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Observers for Multivariable Systems

D. G. LUENBERGER, MEMBER, IEEE

Abstract—Often in control design it is necessary to construct
estimates of state variables which are not available by direct mea-
surement. If a system is linear, its state vector can be approximately
reconstructed by building an ebserver which is itself a linear system
driven by the available outputs and inputs of the original system.
The state vector of an nth order system with m independent cutputs
can be reconstructed with an observer of order n—m.

In this paper it is shown that the design of an observer for a sys-
tem with M outputs can be reduced to the design of m separate ob-
servers for single-cutput subsystems. This result is a consequence
of a special canonical form developed in the paper for multiple-
output systems. '

In the special case of reconstruction of a single linear functional
of the unknown state vector, it is shown that a great reduction in
observer complexity is often possible.

Finally, the application of observers to control design is investi-
gated. It is shown that an observer’s estimate of the system state
vector can be used in place of the actual state vector in linear or
nonlinear feedback designs without loss of stability.

I. INTRODUCTION

ANY CONTROL svstem designs are based on
i state vector feedback, where the input to the
- system is a function only of the current state

vector. For example, in the case of a continuous, linear,
time-invariant system of the form

= Ax-+ Du (1)

where

x is an # X 1 state vector

i is an 71 input vector

4 is an nXn transition matrix
D is an nXr distribution matrix,

such a design would express #(f) as a function of x and ;
w(t) = Flx(t), t]. The function F is determined by the
particular design scheme employed. 1t may be the con-
trol funetion which in some sense optimizes systen per-
formance or it may be determined by some other design
technique—possibly trial and error. Such state vector
feedback designs offer many advantages with respect
to both system performance and analysis. There is, how-
ever, one major disadvantage. In many control situa-
Hons the system state vector is not available for direct
mensurement. Ln these situations, it is not possible to
evaluate the control function Flx(), t]. and hence,
cither the contral scheme must be abandoned, or a
reasonable substitute for the state vecior must be
found.
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Typically there will be associated with the svstem
(1) an output vector ¥ of dimension m <n of the form
Tr*x (2)

y

where H* is an m X2 output matrix.! [t will be assumed
that the outputs represented by the components of y
are independent—or equivalently, that the matrix 7/*
has rank m.

The problem discussed in this paper is that ol recon-
structing the state vector from the available outputs.
The system which performs the reconstruction is called
an observer.

One possible method lor obtaining the state vector
is to build a model of the given system, drive the model
with the same inputs as the original syvstem, and use the
state vector of the model as an approximation to the
unknown state vector. In this method the dynamic be-
havior of the ohserver is identical with that of the sys-
tem it observes, I initial conditions were not set prop-
erly or if there were slight disturbaneces, the model gen-
erally would not recover fast enough to provide an
estimate suitable for control.

Another approach is to differentiate the available out-
puts a number ol times and then combine these deriva-
tives appropriately to obtain the state vector. In this
case, the estimate responds instantaneously to distur-
bances, but it is severely degraded by a small quantity of
additive noise in the measurements.

It is important to design an observer which is a com-
promise berween these two simple procedures. [t is de-
sirable that the dynamic elements of the ohserver be
faster than those of the system it observes, but not so
fast as to possess the undesirable characteristics of dif-
ferentiators {(which correspond to poles at — = ).

It has been shown [1] that an observer [or the system
(1) ean he constructed which 1s itsell a linear, time-in-
variant system driven by the system it ohserves. The
observer need only contain #—m poles and these may
be chosen arbitrarily.

In Section 11 of this [raper the g(:ller.’l.] |1‘ir:nry ol oh-
servers is reviewed with particular emphasis on single-
autput systems. ‘

Section L1 contains the main contribution of this
paper. A new procedure is developed [or designing ob-
servers [or svstems which have several outputs. [issen-
tially, the problem is reduced to a series of observer
designs lor single-output systems —these individual de-
signs being relatively straightlorward,

) Pl he “star™ notation represents the transpose of 4 mutrix, This
thee ge3Xn miateix A8 the transpose of s <o maezix A1,
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The new procedure, based on a special canonical
lorm lor multiple-output svstems developed in the Ap-
pendix, not only leads to simpler observer designs but
also to stronger theoretical results thun obtained previ-
onsly.

