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d¥(x, 1) = V,(x,0)dt + V(x.0)dx + (1/2)F (¥, 1)(dx)
= Vy(x,1)d1 + Ve(x, 0)dx + (1/2) Ve (x, 1) d1.

The price of the terms with dr are equal to themselves. The price of dx, using
(3),is

P{dx} = rxdr.
Hence,
P{d¥F(x,0)} = [Fi(x.0) + Vi, Orx 4+ (1/2) Voo (x, 1) X2 dr. (5)

Substitution of (5) into the fundamental pricing equation (4) and
cancelling dr yields the standard Black-Scholes equation

r¥(x, 1) = Vi(x.0) + Ve(x,0rx + (1/2)V e (x, X267

2.3. Instantaneous Projection. The idea of using instantaneous projec-
tion fo value agsets has been studied extensively and now has a well-
established tradition. See Refs. 4, 8-10. Valuation by instantaneous
projection can be expressed in terms of the pricing operator P. To price at
time ¢ a quantity y at s +ds that lies outside M (the space generated by
instantaneous market returns at time 1), we project ¥ onto M and then apply
P. We formalize this by the notation

py = P{y|M},

or if M is understood, we simply extend the definition of P and write
P{y} for P{yjM}.

3. Solution to the Pricing Problem

We use now the pricing operator to price the asset with payofl F{x,(T))
when the market prices satisfy (1) and the variable x, satisfies (2). We seek a
price function ¥(x.,t) on the time interval [0, 7] with terminal value
V(x,, T) = F(x,). We use instantaneous projection, for although this may
seem somewhat arbitrary, it lurns out to possess important properties.

In operator terms, the price function satisfies

V(Xer £) = PUF(xe, 1) + d¥ (e, 1)| M} (6)

Or, in view of the [act that the constant V(x,.!) is in M, we may use
Property (i) of the operational caleulus to write

r¥(x,, )dr = P{d¥(x,, 1)|M}. (7
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From Ito's lemma,
AV(Xe, 1) = [Va(Xe, £) -+ Vs, (e, D) ptoe + (1/2) Vs, (e, )a2x2 ]t
+ Vi, Guxdz,. (8)

The only term in this that must be projected onto M is dz,. The projection of
dz, is a linear combination of r dr and the differential of a marketed asset
most correlated with dx,.

A marketed asset x. with instantaneous return dx,/x, most correlated
with dx,/x,. satisfies

dx, = px.dr + g.x.dz,,
where z, is a standardized Wiener process. The derivation of such an asset
equation is given in Appendix A (Section 12). For our discussion, the
specific form is not required. Any given most-correlated asset may be scaled
and it may be combined in a portfolio with the risk-fres asset and still
maintain the property of being mostcorrelated.

The projection of dz, onto M is of the form adt - bdz,. The error in this
projection must be orthogonal to both dr and dz.. Hence,

E{[dz, — adt — bdz.Jdc} = 0,
E{[dz, — adt — bdz.Jdz.} = 0.

Clearly,
a=0 and b=cov(dz,dz)/var(dz.) = p,.

Hence, we substitute p,.dz. for dz. in (8) to get the projection of d¥(x,, 1)
onto M,

{dV(x.. )| M} = [Vilxa, 1) + Vi, (X0, D) pxe

+(1/2)V s, (Xes DG22]dE + ¥ (6o / ) xedzc. &
From the lundamental pricing equation, we find
rx.dt =P{dx.}
= P{poxeds + oxdz,)
= px.di + P{ax.dz ).
Therefore,
P{dz.} = [(r— u,)/a.]dr. (10)

Using (9) and (10) equation (7) becomes
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rV(xe, 0)dt = [Vi(xei 1) + Vi, (X0, D% + (1/2) Vi n (20, a2 x2]d2
+ Vi, P{p,oox.dz,}
= [Vilxes 1) + Vi, (e, D)xelpt, — Boelpte — 1)
+ (1/2) ¥, (X, D)ot x2]de,
where we define
Bec = e/ 07 = poe/ .
Cancelling the dr, we have the final result,
rWxa, 1) = Vilxg, 6) + Vi (xe, X1, — Boelpt, — 1))
+(1/2)Vx, (xe: )2 X. (11)

Therefore, we have the following theorem.

