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Abstract 

Peot, M.A. and R.D, Shachter, Fusion and propagation with multiple observations in belief 
networks (Research Note), Artificial Intelligence 48 (1991) 299-318. 

The Polytree Algorithm of Kim and Pearl [16, 19] is a fundamental method for evidential 
reasoning in belief networks. Not only does it provide exact solutions to singly connected 
networks using efficient, local computations, but variations of it can be applied to more 
general networks as well. When a belief network is singly connected, the Polytree 
Algorithm can compute a posterior marginal distribution for each variable by visiting each 
node at most once for each piece of evidence. By contrast, the related algorithms based on 
undirected graphs [1, 14-16, 28] only need to visit each node at most twice no matter how 
much evidence is observed. In this paper, a Revised Polytree Algorithm is developed with 
the same complexity as the undirected methods, but within the directed framework of the 
Polytree Algorithm. When this new algorithm is applied via "cutset conditioning" to general 
networks it obtains not just the corresponding significant improvement in speed, but also a 
much simpler form for combination. Furthermore, the revised algorithm requires only 
minor modifications to existing implementations of the Polytree Algorithm. 

0004-3702/91/$03.50 © 1991 - -  Elsevier Science Publishers B.V. 
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1. Introduction 

Belief networks are directed acyclic graphs in which the nodes represent 
random variables and the arcs signify their conditional dependence. In addition 
to representing the domain knowledge of an expert, this kind of network 
provides a computational architecture for the propagation of evidence. One of 
the main reasons for its increasing popularity as a representation for uncertain 
knowledge is the existence of an efficient algorithm for processing singly 
connected belief networks with local computations. The Polytree Algorithm of 
Kim and Pearl as described in the literature [16, 19] propagates each new 
observation by visiting each node exactly once and sending exactly one 
message along every arc. Although in the worst case this process must be 
repeated for each new observation, we will consider a control strategy for 
multiple observations which can be much more efficient. 

The Polytree Algorithm has also been applied successfully to networks which 
are not singly connected, even though such problems are NP-hard in general 
[8]. The most common techniques for generalizing it involve either aggregating 
nodes [17, 22] or "cutset conditioning" [20], in which the network is rendered 
singly connected by "observing" all possible values for a set of variables. 

There are also a number of related propagation algorithms that operate on 
an undirected graph analog to the original directed graph. Starting with the 
algorithm developed by Lauritzen and Spiegelhalter [17], these have been 
further refined into the "HUGIN concept" [14, 15] and similar methods [28]. 
These new approaches claim to be the fastest methods available for exact 
solution of general belief networks [1]. By aggregating nodes into sets or 
"cliques", they achieve a singly connected structure even when the original 
problem is not singly connected. This structure allows efficient updating of the 
network as evidence is observed, exploiting the conditional independence 
captured in the network. Rather than propagate each observation throughout 
the network, multiple observations can be incorporated at the same time while 
visiting each clique at most twice and sending at most one message in each 
direction along every arc. 

In this paper, we develop a Revised Polytree Algorithm, which requires only 
slight changes to the original Polytree Algorithm. Nonetheless these modifica- 
tions allow it to propagate multiple observations on the original directed graph 
in a manner similar to the undirected algorithms. The original Polytree 
Algorithm is a purely distributed algorithm and it is the control strategy which 
must be changed for efficient propagation of multiple observations. (A similar 
modification had also been developed by the HUGIN team [13].) Although this 
can be applied with comparable savings to the node aggregation problems, it is 
particularly useful with cutset conditioning. As originally conceived [20], cutset 
conditioning requires an initialization and multiple observations per case, plus 
a complicated method for weighting and combining cases. With the Revised 
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Polytree Algorithm, the network is only initialized once, multiple observations 
are quickly propagated, and the weighting computations are replaced by a 
simple sum. 

In Section 2, we present the Decomposition Theorem and Decomposition 
Algorithm which underlie the Revised Polytree Algorithm for singly connected 
networks, presented in Section 3. Section 4 applies these techniques to the 
method of cutset conditioning, while Section 5 shows how to coordinate these 
methods with other solution approaches. Finally, Section 6 discusses conclu- 
sions and extensions. 

2. Decomposition Theorem 

When an arc or a node separates a network into two pieces, it will be said to 
"decompose" the network. The Decomposition Theorem proves that only a 
limited amount of information needs to be passed between those pieces, and 
leads directly to the Decomposition Algorithm, with properties similar to the 
undirected HUGIN concept [14, 15]. 