[n Section IV the problem of reconstructing a single
lincar Tunctional of the state rather than the entire
state vector is considered, [tis shown that considerable
reduction in observer complexity is then possible. This
procedure is similar to one given by Bass and Gura [2]
for the design of single-input, linear control systems,

Finally, the stabilivy timplications of using the recon-
structed state vector rather than the actual state vec-
tor is discussed. [t is shown that observers may be used
to realize both linear and nonlinear control laws without
loss ol stability, Thus, it is concluded that observers
can effectively surmonnt the difficulties associated with
control design when the state is not measurahle,

. ODBSERVEKRS WITH ARBITRARY DyNAMICS

The basic observer configuration is illustrated in Fig.
1. The system Sy is assumed to be a linear time-invari-
ant system. |t is assumed initially that the svstem is
free, i.e., unforced. The available outputs of this system
drive a second syvstem S which is the observer. Theorem
1 (proved in [1]) shows that under these conditions,
the observer's state veetor will nearly always tend to-
ward a linear translormation of the first system's state
vector,

Theorem 1 \Observation of « free system): Let Sy be a
free system: $=Ax which drives Su: 2= Bz+4 Cx. Sup-
pose there is a transformation " satislying 74 —=B7T°
= It 3(0) =7%(0), then z(t) ="1x(t) for all =0, Or
more generally,

s() = Tx(t) + e®[2(0) — Tx(0)]. (3)

Notice that in Theorem 1 it is not necessary lor .
and B to be the same size; they only have to be square.
[f 4 and B have no common eigenvalues, there isalwavs
a unique 7 satisfying 1'A—B7=¢ [1].

Assume now that the system S is governed by

i = Adx+ Du (4)

where w iz aninputvector. An observer driven by hoth
the plant input and outputs governed by

i= Bz + Cr+ TDu (3)

will behave according to (3). Therefore, observers de-
signed for a free system can be applied o the forced
system il the inpotis suitably connected o the abserver.

The consteuction ol an nhserver rests an the solution
of the matnx equation /A =BT =C, The solution 1
must have rank great enough to guarantee the recovery
of the unmensurable state variables, As usirared he-
low. observer design consistsin choosing £ .mel the part
ol Cwhich s unspecified fnosuch woway that 7 has

arapert:

In this section attention is focused on the prablem of
constructing observers for single-output svstems. In
Section [l it is shown that the multiple-output case
can be reduced to this form.

Two possible constructions for an observer are con-
sidered here; both based on a well-known [3] canonical
form for an chservable single-output system. An ap-
proach more suitable (or computation, which does not
employ canonical forms, may be found in [1].

Suppose an xuth order svstem is governed by

r= dx (6)

and has a single output® y=4"x. [t is assumed that the
systent is completely observable [3], i.e., the vectors k,
A*h, -+ o (A*) =Y are linearly independent, For such
a4 system there exists a coordinate system in which the
system is represented in the special canonical form [3]

—eay; 1 0-<-0
—an 0 1

Yy = A

The svstem in this form is represented schematically
in Fig. 2. Here the vector x is represented in the new
coordinate system so that the new state wvariables
Np, ¥y, 00, Xy doonot necessarily correspond to the
original state variables—the original variables are sup-
pressed [rom consideration for the present purposes.

It is readily verified that the characteristic palyvno-
mial of the matrix in (7) is 5" Fa,s™ Ha,_15" 24 - -
+(¥1.

Consider an nth order observer [or this system gov-
erned by

x z
5, s,
Fig. 1. A simple observer.

g 20 Canonterl form of ohaervihle system.
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—f 1 0---0 (B — )
—ps 0 1 (B2 — z)
s = . 4 "‘* . Xy
. 1 .
_.Ii: % 122 ﬂ (Jiu - fin)
= Bz + Cu (8)

In this case it is readily verified that T4 —B7=(C1s
satisfied by 7'= I'so that state variables of z ure in direct
correspondence with those of x, Since the characteristic
polynomial of this system is s +8.5" "+ « - « +f and
the coefficients 3, are arbitrary, it is clear that the poles
of an observer of this form are arbitrary.

