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Abstract. Suppose that X', X2, ... is a stationary stochastic process of positive k x k
matrices, and let "Y! = X"X"~!. . . X! be the corresponding product matrices. For
a special case, Bellman showed that the elements [”Yl],-j converge in the sense that
n~'E{log["Y!];;} — a as n — oo. The constant a is independent of i and j. Bellman
also conjectured that, asymptotically, the n~1/2{log[*Y1]; j — na} terms are distributed
according to a normal distribution with a common variance, independent of ij. Later
Furstenberg and Kesten generalized and strengthened Bellman’s result and established the
validity of his conjecture.

This paper extends these results to the case of nomlinear mappings that are
monotonic and homogeneous of degree one on R’jr. Specifically, given a stationary
process H1, H2, ... of such mappings, we define the composite mappings "F1(-) =
H*(H" '(...(H'(:))...). Under appropriate conditions, the components [" F!(x%)];
have the property that, almost surely, n=! log[" F1(x®)]; — a independent of x° and i.
Furthermore the components n~1/2{log[" F1(x%)]; — na} are asymptotically distributed
according to a normal distribution with a common variance.

1. Introduction
Let X!, X2, ..., X™, ... be a stationary stochastic process of k x k matrices. Bellman [1]
and Furstenberg and Kesten [2] initiated an investigation of the limiting behaviour of the
corresponding products

nyl=xnxmtooxh

In [2], with the norm of a k x k matrix A having real or complex entries defined by
|All = max; |A;;], it is shown that the sequence of terms

n~log "Y'} (D

1 This paper is based on an internal memorandum of the Department of Engineering—Economic Systems, Stanford
University, July 1986. Recent work supported by National Science Foundation Grant NSF ECS-9705003.
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converges in mean and in probability under various conditions. Also, in the case where
the entries of each X' are positive, it is shown that under fairly weak assumptions the
individual entries of the product converge together in the sense that

PR 1
Jim 7 log("Y )ij=a (2)

almost surely, where a is a (finite) positive constant independent of ;. (This extends [1]
where convergence in mean is shown.) Furthermore, as conjectured in [1], the i jth terms

n~Y2(log(*Y");; — na) 3)

are asymptotically distributed according to a normal distribution with a common variance.

This paper extends these resuits from the case of matrices to a stochastic process
HY, H?2, ... of general (nonlinear) homogeneous-of-degree-one mappings from R* to R%,
and the corresponding product mappings "F1(-) = H*(H"~'(... H!(-))...). We show
that the norms of the product mappings obey the same limit properties as established earlier
for the norms of products of random matrices.

Additional results are obtained in the case where the mappings H' are monotone on
Ri. As an analogue to the results concerning the asymptotic behaviour of the entries of
the products of positive matrices, we investigate the behaviour of the terms [" F L(x0];, the
ith component of " F! applied to x0. We show that under suitable assumptions there are
constants a and b such that

(nb) " {log" F! (x"); — na}

is asymptotically normally distributed, according to the standard unit normal distribution.
The constants a and b are independent of i and x°.

For the case of positive matrices, the result (2) can be viewed as a generalization of
both the strong law of large numbers and the Frobenius—Perron theorem. Indeed, in the
case where the X’ matrices are all equal to a positive matrix X, a defined by (2) is exactly
the logarithm of the Frobenius—Perron eigenvalue of X. In a similar way, the results of
this paper can be regarded as generalizations of the classic probability limit theorems and
nonlinear versions of the Frobenius—Perron theorem. The results of this paper therefore
have application to optimal investment with commissions, nonlinear economic growth
theory, nonlinear population dynamics, and other areas described by nonlinear dynamics
and uncertainty.

2. Basic ergodic results
We consider a stationary random process H', H2, H3, ... of mappings from R* to R.
Compositions of the form H?{H!(-)} are written simply in product form H 2H!. Also, we
often write "F™ = H*H"™! ... H™ forn > m.

Any H that is an element of the process is assumed to satisfy various assumptions. The
most elementary and important of these is the following.

