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— particularly those related to the pricing of derivative assets. Indeed, the use of
trees has become a favored method both for exposition of theory and for
computation in such problems. An especially useful form of tree is the lattice
where the successor nodes of the tree coalesce in a uniform manor, drastically
reducing the rate of growth of the number of nodes in successive periods.

Particularly important and useful are binomial trees and binomial lattices,
where each node has exactly two successor nodes. The importance of such
binomial trees and lattices in financial analysis is due to the fact that node prices
are uniquely determined by the prices of two independent securities defined on
the tree. Hence if one begins with a single risky asset (such as a stock) and
a risk-free asset, node prices are uniquely determined and it is possible to
uniquely assign a consistent (arbitrage free) price to any other asset which is
a derivative (that is, a function of ) these two. Indeed the corresponding binomial
pricing formula for pricing a derivative asset is now considered a cornerstone of
modern financial analysis. See Cox et al. (1979).

There are numerous practical problems that amount to pricing a security that
is derivative to two independent risky assets. One example is the pricing of
a venture whose cash flow in each period depends on the prices of two risky
assets. Another example is the determination of the price of an option on a stock
when the rate of interest is itself random. The randomness of interest rates can be
represented (in the simplest case) by its own short-rate lattice, which defines the
risk-free rates at successive periods. The option evaluation problem is therefore
expressed in a tree where at each node there are two risky assets and one
risk-lree assel.

The extension of the powerful tree method to evaluation of two risky assets
has been the subject of several important papers. such as Boyle (1988), Boyle
et al. (1989), Madan et al. (1989). He (1990), Kamrad and Ritchken (1991) and
Rubinstein (1994). Trees where each node has five successor nodes are con-
sidered by Boyle (1988) and Kamrad and Ritchken (1991), trees where nodes
have four successor nodes are considered by Boyle et al. (1989), Kamrad and
Ritchken (1991) and Rubinstein (1994) and a trinomial approach is presented by
He (1990). Madan et al. (1989) consider the limiting properties of trees with
arbitrary numbers of nodes. All of these references, however, define the tree as an
approximation to the continuous-time risk-neutral process that corresponds to
the two assets, rather than as a representation of the actual asset returns that
could serve as a starting point for analysis.

In this paper the return process of each of the original assets is first represent-
ed by its own binomial lattice, which may or may not be an approximation to
a continuous-time process. This is consistent with the generality of the binomial
options framework for a single asset, which is not tied to a continuous-time
background. These two binomial lattices are then pasted together in the natural
fashion to form a kind of double tree (actually a lattice) that represents the joint
return behavior of the two assets.
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A potential difficulty with this double tree approach is that now each node has
four successor nodes; vet including the risk-free asset, there are only three
independent assets. State prices are not uniquely defined, and therefore prices
cannot be uniquely assigned to derivatives of the two risky assets in a unique
way.

This is certainly true, and one might argue that the ambiguity can only be
resolved by considering the complex equilibrium problem defined by supply,
demand, and interaction of all securities and all individuals. See Lucas (1978)
and Duffie (1992). However, as a reasonable short cut to this, we shall assign
state prices by laying out a utility maximization problem for a portfolio of
assets; a portfolio including all three of the assets plus others that are available.
The marginal utility values at the optimal portfolio then give effective state
prices. The resulting prices are useful, but apparently still arbitrary in that they
depend on the particular utility function chosen.

This paper shows that the prices found this way in fact are not very sensitive
to the utility function. In fact there are three important special cases where the
resulting state prices are unique, independent of the particular utility function
employed. The first is where there are only two periods and the utility function
at the end of the second period is equivalent to an exponential utility function of
the form U(X) = — exp! — aX}, for some a > 0. In this case the prices are
independent of the risk aversion coefficient a. The second case is where the rates
of return of all assets from one period to the next are ‘small’. This result applies
in the limit as At goes to zero in continuous-time problems that are represented
by a discrete-time lattice with periods of length 4z. The result obtained in this
case agrees with those of the other researchers who begin with the continuous-
time risk-neutral processes. The third case is when, in the optimal portfolio, one
asset is held at zero level. This common case occurs when pricing assets at their
margin — that is, at the price at which it is optimal to purchase a zero amount of
the asset.