Theorem 3.1. Projection Pricing Equation. The projection price
function for a derivative of x, satisfies the equation

r¥{(xey 1) = Vi(xe, 1) + Vi (%0, ) Xe |, — Bl — 1))
+ (1/2) Vs, (% 2202, (12)

with boundary conditions

V(xe, T) = F(x.), V(0,1) = e T F(0).

Onee equation (12) is solved with the proper boundary conditions, the
value ¥(x.(0),0) is the value at time 0 of the derivative.

Example 3.1. If x, is a marketed asset, we can take x. = x, and (12)
reduces to

PV(Xe, 1) = Vi(Xe, 1) + Vi (X )rxe + (1/2) Vi, (X, D)X,

the standard Black-Scholes equation.

Example 3.2, Suppose that
Flx 1)) = x(7).
We try a solution of the form
V(xe, 1) = =Ty,
Substitution into (12) yields
k=r—p,+ R (u.—r).
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For instance. il p, = p. and B,. = 1, corresponding to the situation where
x, and x, are similar, then k& = () and ¥(x.,1) = x..

4. Alternative Forms

Although it is perhaps most natural to develop the projection price in
terms of a most-correlated asset payoff x,, other market representatives can
be used to produce the same result at each instant. The partial diflerential
equations are identical with (12), except that x,. is replaced by one of the
alternatives (changing the f,.andy, terms.) We compare three choices here.

(i) A Most-Correlated Asset. In Refs. 10 and 11, it is shown that a
most-correlated asset can be used in place of the Markowitz portfolio in the
CAPM and will give the same price. In many applications, a most-correlated
asset is more convenient than the Markowitz portfolio. The same holds for
the extended Black-Scholes equation. By inspection, the new pricing
equation (12) can be written in the short-hand form

rVdr = E[dV] — cov(dV, dx,./x. )i, — r)/e2. (13)

(ii) Dual Asset. In Ref. 10 it is shown that a minimum-norm portfolio
can be used in place of the Markowitz portfolio in the CAPM, In the
continuous-time framework, the analog of minimum norm portfolio is the
dual asset which is derived in Appendix B (Section 13).

A most-correlated marketed asset is different for different underlying
processes x,. The dual asset, on the other hand, has the advantage that it is
independent of the process v, and hence can be used generally to price any
nontraded asset.

The dual asset is a marketed asset governed by the process (detailed in
the Appendix)

dx,, = pXomdt + 65X Az,
It has the special property that p,, and g, are related by
Yo =1 — Ty (14)
If ¥ + dV is a payoff, we can write the projected price p, of this payoff as
Py =(1—rd0)E[V + d¥] — cov(d¥, dxm/Xm) (ftm — 1)/ O (15)

When V itself is a price function, this becomes the general pricing
equation

r¥dt = E[dV] — cov(dV, dxp /xm) (fy — 7)/ 000, (16)
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expressed in terms of the dual asset, and it is valid for any price process ¥
that is based on instantaneous projection. This equation can be compared
with (13).

In viewof (14), we have

(b — )02, = -1
and thus we can write (16) in the simpler form
ride = E[dV] + cov(dV, dxy/x ).

The dual asset can be multiplied by a constant and combined with a portion
of the risk-free asset (by forming a convex combination of the returns). The
resulting portfolio can be used in (15) or (16) in place of x,,, and in this case
the —(u,, —r)/a?, term is necessary.