A belief network is based on a directed acyclic graph in which each node in 
the graph represents an uncertain quantity with a finite number of possible 
values. Capital letters, such as "X" ,  denote individual nodes or sets of nodes 
and also the variables corresponding to them, while small letters, such as "x" ,  
denote specific values which those variables might take on. The arcs into a 
node X indicate its parents or conditional predecessors in the graph, Ux, and 
its children, Yx. Each node in the network contains some representation for 
the conditional probability distribution for its corresponding variable, con- 
ditioned on the values of its parents, P{xI ux}. Let e be the evidence which 
has been obtained about the variables in the network. This evidence consists of 
observations of the values of some of the variables: the observations about X 
are denoted by e x. 

A (simple) chain is an undirected path formed from arcs in the network, 
ignoring their directions, in which any node is included at most once. A 
network is said to be connected if there is at least one chain between any two 
nodes. (In this paper, it will be assumed that the network is connected. If not, 
then every connected component can be processed independently.) It is singly 
connected if there is at most one chain between any two nodes, and it will be 
called a knot if there are multiple chains (sharing no arcs) between every pair of 
nodes. A network will be called a block if it is either a node or a knot, and 
every network can be thought of as a singly connected set of blocks [7]. At one 
extreme, if every block is a node, then the network is singly connected. At the 
other extreme, there are no nodes which have degree one and the whole 
network is a single knot. 

Suppose that the nodes in the network can be partitioned into two sets, A 
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and B, which are only connected by a single arc, from a node X in A to a node 
Y in B, as shown in the diagram in Fig. 1. Such an arc will be said to 
decompose  the network. If the network is singly connected,  then every arc 

decomposes the network. The evidence can also be partit ioned into e A and e B, 

corresponding to the two sets. Define two messages to be transmitted along the 
arc. The message from X to Y, 7rv(x ), is defined as 

7rr(x ) := P { X =  x, eA} 

for all possible values x of X. (Note that this is slightly different from the 
definition of Pearl [19] which is a conditional rather than an unconditional 
probability. This change leads to a simpler form for cutset conditioning, shown 
in Section 4, which can exploit the multiple observation updates in the Revised 
Polytree Algorithm.) Similarly, the message from Y to X, Av(x ) is defined as 

ay(x) := P { e  B I X =  x}  . 

The structure of the network shown in Fig. 1 implies that B is conditionally 
independent  of A given X, or X d-separates B from A. Therefore ,  it can be 
shown [18, 19, 31] that e ,  is conditionally independent of A and e A given X: 

hr (x  ) = P { e ,  I A, e A, X = x}  = P { e  8 I X  = x}  . 

Using these definitions, one can compute various probabilities. For example, 
by conditioning, 

P { X =  x,  e} = P { X =  x,  e A, eB} 

= P { e B l X = X ,  e A } e { X = x , e  A 

: a ~ ( x ) ~ ( x ) .  

The probability of the evidence is computed by summing the distribution over 
x, 

Fig. 1. Conditions for the Decomposition Theorem. 
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P{e}  = ~ P { X =  x, e} = ~ Ar(x)Irv(x ) . 
X x 

(1) 

The distribution for A and the evidence can be computed by, 

P { A ,  e} = P { A ,  e A, e s }  

: P i e  B [ A ,  e A } P { A ,  ea}  

: A r ( X ) P { A  , eA} , (2) 

while the distribution for B and the evidence is computed by summing and then 
conditioning, 

P { B ,  e} = P { B ,  e 3, eB} 

= ~] P { B ,  eA, eB, X =  x}  
x 

= E P{BIeA, e,, X = x}P{e a, e,, X = x} 
X 

= 2 P{Bles, X= X}Ay(X)rty(x). 
X 

(3) 

When an arc emanating from node X decomposes the network, these prop- 
erties provide intuitive insight as well as computational power. The message 
from X to Y, ,rr(x), is a distribution for the probability of the evidence 
"upstream" of the arc and each possible value of X in the light of that 
evidence. (Although that distribution can theoretically be defined over an 
uncountable sample space for X, our algorithm must assume that it is finite.) 
On the other hand, the message from Y to X, Ar(x ), is the likelihood for the 
remaining evidence as a function of the possible values for X. It shows how 
much that evidence confirms or challenges our original beliefs about the 
distribution for X. Likelihood functions, by themselves, are not natural to 
think about, but the posterior distribution, given by the product hr(x ) 1rr(x ), is 
a more intuitive distribution. It describes our beliefs about the observed 
evidence and each possible value of X given that evidence. Because the arc 
from X to Y decomposes the network, the two components which comprise this 
posterior distribution can be organized independently. 

These results lead to the following decomposition theorem similar to Pearl's 
[19], corresponding to the network shown in Fig. 1. It is the basis for all of the 
results in this paper. 

