Design of multivariable feedback systems
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Synopsis

A canonical form for 2 multivariable linear control system is described. This canonical form is important
because it enables a linear-feedback law to be chosen to produce arbitrary characteristic modes in the
closed-loop systern. The computational difficulties and methods suggested [for minimising them are

discussed.

List of symbols
X, X = state-variable vector in original- and (rans-
formed-co-ordinate space
n, 1y = system inputs
» = systemn output
A, A = state-transition matrix in original- and trans-
formed-co-ordinate space
distribution matrix in original- and trans-
formed-co-ordinate space
H, H = output matrix in original- and transformed-
co-ordinate space
W(s), W.(s) = system-transfer-function matrix before and
after feedback
K. K = feedback law in original- and transformed-
co-ordinate space
T = basis-transformation matrix
b;, b; = ith column of B, B
f; = ith basis vector
A superscript prime will be used to denote matrix transposition

=
&
I

1 Introduction

Much control engineering is concerned with the choice
of a feedback law to achieve desired objectives. such as
optimisation with respect to some performance index, mini-
misation of the effects of neise, or reduction of the sensitivity
of the system to plant-parameler variations. The objective we
consider here is none of these: it is to achieve arbitrary
dynamics of the system, or, in other words, arbitrary pole
positions of the transfer-function matrix,

This problem has been discussed in detail for the case
where there is a single input and the system states are avail-
able,! and the multiplesinput problem has also been con-
sidered in an abstract fashion.? The dual problem of
constructing an asymptotic estimator of the states with
arbitrary poles has been considered’ # for the multiple-output
case. The first effective computational method for arbitrarily
[ocating the poles of a feedback controller, or for a state
estimator, is to be found in hitherto unpublished work :* this
foreshadows some of the material presented here and presents
an alternative solution to the problem.

In Section 2 of the paper, a canonical form for multiple-
input, linear, time-invariant dynamical systems is presented,
and, using this canonical form, it is shewn in Section 3
how essentially arbitrary system dynamics can be achieved
when 1he states are available. Appendix 7 deals with some
of the computational difficulties occurring, and explains how
to minimise them. Most of these difficulties arise from the
necessity of determining possible linear dependences among
a set ol vectors.

In Section 4 the results are discussed; in particular, a
comparison is made between the design method of this paper
and methods derived from other approaches,

While the main contribution of the paper is to set down a
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computational method. it seems necessary to stress the
apparently little known fact that the computations necessary
to achieve arbitrary dynamics for a plant can, at least in
theary, be performed, provided that the plant is ‘completely
controllable’. The method can also be used o stabilise plants
with right-halfplane poles. Even if the states are not directly
observable, but the plant is ‘completely observable’, there
exists a controller, a cascade of a state estimator and a linear-
feedback law, so that the combined plant and controller have
arbitrarv dynamics. Furthermore, the estimator may be
designed to deal with and minimise the effects of noisy
measurements.’ We hope that these facts will soon become
as much a part of control system theory as, for example, the
fact that a damping ratio of 0-7 in a quadratic-denominator
transfer function is, in some sense, an optimum.

2 Canonical form
We consider linear, time-invariant, dynamical systems
described by the equations

Y=Ax+Bue . . . . . . . . . . (a
y=H'x . . . .« .« < .« < . . . (1b

where xis an n ~ | state vector, assumed fully measurable
uis an » ~ | input vector
»isan m > 1 output vector

A s an n < n transition matrix
Bis an n = rdistribution matrix. and
H’is an m « n output matrix

The transfer-function matrix relating y to « is given by!
Wis)y=H{sl —A'B . . . . . . . (2D

The poles of Wis) are therefore determined by the eigenvalues
of the matrix A.

The simplementation of a feedback law K means that we
ensure that

w=Kx+wu . . . . . . . . . . (3

where # is an input to the new system, and u is the input of
the old systent; note that we are feeding back linear combina-
tions of the states rather than the outputs. The case where
outputs only are available can be solved by cascading an
estimator with the contreller designed according to the
method of this paper.

The system with feedback is

x=(A—-BK)x ~Bug . . . . . . . (4a)
y=H'x . . . . . . < & . o . (4B

and it evidently has a transfer function relating wy to y (which
is the closed-loop transfer function of the system ol eqgn. |
with leedback law K) ol the form

WJs) = Hsl — A - BK) 'B . . . . . (5

The problem of achieving arbitrary pole locations for
W.(s) is thus the problem of selecting K, so that the matrix
A + BK has arbitrary eigenvalues.