(iif) Markowitz Portfolio. The Markowitz portfolio also has the
advantage that it can be used to price a derivative of any process x,, so
like the dual asset it is a general pricing asset. The Markowitz payoff
xap + dxyy is the payofT of the portfolio of purely risky assets (the first n — 1
assets) that has price 1 and maximizes (puy —r)/aa It is known (see
Ref. 10) that this maximization problem may not have solution, but if it
does, the set of the g; that achieves it satisfies

n—|
> i = el =) (17)
J=1

for the constant ¢ that makes o« sSum to 1. By comparing (17) and (45), it is
clear that, by combining this solution in a portfolio with a suitable amount
of the risk-free asset, it can be transformed to the dual asset. Hence, (16) will
be satisfied with x;, replaced everywhere by xy. The Markowitz portfolio
has been used previously in this context. See Refs. 12 and 13.

We see then the new partial differential pricing equation (12) is valid for
X¢y Xy Xz O any asset that is a portfolio combination of x,, and the risk-free
asset. The dual asset x,, has the distinction of having (g, —r)/a?, = —1.

5. Universal Property

Consider an investor who has the opportunity to invest in all
marketed assets and the asset derivative of x. defined by the terminal
payoff’ F(x,(T)). A price function for this asset is said to be a zero-level
price function for the investor il the investor finds that the optimal amount
of the asset to hold is zero at all times 0 < ¢ < T. The price function is said
to be a universal zero-level price function if it is zero-level for all
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risk-averse investors (within a class). See Refs. 14 and 15 for analysis of
zero-level pricing in the single-period case.

We show now that the value function found by continuous projection is
a universal zero-level price function. The value function is considered to be
imposed exogenously as the price of the asset that is derivative of x,. An
investor is allowed to continuously trade this derivative asset at the specified
price as well as trade all marketed assets. The investor will not find it
beneficial to possess the asset at any leve] expect zero.

The investor has a utility function U for final wealth and an
initial wealth level W). U is twice continuously differentiable, increasing,
and strictly concave. The imposed price function ¥(x,,1) is that defined by
the fundamental pricing equation (4). For convenience, we denote the vector
of marketed asset prices by x and a portfolio of these by the scalar product
o, x, where ay is the vector of asset holdings. Similarly, z. is the level at
which the derivative is held. The investor’s problem is therefore

max E[U(W(T))l, (18a)
st dW(t) = ddx + a.d¥(x,. 1), (18b)
W(0) = W, (18¢c)

wlx+ o V(e £) = W(1). (18d)

The last constraint is the budget constraint, which states that the investor
must allocate his or her current wealth among the available assets. The
resulting wealth is governed by the differential equation of the first
constraint. The objective is maximization of the expected utility of final
wealth as seen at time (. It is understood that, at any time #, the investor is
able to observe all variables x;(z) and x,(z) forall z < 1.

Atany time 1, 0 < 1 < T, there is an associated optimal value to go,
defined as the expected value to be achieved using an optimal policy {from
t forward. This value depends only on x.(r), W, and ¢ (since the investor can
be considered to allocate wealth among market asset returns which are
independent of price magnitudes). Accordingly, we denote this return
function by J(x., W, 1).

The instantaneous problem for the investor at time 1 is to solve

J(xo, Wit) =max  E{J(x, +dx,, W+ dW, 1 +di)},
o0ty

st dW =aldx +2.dV(x.,1),
W=ox+a;F(x..1).

The necessary conditions for this problem can be expressed in terms of the
Lagrangian
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L = B{J(x, + dx,, W+ o\ dx + 2 dV(x,, 1),1+ d1)}
— Aletlx = o V(xpy 1) — W],

To establish the necessary conditions for «, and o, we form the differential
of L. This differential will involve first-order and second-order differentials
of J in order to capture all first-order terms in dr. Ultimately, however, we
will be interested only in those terms involving «, and «,; hence, we ignore
the terms J, J;, J», . Jx,», and keep the terms J. w, Jw, Jyw. Thus, '

L= E{J,,W dic, [, dox + o d ¥ (3c,, 1)]
+ Jwlaldx + ad P (3, 1)]

