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HYPERBOLIC PAIRS IN THE METHOD OF
CONJUGATE GRADIENTS*

DAVID G. LUENBERGERT

L. Introduction. Let X = E”, Euclidean n space, with the usual inner product
(+.-). Let A be a real symmetric n x n matrix. Given b e X we shall be concerned
with solving the equation

(1) Ax=b
by a generalized method of conjugate gradients.

If 4 is positive definite, then. as is well known [1]-[4], the sequence |x,!
resulting from the iterative process

(2a) Xppy = X+ GpPis

(Zb) Fesr =h = Axyo = 1, — o Ap,.
(2¢) Pis1 = Fie1 — by

(2d) U = (e Pd/Pys Ap)s

(Ze) B = (ris 1« Appe. Apy)

(starting from an arbitrary x, and r, = b — Ax,, p, = r,) converges to the solu-
tion of (1) in nsteps or less. Theoretically, the process (2) can be carried out in such a
manner that only one multiplication of 4 times a vector is required at each step,
although in practice two such multiplications are often employed.

In many applications we are led to equations of the form (1) where 4 is
nonsingular and symmetric but not positive definite. For example the problem of
minimizing the quadratic form

Fx. Qx) — (e, x)
subject to the linear constraint
Dx=4d,

where Q is a symmetric positive definite n x n matrix, ¢ is an n-vector. D is an
m > nmatrix of rank m. and d is an m-vector, leads to the equation

[Q Dl—] ["‘} {L.]
p ol |d
which has coefficient matrix of this type. In cases such as these, where the matrix A

1s nonsingular and symmetric but not positive definite, the procedure (2) may break
down since (p,. Ap,) may vanish for some k.
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The difficulties associated with the method in such cases can, of course, be
rectified in a trivial way by applying the method to the equivalent equation

(3) Alx = Ab;

but the resulting iterative process then requires a minimum of two multiplications
by A at each step. In this paper we develop a modification of the standard method
(hat cannot break down and which requires only one multiplication by A at each
step. The method employed exploits the concept of a hyperbolic pair which is
fundamental in the algebraic study of symmetric quadratic forms [5]. It should be
noted that, although the revised algorithm developed here is very similar to the
standard one, we cannot convert the problem to that of minimizing the quadratic
form (x, Ax) — 2(x, b), and hence conyergence proofs cannot be based on this fact.

2. The algorithm. Let 4 be a real symmetric nonsingular n xn matrix. A
nonzero vector x € X is said to be singularif (x, Ax) = 0. A pair of vectors x, y € X is
said to be a hyperbolic pair if x and y are both singular and (x, Ay) # 0. The conjug-
ate gradient method (2) breaks down if. at stage k, the direction vector py is singular.
in the algorithm below singular directions, if generated at all, are generated as
hyperbolic pairs.

The revised algorithm (starting from an arbitrary x,. with r, = b — Ax,.
py = ry) is as follows.

Case A : py is nonsingular. Use (2a)-(2e).

Case B: p, is singular.

(Ap. A*pi)
(4a) Prey = AP — 57— Px
o KT 2 Apy. Apy)
(4b) Xps | = X+ Py
(4c) Xpp2 = Xgzq T O 1Pr+1s
i4d) !‘.k+3 - b'_ .4Xk+3._
(Fes Pics 1)
(4e) Ay = ——.
* (Pr- APg1)
) (s Pi)
(4f) o =t
U (pgo APisn)
(rgsze Apr+a)
[41‘ 23 =Fpszg — = — = Pk
) Pr k+2 (Pyr APr-t) k

In this case py. py+ 1 15 @ hyperbolic pair. Note that ry is not explicitly defined
in this case.

3. Proof of convergence. Throughout this section we use the notation
[X,,%5. . X;] to denote the subspace of X generated by the vectors x;. xX;. -+
Xg.

The revised algorithm of § 2 is constructed so that none of the required con-
stants become infinite. We prove also that it cannot get “'stuck ™ atany point which
is not the solution.
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LeMMa L. If py is nonsingular and ry # 0. then x, # X

Proof, The vector p,_, may either be nonsingular or the second member of a
hyperbolic pair. In the first case it follows from (2b), (2d) that (ry. py- ) = 0 and
then from (2¢) that

(Fys P = (rg. 1) > 0.

In the second case it [ollows [rom (4b). (4¢). (4d) that (r,. p,_5) = 0 and then from
(4g) that

U'kc pﬁ] = (rk‘ f'k} > 0.

LEMMA 2. If py., is the second member of a hyperbolic pair and r, # 0, then
Xg+2 #F Xga1-

Proof. The vector p,_, is either nonsingular or the second member of a
hyperbolic pair. In the proof of Lemma 1 it was shown that in either case

(Pis 1) = (risry) > 0.

