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I. Introduction .

There is & common phenomenon in science for two initially dis-
tinct fields to progress independently for a number of years and then.
later, while still maintaining.their individual identity, find that
they share a common core of basic principles. Once the commonality
is recognized it is natural to expect a variety of attitudes and ac-
tivities directed toward interaction between the fields. There wilk
be the skeptic who is certain that the other field 1s merely a spe-
cial case of his own, and there will be the restless who will imme-
diately turn to this other surely more exciting field. Ideaily,ﬁmre
will be cross-fertilization, which amounts to the application of tedr
niques from one field to specific problems in the other. There will
be development of the common core of principles, derived from compar
ison and refinement of the principles already established by each
field separatély, that ultimately forms the foundation of a more gen-
eral discipline. Finally, there will be numerous-survey articles
and lectures on the connections between the two fields.

The fields of mathematical programming and control theory have
developed in a fashion similar %o that described above. We restrict
attention in this paper, however, to the areas of greatest overlap,
i.e. to certéin subareas within each field. Thus, by mathematical
programming we refer here to,coﬁfinuous variable programing, incInd-~
ing linear and nonlinear programming. We exclude dynamic program-
.ming, not because it is irrelevant but, contrarily, because its con-
nection with control is so direct that it has egqual claim by both
fields. By control theory we refer exclusively to optimal control,
leaving aside the general theory of dynamic systems (stability, con-

trollability, observability, ete.).
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Géﬁeral recognition, by researchers in both fields, of the com-
monality between the fields occurred roughly in about 1962, but nat-
urally it was recognized by many individuals before then. Since that
time there has been vigoroﬁs interplay between the two fields and.nur
merous conferences whose themes enhanced this interplay. Both fields
have, as a result, been substantially influenced by one another. Omn
balance, however, to date the contribution of mathematical program-
ming to control theory is generally better recognized than the re- - -
verse contribution. This is due to the fact that mathematical pro-
gramming, having less inherent structure, can from one viewpoint be
regarded as the mbre general~~with control problems being a special
case~-and to the fact that the modern development of mathematical
programming predated modern control theory by aboutrseven ygérs. On
the other side, however, the particular structure of control probléms
introduces some difficulties and scme simplifications that were not
conceived under the general programming setting. Resolution and ex-
ploitation of these has led to both theoretical and algorithmic de-
velopment in ﬁaﬁhematical programming. - :

Both mathematical programming and control can be naturally di-
chotomized into the study of properties of solution points, i.e. nec-
essary and sufficient conditions, and the development and analysisof
effective computational methods for obtaining a solution. We adhere
to this natural dichotomy in the discussion presented-in this paper;'

Section iI presents a brief account of the interplay between the
fields that Waé-inspired by the initial gép between the primary sets
of necessary conditions for optimality: +the Kuhn-Tucker Theorem for
_ mathematical programming, and the Pontryagin maximum principle for
control. Here we point out how the initial gap was closed by wadking
from both directions. Sections ITI and IV discuss computational
methods. TIn this area the contribution has been almost entirel&
from mathematical programming to control, but there have been dif-
ferences in emphasis and misinte;pretations among the two groups
that has tended to retard full development in this area. We.point
out some of these differences in viewpoint and offer some sugges-

tions for closing these gaps.



The paper is not intended to be a comprehensive survey of workin
either field nor of the interaction between them (a2 discussion of al-
gorithms alone would constitutg a large volume). Instead, the paper
attempts to point out how certain initial differences were satisfac-
torily resolved, and attempts to bring into focus some issues that
have not yet received full attention and which require further inter-~
active investigation. The selection of topics that aré highlighted
in this paper are, of course, somewhat influenced by the author's in-
terest, areas of experience, and personal assessments as to where

further interaction will be most fruitful.
IT. Optimality Conditions

2.1 Continuocus-Time Problems

The Pontryagin'Maximum:Principle is the fundamental set of ﬁec-
essary conditions for continuous~time optimal control problems. We
state a version of it here partiy to display'the'result itself and
partly for the purpose of introducing the continuous-time optimal

control problem [x]. = —

Continuous-Time Optimal Control Problem (Fixed Terminal Time)

Consider a dynamical system described by the system of ordinary

differential equations
o A
(2.1) R - h(}c(t),u(t)) t € [0,T]

where x(t) € E" is the state of the system at time t, u(t) € B

is the control input at time t, and h takes valuesin E'. Given

an initial state x,€ B, a cost function f from E X EX into

the reals, a set U C Ep, and a ferminal constraint function g
from E° into .Em, m <n, Tfind the piecéwiée continuous.dontrol
u(*) on [0,T] and corresponding state trajectory x=(*) deter-
. mined from (2.1) satisfying ’ S ’

(2.22) . u(t) €U forall % ¢ [0,T]

(2.2b) - x(0) = %



(2.2¢) g(x(T_)) -

that minimizes the objective

(2.3) J = fT f(x(t),u(t))dt ) o
. ' , 7 ~0

There are alternative fbrmulatlons of the contlnuous-tlme opti-
mal control problem in which the objective is expressed as’ aiunctlon
of the temminal state and some auxiliary constraints are expressed
as constraints on the value of an integral 1nvolv1ng the state and
-control. These alternative formulations are, under mild Smoothness
assumptions, all equlvalent. One formulation can be transformed to
another by.introduction of appropriate additional state variables and
associated augmentation of the system equations. These transforma-
tions are now dquite familiar to control theorisits and we shall not

belabor them here, but make free implicit use of them throughout the

- paper.

To fbrmulate the meximum pr1nc1ple we introduce the additional
assumptlons that the functions f and h are continuous differen-
tiable with respect to x and continuous with respect to u and
that the function g is continuously differentiable, and its Jacob-

jan m X n matrix has rank m for all x satisfying g(x) = 0.