Theorem 1 (Belief Network Decomposition). Given  an arbitrary bel ie f  ne twork  
that can be part i t ioned into two sets o f  nodes ,  A and B,  connected by a single arc 

f r o m  a node  X in A to a node  Y in B.  I f  the evidence in the sets is e A and e B, 
then the posterior  probabil i t ies P { A [ e a, e B } and P { B [ e a,  e B } can be corn- 
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puted by passing a single message (with one number for each possible value o f  
X )  f rom each set to the other. Furthermore, the two messages are independent. 

Proof. The message from A to B is ~r(x) and the message from B to A is 
Ar(x ). The messages are independent because all of the relevant information 
required to compute 7rr(x ) is in the ancestral set of {x} U e A which is contained 
completely within A, and all of the information to compute Ar(x ) is contained 
completely within B [9, 10, 23, 25]. 

Finally the posterior probabilities are simply proportional to the joint 
distributions given in (2) and (3) with the normalizing constant equal to the 
probability of evidence as in (1): 

and 

P { A ] e }  = P { A l e  A, eB} = a P { A ,  eA, eB} 

: a A v ( X ) P { A  , ea} 

P{Ble} = P{BleA, %} = a P { B ,  e A, % }  

= a ~ P { B I e  B, x} ;tv(x)Trv(x ) , 
x 

where 

a = [P{e}] -~ = [P{e A, ea}] -~ = Ar(x)Trr(x 

In each expression, all of the information from the other set is contained in the 
messages, Ar(x ) and 7rr(x), already shown to be independent. [] 

The messages sent between A and B contain all of the relevant information 
about each set. As long as the possible values for X do not change, any other 
changes to nodes, arcs, probability distributions, or evidence within either 
block will be reflected in its message. Conversely, if there is no change within a 
set, then its message will stay the same and there is no need to revise it. 

Suppose that every chain from the parents of node X to its children all 
contain X. Such a node is said to decompose the network. (If the network is 
singly connected, then every node decomposes the network.) The results above 
can be applied by dividing such a node X into two nodes so that the network 
can be partitioned into the sets A and B connected by the arc between the two 
nodes. Let e x denote the evidence "above" X, that is, all the evidence 

+ 
separated from X if its incoming arcs were deleted. By construction e x will 
correspond to e A. Similarly, define e x as the remaining evidence, correspond- 
ing to %. Let the causal support for X, 7r(x), be 

"rr(x) := P { X =  x, ex}  , 
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and the diagnostic support for X, )~(x), be 

A(x):= P { e x [ S =  x} . 

Then, by the results above, 

and 

+ 

P { X = x, e x, e-x} = ,~(x)Tr(x) 

P{ex,  ex} = ~ A(x)Tr(x) . 
X 

For general networks, recursive application of the Decomposition Theorem 
leads to an algorithm in which each arc between blocks transmits one message 
in each direction in order to compute the posterior distributions for all blocks. 
First, choose an arbitrary block in the network to serve as the pivot block. Its 
posterior distribution can be computed once every other block in the network 
sends a message in its direction beginning with the most distal blocks and 
proceeding inward. At that point, it can send return messages to all of its 
neighbors. They in turn will send messages to all of their neighbors distal to the 
pivot block, and this process continues with messages passing away from the 
pivot block. Since every arc between blocks decomposes the network, the 
Decomposition Theorem ensures that every block has the information it needs 
to compute its posterior distribution. Furthermore, only one message in each 
direction need be sent on any arc, and every node must be visited at most 
twice. Since the number of arcs in a singly connected network is less than the 
number of nodes, this leads to the following corollary. 

Corollary 1. Regardless of the amount of new evidence (and other changes) in a 
belief network, the number of messages which must be sent between blocks in 
order to compute a posterior distribution for each block is less than twice the 
number of blocks. 

Suppose that some changes have been made to some of the blocks in the 
network. Let S be the smallest connected set of blocks which contains all of the 
modified blocks. Such a set can be found in time linear in the number of blocks 
using local computations. The Decomposition Theorem ensures that there is no 
need to receive a new message within S from any block outside S. Thus the 
algorithm described above can be modified to obtain the Decomposition 
Algorithm: 

Decomposition Algorithm. First select an arbitrary block within S to be the 
pivot block. 

First Pass. Each block in S sends a message toward the pivot block after it 
has received messages from all but one of its neighboring blocks within S. 
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Second Pass. Starting with the pivot block, messages are sent away from the 
pivot block to all of the blocks in the network. 

Each block in S except the pivot block will be visited twice. The pivot block 
and each block outside of S will be visited once. 

