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QUASI-CONVEX PROGRAMMING*
DAVID G. LUENBERGERY}

1. Introduction. In differential form, the Kuhn-Tucker theorem and
the duality theorem for convex programming problems have been extended
to problems satisfying various weakened convexity criteria [1]-[3]. There
have not, however, appeared any global programming results analogous
to and yet extending the classical results for convex programming [4]-[6].
In this paper a global theory for minimization of quasi-convex functions
is presented that parallels the results for convex programming.

The main result is that, although quasi-convex programs cannot be
reduced to saddle-value problems of a Lagrangian function, a Lagrange
multiplier does exist in a modified sense. This leads to a complete global
theory requiring no differentiability hypotheses.

2. Quasi-convex functions. Let @ be a convex subset of R" and let f be a
real-valued funection on €. The function f is said to be quasi-convez if, for
every real ¢,

(1) fx:x € Q, f(z) < ¢}

s convex. Any convex function is quasi-convex. An alternative definition
s that f is quasi-convex if, for every c,

(2) {z: @ € @, f(z) = d}
is convex. Condition (1) implies (2) since

{x:x € Q, f(z) = ¢} -——dg{z: x € Q,f(z) < d}.
Conversely (2) implies (1) since if (2) holds f(z1) = f(z2) < ¢ implies
flax: + a*1:) = f(a:) < cfora = 0, a* = 0,a + oF = 1. Quasi-concave
functions are, of course, defined by reversing the inequalities in (1) and (2).

It is natural to consider global minimization of quasi-convex functions
on a convex set since although a relative minimum is not necessarily a
global minimum for these functions the following results do apply.

LiuMma 1. Let za € Q be a strong relative minimwm of the quasi-convex
Junction f (i.e., there is a neighborhood S of ze such that f(z) > f(xo) Jor all
x € QN 8, x = x0). Then o is the global minimum of f over Q.

Proof. Suppose there were z; € @ with f(z1) = f(x). Then f(aze a¥z1)
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< f(xy) for 0 < &,0 < &, a + a = 1;but for small &, axy + o @1 € S
M @, which is a contradiction.

Lumya 2. The set of points in Q at which f achieves its minimum s convex.

3. The multiplier theorem. Throughout the remainder of this paper we
consider problems of the form

(3) minimize Jf(z) subjectto G(z) = 0, x € Q,

where € is a convex subset of B*, f is quasi-convex on 2 and G is a convex'
mapping from Q into B™. In addition we assume satisfaction of the following
two regularity conditions:
(i) The funection f is upper semicontinuous along lines 2 i.e., for every
1, 2 € @, flaxy + (1 — a)x2) is an upper semicontinuous funection
of « for « € [0, 1].
(i1) There is an z; € @ such that G(z:) < 0.
TuEOREM 1. There is a Ao € R™, Ao = 0, and Ao = 0, such that &f xo 1s a
point al which f(x) achieves a minimum subject to the constraints x € Q,
G(z) = 0, that s, xo solves problem (3), then xqo solves the following problem:

(4) minimize f(x) subject to A G(z) = 0.

Proof. Let ze solve (3) and let up = f(xo). Denote the closed negative
orthant of ™ by N and define the sets I', A < R™ by

I' = {z2:dz € @ suchthat G(z) 2},
A = {z:3z € Q@ suchthat G(z) =z, f(z) < .

IA

(5)

It follows from the nature of f and G that the sets I' and 4 are convex.
The set T' is nonempty, and the set A can be assumed to be nonempty, for
otherwise the theorem is true for any positive Ao . Furthermore, by defini-
tion of wo it follows that A N N is empty. Thus, by the separating hyper-
plane theorem, there is a Ao € R™ such that Nz =O0forallz€ A, A2 =0
for all z € N. It follows from the last inequality that Ao = O.

