonymous referees.

References

BELLMAN, R. 1957. Dynamic Programming, Princeton
University Press, Princeton, N.J.

BobiLy, S. 1985. Modern Decision Making, McGraw-
Hill, New York.

BREESE, J. S. 1987. Knowledge Representation and Infer-
ence in Intelligent Decision Systems, Ph.D. thesis,
EES Department, Stanford University, Stanford,
Calif.

BUNN, D. 1985. Applied Decision and Analysis, McGraw-
Hill, New York.

Ezawa, K. 1986. Efficient Evaluation of Influence Dia-
grams, Ph.D. thesis, EES Department, Stanford Uni-
versity, Stanford, Calif.

HENRION, M. 1988. Propagating Uncertainty in Bayesian
Networks by Probabilistic Logic Sampling. In Uncer-
tainty in Artificial Intelligence, Vol. II, L. N. Kanal
and J. Lemmer (eds.). North-Holland, Amsterdam.

HoLT1zMAN, S. 1984, Intelligent Decision Systems, Ph.D.
thesis, EES Department, Stanford University, Stan-
ford, Calif.

Howarp, R. A., AND J. E. MATHESON. 1984, Influence
Diagrams, 1981. In The Principles and Applications
of Decision Analysis, Vol. II, R. A. Howard and
J. E. Matheson (eds.). Strategic Decisions Group,
Menlo Park, Calif.

KeNLEY, C. R. 1986. Influence Diagram Models with
Continuous Variables. Ph.D. thesis, EES Depart-
ment, Stanford University, Stanford, Calif,

LAWLER, E. L. 1976. Combinatorial Optimization: Net-
works and Matroids. Holt, Rinehart, & Winston,
New York.

MATHESON, J. E., AND R. A. HOWARD. 1968. An Intro-
duction to Decision Analysis, Stanford Research
Institute, Menlo Park, Calif.

MILLER, A. C., M. M. MERKHOFER, R. A. HOWARD,
J. E. MATHESON AND T. R. RICE. 1976. Development
of Automated Aids for Decision Analysis, Stanford
Research Institute, Menlo Park, Calif.

OLMSTED, S. M. 1983. On Representing and Solving
Decision Problems. Ph.D. thesis, EES Department,
Stanford University, Stanford, Calif.

OweN, D. L. 1978. The Use of Influence Diagrams in
Structuring Complex Decision Problems. In Pro-
ceedings, Second Lawrence Symposium on Systems
and Decision Sciences.

PEARL, J. 1986. Fusion, Propagation, and Structuring in
Belief Networks. Artificial Intelligence 29, 241-288.

SHACHTER, R. 1986. Evaluating Influence Diagrams.
Opns. Res. 34, 871-882.

SHACHTER, R. 1988. DAVID: Influence Diagram Proc-
essing System for the Macintosh. In Uncertainty in
Artificial Intelligence, Vol. 11, L. N. Kanal and
J. Lemmer (eds.). North-Holland, Amsterdam.

SHACHTER, R., AND D. HECKERMAN. 1987. A Backwards
View for Assessment. Al Magazine 8, 55-61.

SmitH, J. Q. 1986. Diagrams of Influence in Statistical
Models. Department of Statistics, University of War-
wick, Conventry, England.

TriBUS, M. 1969. Rational Descriptions, Decisions and
Designs. Pergamon Press, New York.

CopyrightCr200t-AlFRightsReserved = -