Pontrvagin Maximum Principle

If d(-) together with its associated state tragectory 2(- )
is & solution %o the fixed terminal time optimal control problem,
then there exist an adjoint trajectory A{-) from [O,T] into B
a 2° <0, and apu € ET  such that (ho,g) € B 45 not zero and

_(2.1»)‘ - &) = [ (2),0080)] ) + 202 (2(8),00)]

for t € [0,T],

(2.5) o = [ (2]

and such that for almost all 't € [0,T], the Hamiltonian



(2.6) H(ﬁ(t);k(t),v) = lofCE(t),v)) + h'(t)h(i(%),v)

is maximized by ﬁ(t); i.e. for every v €U

.

(1) We(2(8),(8) + 2 (6)n(R(8),4(6) = 208(2(8),7)

Y (t)h(:’c‘(t),v). |

" An unusual feature of this principle, over that of more classi-
cal necessary conditions, ‘is that they are partly expressed in dif-
ferential form, as in (2.14), and partly in global form, as in (2.7).
This mixture of differential and global Lagrange multiplier conditions
is, as discussed later in this section, a challenging point even in
a finite-dimensional setting. ‘

' The multiplier 2° <O is of special concern for if it is egual
to zero then the objective does not enter the'conditions. A non-de-
generate problem will have l? < 0, in which case it is set to
z° = -1, ~but we shall not pursue- the conditions that guerantee this

The original proof of the maximum principal given in [1] is
quite involved, closely following classical arguments in the caleulus
of variations and physics, where the term Hamiltonian was borrowed,
and bearing little rélation to work in mathematical programming. In-
deed, for a few years it was the relations between the caleulus of
variations and continuous-time control. that highlighted work on nec-
essary conditions--mathematical programming being excluded as being
restricted to finite-dimensional problems.

Attention guickly was directed, both in mathematical programming
and control circles, to an attempt to generate a parallel result for
discrete time optimal control problems--the former circle because the
:fesulting problem is finite-dimensional, the latter because sampled
systems were becoming increasingly important as computers found their
way into control applications. This was the first strong point of

interaction between the fields.

2.2 Discrete-Time Problems

Discrete Time QOptimal Control Problem (Fixed Terminal Time )

Consider a dynamical system described by the system of difference



*

determined from (2.8) satisfying

equations

(2.8) *(kt1) - x(k) = h(x(k),u(k)) , 0SksN-1

. where x(k) € En, u(k) € Ep; and h maps into E". -Given an ini-

tial state x € E', f mepping from E° x E° into the reals, a set
U C:EP, and g mapping from En into Em, find the sequenée of

controls u{k), X = O,l,...,NFl and corresponding statertrajectory

(2.92) ) u(k) €U , 0<k<DN-1

(2.9p) | z(0) = X,
(2.9¢) g(x(N)) -0
‘that minimizes the objective
| . m-1 '
(2.10) ' J = z 'f(}::—(rk),u(k)) .

fying glx) =0 [2].

k=0

Again it is assumed that f and h are continuously differen-
tiable with respect to x bub only continuous with respect to wu;
end that the Jacobian matrix of g has rank m for all x satis-

The problém of obfaining‘é safiéfééf6;§:fééﬁi%“fgf:%héréi;;reié;
time problem was soon found to be extremely challenging and was taken
up by both mathematical programming and control theorists. Available
results for finite-dimensional problems, such as the Kuhn-Tucker
Theorem, were sble to yield results of the mixed differential and
global form only for the most simple problem structures {e.g. linear
dynamics,'convex costs, and convex constraints); hence this problem
motivated work directed toward extending these classical results. A
notable contribution in this respect is a generalized Fritz John
resglt [3}, [4] which yields a maximum principle result for the dis-
crete-time problem.

There is no unique way in which %o characterize inherent



difference between discrete-time probleﬁs and continuous-time prob-
lems which leads %o the analytlc dlfflculty of cobtaining a maximum
principle. From the viewpoint of more or less classical variational
theory the difference can be traced to the fact that in ¢continuous-
time & control history perturbation of large magnitude but arbitrar-
ily short duration can be considered which introduces only small

changes in the resulting trajectory; while in discrete-time a large

" magnitude perturbation of control at any instant introduces a large

changé'in the trajectory. Thus, only'iﬁ continuous-time is it pos-

sible to introduce control perturbations that are simultaneously

~large in magnitude (at a given instant) but small in their effect on ‘

the objective and constraint functionals. Alternatively, from a
viewpoint more closely connected with mathematical programming, the
difference between continuous-time and dlscrete-tlme problems is that

a certain set of trajectory and points defined by allowing a family

of perturbations is convex in the continuous-time case but not nec-

essarily convex in the discrete~time case.

From a contfol theoretic viewpoint (i;e. by explicit considera-
tion of trajectories) Halkin [5] obtained a mixed differential-global
maximum principle for the discrete-time problem that exploits a con-
vexity assumption. His result was slightly strengthened by Holtz-
man [6] who pointed out thét convexity could be replaced by direc-
tional conﬁexity, a concept closely'reiated, as we point out later
in this section, to that of a convex epigraph popular in mathemati-
cal programming. : i

While work progressed on the discrete-time problem two other
related activities were also, at least partially, inspired by the
maximum principlef The first was the further development of a gen-
ersl theory of optimization valid in infinite-dimensional spaces.
Here the aim was to obtain results having the simple structural char-
acteristics of the claésical programming results but wider applica-
bility. This theory is characterized by the work of Liusternik [71,
Hurwicz fB], Rockafellar [9], Luenberger [10], and many others [11-
15]. The second activity, initiated by Gamkrelidze [16] and devel-
oped by Neustadt [17-19], Halkin [20], and Canon, Cullum, and Polak

(2], [21], was aimed more directly toward the meximum principle.