These results makes the use of double trees, and more particularly double
lattices, practical, convenient and rigorous. They generalize the standard bi-
nomial pricing formula and provide a useful method for treating complex
derivative assets.

2. One stage binomial process

The essence of our development is contained in an analysis of two assets each
defined by a binomial process over a single period. We shall study this basic
structure first. Later we will extend the analysis to processes over several time
periods, and to higher-order multinomial processes.

Therefore, consider two primary risky assets, indexed 4 and B. Each of these
separately can be represented by a one-stage binomial process. The beginning

———— a—————y
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values of the two assets are X and X5, respectively. Asset 4 has two possible
successor values X{ and X4, Likewise asset B has the possible successor values
X% and X% In addition to these two risky assets there is also a risk-free asset
which has rate of return R".

To complete the separate descriptions of the two assets we define transition
probabilities associated with the possible successor values. In particular py and
p3 are the respective probabilities of X and X4. Likewise p¥ and p¥ are defined
similarly. We then can define the random variable X as the variable with values
X1 and X4 having their respective probabilities. Likewise the random variable
X% is defined.

It is convenient also to define the random rates of returns R* = X*/X ¢ and
RE = X5/X%

We now have two separate binomial one stage trees, one tree associated with
each of the risky assets. The risk-free asset is easily superimposed onto each of
the two trees by setting X3 =1 and X9 = X9 = R".

2.1. The product process

To represent the two risky assets and the risk-free asset together we form the
product process. In this process there is a single initial node and four successor
nodes. The successor nodes (or states) are labeled 11, 12, 21, 22. The values of
the two assets at node ij are X;' and X} respectively, fori = 1.2 andj = 1, 2. This
is illustrated in Fig. 1.

In the figure the center node is the initial node. It has the four possible
successor nodes shown. Movement left or right corresponds to variations in
asset 4 and movement up or down corresponds to variation in asset B. Hence
asset A has the value X7 at both of the left nodes 11 and 12, and the value X% at
both of the right nodes 21 and 22.

12 22

1 2]

Fig. |. The product tree.
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The probabilities of the four nodes are denoted pi.pi3. P2y, and pasz. To be
consistent with the processes for the individual assets these probabilities must
satisfy the conditions

Pi1+ P12 =pi.
Piy + P21 :Pﬂ
Py + Pzt pa +pa= L

There remains one degree of freedom in the choice of these probabilities.
This can be resolved by specifying a degree of dependence between the two
risky assets. The neutral case is where the assets are independent.

Definition. Assets A and B are independent if
pij = pi'vf (0

fori=1,2andj=12

If we assume that the assets 4 and B are independent then the four probabilit-
ies of the double tree are uniquely specified by Eq. (1).

If we start with the individual probabilities p;* and p? and assume indepen-
dence, then Eq. (1) shows how to construct the node probabilities p;;. It is also
possible to make the inference in the other direction, starting with the p;;'s and
deducing whether there is independence. This little test forms the basis for the
central results of this paper.

Lemma 1. Two assets A and B are independent if and only if

PraPa2 = PP (2)

Proof- The ‘only if ' part follows directly from Eg. (1). since then Eq.(2)
becomes

piptpips = pipipipl
which is an identity.

To prove the ‘if ' part note that Eq.(2) implies that the 2x2 mairix
[pi;] is singular. Hence it must have rank no greater than 1. It follows that
this matrix can be written in the form p;; = ab; for some ay ax by b..
These values are not unigue since multiplication of all the ¢’s by a constant
¢ #0 and the b’s by 1/c does not change the values of the p;;'s. Therefore
we may assume that a, +a; = 1. From py, + py, =p} it follows that
b, = p%. The other correspondences follow in a similar manner. [
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3. Risk-neutral probabilities

If there are as many independent assets as successor nodes, the prices of those
assets uniquely determine the prices of any asset defined by payoff values on
those nodes, and in particular determine a complete set of state prices. When the
state prices are all positive (which is required to avoid arbitrage opportunities),
it is convenient to normalize these state prices so that they sum to one, defining
risk-neutral probabilities which are used for pricing.

