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Stochastic Differential Games with

Constrained State Estimators

IAN B. RHODES, MEMBER, IEEE, AND DAVID G. LUENBERGER, MEMBER, IEEE

Abstract—Attention is given to stochastic differential games in
which the two controllers have available only noise-corrupted out-
put measurements. Consideration is restricted to the case in which
the system is linear, the cost functional quadratic, and the noises
corrupting the output measurements are independent, white, and
Gaussian. A solution to this problem is presented under the con-
straint that each controller is limited to a linear dynamic system of
fixed dimension for the generation of his estimate of the system
state. The optimal controls are shown to satisfy a separation theorem,
the optimal estimators are shown to be closely related to Kalman
filters, and the various terms in the optimal cost are shown to
be readily assignable to the appropriate contributing sources.

I. INTRODUCTION

N AN EARLIER PAPER. [1], attention was given to a
number of stochastic differential game problems in
which the two opposing controllers had access only to
noise-corrupted output measurements. In that paper, asin
this one, attention is restricted to the following problem
involving a linear system, a quadratic cost functional,
and linear output measurements additively corrupted by
independent white Gaussian noises.

Problem 1

Consider a linear system described by the vector dif-
ferential equation

& =F@r + Gi(u(t) + G.@(t) @)

to which Controller 1, controlling u, has available mea-
surements of the form ‘

n@) = Hi®)z(®) + wi()

while Controller 2, controlling », has available measure-
ments

(22)

¥(t) = Ha(Oz(t) + we(®). (2b)

The vector z(t) € E" is the system state, u(f) & E? and
v(t) € E? are the control vectors, y1(f) € E™ and y,(t) €
E™ are the measured output vectors, and the matrices
F(t), Gi(t), Go(t), H1(t), and H,(t) have the appropriate
dimensions. The random disturbances wi(f) and ws(f)
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.are assumed independent, white, zero-mean, and Gaussian

with covariances ‘
cov [n)w(r)] = W@t — 7)  (3a)
cov [wa(t),we(7)] = Wa()o(t — 7) (3b)
cov [wi(t),we(r)] = 0. ' (3e)

It is assumed for simplicity that both controllers consider
the initial state z(ly) to be a Gaussian random vector
uncorrelated for all ¢ with w;(t) and w.(f) and having mean
T and covariance

cov [z(h),z (k)] = M.

Consider also the quadratic cost functional

)

I lup] = fT W' Qu + v'Qw) dt + z'(T)C'Cx(T) (5)

where the matrices @i(f) and @Q:(t) are symmetric and,
respectively, positive definite and negative definite, the
matrix C has dimension m X n with m = n, and the final
time 7T is fixed. Denote by Y;(f), 7 = 1, 2, the output func-
tion measured by Controller 7 up to time ¢, i.e.,

Yi(t) = {(yi(s):s)7 8 e [to;t)} (6)

It is understood that the measurement set Y,(t) includes
the a priori information available to Controller ¢ so that,
in particular, Y;(t,) is simply this a priori information.
Attention is restricted to feedback control laws u(:,-)
and o(-,-) where u(-,-) is a mapping from the pairs
Y1(t),1), t & [t,T], to E? and o(-,-) is a mapping from
the pairs (Y2(t),t) to E% The objective is to find (if they
exist) the control laws w°(:,-) and ¢°(-,-) which are
optimal in the sense that for any control laws u(-,-)
and v(-,-) there hold for all + & [£,T']

E{J. [0 Yi(r)} < E{J,[up*]|Va(r)}
E{J, [Wp]|Va(n)} £ E{J, [020]| Va(r)}.

(72)
(7h)

By giving separate additional consideration to the special
cases in which one (or both) of the controllers has available
perfect state information or no output measurements at
all, nine problems may“be formulated. Of these, eight
have been examined in [1]; these are the cases in which at
least one of the two controllers has either perfect state

‘information or no measurements at all. The problem in

which one controller has perfect state measurements has
also been examined in [2], [3]. The remaining problem,
in which both controllers have available only noise-
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corrupted output measurements, is the subject of this
paper. It has also been examined in [4].