This took the form of a generalized theory of optimization for prob-
lems having a finite number of equality constraints from which the
Pontryagin meximum principle (discrete or continuous-time) as well as
the classical mathematical programming results are ea;éiljr deduced.

It is impossible to obtain a maximum principle for the discrete-
time dptimal control problem that is as strong as that for thé corre-
sponding continuous-time problem. .One must settle for a weaker con-
dition than global maximization of the Hamiltonlan over U, or some
sort of convexity assumption must be introduced to yield the maximi-
zation condition. We state here one version that closely parallels

the original one for continucus-time problems[2].

Discrete-Time Maximum Prineiple

Assume that for every x € ' the set in En+l defined by

{(T:Z) r= f(x)u): Z = h(x,u)l, u € U}

is (-1,0 O,...,O) dlrectlonally convex. (See below).

If d(+) together with its associated state traaectory %(-)
is a solution to the discrete-time optimal control problem, then
there exist an adjoint trajectory A(k) € B, k=0,1,2,...,N, a
<0, anda p¢€ E', such that (A°,u) € EIIl is not zero and

(2.11) A(k) - A(k+L) = [% (é(k),ﬁ(k))] ’lk+l+ ho[-gi(x“.(k),ﬁ(k))]

for k= 0,1,2,...,N-1,

(e.ie) - A() = [ ( (N))]
and such that for every v €U é.nd k = 0;..,N-1,
(2.13) lof(ﬁ(k),ﬁ'(k)) +h'(k)h(}2(k),u"(k)) ?_?\of(}é(k),v)
| + ! (k)h(}'c‘(k),v")l .



2.3 T,ocal-Global Results _

In the remainder of this discussion of optimality conditions we
turn to the definition of directional convexity, its relation to epi-
graphs, and to an elaborétion upon the theme most striking about the
original maximum principle--fhe categorization,of.the probiem vari-
sbles into local and global parts. We show that this theme'caneasﬂy
be incorporated into the general theory of optimization.

A gset 8 in a vector space V 1is said to be e- dlrectlonally

convex, where e €V, if for every vector v in the convex hull of
S there is a vector s €S and P =0 such that v = s + Be.

An equivalent and perhaps siﬁpler definition is that S 1is e-
"directionally convex if the set Q= {v: v =38 -pe, p20, s €8}
is convex. In other words, if the sum of S and the ray -pe is a
convex set., If f is a functional on a convex subset Q,. then £
'is convex if its graph in R X V defined by {(r,#): r = f(v),

v €q} is (-1,0)-directionally convex, which is equivalent to £
having a convex epigraph. |

We conclude this section w1th a theorem that is not dlfflcurtto
prove but which captures the spirit ‘of the original maximum principle
and transfers it to mathematical programming. The proof itself em-
ploys ideas used frequently in mathematical programming and thus also
captures the spirit of that field. 1In o;der not to introduce new
concepts the result is stated hefe in finite-dimensional form, but
is easily extended to situations where both the unknowﬁé.and the con-
straints are infinite dimensional. The result is, in a sense, the
anzlog for ingqualities of the general results obtained by Neustadt
and others [16-21] for problems with a finite number of equalities.
The generalized inequality result, however, is easier to prove, ié
not restricted to a Ffinite number of constraints, and carries with
it a regularity assumption that guafantees a unity coefficient on

the objective in the Lagrangian.

Local-Global Programming Problem

Find x and u %o

(2.13a) . minimize £(x,u)



(2.13b) subject to g(x,u) <0

(2.13c) ' _ u€n

where x € E°, Q c®f is convex, and the functions ¥ and g take

values in the reals and EX respectively, and both are continuously

differentiable with respeet to x. TFor each fixed x +the set in

Ep-l-l'
{(r,2): r= f(X:u);_ z = g(x,u), u€Q}
is (-1,0,0,...,0)-directionally convex.

This problem possesses standard differentiability properties
-with respect to x and convexity properties with respect to u. In-
deed, if f and g are both convex with respect to u for each
fixed x, the directional convexity assu.mpfion,will be satisfied,
and for flxed x the problem is a convex program in u. We intro-
-. duce a regularlty condition that is a natural combination of standard
conditions for local and global theories [10]--that if X Uy is a
solution, then there is a hy €E', v, € Q such that '

(2.14) g(xo,vo) + vxg(xo,uo)ho <0.

Lagrange-Multiplier Result

Let Xy Uy be an optimal solution to the loce.l:glo'bal pro-
gram (2.13) and suppose the solution satisfies the regularity con-
dition (2.14). Then there is a X €E, A =0 such that

(2.15) Y Exeug) M ve(xgug) = 0,
(2.16) f(xo,uo) + A! g(xo,u ) < f(xo,v) + Af g(xo,v) ,
for all v € ¢}, and

(2'17). ' - A'g(xo,uo) =0.



Proof.

Define the mapping G taking values in E° L

6(x,u) = (£(xn) - 2lxguy), 8Geu))
In E°™' defines the sets
= H . > ’
A={y: y2 G(xo,v) + va(XO’uO)h’ v € q}
B={y: y=<o0}.
Both of these sets are convex--A because of the direc;tiona.l con-

vexity assmptién--and B has nonempty' interior.

We now show that A conbtains no interior points of B. Sup-
pose there is a point in A which is interior to B. ' This means
there is h € E, v € such that

G(xo,v) + VXG(xO,uO)h <0.

-

The point G(xo,v) + v G(xo,u Jh is the center of some open sphere
contained in the negative orthant N of EP Suppose this sphere
‘has radius p > 0. Then Od[G(xO,v) + VXG(XO,uO)h] is the center of

such a sphere having radius Cp; hence so is the point
(l_-a)G(xo,uo) + ou[G(xO,v) + VXG(xo,uO)h] -
This point can be written

G(xo,uo) + _ava(XO’uO),h + a[G(xO,v) - G(xo,uo)]

Glxy + 0b,u0) + ofG(xy,v) - Glxg,ug] + 0@):

i

(1-0)6(x, + Oh,uy) + AG(xy + oh,v)
+ O:[G(xo + Oih,uo)- - G(xo-,ixo)]

= CC[G-(XO + O&h,v) = G(onv)] + O(CX)

(1-a)c_;(x0 + oﬁh,go) + Oc(}(xo + ¢h,v) + o) .