Each of the original individual trees with two nodes, one risky asset, and
a risk-free asset determine a set of risk-neutral probabilities for that tree. We
denote the risk-neutral probabilities of the individual trees by g¢f.q%, 4% ¢%
respectively. We have the explicit expressions for these

A p0 A po
=, d=m K ()
Ra — R} “ RY-RZ

and similar expressions for the B system.
The price of an asset on the A tree with payoffs Y+ and Y% is found from the
risk-neutral pricing formula

I r
PY:,FE()'*)

where E denotes expectation with respect to the risk-neutral probabilities.
Written out in detail we have

_nYi+qaY3

Py RO

Parallel formulas apply to assets on the B tree.

The double tree has four successor nodes and hence there must be four
risk-neutral probabilities q,,.¢12,42,, and g,,. However, there are only three
priced assets: 4, B, and the risk-free asseét. Hence risk-neutral prices are not
uniquely defined.

A unique set of risk-neutral probabilities can be found by assigning a utility
function to final wealth, and constructing an optimal portfolio from the given
assets and an initial wealth level.

The portfolio problem is this: given an initial wealth level W, select weights
24,0, and 1 — oy — op to maximize the expected utility of final wealth. Math-
ematically this is

max E{U[(e,R* + auR® + (1 — oty — 0)R)W ]}

Suppose that the optimal solution has final wealth equal to the random
variable

W* = (a4 R* + apR® + (1 — o'y — ap)RYW .
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The corresponding risk-neutral pricing formula is
|
Py = R—UE{U[W']Y}.

To explicitly display the risk-neutral probabilities we define
Uiy = U'[W,] = UTe R + apRY + (1 — oy — 2 ROW,]. (@)

In other words, Uj; is the value of marginal utility when the final state is (i. j).
Then the risk-neutral probabilities are

piiUi; -
{[. = —————’ - (D)
4 Zf.:=1!’uUm
for i,j = 1,2. If the utility function U is strictly concave then the risk-neutral
probabilities are strictly positive. It is clear from the formula (5) that they sum
to L.
The values Uj; together with the underlying probabilities determine the
risk-neutral probabilities. We single out an important special property that may
hold.

Definition. The marginal utilities are said to be optimally independent if

t |/ Tr ’
11U22: UuUzL-

When does this sort of independence occur? One case is when the utility
function is exponential. To see this suppose that U is exponential. Then U" is
equivalent to U'(W) =e™*" with a > 0. At the optimal portfolio we may write
Wi = (R + Rf + R%W, where the terms R;',R?, and R° incorporate the
optimal alpha coefficients. It follows that

Uy Ulyy = aze—iﬁ','—n—t_i';‘+ﬁ"+ R{+RE+RM
i 22 — -

By rearranging the terms of this expression it is clear that this is also equal to
U'-U%;. We can summarize this with the following lemma.

Lemma 2. If utility is of exponential form, then marginal utility is optimally
independent.

Another case where optimal independence holds —at least approximately — is
when the difference between returns in the four possible states is small. This
situation arises, in particular, when continuous-time problems are approxi-
mated by a discrete time lattice with basic period length At, and At is small, This
is examined in somewhat more detail later in this paper, but we give the central
idea here.
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When the difference between returns is small we have
RARE+R =140t +rf4+1°
where r,r¥, and r® are small. We can write the approximation
Uy = UL +rf +rf + W]
= U[W] + U TWIeE + o} + W
U
~ U'[W‘]{l U EWSII
~ UTWIL — aWiil — a(Wyk 1 — a(Wwy)w}
where we have used a(W) for the risk aversion coefficient
alW)=—U"(W)/u'(w).

This product form for U’;; implies optimal independence.
A third case of optimal independence is when one asset occurs at level zero in
the optimal portfolio. For example, if &’ = 0 then from Eq. (4) it is clear that
11 = Uj and U’y = U,; which implies U, U%; = Uy, Ut
From optimal independence we obtain a very strong invariance principle

(r' +r] + ’O)W}

relating the original probabilities and the risk-neutral probabilities. This is the

main result of the paper.

Theorem 1. Assume that marginal utility is optimally independent. Then

ty1¢22 _ PiiPa2
qyatffzy  PraPar

Proof. We have

dij = pyU3y/D
where

D =Y, U

The result follows immediately upon substitution for the various g;;’s. [
We have the following corollary.

Corollary 1. Assume that utility is optimally independent. Then, the risk-neutral prob-
abilities are independent if and only if the original probabilities are independent.