It is noted that the analysis and discussion that follow
may be readily extended to the case where terms of the
form

fT [t'Ryx + (x — d)'Ry(x — d)] dt

+ [(T) — d(D)]" Bs[x(T) — d(T)]

are added to the cost functional (5), where Ry, R», and Rs
are symmetric nonnegative definite matrices and d(-) is a
prescribed n-vector valued function defined over [f,T'].
Furthermore, it is formally straightforward to extend this
material to the situation where, in addition to the noises
corrupting the measurements, Gaussian white additive
noise that is uncorrelated with the initial state and the
measurement noises is present in the system dynamics
(1). As in the corresponding stochastic optimal control
situation, noises in the dynamics or measurements that are
Markov with rational spectra instead of white may be
included in the problem formulation by the standard
procedure of defining additional state variables.

II. FORMULATION OF THE PROBLEM

The eight problems examined in [1] had one important
property in common; conditions were such that each
controller required only a finite-dimensional dynamic
system (together, possibly, with a singular estimator)
to estimate the system state and any other necessary
parameters. Alternatively, this common property may be
viewed in terms of the fact that in these special cases it was
unnecessary for either controller to retain the entire
measured output function up to the time under considera-
tion, since the output of a certain finite-dimensional
dynamic system was sufficient to represent all the infor-
mation the controller required from the output function
measured up to that time.

It appears, however, that when both controllers only
have noise-corrupted measurements available a general
solution to the problem will require an infinite-dimensional
state estimator for each controller or, equivalently,
the preservation and use in the control applied at time ¢
of the entire output function measured up to that time.
On the other hand, in the absence of special conditions
under which the required estimators turn out to be finite-
dimensional dynamic systems, it is of interest to examine
the problem in the case where we formally impose the
restriction that each controller is limited to an estimator
of fixed and finite dimension, the output of which is all
that is available to him in the generation of his control at
that time. In particular, we examine the case where each
controller is allowed an n-dimensional linear dynamic
system, the inputs to which at any given time ¢ are restricted
to the measured output y1(f) or y2(t) and the control input
u(t) or v(¢) applied by the controller to the main system
at that time. Thus Controller 1 is allowed a linear dynamic
system, the n-dimensional state vector 2 (f) of which
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may be considered without loss of generality to satisfy
the linear differential equation

5 = M()a + Bi() [n(t) — Hi®)a] + Di(u() (8a)

where the matrices A:(f), Bi(t), and Di(t) and the initial
condition #(fy) are to be selected by Controller 1. More-
over, Controller 1 is limited at each time ¢ to a control of
the form u(f) = u(21(f),t). Entirely analogous restrictions
apply to Controller 2. :

Thus, instead of allowing each controller to preserve
and use the entire output function he has measured up to
time , we restrict him to generate and use only a selected
n-vector-valued function of it. Furthermore, instead
of having available the entire measured output function
Y1(t) or Y,(f) upon which to condition his expectation of
the cost functional or other entities, each controller is
restricted to conditioning expectations on knowledge only
of z1(t) or 2(f) and the a priori information. The combina-~
tion of 21(t) and the a priori information will henceforth be
denoted Zy(t), with a similar definition for Z(2).

In order to incorporate these considerations, the
formulation of Problem 1 is modified to restrict attention
to closed-loop control laws u(-,-) and v(-,-) which map,
respectively, the pairs (Zi(t),f) to E? and the pairs (Z;(t),t)
to E% Furthermore, it is convenient to regard the com-
bination of the estimator (8a) and the control law
u(-,-), both of which are to be selected by Controller 1,
as a single entity, which we call an estimator-controller
and denote abstractly by U. Similarly, the combination
of estimator and controller for Controller 2 we denote by
V. The problem may then be viewed as one of finding the
combined estimator-controllers U° and V° which are
optimal in the sense that for all estimator controllers U
and V and all 7 in [t,T'] we have

E{J,IUV|ZW)} = E{J,[U,V°]Z()}
< E{JIUV)|ZMW)}.  ©)

This saddle point criterion of optimality is obtained by
conditioning the expectations in (7) on Z(t,) and Za(t)
instead of on Y1() and Y,(¢); since Zi(ty) and Z.(f,) are
simply the a priori information sets available to Controllers .
1 and 2 and since, by assumption, these information sets
are the same, we write Zi(ty) = Za(ty) = Z(t) and combine
the resultant pair of inequalities into the double inequality
(9). A formal statement of the problem follows.

