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Convergence Rate of a Penalty-Function Scheme*
Davip G. LUENBERGER?
Communicated by M. R. Hestenes

Abstract. The penalty-function approach is an attractive method for
solving constrained nonlinear programming problems, since it brings into
play all of the well-developed unconstrained optimization techniques. If,
however, the classical steepest-descent method is applied to the standard
penalty-function objective, the rate of convergence approaches zero as the
penalty coeflicient is increased to yield a close approximation to the true
solution.

In this paper, it is shown that, if m + 1 steps of the conjugate-gradient
method are successively repeated (where m is the number of constraints), the
convergence rate when applied to the penalty-function objective converges
at a rate predicted by the second derivative of the Lagrangian. This rate is
independent of the penalty coefficient and, hence, the scheme yields
reasonable convergence for a first-order method.

1. Introduction

Consider the constrained minimization problem
minimize f(x)  subject to A(x) = 0, (1)

where f is a real-valued functional on E®, & is a mapping from E" into E™,
m < n, and @ is the null vector in E™, More detailed assumptions are intro-
duced later. Courant (Ref. 1) introduced the penalty-function approach by
which problem (1) is approximated by the unconstrained minimization
problem

minimize f(x) g || A()* (2)
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for some suitable positive constant g, Under mild conditions, it can be shown
(Refs. 2-3) that, as 2 tends to infinity, the solution of problem (2) tends to the
solution of problem (1).

There has been a good deal of analysis of penalty-function schemes
(Refs. 4-5) and, partly as a result of these analyses, the penalty-function
approach is today one of the most attractive general methods for solving
constrained problems. For the most part, past analysis has been concerned
with studying the convergence of the solution of (2) to the solution of (1) as
p is increased. Relationships between (2) and the classical Lagrange multipliers
of (1) are among the important relationships that have been discovered in
this way.

Although it is known (Ref. 6) that, for large p, (2) is ill-conditioned,
and therefore steepest-descent procedures applied to (2) converge slowly,
no analytical attention has been directed toward the problem of solving (2)
with gradient methods. Most reported computational experience on penalty-
function methods has been based on the application of second-order schemes
to (2), which, although excellent when applicable, cannot be applied to
numerous important problems where second-order information is not directly
available. Attention then naturally focuses on first-order methods.

In Section 3 of this paper, it is shown that, near the solution, the second-
order approximation term of the penalty functional is a quadratic form having
m of its n eigenvalues tending to infinity with p. Since the convergence rate of
the steepest-descent method decreases as the ratio of the largest to smallest
eigenvalue increases, it follows that the convergence rate of the steepest-
descent method applied to the penalty-function method decreases to zero as p
is increased without bound.

In the remainder of the paper, it is shown that the effect of the m large
eigenvalues can be eliminated by employing a procedure that amounts to
taking m + 1 conjugate-gradient steps at each iteration. The convergence
rate of the resulting technique then depends only on the ratio of the (m + 1)th
largest and smallest eigenvalue. Thus, since this ratio is independent of g,
so is the convergence rate of the proposed scheme. As a byproduct of this
analysis, we obtain an interesting connection between the natural rates of
convergence for solving (2) and the second-order sufficiency conditions for
a local minimum of (1).

2. Properties of the Lagrangian

We write vectors a € E" as x = («%, 2%,..., a?), and the vector-valued
function A is assumed to consist of m real-valued functionals A'(x),
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h¥(x),..., im(x). We assume throughout that f and 4 have continuous partial
derivatives up to second order. We use the notation Vf(x), VAi(x) for the
n-dimensional row vector and m X n matrix of first partial derivatives of f
and £, respectively. We assume in this section that (1) has a unique solution
xy at which the following classical regularity assumption is satisfied: the matrix

Vh = [ak[2x), (3)

evaluated at the point x, , has rank m.
Under these conditions, it is well known that there is a vector A\, € E™
such that the Lagrangian

I, Ag) = f(%) + A5'h(x) (4)

is stationary at the solution x; .
Now, introduce the subspace M of E®

M = {x: Vh(x,) x = 0}.

This is the tangent space of the constraint surface at x, . Define L(x, , A)) to
be the n » n second-derivative matrix of the Lagrangian / at x, . We then
obtain, under the same hypotheses as above, the second-order necessary
condition x'L(x,, ) ® = 0, x € M; that is, the second derivative of the
Lagrangian is positive-semidefinite on the tangent subspace M (Ref. 7).