Consider, for example, the network shown in Fig. 2(a), with blocks A 
through L. Some new information has been obtained for blocks C, J, 
and K. The smallest connected set containing these blocks is S = 
{J, E, B, F, C, G, K}. Any block could serve as a pivot block but suppose that 
F were chosen. The diagram is now drawn in Fig. 2(b) as a tree rooted at the 
pivot block F. Messages are passed toward the pivot block as shown in Fig. 
2(c), but only from the blocks in S. Some of these messages are from child to 
parent,  such as the message from K to G, and some are from parent to child, 
such as the message from C to F. Once the pivot block has received messages 
from both B and C, messages are passed to the rest of the network as shown in 
Fig. 2(d). Every arc in the network will be used to send exactly one message, 
some of which are from child to parent and the others will be from parent to 
child. 

a) 

change change 

(~ nge ~ ch~ange 

c) 

d'  ch,0,e 
0 

change change 

O 0  

d) 

() 0 

Q O 

Fig. 2. Example of the Revised Polytree Algorithm with multiple observations. 
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Additional changes to one or more blocks can be incorporated at any time, 
with the pivot block chosen independently each time, and the set S determined 
only by the new changes. The nature of those changes can include revisions to 
the conditional distributions or observations, or even to forget that there was 
an observation. 

There are several strategies to the choice of the pivot block. If changes have 
only been made to one block, then it should be the pivot block, each node will 
be visited exactly once, and the Decomposition Algorithm passes messages just 
as in the Polytree Algorithm [19]. In general, there will be multiple blocks with 
changes and S would contain more than one block. If one block in S is 
particularly difficult to process, then it is a good candidate to be the pivot block 
since it would only need to be visited once instead of twice. When there are 
multiple processors, the pivot block can be "centered" in the set S, so that all 
of its neighbors can compute their messages in parallel. If the pivot block were 
fixed in advance in order to "hardwire" the first and second passes as in [13], 
then S is effectively the smallest connected set of blocks which contains all of 
the modified blocks and the pivot block. Alternatively, if there is a single block 
at which updated information is required, then it can serve as the pivot block 
and there is no need for a second pass. 

All of these operations can be managed with local computations. In a "Zero 
Pass", the pivot block sends a request to each of its neighbors for updated 
messages, and they pass it along to their neighbors in turn. If all but one of a 
block's neighbors return messages indicating that there has been no change, 
and there has been no change within the block, then it can send a message to 
its remaining neighbor that there has been no change. If there has been some 
change, then this block must be in the set S, and it must compute a new 
message for its remaining neighbor. Once the pivot block receives messages 
from all of its neighbors, it should return messages to all of them to inform 
them of any changes. 

3. Fusion and propagation in singly connected networks 

In this section, the Decomposition Algorithm is applied to a singly connected 
network. The resulting Revised Polytree Algorithm is a modified version of the 
Polytree Algorithm of Kim and Pearl [16, 19]. Regardless of the number of 
observations and other changes, in order to compute the posterior distribution 
for each node, the number of messages which must be sent is less than twice 
the number of nodes. (An earlier modification to the Polytree Algorithm with 
similar complexity was developed for the MUNIN belief network [13].) The 
Revised Polytree Algorithm is only slightly different from the Polytree Al- 
gorithm, and these differences will be highlighted in this section. Although 
these differences are necessary to obtain the "cutset conditioning" algorithm 
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described in Section 4, all of the properties of the algorithm presented here 
also apply to the algorithm as presented by Pearl [19]. 

There are only two attributes which are truly local to each node X. These are 
its conditional probability distribution, P{XI Ux}, and its local evidence, 

hx(X):= P{e xl X = x} . 

These attributes can be set independently for each node at any time, although 
there are global restrictions on what constitutes a consistent or coherent set of 
attributes for the entire network. The test for global coherence is simply 
whether P{e} > 0. The local coherence requirements are that the conditional 
probability distribution must be nonnegative and sum to one for each condi- 
tioning case, and the local evidence must be nonnegative and nonzero. Typical 
values for hx(X ) would be an elementary vector lj = (0 . . . . .  1,0 . . . .  ) for a 
perfect observation of the j th value for x, or 1 = (1 . . . . .  1) when there is no 
local evidence. Any node can have local evidence, regardless whether it has 
children. (In some cases, without full knowledge of the experimental design, 
the probability of the local evidence is indeterminate. However, in those cases, 
it is sufficient that 

hx(X ) = a P { e x [ X  = x} for some positive a . 

Within cutset conditioning, described in Section 4, there is an additional 
requirement that a be the same for all instantiations of X.) 