Proof. The original probabilities are independent if and only if
PriPz2 = P2iPa2-
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and likewise for the g;/'s. These conditions are equivalent to the ratios in the
above theorem being equal to 1.

4. Implementation

Tt is quite simple to implement the pricing procedure for the double lattice. In
fact for small problems (with only a dozen or so periods) the problems are easily
set up on a spreadsheet program.

We will discuss the situation where each individual binomial tree is in fact
a lattice. However there are two important cases, corresponding as to whether
interest rates are random or not. If interest rates are random, then one of the
original lattices corresponds to a short-rate lattice.

Case 1: Interest is Not Random. In this case there are two risky assets which
can be thought of as securities. The rate of interest may vary from period to
period, but in a deterministic [ashion. Each of the risky assets is represented by
a binomial lattice, with given prices on each node, and given probabilities for
cach arc. There is a fourth asset which is a derivative of the other two risky assets
and the risk-lree asset.

Using the price information and the risk-free rate, a risk-neutral probability
can be determined for each arc of each individual lattice using Eq. (3). It is then
possible to find the four g;;'s for the double lattice by matching the individual
risk-neutral probabilities and using the invariance formula of Theorem L. (Note
that if it is known that the two lattices are independent, the original real
probabilities are not needed to find the g;;'s.)

Once the g;;'s are computed, pricing of the fourth asset can be carried out. The
overall structure for pricing can be visualized as in Fig. 2. Each of the two

AR

Fig. 2. Lavout for computation.
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original risky assets is represented by a lattice in triangular form. The double
lattice consists of a series of n squares; one for each period. The square for period
k is k > k. The k* entries in the kth square are found by using the formula relating
price of the derivative at that period to the values of the other three assets, and to
the value of the derivative at period k + 1. Thus we solve backward from the
largest square to the smallest.

Note that with this method only one copy of the double tree is required. The
original assets are represented compactly in binomial lattice form.

Case 2: Interest is Random. If interest itself is random, then it might be
represented by a binomial lattice for the short-rate (designed so that the implied
term structure matches the existing term structure). In such a case, one of the
original lattices is this short-rate lattice. (The corresponding security can be
taken to be a long-term bond.) The short rate lattice has both real probabilities
and risk-neutral probabilities specified on each arc. The value at a node is the
short inferest rate that holds for the next period of time. The other lattice
represents another risky asset. In this case, however, it is not meaningful to
define risk-neutral probabilities for this other lattice, since the interest rate is not
known.

The risk-neutral ¢;;'s can nevertheless be found at each node in the double
lattice. Given such a node, the corresponding short rate does determine a risk-
neutral probability for the risky asset lattice, and hence the same methods can be
used as above, but conditional on being at that node in the double tree.

Example | (A stochastic gold mine). Consider a ten-year lease on a gold mine.
Up to 10,000 ounces of gold can be extracted from this mine each year at a cost
of $200 per ounce. The price of gold is initially $400 per ounce and fluctuates
according to a binomial lattice that has an up factor of u = 1.2 and a down
factor of d = 0.9. The price obtained for sale of the gold produced in a year is
assumed to be the gold price at the beginning of the year, but the cash flow
occurs at the end of the year.

The term structure of interest rates is governed by a short-rate lattice. The
initial short-rate is 4% and the lattice is a simple up—down model with ' = 1.1
and d" = 0.9. The risk-neutral probabilities are given as 0.5. We use the small Ay
approximation so that the invariance theorem applies. Then, assuming that gold
price fluctuations and short-rate fluctuations are independent, we conclude that
the risk-neutral probabilities are also independent. Hence, the actual probabilit-
ies are irrelevant for pricing purposes.