ASSUMPTION A. (Homogeneity) For any x € RF and anya > 0, H(ax) = aH(x) (that
is, H is (positively) homogeneous of degree 1).
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For x € R¥ we define lxll = >_; ixi|. Also for H satisfying assumption A, we define
the norm

I1H| = sup{ D HE: xl=1,x € R"}.

This definition satisfies:
M FHEN < I1H] - lIxl;
(2 I H + H < |Hill + |1 Hall;
(3)  H H2| < [|H1ll - | Hzll.
Although continuity of H would imply that A has a finite norm, we instead introduce
the following assumption explicitly.

ASSUMPTION B. H has finite norm.

With just these simple preliminaries, it is possible to obtain a strong result concerning
the asymptotic behaviour of the stochastic process. (Essentially we extend Kingman’s
approach for products of random matrices [3] to the more general setting.)

THEOREM 1. Let H', H?, ... be a stationary stochastic process with elements satisfying
Assumptions A and B. Suppose that

E{(log [H'IN"} < co.

Then
£ = lim n”'log|H"H" ... HY|
n—>o0

exists in —oo0 < & < oo with probability one, and
E(¢) = lim n"'E{log |H"H"™L ... HY)}.
n—oo
Proof. For s, t positive integers with s < ¢, let
dg =log|H'H'™Y ... H!.

Then:

(S1) fors <t < u, there holds d;,, < dg¢ + dyu;

(82) the joint distributions of the process {ds+1 ;+1} are the same as those of {d;;};

(53) E(dg'l) < 00.

Therefore, the result follows immediately from subadditive ergodic theory; see [3,
Theorems 1, 2 and 6]. O

Theorem 1 above states a result concerning the asymptotic convergence of the norm of
the product. A similar result concerning the components of the resultant vector may be
obtained by introducing an additional assumption.

ASSUMPTION C. (Positivity and Monotonicity) H is a mapping from RfL ={x:x¢€
R¥ x; >0,i=1,2,...,k}into RE. If x € RX, y € RX, with y > x, then H(y) > H(x).

Letv e Ri be a fixed non-zero vector, and let x be arbitrary in R’jr. We define x,, the
vth generalized component of x as @, where @ is the maximum « such that x = av +y
with y € Rﬁ. Note that if v = ¢;, the ith unit vector, then x, = x;, the ordinary
ith component of x; and we continue to use the notation x; for this case. In general
0 < xy = min; {x;/v; : v; > 0}. Hence x,v < x.




520 D. G. Luenberger

THEOREM 2. Let H!, H?,... be a stationary process with elements satisfying
Assumptions A—C. Suppose that

E{log ||H'|]} < oo.
Letv € Rk,v;r’:O. Then
ay = lim n 'log[H"H" ™' ... H' ()}

n—>00

exists with probability one and in the mean.

Proof. The proof is a modification of [3, Theorem 5], for the case of positive matrices.
Without loss of generality assume [|v|| = 1. Let

2 = [HH™ . T ()],
Then for s < t < u we have
Zew = [HUH* L H™WYH .. H T )],

Note that (from the general rule that x,v < x) we have z;v < HH"™Y  HS TN ().
Hence by Assumption C

2su 2 [HH*™ L H™  200))y = 2uzse
where the last equality follows from homogeneity. Therefore
dst = —logzs:
satisfies (1) in the proof of Theorem 1. By stationarity (S$7) is also satisfied.
Let g, = E{do,} = —E{logzox}. Then
—gn = E(loglH"H""' ... H' ()]}
<E{log|H"H" ™' ... H'|}))

n
5E{ logann}
&

< n{E(log [|H'|)} < o0.

Therefore
inf g,/n > —E{log |H'||} > —o0
and condition (S3) of [3] is satisfied. The result then follows from [3, Theorem 1}. O
The above theorem shows, roughly, that the growth in any direction v, as a result of
repeated transformation by the mappings of the stochastic process, is exponential with a

given (possibly stochastic) coefficient a,. With an additional assumption, it is possible to
show that these coefficients are all equal.