For the purpose of computing the matrix K, it will be
convenient to change the basis of the state space. This change
of basis does not alter the open-loop or closed-loop response
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of the system, but makes the replacements

A=A = TAT !
B—B - TB
Y (53
H — A — H'T !
K-—-K=KT !

where T is the matrix relating the state vectors in the two
co-ordinate systems by

X=Tx . . . . . . . . . . . .AD

It is casy to verify that the expressions on the right-hand sides
of eqns. 2 and 5§ are invariant when the transformation of
eqn. 6 is made.

Since, from the point of view of closed-loop respense, the
particular co-ordinate basis used in egn. | is not imiportant,
it is permissible to replace A, Band H inegn. 1 by A, B and
M, and to choose a K to yield arbitrary dynamics. This is,
in fact, what we shall do: selecting a nonsingular T yiclding
A and B that permit the choice of K by inspection, and then,
by using eqn. 4, we can derive the feedback law necessary in
the original basis.

In this Section, we shall be restricting attention to that
part of the system relating the input to the states, i.e. that
part ol the system described by eqn. 1a. The system is termed
‘completely controllable’ if the » > nr matrix

[B, AB, 4*B, ..., A" 'B] . . . . . . (8

has rank #. As pointed out in Reference 2, if it is possible to
achieve arbitrary system dynamics, a necessary condition is
that the system be completely controllable. We shall assume
this to be the case, or, in other words, we shall assume that
there are n linearly independent vectors in the lollowing array:

by, Ab, A%, ...A"" B,
by Aby A%hy ... A" b,

)

b, Ab, A%, ...A" b,

ITere b, is the ith column of the matrix B. The vectors in the
array 9 are precisely the set of columns of the matrix
[B. 4B, ..., 4" 'B].

We can now proceed with the derivation of the canonical
form. From the array 9, we shall derive a sequence of basis
vectors for a transformed-co-ordinate system, and this
sequence will be given in reverse order. That is, we shall list
a series of vectors £, f, . . . ., S}, all linearly independent,
so that ff in the transformed system becomes ff = [0, 0, ...,
0, 1,0,...,0] (a2 vector possessing zeros in every position
except the jth). We note that the ordering of the &, in array 9
is immaterial; a renumeration of them merely amounts to
reordering the components of the input vector. We note
further that we can assume b, = 0, for, in the contrary case,
the ith input will serve no putrpose.

We consider the set of vectors by, Ab;, A% etc. Let ry
be the least integer r, so that 4%h, is a linear combination of
the earlier members of the sequence. Then we may write

Ar|bl ~+ 1]-4’1 ‘lbl daa e 4= ar’bl = 0 5 " (]0)

Such an r| must exist, for r; > n would imply the existence
of more than n linearly independent nvectors. Questions
concerning the checking of linear independence are discussed
in Appendix 7.

We then choose the last r| basis vectors as

-’:a - bl
Sy = Abp + 21b;
j;r‘g == /‘:b| B i;xfb| + O:Zbl

. (1)
Jaon g =Aa"1hy oA 2y =y iy

If ri = m, there is no need to proceed further, since, at this

stage, the full number # of basis vectors has been determined.
In general, however, there remain some basis vectors vet 10
be defined. Before defining them, we draw atiention to the

396

constraints that the selection of egn. 11 imposes on A and A.

First, f, transforms into f,, with £, = [0,0,...,0,1]. Since
Sy is the same as by (see eqn. 11), we shall have

5 =00,0,...,90,1) . « : < . - : . (D

Secondly, we note that the equation f,_, = A4b) + xb,
translorms into f, | Af, + o f,. Our knowledge of £, and
S then allows us to conclude that the last column of A has
all elements zero, except the last two, which are | in the
second-to-last place and —e; in the last place.

Thus
n—1
X xi 0
A= | . e I T £
< =10
A = 1
* XKoo=y

where the « symbols to the left of the vertical line indicate
elements which are, at the moment, unspecified.