+ (1/2)dwwledx + 2 d¥ (e, 1)}
— Alogex + o, V(xe, {) — W] + other terms. (19)

We impose first the constraint x, = 0 and find the optimality conditions
with respect to «, by setting the derivative of (19) to zero. These conditions
are

0= E'{J,, wdx.dx + Jpdx + Jurwa;dxdx} —Ax
for all achievable market dx. Since «, = 0 for all ¢, we have

Fow =10
Hence,

0 = E{Jpdx + Jywe dxdx} — Ax. (20)
Substituting the risk-free asset for x, we find

Jprdr = A. (21)
Likewise, substituting x, for x, we have

0= Jyp x.dt + Jpwo.xtoodt — Ax,, (22)
which using (21) gives

0=Jw(p — r) + Twwecxeo. (23)

The nominal solution will have a.x, plus an asset uncorrelated with dx,.
This last has no effect on E[e,dxdx,| or E[«,dxd¥]. Thus, to find the best ,,
we may set to zero the derivative of (19) with respect to . for the special case
dx = al.dx‘,
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0 = E{JpdV + Jyw|adxdV + a,(dV)"])} — AV
= Jp|Vi+ Vi xs + (1/2)V o X202 — r¥)dt
+ Jyrwtte Vi, XeXc@uedt + Ty E[(d1)?).

Eliminating the first Ji term through (23) (after multiplying by f,.x. V.,
we find

0 =Jw{Vi+ Vexe, — Bu(i, = )] + (1/2) Vi,i 2307 — rV}de
+ JawE((dV) e,
= JywE|(d V)E]de‘

since V satisfies the fundamental pricing equation (4). Thus, z, = 0, and the
process J¥ defines a universal zero-leve)] price. 1n this sense it is convenient to
refer to the new equation as a universal pricing equation.

6. Optimal Replication

It is possible to replicate closely the final payoff by trading in the
marketed assets. The replication is imperfect, but the error has zero expected
value and is uncorrelated with all marketed assets. This is, therefore, the best
that can be done within a mean-variance framework. The trading strategy
required can be derived from the value function.

From (9), we have
{dV(xe, M} = [Vilxe, 1) + Vi, (e, )X
+(1/2) Ve, (Xen ) a2 x| dr
+ Vi, (Xe: )G/ 0c) xedz,. (24)

We may rearrange the pricing equation (12) as
(1/2) Vs, (Xen 3202 =PV (X, 1) — Vi, 1)

= Vi (xe, )% [t = Boc (it = 1)) (25)

Substituting this into (24), we find
{dV(xe, DM} = [(V(xe, 1) — $)r + dpJdt + Ppadz, (26)
= [(1 = )r + v V{xe. 1)dt + yo V(xe, 1)dz,, (27)

where
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D xeyt) = Vil Xe, )X Bocs (28)
Yo 1) = Vo, (20, %P ] Ve, ). (29)

In other words, according to (27) the instantaneous projected return is a
linear combination of the return on the risk-free and the most-correlated
asset, with weights 1 — y and y, respectively.

Ag in (8), the value [unction itself follows the Ito process

AV (e ) = [Faler 1) + Vi (ke Dbt
+ (1/2)Vsx, (s Daxs|dt + Vi 0,502, (30)
We may write
dz, = p,dz. + /1 = pldz,,

where dz;, is a standardized Wiener process uncorrelated with all marketed
assets and where
Pec = Oue/0e0: = f,.0./ 0.
With this substitution and use again of (25), we may transform (30) to
dV(xe, 1) = [(V(xe 1) — d)r + dpJde + do.dz, + 5dzy, (31)

where

B 1) = Vo, (xe, axq /1 = pl. (32)

Motivated by (31), we consider the process G defined by

dG(xe, 1) = [(Glxe. 1) — ¢)r+ Ppldt + doedz,, (33)
with initial condition

G(x,,0) = ¥(x,,0).