For our convergence estimates, we shall assume the somewhat stronger
condition that L(x,, Ay) is actually positive-definite on M. Specifically, we
assume the existence of two positive constants « and £, such that

of < L{x,, A) < BI on M, (5)

that is, L(x, , Ag) — «f and I — L(x, , ) are positive-semidefinite on M. This
corresponds to the standard sufficiency condition for a local minimum to (1).
As we shall show, the properties of L(x,) on M determine the convergence
rate for the solution of (2).

Now, consider the penalty-function method applied to (). Let {;} be an
increasing sequence of positive constants tending toward infinity. We then
have the following results (Refs. 2-5).

Theorem 2.1. For every 7, let x; be a point at which the functional
f(x) 4 p; || A(x)[* achieves its minimum. Then, if x, is any limit point of
{x;}, it follows that x; solves (1).

In addition, we have a connection to the Lagrange multiplier.
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Theorem 2.2. Suppose that the sequence {x;} defined by Theorem 2.1
converges to x,, the solution to (1). Assume further that x, satisfies the
regularity condition (3). For each 7, define A; = 2u;h(x;). Then, the sequence
{A;} converges to the Lagrange multiplier for (1).

Proof. Since x; minimizes f(x) + g A(x)|? it follows immediately
that, for each 4,

Vf (xg) + A; VA(x,) = 0.

Since x; — x, and since Vf and Vi are continuous, it follows that
VF(x) = Vf(x0), VA(x;) — Vi(x,). Also, since Vii(x,) has rank m, Vi(x) has
rank m in some neighborhood of x, . From this, it follows that A; — A, .

3. Eigenvalue Distribution

Since the convergence properties of gradient procedures are primarily
determined by the second-order characteristics of the functional to which
they are applled we now turn to a study of the second-order properties of the
functional in problem (2) For given p, let x, be a solution of (2) and let
A, = 2uh(x,). Then, it is easily seen that, near x, ,

FO) + ) B =)+ ) — %)
+ 3 — ) Fx)(x — x,) + pll Ax,) + Vh()(x, — &)
‘l‘ T.J"(" - --"':u)' [ f: }‘u{'H‘(xu)?I (x - xu) + 0(” X —x, ||2)! (6)

=1

where F(x,) and H'(x,) are the second-derivative matrices of f and A7,
respectively. Two times the matrix of the purely quadratic terms of (6) is

A, =F(x,) + Y AH(x,) + 2 Vh(v,) Vh(x,).
i=1

The convergence rates of various gradient schemes are primarily determined
by the eigenvalue distribution 4, . Since v, minimizes (2), it follows at once,
by the second-order necessary cendmons for a minimum, that 4, is positive-
semidefinite. We desire, however, additional information.

Observe that

A, =L, ,),) + 2u Vh(x,) Vh(z,).
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If, as p — @0, we have x, — x,, then, by Theorems 2.1 and 2.2, L(x, , ,) —
L(xg, Ag). Thus, for sufficiently large u, the eigenvalue structure of L(x, , A,)
is close to that of L(x,, A)). The matrix 4, differs from this by a matrix of
rank .

As p— o0, certainly m of the eigenvalues of 4, tend to infinity with
exgenvectors nearly in the subspace spanned by Vk(xu) The remaining
eigenvectors of 4, are orthogonal to these and, hence, lie in the tangent
subspace 1 defined in Section 2. Thus, the remaining eigenvalue structure is,
in the limit, precisely the same as that which is important for the second-
order conditions for a constrained minimum, namely, that of L(x,,A,)
restricted to M. We summarize these observations by the following theorem.

Theorem 3.1. Given ¢ > 0, there is a p, such that, for p > y,,
n — mof the eigenvalues of 4, lie in the interval [x — ¢, 8 + €]. The remaining
m eigenvalues tend to infinity, as u — 0.

4. Accelerated Gradient Method for Quadratic Problems

Motivated by the previous sections, we consider in this section the
problem of minimizing a functional of the form

Sf(x) = &'dx — 2¥'x, (7)

where the # % # matrix 4 is symmetric and positive-definite but has m large
eigenvalues. The solution is, of course, x, = A~1b. For the standard method
of steepest descent, it can be shown that (Ref. 8)

% — % [F << e[y — @)y + )% )| 2 — % I3 (8)

where ¢ is a constant depending on x;, and « and y are respectively the
smallest and largest eigenvalues of 4. Furthermore, this bound is in most
cases exact (Ref. 9). Thus, the gradient method has an unacceptable conver-
gence rate for our problem.