In a similar fashion, the remaining relations in eqn. 11
serve to determine completely the last r; columns of A, and
it may be verified that

N= Py ry
X oL X 0

) . .10 ! 0

A= ) o 0 ) e . a3m
X . .x, . . o
¥ oo oo X =y Sy - o« =i

Consider again the array 9. We have assigned r, < n basis
elements using only the entries in the first row of the array.
Thus there are certainly other vectors in the array which are
lincarly independent of the first row, and so we examine the
second row. Il b, is linearly dependent on the vectors of the
first row, so is every other vector of the second row. Conse-
quently, if the second row possesses any vectors at all which
are linearly independent of the first row. bs is one of them.
If b, is linearly dependent, we pass on to the third row and
examine b;, and the fourth etc., il necessary. But note that
a row must be reached whose first entry is linearly independent
ol the first row of the array, since the array contains » linearly
independent vectors, as compared with the r| of the first row.

Without loss of generality, suppose b, is linearly indepen-
dent of the first row (by reordering of the inputs, if necessary).

Now, starting with b;, we form successively 4b,, A%b, elc.,
until A4,.5,, which is the first vector of the sequence which
is linearly dependent on the earlier sequence members and
the vectors A'by (or equivalently £, £y, -« - 3 Suer 1)
We may write

ATby + BiA™ by + L Bk,

+ oy T =0 . (14)

Continuing to select basis vectors in reverse order, we sel

fn—r-l = bl

Jy—rioa = Aby + b,

Joeri—z = A*by + ByAby + B.by 15)
. {

fnf o ,‘Qfl = A lbz <+ )‘3|Ah7 "Tbg_ 4 ﬂn Y

Owing to the way r; is defined, all these vectors must be
linearly independent, The selection of these vectors further
defines A and by. Thus by, being the same as f, _, byeqn. i5 is

by =[0,0,....0.0,1,0,...,00 . . . . (1§

the 1 being in the (7 — rpth entry. Egns. 15 also serve to
PROC. IEE, Val. 114, No. 3, MARCH 1967



o determine lurther columns of A. Tt is not difficult to show by replacing egn. 15 by the corresponding equations in the trans-

formed-co-ordinate system, that

R=1 =¥ 3
i . |
: 0 i
i .
Y 1 0 .
: 0 -
i . , .
A = [ |
Pn Ben B
-, 1 0
: I
L ;
i
;
’ 0
B C iy, —o,

If, at this stage, the unknown part of A has not disappeared,
controllubility assures us that there exists b, (perhaps alter
reordering) in the array 9, which is independent of the basis
vectors hitherto selected. Then by will be used 1o generate
another group of basis vectors, so that A4 can be further
defined, and f)} is a vector consisting entirely of zeros, except
for 1iin the (# — ry — ra)th entry.

The complete-controllability assumption allows the con-
tinuation of this process until the unknown part of A dis-

appears, and A is ‘almost’ the direct sum of a number of

companion matrixes. £ meanwhile contains some columns
which have all zero entries except lor one entry, these columns
having a 1 in the last position, r| positions before the last,
{ry - rs) positions before the end, and so on.

The matrix T (see egn. 7), relating the two co-ordinate
systems, may be written almost immediately us

TV =[fosdosn <« s 55 (18)
The matrix 4 - FAT ! has the explicit form
Fy
B Q0
0 i 0
0
. . 1
- yl':\ B 7?1';— i __'yl_
-y 0 s 0
e :

=,
Il

L 75 ﬁﬁr:

L

L | 0
e TIY . — 1
LT 0 + . &l —m,,
The matrix B — T8 has the lorm
P r—=p
Fo o0 o . . - S |
0 0 0
I |
B = 0 0 (20)
|
0
[0 I
L0 o0 .. L
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’y
0 n—ry— r;
(0] ra
(17
0
riy

LT

1 . . ey |

All columns to the lelt of the broken line will have all
elements, except one, zero, and the number of such prescribed
columns is the siime as the number of diagonal blocks of
this is, in turn, equal to the number of rows of the array 9
whose elements go towards making up the new co-ordinate
basis. This number will be called p.

Exemple |
Consider the following svstem:

Il =2 0 0
* 20 —2(x— |1 O|n
4 2 -5 0o 1

it can be easily verified that this system is not completely
controllable from either #; or ws alone, bur that 1t is com-
pletely controllable from the two together.

2N

ﬁ.ﬁ‘:’_:_' .