From (33), it is clear that dG(x,,r) is in M at (x.,) and that, overall,
G(x,.r) is generated by linear combinations of marketed returns. From

d(V = G) = r(¥V - G)dr + édz, (34)
and the initial condition

V—G=0,
it is clear that, at time 0, there holds

E[V(x. 1) = G(x,,0)] =0, forall,0<1<T.
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Furthermore, since V¥ — G is a linear integral of dz;, it is erthogonal (that is,
uncorrelated) with all marketed returns. Thus, the random varable G(x,, T)
as seen at time 0 is the projection of ¥(x,, ) onto the space of marketed
asset over 0 < < T. This property that instantaneous projection pricing
yields projection pricing overall can be inferred abstractly (see, for example,
Refs. 4, 8, or 14), but the representation here shows it explicitly.?

It follows that the optimal replication is simply G, governed by (33).
This replication requires only initial cash of ¥(x,,0) and no other infusions
or withdrawals. At each instant, G — ¢ is invested in the risk-free asset and
¢ in the most-correlated asset.

7. Real Asset Option

Example 7.1. Real Asset Option. Suppose that the x. process (2) has
parameters i, and ¢,. The interest rate is r and we denote x,(0) = S. For
example, x, may be the value of a stock that we are restricted from trading.
Assume also that the asset used [or projection (the mean-variance efficient,
dual, or most-correlated portfolio) has fixed parameters ., 6., 7. Consider
a Buropean call option on the asset x, with strike price K and expiration
time 7. Let

W= U, — ﬁec(.uff F').

The value V(x.(1), (1)) satisfies the eguation

FH(Xey 1) = Vil Xes 0) 4+ Vo (%, Deoxe + (1/2)F 5. (%0, a2
The boundary conditions are

F(x,, 1) = max(0, x, — K),

K(0,1) = 0.

The solution, which can verified by differentiation and substitution, is

V(Xe, 1) = x N TIN(d)) — Ke T N(dh),
where

dy = [log(x./K) + (w+ (1/2)@2)(T - 1)l /a.VT — 1],
da = [log(x./K) + (& — (1/2)62)(T - )] /e VT - 1].

*The fact that ¥ — G is orthogonal ta M can be used also to deduce the universal zero-level
property of V.
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This is the extension of the standard Black-Scholes formula to the case
where the underlying asset cannot be traded.

Example 7.2. Extended Put-Call Parity. To find the value of a
European put on a nontraded variable, we use an extended version of
put-call parity. Let C be the value of a European call and let P be the value
of the corresponding put (with the same exercise pricé K). Consider a
portfolio consisting of long one call, short one put, and long the risk-free
asset in amount Ke~"?. The payoff of this portfolio at time T is equal to
x,(T) and hence from an earlier example has value x,e“~"7. Hence, we have
the put-call relation

C— P+ Ke'T = x,eo 7, (35)

Of course, this reduces to the standard put-call parity when w = r as in the
case of a traded asset with no dividends.

Example 7.3. Replication of Option. For the real asset option, it can
be shown that
Vi (%, 1) = x 8 VTN + [T _ 1N'(d)))o/T — 1.
(36)

From this explicit expression, the guantity ¢ from (28) lor replication
can be computed.

8. Projection Error

The variance of the residual replication error at 7 can be found as a
solution to a partial differential equation adjunct to the general universal
pricing equation.

Define the difference variable

D=¥V-G
and let
U=eTp.

Then, [rom (34),

dU = —re"™ 0 pds + " dD
= {—re"™ND 4 MT0rpYdr 4 &0 (x,, D)dz,
= §"(x,, 1)dzp, (37)
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where

8" (xe, 1) = & T05(x,., 1)

Let 5(x., 1) be the variance of U(T) when in (37) U is initiated with
(7= 0 at the point (x,,?). This variance is

St =B Ta'(..x-em.s)’ds], (38)

where E denotes expectation at 7.