Problem 2

Consider the special case of Problem 1 for which,
instead of the output measurements (2a), Controller 1
has available only the n-dimensional state vector of the
dynamic system

# = Ai®)zr + Bi(t) [y1(t) — Hi(®)z) + Di(t)u(t) (8a)

where the matrices 41(f), Bi(f), and Dy(f) and the initial
condition z;(f)) may be chosen by Controller 1. Similarly,
instead of the output measurements (2b), Controller 2
has available only the n-dimensional state vector z(f)
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of the dynamic system
2 = As(D)ze + Ba(®) [y:() — Ha(t)z] + Da(t)o(t) (8b)

where the matrices A;(t), By(t), and Dy(t) and the initial
condition 2:(%y) are to be selected. With the cost functional
J.[u,v] defined by (5) we seek, if they exist, the matrices
A0, B0, Di°(8), A1), B (t), and D,°(t), t € [t,T],
the initial conditions 21°(f)) and 2°(%), and the control
laws

u(+, ) E* X [t,T] — E?
(5 ) B X [0, T] — E*

which are optimal in the sense that given the matrices
A°(8), B(t), and D,(t), ¢ & [t,T], the initial state
#:°(fo) and the control law »°(-,-) [i.e., given the optimal
combined estimator-controller V° for Controller 2] there:
holds for all + & [t,T]

B{J 00| Za ()} < E{J,[up]|Za(t)}  (10a)
and given the matrices A:°(f), B:%(f), and D°(t), t &€
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. with boundary condition

P(T) = C'C. (15b)

The 3n X 3n symmetric nonnegative definite matrix
M (¢), partitioned into n X n matrices as follows

Myp(®) Ma() Me()
MY =M 10(t) ]Wu(t) M(t) (16)
My(t) Mu@) M)
satisfies the differential equation
M= FOM + MF (@) + GOWOG' @) (17a)
with boundary conditions
zxo’ + Mo, 1=0=
M, otherwise

where the 3n X 3n matrix F(f), the 3n-X (my + my)
matrix G(t), and the (my + my) X (mq + my) matrix
W () are defined in partitioned form and suppressing the
common argument ¢ as follows

F — G 'GP — GyQ7'Gy'P GiQi 'GP GoQ.Gy' P

F = l:F — Al() - G2Q2—1G2’P
F - Azo - GlQl_lGIIP

[ts,T], the initial state 21°({y) and the control law u°(-,.)
[i.e., given the combined estimator-controller U° for
Controller 1], there holds for all + & [t,T']

E{J, [0 Z()} S E{J,[u0]|Zo(6)}.  (10b)

III. SoruTiON OF THE PROBLEM
Proposition 1: The following control laws »°(-,-) and
0°(-,-), matrices A1°(t), A.°(t), B:°(t), B:(t), Dy°(t), and
Dy°(t), and initial conditions 2,°(fy) and 2:°(%y) solve Problem
1

W) = —Q ()G OP D) (11a)
) = =G O PM)() (11b)
ALQ) = F(t) — G()Q:' ()G ) P(t)

I+ (My — Mu) (Mo — Mo)—']  (12a)
Bo(t) = Mu@)H, (©)W,1(t) (12b)
Di(t) = Gi(t) (12¢)
AL = F) — GO OGP @)

4 (M — M) (Mo — Me)—'] (132)
BA(t) = Mu()Hy' Q)W,—1(t) © (13b)
Do(t) = Go(l) (13¢)
at) = & = 2°(h). (14)

The n X n symmetric nonnegative definite matrix P(t)
satisfies the Riccati equation ‘

P+ PF@) + F'(OP — P[G:()Q* WG ()
+ GO MG OIP = 0 (15a)

1‘11O - 10H1 GgQg_ng’P (183)
GiL—'G/'P A — ByYH,
[0 o
G=|B 0 (18b)
0 B
W, 0
W= . (18c)
0 W,

As a point of interpretation, we note that the solution

to the corresponding deterministic differential game
problem is
w(t) = = OG OPOz() (19a)
() = —Q ' OG'OP)z®) (19b)

where P(f) satisfies the Riccati equation (15a) with
boundary condition (15b). (See [1], in which conditions
for the existence of a solution to this Riccati equation
are given.) The optimal controls that solve Problem 2 are
thus given by a separation theorem or certainty equiv-
alence principle in the sense that the now unknown
state z(f) in the solution (19) to the deterministic problem
is replaced by the estimate zi(f) or z(f) of it to give the
solution (11) to the stochastic problem.