ASSUMPTION D. (Primitivity) There is a positive integer p such that for any v € Ri, and
anyi,i=1,2,...,k

E(log[HPHP™' ... H' (W)}

is finite.




Products of random mappings 521

This assumption guarantees that the elements of ” F1(v); are sufficiently positive so
that growth in any one component eventually causes similar growth in other components.
Since, in general, x,, = min{x;/w; : w; > 0}, the above assumption can, without loss of
generality, be extended to arbitrary generalized components.

THEOREM 3. Assume H', H?, ... satisfy Assumptions A-D and Eflog |H[} < oo
Then forany v € Rk v #0andanyi = 1,2,...,k,

a= lim n"llog[H"H"'... H (v)]; -
n—>00
exists with probability one and in the mean and is independent of v and i.

Proof. Let a be defined by Theorem 2 when v = e; and let z;; be defined as in the proof
of Theorem 2 with v = e;. To obtain the result for other components and values of v, we
write (forn > 2p)

F W)} = [PF" P en)lizpn—plP F1 (0)]1.
Hence
liminfn~ log[? F1(v)}; > liminfn~ ! log{[* F* P (e1)];}
n—>c0 n—oo
+a +liminfn ™" log{[? F' (v)]1}.

The finiteness of E[log{[? F 1(»)11}] shows (as in [3, p 892]) that the final term is zero.
Hence

P{ liminfr ! log[" F1 ()]; > a} =1 @)
n-—>o0Q
In a similar way we write forn > 2p

200 = PF" P e [P PP )L [P F (e1))s.

This shows that

P{ liminf " logl"~? F**w)}; < a] =1
n—
Stationarity then implies
P{ liminfn~" log[* F! ()); < a} =1. (5)
n—o

The two conditions, (4) and (5), establish convergence with probability one. Convergence
in mean is shown in a similar fashion. a

There are additional results along the lines above. In particular, the underlying space
can be much more general in Theorem 1; and if the H process is metrically transitive, the
&, a, and a of Theorems 1-3, respectively, are constant almost surely.
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3. Invariant measure )
In order to make further progress and consider the central limit problem for random
mappings, we introduce additional structure. Specifically we assume that the random
mappings are characterized by a finite number of random parameters.

Letq!, 42, ... form a stationary stochastic process with values in R”, for some positive
integer r. Let H(-, -) be a mapping from R* x R’ into R¥. By fixingg € R", H(-,g) is a
mapping from R¥ into R¥. We write

Hi()=H(,¢") (6)

and then H!, H?, ... forms a stochastic process of random mappings as in §2. We assume
that each of these mappings satisfies Assumptions A and B.

Given an initial point x* € R¥, the process {g'} generates a random process x!, x2, . ..
through the recursions

xi-l-l — Hi+1(xi) — Hi+1(xi,qi). (7)

Paralleling [2, p. 459], we introduce an additional associated process.
Let €2 be the set of all sequences (g1, Z1), (92, Z2), - - . Where (g,,. Z,) are all points in
R" x R¥ with g, in the range of g, and the Z,, satisfy

Zn+1lH@ns §ui )l = HzZny Gny1),  Iznll =0or 1. (®)

The variables (¢", z*) are then defined on 2 as the coordinate functions on 2. On the
subset of Q where 71 = H'(x%, g)/I1H (x%,g))|| (withz; = 0if H'(x%, ;) = 0 and
Zn+1 = O if H"(z,, qny1) = 0), the Z,, are functions of g,, and hence this subset can
be taken as the sample space for the g-process. Consequently we can define a probability
measure ] on 2 by carrying over to this subset the probability measure of the g-process.
(It can be noted that on the support of p; the z-process is related to the x-process of (7)
by z" = x"/|[x"]], or z* = Q0 if x” = 0.) Let T be the shift operator on Q defined by
T{(q,>Zn)} = {(@+1, Zn+1)}, and define the measures u; on 2 by

1 (Q) = p (T4 ©)
for Q' C Q. Then exactly as in [2] we have the following lemma.