0

15 vy
0 ! 0 ]
0 0 3
(19)
I a
. 0
—B
0 ] 0
0
J'-'
1
—-x,l —x,., ] *Il |
We have
07 173 -3
by = ||, 4k, = O, 4%, =| -2 . . (22)
0 2 -6
from which it follows that
"1’); + Jfffﬁ = ZbF = D » . (23)
FMollowing the procedure ol Section 2, we set
]
fy =58 = Ijl {24e)
U
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|
fs = Ab, + 3B, — [3] .11
2

Carrying out similar calculations for b,:

0 -~
b, = [ojl, Ab, = [—z] N )]
1 —5

Thus Aby -+ by + 2 —4f5=0 . . . . . . @D
and, according to the procedure:

. [0
fl == bz - [0} . . - . - B . - - - (28)
1

The resulting system equations under the transformation

=T o« v <« s s ¢ & @ 5 % & @ (0
with
0 1 0
T-'=[fi fi] = [0 3 ':I
1 2 0
—2 0 1
and [100?].........('29)
=3 1 0
arc

i —1 0 o 01
¥=|-2 0o 1|X+|0 Ol . . . . (3O
4 =2 = 1 0

which is the canonical Torm for this system.

3 Selection of the feedback law

Before describing the way in which the feedback law
is calculated to achieve arbitrary dynamics, we indicate how
the dynamics of the system can be found readily from A.

As will be recalled, the poles are determined as those
points where (sf — A) is singular, in other words, where

det(s/ —A)=0 . . . . . . . . . 3

For convenience, let us denote the diagonal blocks appear-
ing in A as A, As, ..., A,, starting with that block in the
Iower-nghl corner and workmg upwards towards the left. It
is not hard to establish, using elementary properties of
determinants, that

det (sI — A) = fﬂll det (sT — A;) i s & w (32)
=
Moreover, an easy calculation yields
det(sf — A4) =s" + oagsh ' 4, ..+, . (33
and similar expressions for det (s — A, )

Since the zeros of det (s/ — A) are r.hc zeros of the various
det (s/ — A,), we can control the former through the latter.
Thus: if, with the aid of feedback, we can change o,
oy o .., o, and By, By, . ... B, e to arbitrary values,
we can effectively achieve any desired set of zeros of
det (sf — A). We say effectively, because there is.a simple but
minor restriction: each factor det (s/ — ;) of odd degree
must contain at least one real zero, il we restrict ourselves: Lo
real coefficients. As a consequence, det (s/ — A) must contain
a minimum number of real zeros equal to the number of
determinantal factors det (s/ — A;) which are of odd degree.
Note that this number will depend on the exact basis selected
for the transformed-co-ordinate system.

It will now be shown that the coefficients «; in eqn. 33
can be varied arbitrarily by feedback. At the same time, the
coefficients in the expansion of det (sf — 4 (i = 2, 3, .. )
can be varied arbitrarily by feedback in a similar way.

We choose a feedback law K of the form

0 0

00 0 AL ALy
- P 0 0 Hory Hr—) 1 0
X =
r—p - - o
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Then A + BK is the same as A, except that «; is replaced
by a; — 5 3; by B; — A ete., and

det (s/ — A — BK)
o o TR 30 AR SRR S SR ||
s s+ (B — Al L (B — AL
(35)

The effect of the feedback law K is thus to vary the o, B;
elc., in a predlctable fashion, The K necessary to achieve
desired dynamics is immediately evident from eqns. 34 and
35, once the @, f; etec. are known. Without the canonical
f'orm developed, the way in which K should be chosen is not
clear,

In the original co-ordinate system, the feedback law is

K=KT. . . . . . . . . . . . (36

The matrix 7 can be derived from egn. 19.

The preceding manipulations may become clearer if the
structure of the canonical form is viewed in terms of a collec-
tion of coupled subsystems. Each companion matrix can be
regarded as a separate subsystem of the complete dynamical
system. The entries in the system matrix which are not within
the individual companion matrixes represent coupling between
the subsystems. By the nature of the construction of the
canonical lorm, the coupling between two subsystems 15 in
one direction only. Thus the first subsystemr has output
feeding the inputs of all other subsystems, but none of them
feeds the first subsystem. Since the first subsystem is un-
affected by the others, its poles can be chosen arbitrarily by
approprate self feedback. Similar arguments apply to the
other subsystems. This 18 merely an exploitation of the well
known fact that, as far as pele locations are concerned, two
subsystems are independent, provided that they are coupled
in one directien only.

In addition to the arbitrariness in K resulting from the
arbitrariness of the canonical form, an additional arbitrariness
arises, for the lollowing reason. In achieving the desired zeros
of det (s — A — BK), it does not matter by which polynomial
factor on the right-hand side of egn. 35 the desired zero is
produced. The various possible distributions of the desired
zeros among the polynomial factors will yield different & (and
thus K).