We write (38) as

T
S(xa, 1) = & (x,,1)°dt + E [ f a'(.r,(s)..sfm]
r+ds
= & (x,, 1)°dr + E[S(x., 1) + dS(x,, 1)].

Hence,

E[dS(x.. 1)] + 8" (x,, 1)2dr = 0. (39)
Expanding (39) using Ito’s lemma and dropping a factor of dr, we find

Silxe, 1) + Sy, x4 (1/2)Sx,x,a§x§

+ T (xe, D)aexe2(1 — ) =0, (40)
with boundary condition

S(x., T)=0.

The value S(x,,0) is the variance of the replication error at T, as seen at
=10

It may be useful to express the variance in present-value terms. It is
reasonable then to consider

H(xe, 1) = e T8 (x,,1).
This can be computed from S(x,,!) or by changing (40) to
H(xe 1)+ Hy o xo + (1/2)Hy 0752
[V, (X e (1 — pL) = 2rH(X,, 1)

9. Risk-Neutral Version

The method can be transformed to formulas based on a risk-neutral
process, The appropriate risk-neutral process is
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dx, = wx.dr+ g.x,dz,,

where
0 = fto = Bow(t — 7).

In these: terms, the proper price of payoff F(x,(T)) is
p = TEIF(x(T)),

where E denotes expectation at time 0 with respect to the risk-neutral
process. With this formulation, the price can be determined by simulation,
even for path-dependent payofls.

10. Extensions

There are numerous extensions of the method of instantaneous
projection, leading to various modification of the extended Black-Scholes
equation of this paper.

One simple extension is to the case where the asset generates an
intermediate cash flow process as well as a final payofl. As with the normal
Black-Scholes equation, account for such a process is made by the addition
of the cash flow term to the right-hand side of the extended partial
differential equation.

More complex extensions include cases where the coefficients of the
market processes (the . oy and r) are not constant but depend on the x;
and/or 7, or where these are themselves governed by stochastic processes.
These extensions generally lead to a partial differential equation of more
variables. Likewise, additional variables can be introduced directly,
including state variables and other nonmarketed variables. In some cases,
instantaneous projection is not equivalent to projection of the final payoff
processes.

A wuseful application of the result of this paper is to estimation
variables. A suitable nonmarketed variable may be introduced that
estimates an unobserved variable that serves as the underlying variable for
the payofl. If the estimate converges to the actual value at the time of the
payoff, the estimate, with its proper dynamics, may be used instead of the
original variable.

Path-dependent cash flows. such as max,[0, x.(1)],0 <1 < T, can be
treated by the risk-neutral process.

In addition, the theory of this paper has an analogous discrete-
time form. In the cases of either normal or binomial processes, the
results exactly parallel those of this paper for the continuous-time case (16).
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11, Conclusions

In principle, there is an infinity of possible prices for an asset whose
final payofT is determined by the final value of a process that can be observed
but not traded. The price proposed in this paper has several properties that
make it worthy of serious consideration. Most importantly, it is a universal
zero-level price, meaning that it is the price that renders the asset to have
zero marginal value to any risk-averse investor. This is an extension of the
notion that a risk-averse investor will price a payoff that is statistically
independent of all others at its expected value, discounted at the risk-free
rate. The price function proposed here has also the feature of being closely
related to both the CAPM and the Black-Scholes equation and has a simple
interpretation in terms of projection.

The market representative in the general pricing equation equation is
most naturally taken as a most-correlated market portfolio in the deriva-
tions. However, either of the other two representatives, the dual portfolio or
the Markowitz portfolio, can be used and all produce identical results.

12. Appendix A: Derivation of a Most-Correlated Asset

Arrange the » marketed assets so the first n — 1 are risky and the nth is
risk free. We will first determine a most-correlated instantaneous rate of
return using a linear combination (sum) of risky asset instantaneous rates of
return. This return will be of the form

-1
dx;/x, = Z gl /xg,
=1

where the 2; do not necessarily sum to 1.
To maximize the correlation of this return with dx,, we find the o;
solving

max E((d-.’:sf,xs) (dxc/xe))-
st wvar(dx/x;) < 1.