Since each node X decomposes the network, the causal support 7r(x) and 
diagnostic support h(x) are always defined. They serve to reconcile and 
synthesize the local attributes for all of the nodes in the network. Each local 
attribute is incorporated into either 7r(x) or h(x), but not both. All local 
information in nodes connected to X by its incoming arcs will be assimilated in 
~'(x), and h(x) contains local information from all nodes connected to X by its 
outgoing arcs. For X, itself, its conditional probability distribution, P { X [ U x } ,  
is integrated into its causal support, zr(x), and its local evidence, hx(X ), is 
included in its diagnostic support, A(x). 

The formulae for the Revised Polytree Algorithm are almost identical to 
those of the Polytree Algorithm except for the inclusion of hx(X ) and the 
absence of most of the normalizing constants, which might otherwise destroy 
some valuable information. Consider any node X, with parents U =  
{U 1 . . . . .  Um}, and children Y = { Y1 . . . . .  Yn}. The initialization of the net- 
work should set ~r(x) and zrv,(x ) to the prior probability P { X  = x}, and h(x), 
Ax(X ) and hvj(x ) to 1. Since the prior probabilities in a singly connected 
network can be computed by visiting all of the nodes in graph order, 

P { X =  x} = ~ P { X  = xl U = (u, . . . . .  u . ) }  1-[ P{Uk = uk} , 
u k 
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the initialization operations can be performed by visiting every node and arc in 
the network exactly once. This initialization can be performed when the 
network is first created or at the time of the first update by setting each local 
evidence to 1 and marking every node as revised. To update the network, one 
can compute the probability for any node X and the evidence by 

SO 

P ( X  = x, e} = A(x)Tr(x) , 

BEL{x} := P { X  = x I e} = a P ( X  = x, e} = a),(x)Tr(x), 

where a is a normalizing constant equal to [P{e}] -]. The causal support at the 
node is 

7r(x) = P { X  = x, ex} 

= Z P { X =  xl U = u} I ]  7rx(Uk), 
u k 

and its diagnostic support is given by 

A ( x )  = P { e x l X - -  x} = Ax(x) I-I xv,.(x). 
k 

The message X passes to its parent U i is 

I~x(Ui)= Z )[(X) Z P { x l u }  1-I ~rx(Uk), 
x Uk: kvai k~i 

and it sends its child Yj the message 

7rvj(x) = 7r(x)Ax(x) VI Ark(X). (4) 
k#j 

If )tvj(x ) > 0 then 

= . 

Otherwise, (4) should be used to compute rrvj(x), since it is not indeterminate 
as defined. 

These formulae are only slightly modified from those in Pearl [19], which 
also contains a proof of their correctness. The only differences are 

(1) the change in the definition of ~r(x) means the normalizing constants are 
left off all equations except to compute BEL; 

(2) local evidence )tx(X ) is stored within each node instead of creating 
"dummy" or "evidence" nodes, and must be included in the formulae 
for each node; and 
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(3) local attributes can be freely revised at any time, and therefore messages 
~-(x) and A(x) are never set directly from local beliefs or observations. 

These updating formulae can now be applied using the Decomposition 
Algorithm. Whenever information, either the local evidence or the conditional 
probability distribution, changes at one or more nodes, the new posterior 
distributions at all nodes can be computed by passing at most two messages per 
a r c .  

4. Updating knots using cutset conditioning 

When the network is not singly connected there must be one or more blocks 
which are knots. One technique for resolving these knots, commonly called 
"cutset conditioning", applies the singly connected algorithm presented in the 
previous section, by "observing" all possible values for a set of variables 
[20, 29, 30]. If this set is chosen properly, then observing values for the 
variables will make the network singly connected, and the Revised Polytree 
Algorithm can be applied to compute posterior distributions and messages to 
be sent from the knot. These computations must be performed again for every 
possible combination of values for the variables in the set. Once that has been 
done, the results must then be combined into summary distributions and 
messages. 

The Revised Polytree Algorithm simplifies cutset conditioning in two key 
respects. First, by efficiently propagating multiple observations, it is more 
efficient than the Polytree Algorithm at setting the observed values for the set 
of variables. If there are s variables in the set, then this is a savings of a factor 
of at least Is, clearly a reduction of order O(s), although the method is still 
NP-hard. Second, the complicated and sequential process used to compute 
weights for combining results [20] is replaced by a simple sum. Although this 
saves computation, it does not affect the dominating terms in the complexity 
analysis. Nonetheless, it avoids an unnecessary and confusing calculation. This 
is accomplished by the change in the definition of the ~r-message described in 
Section 2. 