Example 2

The poles of the system in example 1 are easily seen to be
— 1, —I1, —2. Suppose we¢ wish to move these to
— 3, —3, —3 by state-vector feedback,

Using the canonical form developed earlier and the results
of this Section, we take

It

S
Il

~ 0 —7 —3
K = 5 9 ol - (37)
whence
-2 0 0
BK = 0o 0 0 T 1.9
0 -7 -2
o -3 0 0
and A 4+ BEK = {—z 0 1] O 1)
4 —9 -6

which has three poles at —3.
The feedback law in the original-co-ordinate system is

u=Kx . . . . . . . . . . . . (40)
. 2 =3 0

where K = KT = 4 0 3] = 0 s (d41)
0 K"l K"_l - . K|_
Ay O : - o« 0
PR ¢ |

(34)
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4 Discussion and conclusions

Unlike the single-input case, the problem of closed-
loop pele location by state-vector feedback does not possess
a unigue solution in the multi-input case. There are a number
of possible schemes for choosing the basis vectors that
determine the co-ordinate wransformation, and a number of
ways Lo distribute the peles among the subsystems determined
by the resulting canonical form.!

The flexibility of these choices must be exploited, in any
particular practical problem, by enginéering judgment based
on other design objectives.

The approach discussed in this paper may be particularly
suited teo some kinds of control situations, because the
method tends to stress control by only a few of the available
inputs. For instance, if the plant is completely controllable
from the first input (as well as from all of them), the procedure
for selecting the busis vectors will lead to a solution using
only that one input for control. Other methods* might include
other inputs, each contributing approximately equally to
control. Likewise, if the plant is completely controllable from
the first two inputs, the approach of this paper would lead
to control from these two. In general, the resulting solution
depends strongly on the @ priori ordering of the inputs before
the selection process is begun. Thus, the engineer can order
the inputs according to desirability (based on costs, reliability
etc.). The conirol design procedure will then tend to emphasise
the inputs in that order.

Obviously, this is not always the best procedure, and it is
not easy (o compare different solutions until they are all
designed and analysed.

In the case of plants where the state variables cannot
be measured and only neisy outputs are available, the state-
estimation technique of Reference 5 will resuit in some states
being more accurately known than others. The choice of a
feedback law could then conceivably be based on a con-
sideration of the linear combinations of the states which are
found to be the best known.

In any but the smallest systems, computation would pre-
sumably be carried out with a computer, with the complexity
of the calculations increasing no more than linearly with the
dimension of the stale space. Moreover. it would seem
reasonable, in some situaticns, to program the computer to
compute all possible feedback laws, or at least a large number,
and then to carry out comparison of these feedback laws on
the basis of some programmed criterion of the type mentioned.,
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7 Appendix

Use of the Gram-Schmidt procedure for check-
ing independence

The main computational difficulty associated with the
method proposed in this paper is the determination of linear
dependence among a set of vectors. In general, this type of
problem is computationally difficult, no matter what approach
is employed, owing to the inherent ambiguity in distinguishing
zero from nonzero numbers in the presence of roundoff
errors. With this apparently ubiquitous limitation in mind, it
is possible, however, to address the problem of effectively
determining a computational scheme for determining the
linear dependence required for development of the canonical
form in Section 2.

The basic approach suggested here is to apply the Gram—
Schmidi procedure to the array 9, moving by rows. Explicitly,
the procedure is to define

K—1
v — 2 (18))e

G . . . . ... (4)
o — ‘_E‘ (ve)e||

where v, represents the kth element in the array 9 (therefore
ty is of the form .4/6)). If the denominator of eqn. 42 is zero,
the vector e, is taken to be zero.

The result of this procedure is a sequence of orthogonal
Vectors e, e, etc. each having a norm of unity or zero. The
first k& vectors in the sequence span the same space as the
first k& vectors in the array 9.

If a vector & is found to be zero, the cortesponding vector
it the array 9 is linearly dependent on the previous vectors.
Furthermore, all remaining vectors in that row of the array
will also be linearly dependent on the previous vectors.

If v, = A’by is linearly dependent on the previous vectors,
the exact dependency can be found by the equation

k-1

W = Ei(t' , ede; . (43)

f=
which follows immediately from the orthogonality of the e;s.
Since the ¢;s are themselves linear combinations of previous
vectors in the array, eqn. 43 can be used to determine easily
the dependency in the form of egn. 10 or, more generally,
of eqn. 14.
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