Introducing a (positive) Lagrange multiplier for the constraint, and
representing dx,/x; in terms of the w;, this is equivalent to solving
n=1 n—1
max Z Gl — A Y oaye;. (41)
=1 i
We recognize that any solution can be scaled by an arbitrary positive
constant and still preserve the property of being most correlated. Hence,
without Joss of generality we may take A = 1. Then, (41) becomes
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n=1
E Tyl = gy
=1

which is easily solved.
The current price at time ¢ of dx,/x; is Z}’;ll #;. To make the price equal
to 1, we scale the a; so that they do sum® to 1. Hence, we have

dx, = pxedl +a,x.dz,,

where
n—1
=3 @iy
=1
n—1
o= w0y

iJ
Note that when the «; are scaled to sum to 1, they are independent of p, and
7., which themselves may vary with the x; and r.

13. Appendix B: Derivation of the Dual Asset

The prices of the n traded assets define a linear functional on the space
M and this functional can be represented by a pricing payoff x;+ dx; that
produces the price pv as

pv= E[(xy+ dx) (¥ +d¥)] (42)
for any payoff ¥+ d¥ in M. If the representation x;+ dxyis chosen to be in

M, then the formula (42) defines the projection price of any ¥ + dV.
Simple algebra yields

pv= Elxy+dxy - E[V + d¥] + cov(dV, dxy). (43)
I the pricing payoff obeys
dxr= pexdr + apxdzy,

where zy is a standardized Wiener process, then application of (43) to the
risk [ree asset gives

xp=1 and pp=—r.

*Alternatively, we can add a portion | — 3777 « of the risk free asset so the sum of all the & is 1
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Hence, in general,
pv= (1 —rde)E[V + d V] + cov(dF,dxy). (44)
The pricing payofl can be found by setting
"
Ldyr= )" oy + dyy)/x;
=

and selecting the na; such that (42) is satisfied when V= x; for each
i=12...,n If we arrange the n assets so that the mth is risk free, the
equations for the first n — 1 assets are (accounting for x; =1 and p;= —r)

n-1
=E [(l — rdt + ajrrjd;:j) (1 + pdr—+ a.d.z,v)]
=

n—1
=1+ |p—r fZaifﬂtj dr.
=1
Hence, the n — | equations for the n — | unknown o are
a1
pi—r+ Y oy =0, (45)
=
fori=1,2,...,n— 1. Thus, with x, = 1, we have
dxy = —rds + opdzy,

where
n=1
opdzy = Z iz
=1

and

n—1

0? = Za;a,-;—a,-.
iy
The price of the pricing payoff 1 + dxyitsell is

pr=E[(1 +dx)’]| = 1 +(~2r + o7)dr.

We can change the drift of x;so that its price is |, which means that it can be
realized as a portfolio of the traded assets (because x; = 1 requires py = 1 for
a rraded asset). This change of drift does not affect the random term, which
is all that is used in (44).
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Let the dual asset satisfy
dxy = py,dr + opdzy.
The price of the payoff | + dx,, is
E[(1 +dxg)(1 +dx)] = 1 + (1, =+ o7 )dr.
Hence, we select i, = r — a} to get a price of 1. Thus finally,
dx, = i, dl + g,dz,,
where
dzy =dz, om=ar
The dual asset can be scaled so that
Ay = (r — 00 )Xmdt + 67Xz,

which now has price x,,.

This dual asset is a natural representation of the pricing functional
and is the analog of the minimum norm functional that applies in the
single-period framework®
We have

P — T = =02
Hence,

(B — 1)/ 5, = —1
and we can write (44) as

pv= (1 — rd)E[V + dF] —cov(dV . dxm/Xm) (tty —r) /0o
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