LEMMA 1. Let v, = n~! > k=1 k- There exists a subsequence vy, converging weakly
to a probability measure |1 on 2 in the sense that the finite dimensional joint distribution
functions of the variables q" and 7 with respect to the v,; converge to the corresponding
distribution functions of q" and 7"* with respect to | at each continuity point of the latter.
The measure . is stationary, i.e. invariant under T, and on subsets of 2 defined by the q"
alone, . agrees with the given probability measure.

It should be noted that in general the invariant measure will depend on x°.

4. Asymptotic distribution
In this section we show that under a strict monotonicity assumption the components
["F(x%]; satisfy a central limit theorem. The basic idea of the proof is that, under strict




Products of random mappings 523

monotonicity, each H mapping has a contraction property in the sense that for any two
vectors x, y € R’j, the angle between H (x) and H(y) is less than that between x and y.
(We assume throughout that the dimension k has k > 2.) Hence, if all these vectors are
projected onto the unit simplex (where || - || = 1), H appears to act like a strict contraction.
Under suitable assumptions on the g-process, the contraction property implies that the z-
process is nearly independent of its distant past, since all starting points eventually lead to
essentially the same future sequence. This near independence in turn leads to the central
limit result.
We require the following additional assumption on the structure of the mappings.

ASSUMPTION E. For each H there holds H (0) = 0 and there are constantsd > 0, D > 0
such that for any x € RX  any 8 > 0, and everyi, j = 1,2,...,k

da S [H(xlax2v "-’xi—17xi +8yxi+1’ -'-7xn)]j - [H(xlvny ---,xn)]j

< D§. (10)
Furthermore, there is a constant C < 0o such that '
Dk
l1<—=<C 11
=7 = (11)
for all H in the range of the process H', H?, . ... (Note in particular that C > 2.)

Example 1. Ifeach H = [h;;]is a k xk matrix with #;; > 0, for all i, j, then Assumption E
is satisfied if there is an M < oo such that for all A in the range of the H process

(maxhij>/(minh,~j) <M.
i iLJj
Example 2. Suppose k =2 and

H(x)1 =x1+hlx1 —x21 +x2
H(x)s =x1+x2

where A takes on values from a stationary random process. Then Assumption E is satisfied
if there is an M such that (1 4 |A)/(1 — |k]) < M for all 4 in the range of the process (i.e.
if |#| is uniformly less than one).

It is clear that Assumption E implies continuity and monotonicity, and because H (0) =
0, it implies positivity and primitivity (with p = 1). In fact a somewhat stronger result will
be used.
LEMMA 2. Assume H satisfies Assumption E. If x is in the range of H, then

cl<Z<c
xj

foralli, j=1,2,...,k.

Proof. We have x = H(y) for some y € R’jr. Suppose, say, y, = max; y;. Then by
Assumption E,

dyn < xi < Dkyn, Dky, > Xj = dyn.

Dividing these two yields the result. a
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We now state the contraction property of homogeneous positive monotone mappings.

LEMMA 3. Let H satisfy Assumptions A and E. Let x, y be non-zero elements of R’j_ in the

range of H and let
. Xi Xi
a=min—, A =max—.
Lo Yi i i

Let x’ = H(x), y' = H(y), and

/ x!
a'=min—, A =max—.
i i 1 yt
Then
(A—a)
a>a+ o (12)
(A—a)
/
AsA-TS (13)
Proof. We may arbitrarily assume that x1/y; = A. We have
x; = Hy(x1, %2, ..., %n)
> H;(x1, ay2, ays, ..., ayn)
X1
= aHl(y) + a {Ht (;’ Y2,.-5 }’n) - Hl(y)}
’ Ayl
=ayi+a Hi _‘1"',)’2,-”,)’71 —I{l(y)
A
> ay; +ad (— - 1) 1.
a
Therefore
!
x—’;za+ d(A —a)y ,
Vi Hi(y1,y2, ..., ¥n)
2 d(A—a)y
- kD max; y; :
By Lemma 2, we obtain
/
LS
Yi C
A similar proof holds for the opposite inequality. |

LEMMA 4. Assume that Assumptions A and E are satisfied. For any x, y € Rﬁ and any
n>1m,j

mtmEm(x) mrmEm(y);

— . -2
n+m—1Fm(x)j — 108 n+m—1Fm(y)j = 0((1-2C7)").

log
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Proof. Forany p,0 < p <n, let

L PG PR,

ap = —_, = max ————.