By the assumption of directional convexity there is a point Vg €0
such that

G(xo + cm,va) < (1-a)G(xO + om,uo) + Od:}(xo + ch,v) .

Thus the point G(XO + O&l,va) + ofa) is contained in a sphere of

radius ap in the negative orthant.. Hence, for sufficiently small

o .G(xo + Oih,va) < 0. This contradicts the optimality of Xgolg
and hence A contains no interior points of B.

In view of the above conclusions there is a hyperplane separar
ting the sets A and B. Thus, there is a vector in EP of the
form ¢ = (r,A) with r real, A € E’, and a & such that

i'y =6 forall ¥ €A
i'y< s forall y € B.

. We take & = 0 since the point (0,0} belongs to both A and B.
Since B is the negative ortha.n’c :L'i:. follows 1zmned1ately that ¥ =0
or equivalently that r =0, A = O. Furthermore, r # O because
otherwise the hyperplane would not separate the point G(xo,vo) +
va(xO’uO)hO from B. Hence, without loss of generality we may
take r = 1. ’
From the separation property we must have

¢'G(xo,uo) >0 | =
and thus

)
but since _
it follows that

x'g(xo,uo) =0.

From the separation property for A we have

s



- o T V 1
f(onv) f(xo}uo) + K g(xojv) + fx(xo)uo) h + ?\- gX(XO’uO)h 2 O .
Setting h = O and using (2.17) yieldé (2.15). Noting that h is
arbitrary yields (2.16). . - L
TII. Computation (Continuous-Time Problems)

3.1 Evaluvation of Gradient

Consider, initially, the following simple structure.

_Continuous-Time Optimal Control

Given a dynamical system
(3.1) £ x(8) = b(x(6),u(6))

together with initial condition x(0) = Xq where x{t) € En,
w(t) € E°, + € [0,T] and given the cbjective functional

, ) T
(3.2) . J=f :E‘(x(t),u('t))dt
o
where f and h are both continuously differentiable with respect

to x and w, find u(+) to minimize J.

This structure is thé simplest nontrivial one for controi since
it is unconstrained except for the dynamical relation between x(*)
and u{*). Indeed, the most profitable manner in which %o view.thié
problem is as an unconstrained problem with respect to- u(*). Note
that if w(*) 1s specified on [0,T] +then =x(+) is determined
uniquely by the dynemic system (3.1) and the initial conditions.
This means that the value of the objective functional is alsouniquely
determined. Thus, we often write J(u), rather than simply J, %o
explicitly point out this implicit dependence.

To obtain necessary conditions for a problem with this structure
or to formulate an algorithmic scheme for its solution, it is mﬁst
natural to seek an expression for the gradient of J (with respect

to u). Thus given u(-) and its associated =x(-) we have

(33) ag) = Ao a(e)u) ¢ (x)ut)



-4

'wﬁere
(3ke) - &) = [g(ee)u®)] ) + gefae)u)’
(310) | M@ =o

Necessary conditions are obtained by setting this gradient to
zero.* For computation we note that given wu(-), forward integra-
tion of the system equations (3.1} yields x(-). Then backward imte-
gration of the adjoint equations (3.4) yields A(*), and the gradi=
ent can be directly evaluated from (3.3). Additional constraints are
incorporated in the necessary conditions through introduction of La-
grange multipliers and in computational techniques by gradient pro-
jection, ete. ' '

This procedure for evaluation of the gpadient forms the backbone
of most algorithms in use designed to solve control problems. It can
be regarded as the basic technique for exploiting the dynamic strue-

- ture of the problem. |

3.2 Direcﬁ Approach for Continuous-Time Problem
The usual’approach‘taken by control theorists when solving a
continuous-time problem is to carry ouﬁ analyses and develop algo-
rithms in continuous time and then execute the required computations
asg accurately as necessary on a digital computer. This viewpoint
more or less excludes consideraiion of simplex-like algorithms since
they are not applicable to infinite~dimensional probleﬁs but does not
exclude the numercus programming technigques that can be generalizéd
to infinite dimensions.
There have been a number of distinet techniques suggested for
the continuous-time problem, essentially all of which parallel teéhh
niques developed for general nonlinear programming problems. One

class of techniques are those that attempt to solve the equations

*The adjoint variable (+) resulting from (3.4) is the negative of
that in the Pontryagin formulation. The form (3.4) seems, frommany
respects, the most natural, and it has been argued that things would
have been simpler if Pontryegin had used (3.%) and formulated a
"minimum principle.” As it is, both formulations of the adjoint
eguation occur with about equal frequency in the literature.

1y



.expressing the necessary conditions [22]. “In this approach u(%t)

is expressed in terms of A(t) and x(t) from (2.7). The remaining
unknowns x(+), A(*) then satisfy a system of 2n ordinary differ-
ential equations with boundary conditions at both the\;nitial and
final times. This reduces the problem to that of numerically solving
a two-point boundary value problem. Both first-order (simple suc-

. cessive approximation) and second-order (Newton-type) methods have
been developed to solvé the résulting two-point boundary value
problem. ‘ ' -

Another technique, called the epsilon method [23], is to con-
gider the dynamic system equation as a differential constraint and
treat it by a penalty function technique. Generally, this yields an
ill*conditioned problem. If, however, the problem has special ana-
lﬁiical structure and if a second order mind;dzation routine can be
used, the ftechnigue is workable.