Consider now the problem of constructing an (. —1)th
order observer for (7). If the observer is taken as
B 10 0
=g 01 0--:0

. z

1
_ﬁn—-I 0o
—Bilay — By) + (82 — )
—Balay — B1) + (B — ay)

+ X (9)
— (e = #) — e
T'A—BT = is satisfied by
=g 1 0--:0
T = _é" vt (10)
— B 1

which is an (r—1)X»n matrix. The x variables can be
recovered from the z variables according to

N = Skt + Br-r¥y, 1 <k<n (11)

Again, since the 8; are arbitrary, the polesof this (n —1)th
order observer are also arbitrarv. The result can be
formulated as

Theorem 2: Let Si:2=:Ax, y=~"x be an nth order,
completely observable system. An observer of order
n—1 can he constructed for 5. Furthermore, the w—1
pole locations of the observer can be chosen arbitrarily.

[1I. MuLtrPLE-OLTPUT SYSTEMS

The general theory developed in the early part of
Section 11 applies to multiple-output systems as well
as single-output systems. The state of a system driven
by the outputs will tend o follow a linear transforin-
tion T of the unknown state vecror. In general, however,
it 1s not obvious how to design the observer so that the
state can be completely reconstructed while at the same
time using the theoretically minimum number ol dy-
pamic elements: p—wr.

As with the single-output sitnation, an essential as-
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sumption is that of complete observability with respect
to the outputs. A system

= Ax

Y T

(12)

is completely observable [3] if the #X(mm) matrix
|H, A*H, - -+, (4*)*'H ] has rank #. Olten a rank of
n will be achieved with a smaller number of powers of
A* times f. The observability index » of the system (12)
is defined as the least positive integer for which the
matrix [H, A*H, - - -, (A*)=1H] has rank 2. The ob-
servability index plivs a key role in the theory of ob-
servers [or multivariable systems.

For some systems the extension to the multiple-eut-
put case is elementary. For example, consider the fourth-
order system shown in Fig. 3. Lt is assumed that the two
variables x; and xy are available for direct measurement.

The fourth=order system may be regarded as two
coupled second-order subsvstems as indicated by the
dashed-line boxes in the figure. The output of the first
box is the measurable variable = and the input is the
measurable variable x5 Therefore, since it is possible 1o
measure the input and output of this second-order sub-
system, a first-order observer may be constructed ior
this subsystem, Similar considerations apply to the sec-
ond hox, so it is seen that an observer for the total sys-
tem can be built up from two separate observers, each
observing a single-output subsystem.

The seemingly fortuitous situation in the above exam-
ple is actually commonplace. In fact, all multiple-output
observing problems can be reduced to the observation
of single-output subsystems. This is a result of the [ol-
lowing theorem (proved in the Appendix) guaranteeing
the existence ol a special canonical lorm.

Theorem 3 (Canonical Representation of Mulliple-
Output Systems): Suppose that the nth order system
#=Ax with associated output vector y=H*x is com-
pletely observable with observability index ». Suppose
further that v consists of # independent components.
Then there is a nonsingular linear coordinate change
such thatin terms of the new coordinates the system has
the representation shown in Fig. 4. In this form the sys-
ter consists of m component subsvstems, each with one
abservable output which is a linear combination of the
components of y. The orders of the subsvsrems satisiy
it neb - o Fn,=n, and the largest subsystem is of
arder ». The subsvstems wre coupled to each other only
through their outpuits.

Froni the previous developments it is obvious that
an observer can he constructed for each of the single-
output subsystems, since the inputs to the sihsystems
are available for measurement. Furthermore, the Eth
observer can be designed with e —1 arbitrary poles.
Thus, by employing Theorems 2 and 3, it is easy to
deduce

Uheorent 4: An observer for the svstem (12) can be
constructed of order n—m. (m is the rank of H*)



1961

Furthermore, the #—m poles of the observer are arbi-
trary.,

This result is slightly stronger than the corresponding
conclusion of |1]. Furthermore, in the lorm developed
here there is established a simple aleorithm for com-
puting the observer in terms of the single-ontpur sub-
systems, whereas the method of [1] is not so straight-
forward.