To understand how cutset conditioning works, consider the belief network 
shown in Fig. 3(a). This is a knot, since there are multiple chains, sharing no 
arcs, between every pair of nodes. If, however, we were able to observe that 
variable E takes on value e, then its outgoing arcs can be absorbed [21]. Once 
there is no longer any uncertainty about a node, it becomes independent of its 
children and its value can be instantiated in their distributions. If D had 
conditional distribution P{D[E} before E was observed, it now has an 
unconditional distribution given by P{D} = P{D[E- -e} .  Once the outgoing 
arcs from E have been observed, the network is no longer a knot: E would 
become disconnected from the other nodes; D, H, and I become single-node 
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b) 

Fig. 3. Absorbing arcs for cutset conditioning. 

blocks; and {F, G, J, K} continue to form a knot. If the node F were also 
observed, and its outgoing arcs absorbed, that knot would also be broken, and 
there would be no multiple chains left in the network. Therefore, observing 
nodes E and F, is sufficient to break up the knot. This is not a unique 
combination since observing E and G, for example, will also break it up. 

A set of nodes that will break up all of the knots in a network when their 
values are observed is called a ( loop)  cutset.  (From some heuristics for 
choosing a cutset for conditioning see [29, 30].) Suppose that a particular cutset 
C has been selected and that the possible combinations of values for the cutset 
variables are give by c l , . . . ,  c s. These are called the cutset  instant iat ions.  The 
number of instantiations grows exponentially in the size of the cutset, since it is 
the product of the number of possible values for each variable in the cutset. 
Thus there can be substantial savings in recognizing and separating two: 
adjacent knots rather than solving them both together. If they have instantia- 
tion sizes s 1 and s 2, respectively, then the saving is by a factor of at least 
½s~s2/(s ~ + s:), a reduction exponential in the number of nodes in the smaller 
cutset. 

Although outgoing arcs must be absorbed from cutset nodes to break up the 
knots, it can be desirable to leave some of those arcs unabsorbed. The 
propagation mechanism requires that the network be connected, so that 
information about a single block can be incorporated into the messages 
throughout the network. A simple check allows us to absorb enough arcs to 
break up the knot without destroying its connectedness. For each cutset node 
X, examine each of its outgoings arcs (X, Y) in turn, and only absorb the arc if 
there is a chain, not containing that arc, from X to Y. Afterwards, the knot will 
be connected but only singly connected. Consider the diagram drawn in Fig. 
3(a) with cutset C = {E, F}. Examining first the outgoing arcs from E, since 
there is a chain from E to D, (E, D) should be absorbed, and there is still a 
chain from E to I so (E, I) should also be absorbed. (The absorbed arcs are 
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drawn as dashed lines in Fig. 3(b).) Now, however, the only chain from E to F 
is the arc, so (E, F) should not be absorbed or it would disconnect the 
network. By a similar argument, (F, G) should be absorbed but (F, J) should 
not. Notice that the choices of which arcs to absorb are not unique since they 
depend on the order arcs are examined. Different choices would lead to 
different singly connected networks. 

We have seen how the knot becomes singly connected by observing the 
cutset variables. In fact, however, we have not really observed those variables, 
so we must consider all possible values or instantiations for them. Whenever a 
new value is assigned to a cutset node X, its children must be informed. If an 
arc (X, Y) were not absorbed, then the Revised Polytree Algorithm would 
propagate this change automatically. On the other hand, if arc (X, Y) were 
absorbed, we need some other way for Y to learn about the change to X. A 
phantom message 7rr(x ) is sent along the absorbed arc to indicate that the 
"constant" value for X has changed. This arc is used exclusively to inform Y 
about changes to the instantiation for X and should never be used for messages 
during the Revised Polytree Algorithm. 

Once the arcs have been absorbed, the singly connected knot must be 
initialized. First, a phantom message must be generated for each absorbed arc. 
This first message is arbitrary, provided it is a nonnegative vector summing to 
1, since it will be revised at the first instantiation. Next, the knot should be 
initialized either before or while the messages from its neighbors plus any 
evidence within it should be propagated using a single application of the 
Revised Polytree Algorithm. Let e be the combined evidence for the neigh- 
bors' messages and any evidence within the knot. Since this information will 
not change from one instantiation to another, these messages will never have 
to be sent again. 

Let zr(x, ci) and h(xIci) denote the causal and diagnostic supports for the 
instantiation c c They can be computed by setting the local evidence for each 
cutset node and the phantom message for any of its absorbed arcs to the same 
Ij = ( 0 , . . . ,  1, 0 . . . .  ) corresponding to the jth value for the cutset variable. 
Once the changes to the cutset nodes and their "phantom children" have been 
made, the Revised Polytree Algorithm should be used to restore consistency 
throughout the knot. Of course, if the value of a particular node in the cutset 
has not changed from its previous instantiation, there is no need to change its 
local evidence or to send the corresponding phantom messages. Therefore, 
some additional savings can be realized by ordering instantiations so that only 
one or two cutset node values change between instantiations. 