By far the most widely used methods are descent methods such as
the gradient method [24], [25], conjugate gradients [26], [27], and
Newton's method [28-31]. All of these have solved a variety of op-
timal coﬁtrol problems with good success. _

The success of gradient method lies, as pointed out above, in
the simple procedure available for evaluation of the gradient in a
control problem. There is a parallel to this for Newton's method
that makes second—-order methods compubtationally feasible. The second-
order correction is found by integrating a matrix Ricatti equation,
of dimension n Xxmn, backward from T to the initial time. Thus,
the effort to obtain the second-corder correction is only about n
times that of obtaining the gradient. Details can be found in [30].
The discrete-time analog of the Ricatti eguation is discussed in
Section 4.2 below.

The precise details associated with these methods, step size
selection, incorporation of constraints, etc., are largely identical
to those developed for general nonlinear programming. Thus, although
this is an area of major cross ferbtilization between mathematical
programming and control (mainly from the former to the latter), it

is senseless to attempt to detail these procedures here.

-

A



3.3 Free Terminal Time Problems

In the free terminal time problem the final time T is not
specified a priori but is determined as part of the optimization.

In problems of this type there is usually a terminal constraint on
the state vector that implicitly determines the finalu%ime for a
given trajectory. This is exemplifiéd by the problem of guiding a
rocket 4o the moon with minimm fuel expenditure; or the aifcraft
¢limb problem where it is desired to control the angle of attack of
an aircraft so as to reach 8 given altitude in minimum time. The
terminal time associated with a trajectory is determined by the ter-
minal constraint. , ‘

" Problems of this type cannot directly be casf into the framework
of a vector space defined over__[O,T] as is done, at least impli-~
citly, in fixed-time problems. Several techniques have been emgloyed
to handle the problem indirectly. One, often used in conjunction .
With'good physical insight, is to reparameterize the equations of
motiopAWith.respect +o the terminal constraint variable. 1In the air-
craft climb problem, for examrle,‘the dynamic equations might be re-
parameterized with altitude as the independent running variabie, in-
stead of time, so that the problem is transformed into one on a fixed
'interval. This scheme is most efféctive only if the terminal con-
straint can be expressed in terms of a variable that itself can be
expected %o Increase along a trajectory.

Another approach to variable time problems, a favorite among
mathematical progreammers, is to solve, for various values of terminal
time T, the associated problem having fixed terminal time T. Suc-
cesgive trial values of T can be generated by a curve fitting pro-
cedure applied to the pointslof cost versus final time. Logically,
this technique amounts to having an inner loop that minimizes with
respect to u(+) and an outer loop that minimizes with respect to T

We suggest here that problems with variable terminal time éan
often be most effectively solved through the introduction of apen -
alty function, which in these situations not only eliminates the
E terﬁinal constraint by modifying the objective but also allows one to

consider the problem as though it were of fixed duration.

14



Wé write the problem as

uIEfI)I,T -/(;

h@mhuwn, x(0) = x,

: f(x(t),ﬁ(t)) dt

T

(3.5) subject to (%)

g_(x('l"‘)) 0
and cas.t' the problem into vector space format by considering that
u(*) is defined on an interval [0,1;1 where T, is sufficiently
large to contain any interval of interest. We then solve the approxi-
mating penalfty problem

T

. +- " 2
mz.n'[O f(x(t),u(t))dt Kng( (T)) i

min
u(' )JX(') T

(3.6)

where
x@)=h@&hu@» , x(0) = x,

and K 1is some (large) positive constant.

The minimization problem is unconstrained and can be regarded
as being one of finding u(-) on [O,Tl] with T being determined
from u(-) by minimization along the resulting trajectory. The prob-
lem is thus a standard fixed-time constraint-free problem, except
that the objective function does not have the usual i;itegral form but
must be evaluated by minimization over T--a computationally minor
modification since the integral is automatically generated as a func-
tion of T. Furthermore, the gradient of this objective can be cal-
culated by backward integration from the current T Jjust as infixed

time problems {32].

3.4 Discretization of Continuous-Time Problems

When employing a digital computer to solve a continuous—time op-
timal contreol problem, opera;bions such as the solution of differen-
tial eguations cannot be executed exactly. This means that either
the original problem itself or its solution (or both) must be a.pprox;
imated in some appropriate fashion. Aside from some fairiy special-

ized function approximation schemes, there are two primary approaches
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to this approximation problem--both of whichlare based on disereti-
zation of time. Crudely, the approaches can be labeled the mathe-
matical programming and the control theory approaches--but these la-
bels are not meant to have any real significance; they are based on
the observation that wbrkers from each field have tended to favor one
particular approach to the discretization problem.

The first approach, that favored by mathematical programmers, is
to discretize the original prdblem at the outset, converting it to a
" discrete-time optimal control problem, and then later direct abten-
tion toward the solution of the resulting finite-dimensional prdblem,

The simplest scheme for doing this is to define A= % for some pos-—

itive integer N and introduce the notation x(k) = x(kA), u(k) =

~u(kA). Next, define the difference equations
k1) - x(k
(3.7) x(ier1) A (i) h(x(k),u(k)) , 0<k<HN
and the objective functicnal
_ N1l
(3.8) T = Z f(}c(k),u(k)) )
: k=0 .

which approximate the system differential equations and objective
respectively. If the original problem has additioﬁal constraints,
they are discretized in a similar manner. _

There are a number of important questions regarding the appro-
priateness of such approximations in terms of their convergence to
the true solution as A goes to zero, For information on this topic
see Cullum [33] and Daniel [34]. Roughly, however, the accuracy can
be expected to be on the order of 4, i.e. 0(A). In some eircum-
stances, of course, it may be advantageous to use nonuniform discre-
tization intervals.

‘This first approach to discretization is attractive philosophi-
cally because the approximation is made at the outset and then an
accurate answer to the approximate problem can be sought. It is at-
tractive to a mathematical programmer because the whole array of pro-

gramming techniques becomes applicable to the approximate problem.