We construct a double lattice as described earlier. Each node of this lattice
represents a combination (g,r) of gold price g and short rate r. Each of
these nodes is connected to four neighbor nodes (ug,u'r), (ug,d'r).
(dg.u'r). (dg,d'r). The risk-neutral probabilities of these arcs are just the pro-
duct of the risk-neutral probabilities for movement in the two elementary
lattices. For interest rates. these are each 0.5. For gold, the probability of
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Period 9
18.3547 18B.293 18.217 18.126 18.016 17.883 17.724 17.532 17.304 17.033
13.2736 13.2289 13.174 13,108 13.029 12.933 12.817 12.679 12.514 12.318
9.46286 9.4309 9.3921 9.3451 9.2883 9.2198 9.1375 9.0388 B.9211 8.7813
66.0478 6.5825 6.5554 6.5226 6.4829 6.4351 6.3777 6.3088 6.2266 6.1291
4.46121 4.4461 4.4278 4.4057 4.3789 4.3466 4.3078 4.2613 4.2058 4.1398
28.5354 2.8439 %}gazz 2.818 2.8009 2.7802 2.7554 2.7257 2.6802 2.648

1.64778 | 1.6174 1.6055 1.5911 1.5739 1.5534 1.5291
7.43469 | 0.7298 0.7244 0.7179 0.7102 0.7009% 0.6899
0.06523 0.064 0.0636 0.063 0.0623 0,0615 0.0605
p 0 0 0 0 0 0 0 0 0 0

Period 8
29.3173 29,812 29.685 20.531 29.345 20.121 28.852 28.529 2B.144
21.4632 21.39 21.301 21.194 21.064 20.907 20.719 20.493 20.224
. 32.9246 15.073 15.013 14.941 14.853 14.747 14.619 14.466 14.283
21.7837 10.336 10.297 10.251 10.194 10.126 10.044 9.9455 9.8275
14.4919 6.7824 6.7602 6.7332 6.7005 6.6609 6.613 6.5553 6.486
9.05815 4.1175 4.1074 4.0952 4.0802 4.0619 4.0397 4.0126 3.9798
4.12344 2.1188/ 24478 2.1166 2.115 2.1127 2.1097 2.1056 2.1001
1.80002 0.6198 0.6257 0.6327 0.641 0.6508 0.6622 0.6754 0.6904
0.02501 0.0256 0.0264 0.0273 0.0283 0.0296 0.0311 0.0328 0.0348

Fig. 3. Arrays for two periods of the gold mine.

an up move is ¢, = (1 +r — d)/(u — d) where r is the (current) short rate.
Hence the four probabilities for the double laltice, corresponding to arcs leading
to the nodes listed above, are qy, = 0.5¢, ¢12 = 0.5¢4 g21 = 0.5(1 — q.).
a2 = 05{1 - QH)-

The double lattice corresponds to a series of ten two-dimensional arrays. Each
array contains the possible (g, r) pairs for that period. The arrays are then linked
by the risk-neutral pricing formula. This formula simply multiplies the values at
each of the four successor nodes by its risk-neutral probability, adds the cash
flow for the end of the year, and discounts the sum using the current short rate.
The values at time 10 are all zero. Fig. 3 shows the values at the nodes for time
periods 9 and &.

Each row of an array corresponds to a fixed ¢ and each column to a fixed
r; the smallest of each corresponding to the lower left-hand corner. The entries
in the arrays are the cerresponding values (in millions of dollars) of the
lease. A node in the period 8 array is found from four nodes in the period 9
array as illustrated in the figure. The final value is $22.2551 million
dollars.

5. The standard representation of Ito processes

Frequently, a binomial lattice is used to approximate an Ito equation. A very
common application is for the representation of the process governing an asset’s
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price S when that process is the geometric Brownian motion
dS/S = pdt + odz

where z(1) denotes a standard Wiener process. If the process is to be approxi-
mated over the interval of time 0 <t < T then this interval is divided into
n intervals of width Ar = T/n. A binomial lattice is then constructed with each
node having two successor nodes: an ‘up’ node and a ‘down’ node. The up node
multiplies the price by a factor u and the down node multiplies by the [actor
d=1/u

In the original process the distribution of price after a time Ar will be log
normal with E(In S) = v At and variance a*At, where v = u — 1¢* Normally one
would set the parameters of the binomial process to match these values. This
leads to the values

=
b

ll=_+‘i 6
P 2 Jo*H(vidn + 1 19

(7)

Inu=
nu zP“l’

where p, is the probability of an up move.
In practice a small 4t approximation is used (see Cox et al. (1979)), which is

1 1
e = 5 + 5(5_‘)&1 (8
Inu= a\/ATI. (9)

Suppose now that there are two risky assets A and B each of which is
geometric Brownian motion but with v values v, and vy, variance parameters
o and o, respectively, and correlation parameter p. Each of these assets may be
represented on a single binomial lattice as above. The two together can be
represented on a double lattice, by appropriately assigning probabilities.