LemMA 3. For every k.[py.pa. - . ppl = [rye Ary oo A 1L
Proof. It is clear from the construction of the iterative process that

[Prop2e - opd = [y Ay oo A ]

Since x, . ; has the form

k
(5) .‘C,H_; = J\‘; + z I“P[.
i=1
it follows that
K
(6) Fy+y =Py — Z %;Ap;.
i=1

If p, is not the first member of a hyperbolic pair, it follows directly from Lemmas |
and 2 that o, # 0:and hence if p, contains a component of A*~ 'r,r, | will contain
a component of A*r,. and hence, finally from (2c) or 4(g), p, ., contains a com-
ponent of A* . On the other hand, il p, is the first member of a hyperbolic pair,
it is clear from (4a) that if p, contains a component of A*~'r;, p, ., will contain
a component of 4%, .

THEOREM 1. The following relations hold for the algorithm of § 2:

(7 (pi. Ap)) = 0 for i #] unless pi.p;is a hyperbolic pair;
(8) (riop) =0 for i<j.

Proof. The proofis by induction. Suppose the relations are true for [p;{. 7.
i=1,---.k and that p,_,,p, is not a hyperbolic pair.
Case A: p, is not singular. From (2b),

Py 1o ) = (e pi) — 1 Apy. py)-

For i = k the two terms on the right cancel while for i < k they are both zero.
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Likewise from (2¢),
(Prs1s AP) = (s Ap) = Bidpy. Apy).

For i = k the two terms on the right cancel, while for i < k. in view of (8). they are
both zero.

Case B py is singular. From (4a) we have (pg. . Ape. ) = 0and (py. - Ap)
= (Ap,. Apy) > 0: hence p,,p,.y is a hyperbolic pair. Furthermore, we have
immediately from the induction hypotheses for i < k.

(Prs1- Apy = (Ap. Apy) = (pr. AAp)):

but from Lemma 3 it follows that Ap,e[p,.ps,---. P;i+,]. and hence, again by
the induction hypotheses and the singularity of p,.

(Prsr.Ap) =0 Tfori<k.
Now from (4b). (4¢), (4d),

(i P+ 1)
(Fpeaepi) = (Fpep)) — —————(Aps. )
k Pi kP e APee ) PP
(i, )
£ (Apr+1-Pi)-

(Prs APics 1)

Fori = k + 1 the first two terms on the right cancel while the third term vanishes.
Fori = k the first and third term cancel while the second vanishes. And for i < k
all terms vanish.

Finally we have, from (4e).

(Fys2s APy 1)

(pe- Ap;).
(Py- APsy) Lk

{,7“_.;3.. Apr] - “.'f"'z' .4[)"} —
which by a similar analysis is seen to be zero for all i = k + 1.
LemMa 4. In the algorithm of § 2 there holds

(Fopj) = (ryopy) for j = k.

Proof. This follows from (6) and the 4-orthogonality of the p;’s.

THEOREM 2. The algorithm of §2 converges to the unique solution x of (1)
i n steps or less.

Proof. Equation (1) is equivalent to

{9) "“\ = .\';] = Fys

and hence we must show that

[
(10) Npep — Xy = Z HiPi
=1
solves (9). It is clear from Lemma 3 that the solution does have a representation of
form (10): it remains only to verify the coefficients , are correct. Any two vectors
in the sequence |p,| are mutually A-orthogonal except. of course, two vectors that
form a hyperbolic pair. Hence the coefficients in (10) can be found by forming the
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inner product of both sides of (9) with p,. If p, is nonsingular this will determine o,
If py is singular it will determine the coefficient of its hyperbolic partner. In view
ol Lemma 4 these coefficients are precisely those of the algorithm.

4. Computational experience. The procedure discussed above has been
programmed in FORTRAN and applied to a variety of numerical examples. In
the examples tested the entries of the 4 matrix were always integers between
— 100 and + 100. A direction vector p, was treated as singular if

(Pis Apy) |

< 107%,
| Pk i) ‘

For problems having ten or less variables this procedure worked without difficulty.
Problems with as many as one hundred variables were easily solved when double
precision was employed.

An interesting example problem that was constructed to yield a sequence of
hyperbolic pairs and was easily solved by the method of this paper is

01 01 000 0]
I 0000000
0001 01 00

1 01 00000
““looooo 101l
001 01000
00000 0 I
00001 01 0

b=1(1.0,0,0,0,0,0.0),
x; =1(0.0.0.0.0,0,0.0).

There is @ number of difficult unsettled questions related to routine practical
application of this method—such as how small (p,, 4p,) should be in order that
py be treated as singular. Initial experience indicates, however, that the method can
feasibly handle large problems.

REFERENCES

[1] M. RO HesteNes axp E. Stierer. Method of conjugate gradients for sofving linear svstems. ). Res. Nal.
Bur. Suindards. 49 (1932), pp. 409436,

2] M. R. Hestenes, The conjugate gradient method for solving linear sysiems. Proc. Symposia Appl.
Math., vol. VI, American Mathematical Society. Providence. 1956, pp. 83-102.

T3 F. S, BecrMan, The solutfon of linear equations by the confugate gradieni method. Mathemutical
Methods for Digital Computers, A, Ralston and H. S, Wilf. eds.. John Wiley, New York.
1960,

(41 D, G, LueNRERGER. Optimization by Vector Space Methods. John Wiley, New Yark. 1962

[5] SErGE LANG, Algebra. Addison-Wesley. Reading, Massachusetts, 1963,

SUELIEATE e SN A S9N