It is now easy to compute the unconditional values for the distribution for 
any node X. Since 

e{x, e, c3 = *(* 1 ei),,(x, 
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simply sum this over the cutset instantiations to obtain 

e {x ,  e} = Z P(x,  ci} = Z x(xlci) (x, ci) . (5) 
C i C i 

Thus, P{x, e} can be calculated by keeping a running total as A(x[ci)~r(x, ci) is 
determined for each instantiation of the cutset. When an arc decomposes a 
belief network, its messages can be calculated similarly, since 

= P { X  = x ,  

= Z e { X ~ - x , C : c i , , x }  
c i 

= ~ 7r(x, ci) (6) 
C i 

and 
a(x) = P{e;~l x = x} 

= E P { C = c , , e x l X = x }  
C i 

= Z A(xlci).  (7) 
¢i 

If node X is in a knot, note that in general, 

P{x, e} ~ A(x)Tr(x) , 

because X does not decompose the belief network. In this case, P{x, e} must 
be computed using (5) instead. Nonetheless, the outgoing messages to the 
knot's neighbors can be computed as in (6) and (7), since their arcs do 
decompose the network. Note that the operations in (5), (6), and (7) are 
simple sums over the different cutset instantiations. Unlike earlier versions of 
cutset conditioning [20, 29, 30], we do not have to compute weights for the 
terms in these sums because of the change in the definition of the 7r-messages 
introduced in Section 2. 

Finally, the nature of the computations depends on when this knot is being 
processed in the Decomposition Algorithm for the entire network. If this knot 
is the pivot block then all distributions and messages should be computed. 
Otherwise, if this is the first pass, then only compute the message to send 
toward the pivot block. Within the knot, this can be accomplished by sending 
all messages toward that arc. During the second pass, of course, a message will 
be returned on that arc (with no other changes in the knot), so distributions 
can be computed for the rest of the knot, including messages to all of the 
knot's other neighbors, incorporating all of the information in the entire 
network. 
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5. Other methods for solving knots 

There are other exact methods for resolving knots in current use 
[1, 12, 14, 15, 17, 22, 23], and there are likely to be others in the future. To be 
used in conjunction with the Revised Polytree Algorithm, these methods must 
be willing and able to accept and deliver 7r- and k-messages from and to their 
neighboring blocks. The objective of this section is to show how an arbitrary 
belief network algorithm can generate these messages. For algorithms of the 
Lauritzen-Spiegelhalter variety, this is no problem, due to their message- 
passing nature, and their underlying similarities to the Polytree Algorithm. For 
example, in the terminology of [17], the ~ba-function corresponds to a propor- 
tional change in the k-message, and clique marginal p(Si) corresponds to the 
Tr-message in the original Polytree Algorithm. 

On the other hand, approximation algorithms such as the simulation 
methods [2, 4, 5, 8, 11, 21,26, 27], produce estimates of the posterior marginal 
distributions at each node rather than messages between (sets of) nodes. Such 
methods can be adapted to utilize message passing through some simple 
transformations [27], but some information is necessarily lost in the process. 

Consider an arc that goes into the knot from outside. A node X should be 
placed at the tail of the arc. Let Y be the node in the knot at the head of the 
arc and 7rv(X ) be the message entering the knot. This message should be 
normalized and used as the prior distribution P{X} for the simulation. 
Afterwards, there will be a posterior distribution, P{XIe},  computed for the 
node. Set the outgoing message Av(X ) to 

Ay(X) = P{X[ e)1Try(x). 

If any of the  elements of the incoming message ~-y(x) are zero, then the 
corresponding element of Ar(x) is indeterminate. When this arises, the two 
messages in opposite directions on the arc are no longer orthogonal, a violation 
of the Decomposition Theorem. This is unavoidable when computing from a 
posterior distribution, so caution should be exercised whenever an incoming 
message to the knot contains zeros. If that incoming message should change to 
one which does not have zeros for those elements, then the return message 
must be recomputed. 

Consider the analogous case of an arc that goes from the knot to outside. Let 
X be the node at the head of the arc. Let U be the node in the knot at the tail 
of the arc and Ax(U ) be the message entering the knot. Node X should be 
treated as an observed evidence node and this message should be used as its 
likelihood function for the simulation. After,cards, its parent U will have a 
posterior distribution, P{Ule},  and the outgoing message 7rx(U ) can be set to 

7rx(u) = P{ UIe} /),x(U) . 
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As in the earlier case, this quotient is indeterminate when components of the 
incoming message are zero, leading to a violation of the Decomposition 
Theorem. If the incoming message changes to one without zeros for those 
elements, then the simulation must be recomputed. 