R P i ptmEm(y); I3 i prmpm(y);
By subtracting the two inequalities (12) and (13) of Lemma 3,

, Apt1—apt1 < (Ap — ap)(1 —2C72).

Thus
Ap—ap < (1 -2C"2P7 (A —ay).

We also have from Lemma 3
ap+1 < Apy1 < Ap.

Thus 2 pi
ap+1 ég___Ap—ap+151+(1—2C )P

Ay —ay)

and hence

A Ap,—a a
14 — P p + p

Al — Ar —
<(1- 2(;'—2)17—1.(_1__(1_1_) +14(1 = 2C—2)p_2( 1 a1).
aj "a_—l
By the strict positivity of vectors in the range of an H, we have 0 < a; < A; < oo.
Therefore for p > 1,

A
P —14+00-2C"%r,

ap—1
Now
| n-tm prm (X)j . n+m pm ()’)j
og n+m—1fpm (x)j —log n+m—1 fm ()’)j ‘
n+m pm (x)j n+m-—1 m (}I)j
= IOg n+m pm  ntm—1 pm .
F™(y); F™(x);
A
< log( z ) =0( -2C7H".
apn—1
The opposite inequality is proved in a similar fashion. m]

We consider again the (g, z) process and the invariant measure u of the preceding
. section, defined on Q. We select x0 ¢ Ri arbitrarily to define u and the (z, g)-process,
and then define

2.1 k42, k+1
a=/long(—f)]ldu=/log%&du (14)
1 1

B / ( [H @) ) ( [H(z)] )
o= log ————— ~a log—l—a du
Zl Zl

Hrp+l(r+p HP2(,pt]
:/(log[ erf, ) —a) <1og£#-]—‘—a> dp  (15)

1 4
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and
o0
b=q+2z}p (16)

We use the following ‘near independence assumption’ [2].

ASSUMPTION F. If Q! is a measurable set in the sample space of the q-process defined
in terms of g™, g™ t2 [ only, then

IP{Ql1g}, 4% ..., 4"} — P{QY)| < DINIP{Q)
where Dy and A are some fixed positive constants with 0 < Ay < 1.

We note that Assumption F is satisfied if the g' are mutually independent or if the g-
process is a Markov process satisfying certain standard assumptions, see [4, p 224]. Also,
we note that if ! is invariant under the shift operator, then P{Q!|q!, g, ....q"} =
P{1} since Q! is measurable on g”, g"t1, ... for any n. It follows from a version of the
zero—one law [5] that P{Q2!} = O or 1. Hence, Assumption F implies that the g-process is
metrically transitive.

THEOREM 4. Assume that the stationary process q satisfies Assumption F and the
corresponding H process satisfies Assumptions A and E. Assume also that there is a § > 0
such that

Eflog [[H(&)11**°} < 00 | (a7

where e € Rk has all components equal to unity. Then the constants a, ¢y, r = 1,2,.
and b defined by (14), (15), and (16) are independent of 0 € Rk, and for every
j=12,...,k

. "F(x%]; — na _ 2 [ —ep
n1_1_>n°10 P [log ——~(Tb)1/2—~ <u}=(2m) /;ooe dt (18)
when b # 0. If b = 0, then

"F %] - na
nl/2

log -0 (19)
in probability.
Proof. Lemma 2 shows that
| log[" F! (x")]; — log[*F! (x))];1 < log C,
and hence it is sufficient to establish the result for a single index, say j = 1. We definef
g =log*F O/ PO, k> 1

and
£ = log[! F1(x")]1 = log[x°];.