Lxani ple: The system llustrated in Fig, 3 is already in
canonical form approprinte lor design ol a4 second-
order observer. The poles of the observer are arbitrary
and will both be chosen 1o be —3. The design is carried
out separately for cach subsystem,

System S5, is governed by

,1:-.‘1 [—42 1] :r.l:] 0 E
= + LT (_13,]
Xy 0 =21 1
L 5 5
_______ J————
N N T ] k2 [ X
5 bl B ] e ) e o
| |
| S | |
IFig. 3. Fourth-order svstem of example.
—\> ORDER
7 "I
ORDER
N2
-
' -
I
°
ORDER
"m
¥y
MATRIX
Fig. 4. Canonical form of mulviple-outpun system,
X, .
=1 ki
“e—| SYSTEM
*3 b, L=
[~ EFT
L
.53
Fig, F. O Wmersver for Tonrth=orediee =3 ~tetn.,
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According Lo the results of Section 11, an ebserver with
a pole at =3 driven by x1= 1 0,x will produce Tx
where

-2 1
= 0
Tl: 5 _2]~|—31 1 (14)
or I'= 1 —1,. The observer will be governed accord-
ing to (5) which in this case is
P=—3z4 3 — (15)

IMe estimate £ ol the variable x; is constructed [rom
the measurenment vy and % according to

.'l.f;' =Ty ==&

(16)

A similar procedure applied 1o the subsystem 5. leads
to the observer

— Jaw -+ vy — e — xy) (17)

3 — biw, (18)
The complete observer for the system is shown in
Fig. 5.

IV. O8SERVING A SINGLE LINEAR FUNCTIONAL

Sometimes it is only necessary to estimate a single
{but prespecified) linear lunctional of a svtem's state
vector, This is the situation, for example, in the design
of linear, time-invariant, state feedback for a single-
input svstem. In these instances, an observer of con-
siderably reduced complexity can often be constructed
which will preduce this single quantity.

Observation of a single linear functional is similar in
concept to a feedback design procedure developed by
Bass and Gura [2]. The method in [2] is not an observer
method in the sense of this paper and does not enjoy the
closed-loop stability properties developed in Section V.
The conclusions in this section concerning the required
dvnamic order of such an ohserver, however, coincide
with the corresponding conclusions of [2].

Imagine un observer constructed for a multiple-out-
put system according to to the scheme of Section [11.
The ourput of the observer is an estimate of the system
state vecror x. In order to obtain an estimate of a linear
funetional of x, sav a’x, rlie same linear lunctional of cthe
observer output is taken. The result is shown in Fig. 6.

The largest block in the observer has exactly »p—1
poles which may be chosen arbitrarily. Suppase these
poles are chosen first. Then the poles of each of the other
blocks of the observer can be chosen to be a subset of
the poles of this largest block, Now, corresponding to
each output v there is o ransler function of the form
Avy) Ars) from e through the observer to a'# The
polvaomial Als) is the characteristic polvnoniial of the
largest hlock in the ohserver, and Ay 12 a polvnomial
of degree no greater than that of Ay
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Thus, it may be concluded that the observer of Fig, 6
is equivalent to the form shown in IFig. 7 when the in-
dividual blocks of the original observer have common
poles. An observer of this form can be realized by a sys-
tem of order »—1; therefore the [ollowing theorem is
established.

Theprem 5: A single linear functional of the state of a
linear system can be ohserved by o system with »—1
arbitrary poles. (v is the observability index of the sys-
ten.)