Unfortunately, it can easily get out of hand yielding a problem of
' enormously large dimension with poor accuracy properties.
The second approach, the one largely emplojéd by control theo-
k risfs, is based on analysis of the continuous-time problem. The prob-
leém is constantly regarded as being one in continuous time and one
attempts to carry oub, at least approximately, the calculations die-
tated by the continuous time analysis. The primary components of
these calculations is integration of the system differential equa-
tions forward from t =0 to t=1T éiven a control history over
this interval and integration of the adjoint equaticons backward to
Zobtain the gradient. Again, this is done by consideration of N
equally spaced points in the imberval [0,T], bvut the first-order
Euler approximation is generally found to be too crude for practical
use--or more precisely, A must be taken extremely small to yield a
satisfactory agproximation. Tt is more efficient To use higher order
integration schemes such as a predigtor-corrector, or Ruﬁge-Kutta
procedure [35], [36]. , '

For illustration consider the system

(3.9) | L x() = nfx(s),u(s)) -

We lay out intervals of equal widfth A ‘and use the correspondence
x(k) = x(kpA) as before. A standard corrector formula, such as the

Adams~-Moulton method, has the form _ - .
k+l B

(3.20) x(k+1)-x(k) = A 2 ,EBikh(x(i),.u(i)) , k=0,1,2,,..,81 .
i=k_-q_k '

-~

Usually, is a constant, say g, for all values of k except

4.

near k ='O% To'initialize the process q values x(0), x(1),ess,
x(q-1) must be generated by some other methbd, or we'can develﬁp

g scheme with q = k for k<q. The value ¢ = 4. is qften used
for the main part of the procedure. . )

/ The right-hand side of the corrector formula . (3.10) depends on
x(k+1) and hence {3.10) cannot be used to determine x(k+l) with-

out iteration. For this reason a predictor formula, similar to



(3.10) but with different coefficients and without x(k+l) on the
right-haﬁd side, is used to obtain an initial estimate of x(k+L).
Then starting from this estimate the corrector is solvéd by succes-
sive approximation. -

- Typically, when solving optimal control problems, the same in-

" tegration procedure is used both for forward integration of the sys-
tem equations and for backward integration of the adjoint systenm
used for calculation of the-gradient. The procedure is also used,
in the case where a second-order procedure is being incorporated, for
the backward integration of the matrix Riceati equation. This con-
Atrol theoretic approach to discretization has found wide accepiance

- because of its convenience and high accuracy, and because it fully

. exploits the simple method for generating the gradient.

It is impossible to muster a definitive argument that favors
either of these two approaches over the other. Which is better is
~partially dependent on the overall problem structure beyond that of
the dynamics alone. For the'maquity of continuous-time problems,
however, the control theoretic viewpoint has a great advantage be-
cause of the relatively short time required for accurate integration
It is only problems having a plethora of constraints on the state
vector and the control, or which have a particularly simple struc-

" ture, such as being linear or quadratic programs {(and for which con-~
sequently, gradient-based schemes must be replaced or supplemented
by simplex-type algorithms) that the mathematical programming ap-
proach is superior. ) ' |

.We suggest here that it 1s possible fo inco;porate the best fea-
tures of both of the above viewpoints into a single philosophically
satisfying and computationally effective discretization viewpoint.

‘ Like the mathematical programmer,we decide that it is best to dis-
cretize the original problem into an approximating finite-dimensional
one that can be attacked directly. Like the control theorist, how-
ever, we recognize that simple Euler discretization is too crude and
that a more sophisticated approach must be taken. In order to make
our discussion somewhat specific let us agree that a standard cor-

rector formula with fixed step size A 1is an appropriate approxima-

tion to both the dynamic system and to the evaluation of the cost
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function. This, in turn, will produce a discretization of the prob-

lem of the form

1l

(3.11) x(41) = a(x(k),U(x))

I

(3.12) ' 3= cox(N)

where the dimensions of X(k) and U(k) are greater than n and
by factors that depend on the particular corrector formula employed,
For convenience in what follows, we have assumed that the problem
has been put in the form of a terminal cost problem.

Philosophically, introduction of the corrector formila can be
viewed as a transformation of the original problem to a discrete~
time control problem. Practically, however, this does not allow us
to bring into play the algorithm applicable to most discrete prob-
lems, since the & function is made up of implicit functions that
can only effectively be evaluated by forward recursion in conjunc-
tion with an associated predictor.

Holding ‘to the viewpoint that the discrete problem obtained
through the somewhat indirect process!of using a predictor-corrector
scheme should be solved exactly, we next consider the question of
evaluating the associated gradient. In the pure control theoretic
approach the gradient ié approximated by applying the predictor-
corrector in reverse time to evaluate A. We instead consider the
possibility of évaluatiﬁg this gradient exactly for the discrete
formulation obtained. Evaluation of the gradient then forms the
basis for a family of optimization technigues.

Suppose that the optimal control problem is expressed as

1

(3.13) minimize J = ch(N)
whgre
K+l
(3.1h) (k1 )-x(k) = A z Bikh(x(i),u(i)) , k=0,1,2,0..,81 ,
i=k-qk
'x(O)_ = X0 A

&



To find the gradient of J with respect to wu(+), multiply (3.1%)
by A(k), sum over k, and evaluate the total differential of the
result, obtaining

N-1 N-1 k41

S Aaee) - ns)ax() - Sy alk;(k)[ (x@)su)ex(@)

k=0 ' k=0 i=k-q

+ hu(x(i),u('i')) au(i )] .

or upon rearrangemegt,
' N-1
(L)@ () + > [A(E-1)-A(4)]ax (i)
: i=1

N-1 '
-0 Y LS B [nfe(a) ) ax (o)
i=1 | k )

+%@umm»wu).