Before proceeding with the proof of Proposition 1, we
derive a preliminary result that is of interest in its own
right as well as being important to the subsequent proof:
we show that given the optimal estimator-controller V°
[i.e., given the optimal control law »°(-,-) and the optimal
estimator defined by (8b), (13), and (14)], the estimator
defined by (8a) with (12) and (14) in the optimal estimator-
controller for Controller 1 is unbiased in the sense that
for all tin [4,T]

E{z)|Z:®)} = 21().
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A gsimilar argument, which proceeds simultaneously,

applies for the optimal estimator of Controller 2. As a

byproduct of this analysis, an interpretation is given to
the matrices 4,9(8), B.°(t), D%(t), M (1), F(t), and G(), ¢
E [t,T)and 7 = 1, 2.

We note that substitution of (11) into the system equa-
tion (1) gives on rearrangement of terms

&= (I' — Gi1 'GP — GGy’ P)x
+ GG Plx — 21) + GGy’ P(x — ). (20)

Subtraction of (8a) from (20) yields after some algebra
and the use of (12¢)

(.’).C - Zl) = (F h AIO - G2Q2_1G2,P)x
+ (4 — BHy) (x — z1)

+ GG’ P(x — 2) — Bi'wi. (21)
Similarly it follows from (8b), (20), and (13¢) that
#—2) =F — A — G™'G/P)

+ G 'GY'P (x — 21)

+ (A" — BLHR) (& — 2z) — Blw.. (22)

Forming the composite veetors m(t) and w(f) defined by
m't) = [2'@), 2't) — a'@®), ') — '] (23)
') = [w'({®), w' ()] (24)
we have from (20)—-(22) with (18)
m = F{tym — Gt)w(t)

from which follows (17a) with boundary condition (17b)
when M (?) is defined by

M) = E{m@)m’@®)}. (25)

If we now consider (17a) and, using (18) write out in
detail the components Mu() and Mu(t), we find, after
some algebra and the use of (12a) and (12b), that for all
¢ E [tU)T];

Mu(@®) — Mu@®) = AQ) [Mu(t) — Ma(t)]

+ [Mu@) — Mau(t)]A®)
where A(f) and A(f) are known matrices. Since, by choice
of initial condition (17b), Mu(ty) = Mwu(l), we conclude

that Mu(t) = Mu(f) for all ¢ € [t,, T]. Moreover, since
M is a symmetric matrix, we have

M) = Mo'(t) = Mu'(t) = Mu(2). (26)

In view of the definition (25) of M we thus have for all
14 E [tU)T]

Bla@'(®) — &' O}

Il

E{le@®) — a®)1l'®) — 2'0)]}
E{[z(t) — a() ]’ ®)}

which implies
E{[z() — a@®]/®)} = 0.

. Thus each component of the error () — 21(¢) is orthogo-
~ nal to each component of 21(¢), and z:(f) may be regarded as
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in some sense an estimate of z({). The sense in which
z1(f) is an estimate of z(f) may be clarified by asking
the question: given the matrix M(f) [obtained by integrat-
ing forward (17a) with boundary condition (17b)] and
given Z1(t), what is the best estimate of z(¢) in the least
mean-square error sense? This estimate is also the ex-
pected value of x(¢) given Z:(f) and, since all variables are
Gaussian, is a linear function of Zi(f), i.e., we seek the
matrix L(t) such that

E{z(®)|Z.(t)} = L{)=(t).
By standard estimation theory [5], we require that
E{lz(®) — LOa® ' ®)} = 0

which gives, after some algebraic manipulation,
L@)[Mo@) — Ma(®)] = [Mw() — Ma()].

Unless some components of z(f) can be estimated exactly, -
[Mo(t) — Mu(f)] is positive definite for all ¢ & (4,T],
and thus the unique solution is L(t) = I (identity) for
t € (t,T]. On the other hand, by choice of the initial
condition (14) the same is true at ¢t = %, so we have, for
all t € [to,T], Efx(t)|Z:()} = z(t), which is (9a). Sim-
ilarly it can be shown that, for all ¢ & [t,T], Mp@) =
Muy(t) = Max(t), which implies that E{z(t)|Z:(t)} = 2(t),
which is (9b).

In addition to the above, we ask the question: given the

-~ matrix M (t) and given Z;(f), what is the best estimate of

2(t)? By a procedure analogous to the preceding one,
we find after some algebraic manipulation that for all
t € (t,T]
E{Zz(t)lzl(t)} = [I + (My(t) — Mxu(1))
(M) — Ma() (@) (27)
while, by choice of boundary condition,
E{a(b)| Z1(te)} = 21(b). (28)

As a point of interpretation it is noted that, using (11)—
(14) and (27), the differential equation (8a) for z:1(f) may
be written
d

= El0|2:0) = FOERO|Z:0) + Gouw

+ G(OE{» (1) Z:(t)}
+ Mn (t)Hll (t)Wl_l (t) [yl(t)
— Hi(®)B{z()]|Z:()} ]

with boundary condition

E{z(to)|Z:1(to)} = 0.