As pointed out in Bass and Gura [2], »—1 is often
considerably less than n—m, the order ol @ complete
observer. In fact, (nfm) —1<p—1<n—m. A twenty-
flth order system with live outputs, for example, may
require as few as four arbitrary poles to construct an
estimate of a single linear functional ol the state vector,

Fyample: Consider again the lourth-order svstem in Fig.
5. Suppose it is desived to reconstruct the single linear
functional x«+xy. According to Theorem 3 an ohserver
with a single arbitrary pole is sufficient. If the pole is
chosen to be at —3, the observer constructed in Section

__ OBSERVER
R |
| L X
l ORDER] |
: n=| ;
! |
! !
> ¥ { e E a a'%
SYSTEM H . el
|
| * |
| ° |
IIR=="
i ORDER| |
o
L ________ _I e
Fig. 6. Ohserving w =ingle Boeir lunetional.
& (5]
als
¥
;zlsl
(s} %
SYSTEM | ks
L]
x. bm(s}
Ais[

Fig. 7. Reduced observer for single [near Tunetional,

FFig. %,

First=arder ohserver lor example.
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I for this system can be used as a first step in the de-
sign procedure,
Using the results ohtained in the previous example

& f= w3 — 5 — O (19)

By carrving out some straightforward manipulations,
the observer shown in Fig, 8 is obtained.

In general, it is possible to shorteut the two-step de-
sign procedure outlined in this section. One may boldly
hypothesize the required form of the observer (accord-
ing to Theorem 3) and solve [or the unknown numerator
polynomials directly —withour first constructing the
canonical form. [t turnsout that this shorteut procedire
saves only a small percentage of the lubor involved and
does not offer much insight into the observer process.
This shorteut procedure lollows the spirit of Bass and
Cura [2], however, and is certainly recommended for
actual computations of observers aof this tvpe.

V. Crosep-Loor STAsITY PROPERTIES

As stated in the Inteoduction, the investigation of ali-
servers is aimed at circumventing the difficulty of real-
izing state vector feedback contral when the entire state
vector 15 unavailable for measurement, Consider a svs-
tem governed by

v= e Du (20)
with outputs y=/H*x. Suppose that o (possibly non-
linear) control law of the form = (x) has heen derived
lor this system by some design scheme. An appropriate
albigerver [or (20) is

¢ = Bs+Cx~+ TDu (21)

where T =BT =, C'x must be derivable (rom the out-
put vecror yi hence, C=GH* lor some appropriiate
matrix (7. The estimated state is a linear combination
of the svstem outputs and the state vector of the ob-
server

=Ly + Kz (22)

L+K1T=1 (the The control law
= Fx) can be approximated by a control law 7= Fl§)
bitsed on the estimated state vector. The complete sys-
tem is then governed by the equations

where identity ),

¥ = dx4 DF(i)
2= fz4 Co+ TOFW

i=Lyx+ Kz (23)

[t is the purpose ol this section to investigate the
stability properties aof the control system governed by
(23},

The svstem equations (23) can be rearraneed so rhat
many of their siability properties become clearly ap-
parent. Dehning 3 =2— 1y, ¥=0—x amd then subtract-
ing 1 times the hirst equation in (23) from the sceond
leads to the cquivalent svstem
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&= w4 DI(§)
: = Bg
&= Nz (24

I, initially, the estimated state vector is equal to the
actual state vector, ie., 3(0) =0, e-r.}_uz;lit}' will be main-
tined for all future time. This important fact is due to
what might be described as the complete wncontrallabil-
ity ol the observer from wu. [t implies that il there is
initial equality hetween the state and its estinmate the
closed-loop system using the estimate behaves exactly
like the closed-loop svstem using the actual state to ob-
tain the control,

Cenerally the initial equality between the state and
its estimate will not obtain, and stability properties of
the complete system, including the observer, must be
investigated. A first result in this regard applies to linear
control laws. I{ F(x) = Fy is linear, the closed-loop sys-
tery using the actual state is &= (A -+DF)x. Tt has been
shown [1], [4] that if an observer with transition matrix
7 1s used to supply an estimate of the state vecror, the
closed-loop poles of the overall system (23) are the
clzenvilues of A +D0F and ol B, [n other words, the ob-
server does not disturb the poles of the original svstem
but nterely adds its own poles.

In a similar [ashion, it is possible to investigate the
elfect of an observer in realizing a nonlinear control Liw.