The method which we investigate is essentially that of successively
repeating m 4 1 steps of the conjugate-gradient procedure. We assume,
similar to before, that the (m + 1)th largest eigenvalue of A is equal to 8.

As is standard, define r, = & — 4x; . We consider an iteration scheme
of the form

Nppr = & + p(A) 7, ®
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( where P is a polynomial of degree m. We select the coefficients of p, so as to
1 minimize E(x;..;), where E is defined by

5 ol

"f";g.f . E(x) = (x — x) Alx — %), (10)

which implies that
E(xk) = rk’A_l'rk .

Thus, x;.,, is obtained from x; by minimizing the objective functional over
the linear variety x, + [r), A7y 5oy A7), This point can be found by
taking m - 1 conjugate-gradient steps from x;, or by explicitly determining
the appropriate polynomial directly.

To find p, explicitly, let us write

Pi(A) = e + A + o e AT (11)

We wish to find the constants ¢; to substitute in (9) so as to minimize (10).
This is an unconstrained, quadratic minimization problem which is solved
by solving the normal equations

' Ary, re Ay e A" | [ o« e
f'kldzrk- fk.!AsTk Hae rk'A‘"“"srk Ca = fk'.qu . (] 2)
rh’A,WH‘T'k rk'ﬁ”‘+3rk i fk'Aﬂm+17k Cm_H rk,Amfk

These are a set of linear equations involving the Gram matrix of the vectors
i o APp geisy APy
Let us now turn to the problem of determining the rate of convergence of
the optimal scheme (9). We have -

E(¥i41) = (Xpa — %) AXia — %)
= (-Vk — Xy -+ pi(4) ’k)' A(xk — &y + pu(4) ".k)'
= r[I — Apy(A)] A7 — Apy(A)] 1. (13)
Let e, ey ,..., €, be a complete orthon'ormal set of eigenvectors for 4, with

correspondmg elgenvalues Ay Ag ey Ay o Let the decomposition for 7. be
r, = Zt=1 f,-"ei Then from (13),

n

E(x,.) = ; AYEM — A (M < ; X (1 — A2 (AP - E(x,). (14)
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The strict bound for the rate of convergence is determined by using the
optimal p,. derived above. Using any mth-degree polynomial, however, gives
a valid bound. We select p, so that 1 — Apy()\) vanishes at 3(ax + B) and at
the m largest eigenvalues of 4. Then, if all other eigenvalues of A are
located in the interval [, 8], we obtain the bound

E(xq) < max, [1 — App(N)]? + ).

Since the polynomial ¢(A) = | — Apy(A) has m + | real roots, ¢'(A) will have
m real roots which alternate between the roots of ¢g(A) on the real axis. Likewise,
¢"(A) will have m — 1 recal roots which alternate between the roots of ¢'(A).
Thus, since g(A) has no root in the interval (—w, r,('ae -+ B)), we see that
q"(A) does not change sign in that interval and, since it is easily varified that
g"(0) > 0, it follows that g(x) is convex for A < }{x + B). Therefore,
on [0, Ha -+ B), ¢() lies below the straight line 1 — 2X/(x 4 B).
Thus, we conclude that ¢g(A\) << 1 — 2A/(x + B8) on [0, 3(x + B)] and that
7(Hx + ) = —1. |
We can also see that ¢(d) = 1 — 2X/(x -+ f) on [$(« -+ B), B], since for
g(A) to cross first the line 1 — 2}/(x 4 B) and then the A-axis would require
at least two changes in sign of ¢”()); whereas, at most, one root of ¢"(A) exists
to the left of the second root of g(A). We see then that the inequality

[T =] < 1 —2)/(x + B)
is valid on the interval [, f]. Thus, we obtain the final result
E(wyn) < [(B — «)/(B 4 «I* L(w)-
This in turn implies that
E(xpa) < [(B —a) ﬁ -+ o) E(x). (15)

Equation (15) is identical to the best bound for the method of steepest descent
applied to a quadratic form having eigenvalues in [x, 5].