+ We use k as an index here (as well as the dimension of Rk ) so that our notation is consistent with that of [2].
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Then .
log"F1 Ol = ) &
k=1

The idea of the proof is to use the fact that the & random variables are ‘almost
independent’. The explicit strategy of the proof follows [2] which in turn is a modification
of the treatment given in Doob [4, Chapter V, §7] for the case of Markov chains. This
strategy uses the expansion (cf [4, p. 38])

Efexp(ityy)|I} = 1 + ityE(y|I)
t2 2
- TVE(yzm
+ O(lyt1*E(y 12 1))
applied to the random variable

m+n-+k

y= ). &-a
s=m-+n+1
and the information I = (g!, 4%, ...,4™). We must show that there exist positive
constants D and A, with 0 < A < 1 such that
E{§; —alg'.q%,....q"} < DA™ (20)
m-n+k 2 k k
lE{(k‘“2 > G —a)) |q1,q2,...,qm} —c1—2k7' Y Y erosp1] < DA™
s=m+n+1 s=1r=s+1
2D
and
m-n+k 2+8' ,
E{ Yo &-a)| lg'.dA ...,q'"} < Dk'*¢/2 (22)
s=m+n+1

for 8/ = 0 or 8. These relations will be derived using Lemmas 2-4, which replace
Lemmas 2 and 3 in [2].
We note first that with x*—1 = ¥~1 F1(x0),
[H*(* DYy 1 ke
& = log —— 5 = log[H*(x*~!/x{ D11
*1

By Lemma 2 there are fixed constants ¢ > 0, 8 > 0 such that

uniformly over all possible values of x¥~! and k. Therefore by the homogeneity and
monotonicity of H, & — log[H k (e)]; is uniformly bounded above and below. Hence from
Assumption F and (17)

E{i§m+nt1l} (23)
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is uniformly bounded.
Setting y = "H*/21F1(x%), and using Lemma 4, we may write
[m+n+1 Fm+[n/2] ()’)]1
Emin+1 = log [ Fmt /2 (y)],
[m+n+l Fm+[n/2] (‘)CO)]1 o2
= log [ Fr /2l (x0)]; +0(01-2C7% 24)

uniformly in ¢!, g2, ..., g"™. Therefore

Elémintilg’, g% ..., 4™}
[m+n+1 Fm+[n/2] (xO)]1

_ 12 _ ~2y(r/2)
=E [log [m+l’lFm+[n./2](_xO)]1 lg*, g% ..., qm} +0(1—-2C77) " (25)

[m+n+1 Fm+[n/2] (XO)]I n/2

) (26)

_ —2\n/2
=E [log S P RAIGO), ] +0(1-2C7)"2 + 0]

uniformly in g',42%,...,q™. The last equality follows because the first term on
the right-hand side of (25) is the expectation of an expression that depends only on
qmHn/2 gmHin/2H1 - and because the expectation of the absolute value of that same

expression is uniformly bounded according to (23). Using the stationarity of the g-process
and setting Ay = max(1l — 2C~2, A1)1/2 > 0, we may write (24) as

E{fmint1lg’. g% ..., @™} = E{fa—(n/2142} + O(A}). 27
We have by Lemma 4

[k+1F1(x0)]1
E{é+1} = /bgm 7

k+l 2
/1 [[sz((f)])hd +0(1—2C7

k+1¢k
= /log [—H—-k(z—)h du=a+0(01—2C"% (28)

= .
From (27) and (28) it follows that for A < X,, there is a D such that (20) is true.
By the same techniques as in (24)—(26), one may show

E{(Entnir — @) Emini1 — D' g% ... 4™
= E{(§n—n/214+r — @) nfnj2141 — D)} + O(X3)
=+ O0%) (29)

uniformly in ¢!, ¢2, ..., ¢™.

From here we may copy the proof of [2] to establish (21) and (22). Then, as in [2],
(22)—~(24) replace Lemmas 7.1-7.4 in [4, pp. 222-227] and complete the theorem using the
techniques of [4, pp. 228-230}]. a
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