Suppose there is a z; € I' =atisfying Aez: = 0. Let 22 € Q be any vector
such that G(z:) = z» . Let x; be selected according to assumption (ii) so
that G(x,) = z1 < 0. Sincez1,2, € T and I'is convex, 2, = az1 + (1 — @)z
€ T for « £ [0, 1]. Also by choice of z; and 22, z« § A for « € (0, 1]. Since
G is convex, G(ax; + (1 — a)az) = za., and it follows that f(az: + (1
— a)x2) = pofor a@ € (0, 1]. Then, by the upper semicontinuity of f along

1 One might consider problems with G' quasi-convex rather than convex. Since,
however, @ is used only to specify the constraint set, quasi-convex constraints are
usually replaceable by equivalent convex constraints.

* Anyv convex function, for example, is upper semicontinuous along lines.
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lines, f(x:) = . Since x; € 2 was arbitrary with G(z:) = 2., it follows
that zo ¢ A. Thu»,, since Aoz = O for z € A by definition of A\¢, and since
we have shown that Az = 0 implies z & A, we conclude that Nz =0

implies z &£ A. Therefore, z © @, Ao 'G(z) = 0 imply f(z) = wuoe. Since zo
is feasible to (4), it follows immediately that x, solves (4).

The results of Theorem 1 can be rephrased as: @ solves (3) if and only
if there exists a vector Ao such that (xe, No) is a saddlepoint of K(z, A) on
Q X S, where S is the simplex in B™, S = {A: A = 0, 27 A: = 1}, and

if NG <0,
- Kims 1 {f(x) ’ (z)
+e if NG(x) > 0.

Here K is quasi-convex in x and quasi-concave in A but does not satisfy
the semicontinuity requirements of the familiar minimax theorem of Sion
[71.

The classical analogue to Theorem 1 is the Lagrangian theorem for convex
programs, which essentially reduces a constrained minimization problem to
an unconstrained problem. In the present case we are able to reduce a
problem with m convex constraints to a problem having a single convex
constraint. Just as in the classical theorem, the correspondence is in one
direction only since if x, solves (4) it does not necessarily solve (3). Some
additional requirement, such as the saddle condition, must be imposed to
guarantee G(x;) = 0.

In the classical version the m components of the Lagrange multiplier
must be determined, while in the present case the vector Ao need be deter-
mined only to within a positive multiple; hence, the trade-off of constraints
for unknowns is almost identical for the two theories.

In general we do not have A\ G(x,) = O for the quasi-convex programming
problem as we do for convex programming. For example, if

0, 1+ 22 > 0,
f(xl:a:2) "'{1’ a:;—l—xzé.(),_

the ploblem of minimizing f(x; , :) subject tox1 = 0, z» = 01is equivalent
to Immnuzmg f(xy, x2) subject to 1 -+ 22 = 0, so in this case N = (1, 1).

However, zo’ = (—1, —1) solves the original problem and \o G(z) = —2.

This phenomenon is essentially a consequence of the fact that relative
minima need not be global minima.

TueEOREM 2. Let xy solve problem (3) and define po = f(20). Then either
there is an @y € @, G(Zy) < 0 and f(&Fo) = po, or therets a Ao = 0 such that o
solves problem (4) and o G(xz,) = O.

Proof. Define the convex set B < R™ as

= {z: Hx € Q such that G(z) = 2, f(x) = wo}.
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If there is no & satisfying the first hypothesis of the theorem, then B con-
tains no interior points of the negative orthant . Thus by the separating
hyperplane theorem, there is a Ay = 0 such that Az = 0 for d,ll z € B.
The point 20 = G(z,) is in both B and N, and hence A, 'Gwe) =

4. Duality. As before let ' © R™ be defined as the convex set
(7) I' = {z: dxr € 2 such that G(z) = z}.
On the set T" we define the primal function
(8) w(z) = inf {f(x): G(z) < 2,z € Q}.

LEvMA 3. The primal function « is quasi-convexr on T and upper semit
conlinuous along lines.