To assign the probabilities, note that in the small 4t approximation

E(InS,InSg) = (p1,0.40y — P126.465 — P210.0p + P226405)A1
= (P11 — P12 — P21 + P22)6 4041 (10)
Also
E(lnS,) =v,4t,  E(InSg) = vpdt

which means that E(ln S )E(InSg) is of order (4r)>. Hence we can use the
approximation

cov(in S4,1nSy) = E(ln S, In Sp).
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Using the above approximation, the four unknown probabilities can be found
from the lollowing four equations:

Pvy=Piz2— P2+ P22 = (11)
I v /At
P|1+IJ|z—§+T_d. (12)
‘ B\/ e
] . =— 4 13
Pii + P2y 2 20’8 | (13)
Pir+Pizt pay +paa =1L (14)
A bit of algebra leads to the solution
l + p 1 i “’A \4‘3
=——4 - =4 — /4L, (1

Pia 4 +4(U}4+Ua:\f (15)

—I_'o-|-I Ya_Ya) i (16)
Pi2= I FL P s

I —p I Vg VA- .
Iy = — + - | — —— |/ 41, 17
Pay 4 +4(QE O’A) /At (17)

I e P I '.VA Vg
pzz' 4 4(6’“-}-03. ! ( 8)

which is consistent with Eq. (6) of Kamrad and Ritchken (1991) and Eq. (11) of
Boyle et al. (1989) when applied to the risk-neutral process.

The above gives the explicit small 4r formula for the double lattice prob-
abilities. We can use these to compute the invariance quantity. Specifically, we
find

PiP22 Hﬂz—r&s a. v')zdt
Pr12Pz21 ( 4"”)" — W f’. nl,)lﬂf

In the limit as At goes to zero we have

PiilP2z _ (1 + py
Piap2; (1 — P}Z

For simplicity this can be used as the invariance in computing the associated
risk-neutral probabilities.

If r is the instantaneous rate of interest, we may find the ¢;;’s by solving the
equations

3 /:Jr
Jii+ia=zs+——— =N

5 e (19)

ATt D [ o IRy "5— "Iy T T
A el L R SR TR S P AR :
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N N L
qu 21 =5+ 5 (20)
LYB

i+ qrz g2y + g2 = 1, (21)

g2 1S fu2
qugz _ (37 —16(5 +2)7 At

Gi2d2 (597 — f5(& — 2%

where v, = r — 103 and g = r — 10}
Alternatively, from the previous calculations, we know that we can replace the
last equation in the above set by the equation

i1 — Gr2 — 421 + f22 = p.
This will give a value to the invariant ratio of

1122 _ (1+p)7
di2420 (1 —p)*

which is the proper limiting value. This approach is identical to just assuming
that the proper correlation of the two assets in the risk-neutral world is p, which
is known to be the case from Girsanov’s theorem (see Duffie, 1992). Using the
methods of this paper, it is possible to make the risk-neutral system somewhat
more compatible with the original approximating lattices.

6. Higher-order trees and lattices

Suppose now that the behavior of the two assets 4 and B are represented by
multinomial trees or lattices of order a and b, respectively. This means that from
a given node in the tree representing A there are a successor nodes. and for
B there are b successor nodes. We assume that probabilities are assigned to each
arc and values are assigned to each successor node. We wish to assign appropri-
ate risk-neutral probabilities to the double tree. Each node of the double tree
will have ab successor nodes and hence ab risk-neutral probabilities are re-
quired.

The pricing relations themselves again only specify two relations. Accounting
also for the relation that the sum of the probabilities must sum to 1, we require
ab — 3 additional equations.

The arguments of Sections 2 and 3 are easily extended to show that under the
assumption ol optimal independence of marginal utility. there holds

Gl i _ Pl
Sl Pl
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for every i # j. These equations are not independent however. In fact the rank of
these equations is exactly ab — 3 which is the number of equations needed to
determine the risk-neutral probabilities. In other words. the invariance factors
give a complete method for specifying risk-neutral probabilities in these higher-
order trees as well as in binomial trees.
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