There is one other problem with the outgoing messages. The message 
passing in the Revised Polytree Algorithm maintains information about the 
evidence throughout the network, in that 

P{ e} = E ,~(x)~r(x) 
x 

for any node X in the entire network. Some of this information can be lost 
when messages are passed into the simulation as described above. Although it 
is not difficult to modify some of the methods such as [27] to maintain this 
information, it would only be worthwhile when a simulation is being used to 
resolve a knot as a subproblem under cutset conditioning. As was shown in the 
last section, the probability of evidence, in particular the probability for the 
cutset instantiation, plays a critical role in cutset conditioning. 

As was also noted in the case of cutset conditioning, if the knot being solved 
with simulation is to be visited more than once then only a message toward the 
pivot will be required during the first pass. It is only when the knot is being 
visited during the second pass in the Decomposition Algorithm that posterior 
probabilities should be computed for all of the nodes, along with any required 
messages away from the pivot. 

6. Conclusions and extensions 

In this paper, we have developed a Revised Polytree Algorithm for singly 
connected belief networks in Section 3, based on the insight of the Decomposi- 
tion Theorem in Section 2. Unlike the Polytree Algorithm [19] which requires 
time proportional to the number of observations under its implied control 
strategy, the Revised Polytree Algorithm never needs to visit any node more 
than twice in order to propagate all of the evidence and thus achieves a savings 
proportional to the number of observations. Since the Revised Polytree 
Algorithm consists of only a few changes to the original Polytree Algorithm, it 
is easy to modify an existing implementation of the Polytree Algorithm. The 
power and elegance of the new method are inherited directly from the original 
one. Most of the features of the revised method, such as a simple mechanism 
to allow unlimited revision and retraction of local observations and beliefs, are 
also possible under the original framework. 

Just as the Polytree Algorithm has been applied to more general problems 
by clustering [17,22] and cutset conditioning [20], the Revised Polytree 
Algorithm can also be adapted to solve those problems. The benefits of 
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propagating multiple observations at once result in savings proportional to the 
number of observations for clustering, and to the number of nodes in a cutset 
for cutset conditioning. There are other advantages to using the new method 
for cutset conditioning as described in the paper. The algorithm becomes much 
simpler, because it is unnecessary to compute weights for the different cutset 
instantiations. It would not be surprising if there were similar benefits to using 
new heuristics [3] to perform clustering with the Revised Polytree Algorithm 
corresponding to the undirected tree structure the Lauritzen-Spiegelhalter 
Algorithm [17] uses for its cliques. 

Comparisons of the Revised Polytree Algorithm with undirected clique 
methods [14, 15, 17, 28] is a promising area for future research. It is unclear for 
which problems these different approaches are better suited, but we can 
speculate on their basic similarities and differences by considering a singly 
connected network (or one in which the cliques correspond to clustering [22] 
thus reducing the original problem to a singly connected network). In that 
case, there is a correspondence between those nodes with parents and cliques. 
If X is a node with parents, then its corresponding clique contains X and its 
parents U. The clique (posterior) marginal distribution is given by 

p { x  = x,  u - - .  l e { x  = x I v = . )  A(x) F[ 
i 

The main difference between the methods appears to be that the undirected 
methods, such as the HUGIN concept, precompute and maintain this clique 
marginal, while the Revised Polytree Method keeps it in factored form. 
Although the complexity of the two approaches should be the same, I-IUG[N 
seems to be more efficient [1], in part because it precomputes the clique 
marginal, which a factored method might have to recompute many times, and 
also because it can efficiently exploit the sparsity in that clique marginal. 
Nonetheless, the Revised Polytree Algorithm could also be implemented to 
exploit that sparsity. Moreover, if we are hypothesizing and retracting changes, 
as in cutset conditioning or probabilistic sensitivity analysis, the factored form 
might prove to be a more efficient representation, since only the changing local 
attributes need to be revised before propagation. Although we still have much 
to learn about the relative merits of these approaches on many problems, the 
most compelling argument for a directed algorithm such as the one developed 
here is to maintain as close a correspondence as possible between the repre- 
sentation for analysis and the representation originally used to formulate, 
elicit, and revise the belief network knowledge base. 

Finally, a general framework of block structuring for belief networks has 
been introduced, which easily allows large networks to be decomposed into 
simpler models. In general, these smaller subproblems should be significantly 
easier to analyze, and they can be solved by a variety of methods. Generaliza- 
tions of the block structures to recognize additional opportunities for decompo- 
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sition will become increasingly important as the belief network representation 
is applied to develop larger and more sophisticated knowledge bases. 
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