Proof. Given a real constant ¢, let 21, z; € T satisfy w(z;) < ¢, w(z) < e.
Then there are z;, x» € @ with G(x;) = 21, G(xy) = 212,f($1) < ¢ and
f(ze) <ec.Toranya > 0,a” > 0, + ¢ = 1 we have

w(ozi + o™2) = inf {f(x): z € Q, G(x) = az + a*2z) = flax: + a’z) < ec.

Hence w is quasi-convex.

"T'o prove the upper semicontinuity, it is sufficient to show that w is upper
semicontinuous at the right end of any line. Given z1, 22 € T and ¢ > 0,
select x1, z» € Q@ such that G(z1) = z1, G(x2) = 2 » J(x2) < w(z2) 4+ e
Then

lim w(azs + a'z) =< hm flazy, + o™ x) = f(@) < w(z:) + e

a—0

We introduce the dual function on the positive orthant in R™:

(9) u(A) = inf {f(z): z € @, N'G(z) = 0}.
In general #(A) may not be finite. Let D be the subset of the positive orthant

on which g is finite.
Lemma 4. The dual function can be expressed as

(10) p(A) = inf {w(2): N2 £ 0,2 € r}.
Proof. This follows from the identity
inf {f(z): z € @, N'G(z) = 0} =)\,infoinf f(z):z € @, G(x) = 7,
270
2zl

which holds for A = 0.

Levmma 5. The dual function p 7s quasi-concave and upper semicontinuous
throughout D.

Proof. Given a real constant ¢ define the (convex) set

K = {ziw(z) < ¢, 2 € T}.
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Let
{T = In:Nz = Oforallz € K}.

K™+ is clearly a closed convex cone and we have K™ D {A:iu(X) = ¢}. An
argument similar to that contained in the proof of Theorem 1 shows that
A€ KT, Az = 0imply z § K. Hence K% = {A: u(N) = ¢}. Since K'is
convex and closed, x is quasi-coneave and upper semicontinuous.

We also have the following duality theorem.

TaEoREM 3. Assume that pe = inf {f(z): x € Q, G(x) = 0} is finite. Then,
po = maxyzc¢ u(N), where the mazimum s achieved for some Ao = 0.

Proof. From (9) it follows immediately that p(A) = po for all X = 0.

To conclude the proof it is only necessary to exhibit a X = 0 for which
equality holds. This follows from the construction of a hyperplane separat-
ing N and A = {z : 3z € @ such that G(z) = 2, flx) < pol.

We note that the problem of determining p, = inf {f(2): G(z) = 0,
x € Q) is by definition of the primal function w equivalent to the minimiza-

tion problem
(11) wo = min {w(z):2 = 0,2z € T},

which has a minimum achieved at z = 0. Problem (11) provides a sym-
metric companion to the problem

(12) wo = max {u(N): A = 0, N € D},

which achieves a maximum at Ao . The manner in which we have defined n
in terms of homogeneous constraints does not actually lead to perfect
duality since the dual of u is not w.

5. Relation to convex programming. The standard sensitivity interpreta-
tion of Lagrange multipliers carries over in a weakened form. It follows
directly from (10) that oz = 0implies that w(z) = «(0) = po . Therefore,
if w is continuously differentiable, o points in the direction of the negative
gradient of w(z) at z = 0. The magnitude of A\ is not necessarily related to
the magnitude of the gradient, however, since in fact Ao is determined only
to within a positive scale factor.

If f were convex rather than merely quasi-convex, the problem

(3) minimize f(z) subject to G(z) = 0, x € 2,
could be reduced to
(4) minimize f(z) subject to M G(x) £ 0, x € 1,

by Theorem 1. This would then be a convex programming problem having
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a single constraint and could be converted to
(13) minimize f(z) 4+ BAG(z) over = € Q,

where 8 = 0 is the Lagrange multiplier for the convex problem (4). In this
case the undetermined scale factor in A\ is thus determined.
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