5. Accelerated Gradient Method for Nonquadratic Problems

The process of finding the minimum of a functional over an m-dimensional
subspace, which was discussed in Section 4, can be approximated by various
procedures in the general nonquadratic problem. One method is to use m
steps of the generalized conjugate-gradient procedure due to Fletcher and

o
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Reeves (Ref. 10). Another is to use m steps of the method of parallel tangents
(Ref. 11). Still another, and this is the method we shall analyze, although our
choice is admittedly based somewhat on analytical expediency rather than
practical superiority, is to use the local second-order information to determine
the next point. This is similar in spirit to the nonlinear generalization of the
conjugate-gradient method studied by Daniel (Ref. 12).

For the problem of minimizing a functional f (and, here, although it
does not matter, we have in mind that f arises from a penalty-function approach
to a constrained problem), we use the iteration

X1 = X + PalAr) 72 (16)

where 7, = —Vf(x,), 4, = F(x;), and p;, is determined from (11) and (12).
To examine the convergence properties of (16), we establish some
bounds relating the various quantities of the nonlinear process. We do not
always derive the tightest bound possible, but favor instead simple bounds
sufficient to establish our main result; Theorem 4.1.
For the next three lemmas, we invoke the following standing assumptions:
(i) there is a convex region D throughout which

of < Fx) < v1, (1n

i.e., the second-derivative operator F is uniformly bounded and uniformly
positive-definite; (ii) the (m -+ 1)th largest eigenvalue of F(x) is less than §;
and (iii)

177l < B, (18)

i.e., the third derivative of f is uniformly bounded. We shall always assume
in the lemmas below that x; = D.

Lemma 5.1. | wy — %[l < (2)0) [ 7 [l, if %449 € D.

Proof. From (16), we have a;.,, — x;, = pp(4,) 7, . Hence, it follows
immediately that || 2, — ;.|| < max, o<, | ()] * || 75 || From the definition
of p,(A), it is clear that | 1 — Ap,(A)|2 < 1 for A any eigenvalue of 4, . Hence,
P, must satisfy | p,(A)| < 2/ for A any eigenvalue of A, .

Lemma 5.2. |7y | < (14 29/x) | 74, if %y is in D.

Proof. By Lemma 5.1,

N7ea | S rrge — 2l Fl7ell < vl 2ga — x| [ 2l << (1 4 2pfa) || 7l
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Following Daniel (Ref. 9), we now introduce the sequence of error
functionals

Ey(w) = re'Az'rs, (19)

and we shall prove that this sequence has properties similar to E(x;) in Section
4. Note that

Eyfeer) = (v = ) Al = ha),

where i, = x; + Ay'ry is the local Newton's approximation to the solution.
For convenience, we write ¢,> = E;(x,).

Lemma 5.3. Ej (%) < {[(B — o)/(8 + «)]* + s} Epx), if x4y 18
in D, where

s = (2B[a®)(1 + 2y/a)? %, + (4B[)(1 + 2y/a) 37, .
Proof. By Lemmas 5.1 and 5.3,
Erpa(¥) = riadinrin
< i i 4+ Bl e 1P wa — 2
<t AT iy + 2BP)(1 + 2pfa)® | | (20)

Now, let yj, = 7jq — 13 — Ap(¥p41 — ;). Clearly, || yi || < 3B |ty — 5 2 <
(2B[o?) || 7 |®. Thus, we have

e g = [re F A(vpaa — %] A2 + Al — )
+ 3 A e + el e — 0 AT

The first term is the local quadratic approximation to E;, , and the scheme (16)
selects xy,,; to minimize this. Hence, from the analysis of the quadratic case
and the above inequalities, we have

Fendi Tea < [(B — o)/ -+ B Bxlw) + @BJo)(1 + 27/ i e ™. (20)
Finally, using the inequality | .|| < ¢ v/y and combining (20), we obtain

Eyga(wa) < A[B — (B + )P 4 i} Exlwy)-

We now prove the theorem establishing the rate of convergence near
the solution.
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Theorem 5.1. Let the functional f defined on E™ have continuous
partial derivatives up to third order. Let x; be arbitrary and assume
that, in a ball S(x;, R)), (i) of << F(x) < y[ and (ii) || f"(x)] < B, where
R, = (2¢; v/9)/2(} — g¢;). Further, assume that e, is so small that ¢,? =
[(B— «)/(B + «)]* + s < 1. Then, the algorithm (16) generates a well-
defined sequence f{x;} converging to x,&.S(x;, R;) with Vf(x) = 0. Also,
@* = [(B— )l(f + o)]* + 5 decreases to [(f—a)/(f +«))°, and
0 — x| < (e V)l — g5).