Thus defining the - » sequence by
(3.15) A(i-1)-r(i) = A z Bikh(k)hx(x(i),u(i)) L, i=1,2,...,5-1
” _

AMu-1) =

= A(N-1)ax(N) = A z Z B. kx(k) (X(l),u(l))du(_i)

L

and hence

(3.16) (v9), Z Bh )| m c)ue))

This formula is similar to the adjoint eguation used beforé,but
it is not calculated by direct application of the corrector formulas

to the adjoint differential equation, as is done in the pure control



‘theoretic approach. In the form presented here the )\ sequence is
eveluated by the simple backward formula (3.15) and then % Bikh(k)
is evaluated. In practice, it may be desirable to develop the ap-
propriate recursion for w(i) = E ﬁikh(k) and solve.for it directly.
in 2 single backward sweep.

IV. Computation (Discrete-Time Problems )

k.1 General Remarks
If a control problem is inherently one in discrete time or if
there are compelling reasons for using the Euler discretization of a

continuons-time problem, then it takes the form

x(k+1) = éj(x(k),u(k)) , k=0,1,2,...,N1

x(0) = X,
N-1 |
J = z f(x(k),u(k)) + r(x(N))
k=0

together with possibly several constraints restricting x(k) and
u{k), k= 0,...,N. Since the problem arose directlj in this form,
presumably the functions f and % and the constraint fUnétionsare
knowm explicitly. In this case fhe problem can be regarded as a
finite-dimensional mathematical programming problem and the full
range of algorithms becomes available. -

There has beeﬁ a good deal of computational experience aceumu-
lated on problems of this type which, on the whole, has eséentially
verified that general nonlinear programming algorithms can éffec-
tively solve control problems. Indeed, control problems often serve
as convenient sources of large dimensional test problems for new al-
gorithms. Those algorithms which use gradients can, of course, ex-
bloit the simple formula for the gradient of a discrete-time combrol
problem. Generally, however, these straightforward appiications of
known algorithms to control problems carry little significance toward
the fundamental development of either mathematical programming or

optimal control. It is only when the special structure of large
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control problems is exploited in the development of an algorithm
that there is a meaningful contribution.

A special case that is obviously potentially rich in structure
is the linear problem, where the system equations, objective func-
tional, and constraints are all linear. Some linear programs arising
in this way have a natural sfructure that can be exploited to yield
algorithms that are more éfficient than the standard simplex method.
A notable contribution in this respect is the work initiated by Dant-
zig [37] on dynamic Leontief models.

Another potentially rich special structure is‘wh;re the system
equations and constraints are linear and the objective function is
quadratic (in both x and u). This leads to 2 guadratic program-
ming problem that can be solved by standard algorithms. The dominant
structure of these problems is often due to the dynamié equations
rather than additional consfraints and an efficient algorithm Would
fully exploit this. Indeed, the solution to the "linear system,
quadratic cost” problem is one of the fundamental results from contrdl.
theory.

4.2 Quadratic Problems
In the absence of additional constraints a simple form of the

quadratic cost control problem is

(h.1a) (k1) = @x(k) + Bu(k) , k= 0,1,...,N-1 -
(4.1b) x(0) = X,
. N .
(h.2) J = % z x(k)'Qx(k) + u(k-1)"Ru(k-1)
k=1

where Q and R are respectively n xn and .p'X P positive semi-
definite matrices with either Q@ or R positive definite, Recalling
that J may be regarded as a function of the sequence u(-), with the
x(+) sequence determined from (k.1), it is clear that in this case

J 1s a quadratic function of wu(-). TFrom a'mathematical.programming

viewpoint the problem is equivalent to one of the form

min USU - 24U



where U 1is the control sequence vector of dimension p*N and S

is the induced p°'N x p*N matrix., The solution is U = S_lA which
.18 trivial but unusable because § 1is not given expli§itly and has
very high dimension. The special solution available for this problem
can thus be regarded as a method for exploiting the special structure
of 5. 1Indeed, if one pursues the details of constructiﬁg S, the
special recursive solution available can be viewed as a special form-
ula for solving a system of equations whose coefficient matrix is
block tridiagonal. We do not state the recursive solutlon for this

problem here since a more general problem is treated below

Constraihed Quadratic Cost Control Problem

Given the discrete dymamic equations
(k.32) x(kfl) = ex(k) + Bu(k) , k=0,1,2,..,,N-1,
the initial condition
(k.3b) a x(0) =

the objective

N
(4.4) CT=3 ) xE)Qe(x) + u(e1) Ra(k-l) ,
_ ']
and the constfaints : : P
(%.5) cx(k}) <e  k=1,2,...,N
(4.6) Du(k) <d k=0,1,2,...,N-1

where C and D are m Xn and m, XPp respectively, find the
sequences u(*), x(+) that minimize the objective while satisfying

the constraints.

Again =x(+) can be explicitly eliminated from the formulation

resulting in a quadratic programming problem of dimension p-N and

‘requiring a great deal of storage. To exploit the dynamic structure

of the ?roblem we’maj employ duality theory [10] to write the protlem
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in the equivalent dual form.[38]

(4.7) - maximize ‘l!(”-: T])

subject to p>0 , =20

where the dual function | is defined by
N
B = min Y Z x(R)QUx(K) + 3 ulk-1) REu(x1)
WX g1 |

+ u(k)'{Cx(k)-c] + n(k)'[Du(k-1)-a] ~

with
x(k+1) = gx(x) + Bu(k) , k= 0,1,2,...,N1 ,

x(0) = X

Assuming for the moment that fﬁe'dual function can be evaiuated
efficiently, we note that it is itself a quadratic funetion of p, .
Thus the dual problem is a quadratic programming problem but the in-
equality constraints are simple positivity constraints.