Suppose that the closed-loop system

Ax -+ DF(x) (23)
is asymptotically stable in the large [5]. Tt is assumed
here that the asvmptotic stability of (25) is established
hyv the construction of a continuously differentiable
Liapunov function V(x) lor the system which satisfies
the following conditions

1) 17(x) >0 for x=8, 7{#)=0

2) Vix)—= as |jxf|— =

3) Uix)=Vix)=v.Vix)[Adx4+DF(x) | <0 for x#8

) 1imyisiae = U/ V(0] =4 2

The first three assumptions are sufficient to guarantee
asymptotic stability of (25), while the fourth is an addi-
tional assumption which is often satisfied in practice.’?

Theorem 6 shows that under relatively mild condi-
tions the ohserver scheme outlined above leads o an
asvmptotically stable system,

Theorem 6> Assumie that there is available a Liapunov
funcrion for the svstem &= Ax+DF() which satisfies
the conditions 1)-4} listed above. Il F(x) satisties a
uniform Lipschitz condition and the observer is asymp-
toucally stable in the large, i.e., B has its eigenvalues in
the lelt half plane. The complete system (24) is asyimip-
rotically stable in the large.

' Tror example, if Vs o pd guadratic form, there is o0 >0 <uch
that =8N T 26 xl

—
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Proaf: As a first step in the proof a quadratic Liapunov
function is constructed for the observer =53 hy the
standard pmcednre lor stable, linear, time-invariant
systems [5], [6]. For this purpose define P as the unicue
solution to the matrix equation PB4+ B*P= —J. [t is
well known that the matrix P so defined is positive
definite and that #Ps=|3 *; is a Liapunov function
for the system s=B8: with derivative (d/d1)|7|®

—j‘-‘-“.". Fur the overall systeni (24) define 1W(x, |

= {x) 48 \ - A (xy 2) s clearly positive definite. Also
Wie, 2) = V.1 u][ v + DF(%)] — |52
= Ulx) + V.V () D[F(%) = F(e)] = |3l
< U(x) + ¢ R | (26)

where the positive constant ¢ is determined by the
Lipschirz condition.

Using £=K3 from (24), the above inequality can be
converted to

Wi, 2) < [7(e) + c‘g:lv,l'{'.\:i:f A = ‘!i”'—'. (27

Using the function W it will now be shown that anv
trajectory of the svstem (24) is bounded. Obviously
is bounded on any Condition 4) on the
Liapunov function 17 implies that for sufficiently large
v and bounded 3 the {unction Wiy, 5) is negative defi-
nite. Therefore, since W(x, 31—« as '|\i‘—-x it is im-
possible that i.\\! increase without bound.
isan K>0such that for all ¢>0, I]x <R,

Now, since [|3l|—0 as t—c, given e>0 there is a
finite time 7" such that for 4> T, Ulx)+ea| V.17 - 5]
<0 throughout the annulus e< \!\ <R, Tlml-, for t>71
the function 1§ is negative tleﬁmtu in this annulus and
x must tend toward the circle || x| <e Since ¢ was arhi-
trary, x tends to f. This establishes asymptotic stability
in the large.

Trajectory.

Thus there

VI, CoNcLUsIoNs

The observer theory developed in this paper can be
compared with other methods of state estimation. In
the case of :101*~y measurements and unknown nm-\
disturbance inputs, an optimal least-mean-square esti-
nite of the state may be generated by o linear estimator
[7]. If the estimator operates on the infinite past and
the noise statistics are stationary, the estimator is a
linear time-invariant svstem driven by the mensure-
ments. Such an estimator will act as an observer in the
sense of this paper if the noise disturbances are suddenly
disconnected so that the system becomes iree and noise-
less. Therefore, optimal estimators can be regarded as

observers with their pole locations determined by the

statistical praperties of the noise. In many practical
situations (namely those in which the noise level is sig-
nificant), statistically optimal estimators offer excellent
advantages over other estimation schemes, As the noise
level decreases, however, the optimal pole locations
move toward — = and in the limiting case of perfect
(noise-free) measurements, the

statisticallv  oprimal
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estimator consists of a number of differentiators [4].
When noise level is low, noise is not a eritical design fae-
tor and observer pole locations should be hased on
other criteria (c.g., parameter variation effects, reli-
ability, ease of svathesis, ete.). Generally, there seems
o be little reason to choose observer poles much faster
than the other poles of (he closed-loop svstem. So far,
however, other than in the statistical case, there is little
theory devoted 1o the problem of choosing observer pole
locations.