In view of the system equation (1) and the results of
standard filtering theory [6] this is an intuitively reason-
able result. . Entirely symmetric results apply to z:(f)
and the situation from the viewpoint of Controller 2.

We are now in a position to prove Proposition 1, i.e.,
to show that the estimator-controllers U° and V° are
indeed optimal in the sense that (9) is satisfied. To do this,



480

use is made of the following sufficiency lemma which is a
specialization to the present situation of a more general
theorem presented in our earlier paper, [1, Theorem 1).
The proof of this lemma is not given but follows im-
mediately by specializing the proof of the more general
result.

Lemma 1

A sufficient condition for two closed-loop control laws
u®(-,-) and »°(-,-) to satisfy (10a) and (10b) is that
there exists a real-valued function I(-,-): X X [t,T] —
R, differentiable in each variable, which together with
u°(-,-) and v°(-,-) satisfies for all ¢ & [t,T'] the following
five conditions. Defining for all ¢ & [t,T] the scalar
function S(-,-,-,-) by
S@unt) = L(xt) + L) [FO)r + Gi(t)u + Ga(t)]

+ w'Qi(u + v'Q(t)v  (29)
(where I, and I, denote the partial derivatives of I with
respect to ¢ and z) the five conditions are

1) min E{S@(®),u*(Zs(t),),)|Z:()} = 0

2) E{S((t),u’(Za(t),)2°(Z:(),),1)| Z: ()} = 0
3) max E{S(x(t),u’(Z:1(t),),v,0)!Z:®)} = 0

v

4) B{S@®),u(Z:(t) 1), (Z(1),0),1)| Z:()} = 0
5) I(z,T) = x2'C’'Cx.

Proposition 2: The real valued function I(-,-) defined by
I(x,t) = 2’P)x + b)) (30)

where the 7 X 7 matrix P(f) satisfies (15a) with boundary
condition (15b) and

T
b)) = tr {f, P(r)Gy(r)Qu(r)Gy' ()P () Mu(r)

4+ P(r)Ge(7)Qe~ (1) G (1) P (1) Moo(T) d‘r} (31)

satisfies, along with the control laws u°(-,-) and v‘“»(-,-)

defined by (11) and the optimal estimators defined by

(8) and (12)—(14), the five conditions of the Lemma, so

that %°(-,-) and »°(-,-) satisfy (10).

Proof of Proposition 2: We have in this case

S(:c,u,vo,t) = a:'Px —+ b -+ u’Qlu -+ Zz’PGng_le’PZ2
+ 2x’P(Fx+ G]_u —_ GzQz—le'PZ2)

from which it follows that

arg min E{S(z,u )| Z:(t)} =

(32)

— QG PE{z(1)| Z:(1)} .
(33)

It has been shown above, however, that, under the
presently assumed condition that Controller 2 uses his
optimum combined estimator-controller, the estimator in
the optimum estimator-controller of Controller 1 is
unbiased. In other words, use of the optimum estimator
defined by (8a), (12), and (14) and the control (33)
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gives E{x(t)[Zl(t)} = z(f) and (33) becomes
arg min E {S(z,u,,t)| Z:()} = — QTG Pa(?).

which is the optimal control u°(21(t),t). Substitution into
(32) then gives after some algebra

E{S(@u000,0)| Z:(1)}
= E{z'(P + PF + F'P — PGiQ,~'G\'P
— PGyQ:"'Gy'P)x + b + E[(x
— 21)'PGiO1 'GP (x — 2)
+ (x — 2)'PGQx'G'P(x — 22)
AGIONA

Finally, in view of (15a) and (31) and the choice of
a boundary condition (15b) we have

E{S(zu®0"0)|Z:(t)} = 0

which demonstrates the satisfaction of conditions 1),
2), 5) of the Lemma. A symmetrical argument shows the
satisfaction of conditions 3), 4), and 5) and so completes
the proof. :