Quadratic programming problems with only positivity constraints
can be solved by simple modification of the gradient or conjugate
gradient method [38], [39, [40]. TFortunately, the gradient of the
dual function is readily computable once the dual function is eval-

vated. We have
(4.92) Y (k) V=cCx(k) -~ ¢ k=0,1,2,...,N1 ,
(4.9b) ; _vn(k)ﬂ; = Du(k-1) - 4 k=1,2,...,N,

where x(+) and u(+) are the minimizing trajectory and controi
history determined by evaluation of the dual function. Thus, once
 an effective procedure for evaluating the dual function is developed,
efficient quadratic programming algorithms can be brought to bear on
the problem. The result is a nontrivial synthesis of mathematical

progrémming and control theory techniques for the solution of an



otherwise almost impossible problem.

Evaluation of the dual function is (for fixed p and 7)) a
standard quadratic loss control problem with some additional linear
terms. It can be Shown that its solution can be found recursively

from the following relations [38]

(ke10a) P(k-1) = (k) -+ 'P(k)s(k) , k= 1,250 050
(4,10b) P(Nj =Q,

(4.11 )' M(k)

-tR + BP(x)B] 1BP(k)s s

(4.12) ~ S(x) @?Hvi(k),

1l

(13)  2(k-1) = §'(k)2(k) + 1 (D n(k) + C'u(k-1), £(N) = C'a(N) ,

(4.1h) u(k)

ML) () + ¥(¥)

(4.15)  x(k+l)

(k) + Bu(k) , x(0) = Xy s

(5.16)  y(x) = -[R(k) + B'P(K)B] [BE(k) + B'm(k)] .

Al though ét first these relations may seem formable we note
that (4.10), (4.11), and (4.12) are independent of u and 7 and
hence P(kx), M(k), s(k), k = 0,1,2,...,N can be computed once and
" used for all future iterations. Caleulation of £(.) and y(+) is
then accomplished by a single backward recursion and finally x(-)}
and u(+) are obtained by a forward recursion. The result yields
the gradient of the dual problem. Thus, taking advantage of the
Stfucture in this manner we have a method for camputing the gradent
of the dual function that requires one backward and one forward re-
cursion--about the same work as that required for evaluation of the
gradient of a primal control problem (in the primal case the forﬁard

recursion precedes the backward).

4.3 Speed of Convergence
We conclude by indicating some preliminary wesults in an area
that has to date received no formal attention but which ultimately

will certainly play a dominant role in the ratiomal development of
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algorithms for comtrol: convergence analysis of algorithms. If can
be argued that convergence analysis, particularly speed of conver-
gence, has unfortunately lagged behind the formal development of
mathematical programming algorithms of all types. The only widely
known result is the analysis of steepest descent. In control theory
the situation is even worse since there has been virtually no analy-
sis.even of steepest descent. In what follows we offer an analysisr
of a most elementary optimal control proﬁlem solved by steepest de-
scent in order to indicate the kind of qualitative conclusions that
can be drawn.

We cohsidep the quadratic problem

-(4717) o x(ktl) = Px(k) + bu(k) , =x(0) =x,,
N-1

(4,18) ' J = qx(N)2 + Z u(k)2
k=0

where for simplicity we assume that both =x(k) and u(k) are sca-
lars. This problem can be easilyﬂéolved analybically or numerically
- by finding a Riccati-type sequence, but our concern is not with the
quesfion of solving the problem explicitly but with using it as a
model to analyze steepest descent. In expanded form the pféblem can
be written as a quadratic minimization problem in terms of an N-
dimensional vector U. The guadratic form assoeiated with the ex-

-

panded problem is.
2
(k.19) T=I+bgs'sd
where & ié the row vector
N-1 [N-2
3= (¢ -, yeassl) o

Thus, the matrix [T is equal to the identity plums a diad.
It is well known [10] that for a guadratic problem the method

of steepest descent converges according to

2
(.20  Sagy) < (353) 6y



»

where a and A are respectively the smallest anﬁ largest eigen-~
values of the quadratic form matrix I Since T has a particularly
simple structufe for this problem we can see that there is one eigen-
value of magnitude 1 + b2q H§H2 and N-1 eigenvalues of value
unity. Thus, the rate oflconvergénce ban.be written explicitly as
2
% el

2.+ vq |le|

-~

Several gqualitative conclusions can be drawn from this result.
We see that for unstable systems (|g]| > 1) H@Hg grows geometrically
with N and hence as N increaées it becomes increasingly difficult
to solve the problem by steepest descent. For stable systems
(|¢! < 1) the difficult increases slowly with N, approaching a
finite limit. In general, the more stable the system the faster
will be the convergence of steepest descent. _

Similar convergence enalyses can be made for more complex quad-
ratic problems, for continuous as.;ell as discrete systems, and for
algorithms other than steepest descent. These provide a concrete

basis of comparison among problems and solution techniques.

V. Conclusions ,

Although the similarity beiween mathematical programming and
‘ optimal control has been widely recognized for at least-eight yearé,
interplay between the two fields has been less pronounced than might
be expected, and surely less than potentially possible. This is
largely due, it seems, to the fact that a major part of the interplay
has been the activity of control theorists rather than mathematical
programers. The development of the unified theory of optimization,
for instance, which includes both the continuous-time and discrete-
time optimal control problems as well as classical mathematical ﬁro~
gramming results, was largely the result of efforts on the part of
' control theorists striving to close the gap that existed betwéen,
necessary conditions in the two fields. The majority of existing
algorithms used to solve control problems on a routine basis were

developed from a continuous-time viewpoint by comtrol theorists who

O



borrowed algorithms from mathematical programming. Mathematical pro-

graﬁmexs, not motivated by the original practical problems themselves,

have, for the most part, taken a fairly passive role in the develop-

ment of soluticns to control problems. There is still much room for

interaction, particularly in the areas of convergence analysis and

exploitation of structure--areas where mathematical programming has

a great tradition.
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