The procedure outlined in this paper decomposes con-
trol design into state reconstruction and control of a
completely measurable system. The effectiveness and

practicality of the method lies in the fact that stable op-

server poles do not affect overall system stability. Theo-
rem 2 of [1] and Theorem 6 of this paper are hut two
results concerned with the stability ol combined ob-
server and control svstems. Other quesl [0S concerning
speed of response, time-varying systems, and varions
tvpes of stability under various assumptions offer fruit-
ful areas for research.

One of the most important results described in this
paper is the canonical form given in the Appendix. This
canonical form can be used to extend many well-known
properties of single output or single input systems to
multivariable systems.

APPENDIX

Theorem 3 (Canonical Representaiion of Multiple Out-
put Systems): Suppose that the wth order system
i=Ax with associated output vector y=H*x is com-
pletely observable with observability index ». Suppose
further that y consists of m independent components.
Then there is a nonsingular linear coordinate change
such that in terms of the new coordinates the system
has the representation shown in Fig. 4. In this form the
svstem consists of m component subsystems, each with
one observable output which is a linear combination of
the components of y. The orders of the subsystems
satisly #i+ns+ - - - +n,=n and the largest subsystemn
is of order ». The subsvstems are coupled to each other
anly through their outputs,

Proof: The first step in the proof is the generation of a
certain set of n linear independent vectors. The pro-
cedure used here is identical with that employed by
Bass and Ciura [2] for another purpose.

Since the matrix [H, A*H, -+ -, 4 *—1H | has rank #,
n independent vectors can be taken as a certain # cal-
umns of this matrix. To define these vectors precisely

a) Start with the columns hy, hs, - - -, A, of the
matrix H.

by Adjoin to these the columns A%y, A%y - - -
A%, one by one, checking that each new column
is linearly independent of the previous ones, (Use
the Cram-Schumidt orthogonalization procedure.)
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oy ol the gew columns ig Tound o be depen-

d) After A*h, has been tested, continue with (A4%)*h;.
(A*) 0, - -y (A%)2%hy, ete., until 7 linearly inde-
pendent columns have been found.

e) If a column (A% has been skipped because of
linear dependence, all columns of the form (A *)%h,
where k> can be skipped, since they also must be
dependent on the previous columns.

As g result of this proecedure, there isdefined an array
of # independent vectars
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where [or each &, v, <p. Purthermore, by construction
there are coetficients o, (k) such that

Mo =1

(A*) Ely = D > e, (k) A%l

J=1 =0

(28)

where ., (k) =0 for i >, and a;;(k) =0 for i=w if j=k.

The desired canonical form of the gystem will have a
structure similar to the structure of the above array in
that the kth subsystem will be of order ».. However, the
state variables of the kth subsystem will be defined in
terms of vectors from the complete array rather than
just the kth row. Because of the complexity of notation
due to the several indexes required, the explicit trans-
formation defining the appropriate new state variables
is not particularly illuminating and therefore will be
suppressed. The new coordinates are instead defined
implicitly in terms of a schematic diagram. The kth sub-
syvstem takes the form shown in Fig. 9.
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Fig. 9. kth subsyatens of canonical form

The outputs of the m subsystems are each linear com-
hinations of the original outputs and hence are them-
selves measurable quantities. Conversely, the new out-
puts are linearly independent so the old outputs can be
recavered from the new. (The independence of the new
outputs follows from the fact that the transformation
matrix relating the old and new outputs is triangular
with 15 along the diagonal.)

In order to establish that the propesed canonical form
i in fnet a lineir coordinate change of the original syvs-
e, it s only necessary to verify that all variables of
the form 2= in the canonicil form satisiyv 2 =147k v,
oy this requirement is satisfod By the Frh stthsystend

shown in Fie. 9 follows divecty from (280,
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