It has been noted earlier that, in view of (19), the
optimum controls for Problem 2 given by (11) satisfy a
separation theorem in the sense that the (unknown)
state z(t) in the solution to the corresponding deter-
ministic problem is replaced by the best estimate zi(f)
or z(t) of it given the available information within the
imposed constraints. Furthermore, we note that the
function I(-,-) has the property that (see [11])

B{ION|Z.0) = B{J )20}, =12

so that from the viewpoint of Controller ¢, + = 1, 2, we
have that in this case the expected optimal cost from time
tis

E{J )| Z:0)} = Bz’ @P@O=() + dO]Z:0)}
E{z'®)P®)z®)|Z.@t)} + b().
Since the optimum cost from time ¢ in the corresponding
deterministic problem is z’()P({)z(t) (see [1]), it is seen
that from the viewpoint of each controller the expected
optimum cost in the nondeterministic case is the sum
of two terms: 1) the expected deterministic cost from time
t and 2) the term b(f) which, from (31), depends on the
future estimation error covariances Myu(r) and Ma(r)
which in turn are due to the error covariances at time
t and the future measurement noise covariances (see
(17a)). The first term may itself be written as the sum of
two terms

E{e’ )Pz ®)|Z:0)}
= 2/(OPWz(t) + tr { M OP®)}, =12

ie., the sum of the deterministic cost with 2;(¢) replacing
z(¢) and a term depending on the estimation error covari-
ance at time ¢.

To this point, nothing has been said about uniqueness
of the solutions to Problem 2. Uniqueness, however, is
irrelevant, for suppose that U* and V* are also optimal
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combined estimator-controllers in the sense defined by
(9) or, more precisely, by Problem 2. In other words,
suppose that for all estimator controllers U and V and
all 7 in [{,T'] we have

B{J.[U%V]Z@)} < B{J.[U%V*|Z@w)}
< B{J.IUV*Z()}.  (34)

In particular, (34) must hold for the estimator-controllers
U® and V° defined in Proposition 1, so that

E{J[U*V*)Z ()} < B{J,[U*V*]|Z(t)}
< E{J.[UV*|Z(t)}.  (35)

On the other hand, U° and V° satisfy (9) for all U and V
and, in particular, for U* and V*, so that we have

E{J,[UV*)|Z(t)} < E{J,[U,V°]|Z(t)}
= B{JLIUAVNZ(t)}.  (36)
Noting that the term on the right of (35) coincides with

the term on the left of (36), we may combine these two
inequalities into the single expression

E{J.[U*V]Z()} £ E{J.[U%V*]Z ()
E{J.[U,V*]|Z (1)}
E{J.[U° V] Z(t)}
EB{JIUxV)|Z(t)}.  (37)
Since the terms on the left and right sides of (37) are
identical, equality must hold throughout, and the cost of
using any of the four possible combinations (U9,V?),

UV, (U*VY, and (U*,V¥*) of estimator-controllers
1s the same.

A 1

A TIA

IV. Concrusion

Consideration has been given to a stochastic differential
game involving an n-dimensional linear system, a quad-
ratic cost functional, and independent white Gaussian
noises additively corrupting the output measurements.
A solution to this problem has been presented under the
constraint that each controller is limited to a linear
dynamic system of dimension n for the generation of his
estimate of the system state; this estimate is all that is
available to him in the generation of his control vector.
Without this additional restriction it appears that any
solution to the more general problem will require in-
finite-dimensional state estimators or, equivalently, the
preservation and use in the control at time ¢ of the entire
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output function measured up to that time. On the other
hand, a natural extension of this work is to allow one or
both of the controllers a dynamic estimator of dimension
larger than n. One such possibility is to allow one con-~
troller a linear dynamic estimator of dimension »n and the
other a linear dynamic estimator of dimension 27, with
which he could estimate both the state vector and the
error in his opponent’s state estimate. Alternatively,
both controllers could be allowed estimators of dimension
2n. Continuation of this process leads naturally to the
question of whether or not, under suitable conditions, the
resulting optimal controls converge toward a limit and,.
if so, how rapidly. Examination of this problem remains
an open area for future investigation.

The optimum control for each controller has been shown
to be closely related to that which would result by assum-
ing a separation theorem to hold, and the optimum esti-
mator for each has been shown to be closely related to a
Kalman filter. Furthermore, the various terms in the
optimal cost are shown to be readily assignable to the
appropriate contributing source, including the optimal
cost which would result if the problem were instead a
deterministic one, the effect of estimation errors, and the
effect of measurement noise.
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