Proof. We take D = S(x;, R)) in Lemmas 5.1-5.3. For | x — &, || <
[ || < (26, v/'y)]e, we have x € S(¥, , R,) and, hence, D is large enough
so that a,e 0D and Lemmas 5.1-5.3 hold for the first iteration. Let
R, = (2e, V)|l — g,). We see that S(x,, R,) C S(x,, R,). For, if
x e S(w,, Ry)

o —xy | Sl — ayll + |12 — x| < (2 V)l — ga) + (26 Vy)w
< (29, \/?')_f“(l —=q) F (2‘-’1 \/‘)")/'0‘ =R

Thus, all lemmas now hold in S(x,, R,) and e, << ey, 8 << 8§, 45 < ¢ -
This process obviously continues on by induction.
As a result of this process, we have

(I Vf(.x.k)ilg = (If¥) || r P < sz < ?12(152 “3%——1‘912~

and thus Vf(x,) converges to zero. Also, setting R, = (2¢; v/7)/a(l — ¢),
we have S(w.q, Ry.1) C S(x;, R,) for all k. Therefore, for fixed k, we have
Xpip € S(xy, Ry) for all p >0 and, hence, | .., — x| < R—0.
Therefore, {x;} is a Cauchy scquence converging to a limit x,. Since
Vf () — 0, we have Vf(x,) = 0. Since xy € S(x,, R;) for each k, we have
2 — % || < Ry = (25 v/y)[a(l — gi)-

Fmally, we point out a main corollary for the technique of penalty
functions.

Corollary 5.1. Let f, h, o, 8 be as defined in Sections 1-2. Let {u;}
be a sequence of positive constants tending to infinity and let x,, be the solution
to the problem

minimize f(x) -, || RO (22)

Suppose that algorithm (16) is applied to (22), yielding the sequence {x, " xh

X, & — *. . Suppose also that x, — ¥, the solution to (I). Then, given
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€ > 0, there is a p, such that, for p; > p,, the tail of the sequence {x, .}
satisfies

H ‘i'u‘.k-f-ﬂ - xug ” g ck[(ﬁ T E!)l!(B + ‘x) + EIB“

for some constant ¢, .

Proof. By selecting p, large enough, x, can be made arbitrarily close
to x, and, hence, the first # — m eigenvalues of the second derivative of
S (x) + phi(x) will be arbitrarily close to the interval [«, A]. Thus, by Theorem
3.1, the tail of the sequence x, , satisfies

” xﬂ[.k—i-ﬂ - le‘ ” g dek-{-l’l »

where d is a constant depending on the eigenvalue structure at x,, . By Lemma
5.3, we then obtain

I ®ugin — 2 Ml < dl(B — @)/(B 4 o) + €] & = ,[(B — «)/(B + o) + €]*™.

6. Example

The method proposed in this paper has in one form or another been
applied to a variety of optimization problems. In most applications, it has been
found most convenient to take m 4 | PARTAN stcps at cach iteration
rather than to use the procedure analyzed in Section 5. The specialist will
recognize that, except for the term &, ; the convergence rates for any number
of conjugate-gradient type algorithms, modified so as to take only m + |
steps before restarting, are identical to that derived in this paper.

~ The method has been particularly successful in treating constrained
optimal control problems which are typically characterized as having a large
number of variables (200 or so), only a few constraints, and often no possibility
of directly obtaining second-order information. In addition, the method has
been used to solve smaller mathematical programming problems. An example
1s given below.

For purposes of comparison, consider the problem of minimizing

10 7
f(‘r';l 3 ¥ yeny -""'m) - z kxkg
k=1
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Table |
Steps per Number of cycles Number Value of modified
I evele, p to convergence of steps objective function
10 1 o0 90 388.565
i 8 24 388.363
5 3 15 388.363
¥ 3 21 388.563
100 ! 230 (%) 230 488.607
3 21 63 487.446
5 4 20 487.438
7 2 14 487.433
1000 1 260 (%) 260 525.238
3 45 () 135 503.550
3 3 15 500910
7 3 21 500.882

(*) Program not run to convergence due to excessive time.

subject to
L% 4+  x+ a3 405w +05x; = 5.5,
2.0x; — 0.5%; — 0.585 -+ &y — %y = 2.0,
X+ KXyt o+ X Xy = 10.0,
%+ xgb oxgt x A+ a =150

This problem was treated by the penalty-function appreach and the resulting
composite functional was then solved for various values of p by using various
cycle lengths of a conjugate-gradient algorithm. In Table 1, p is the number
of conjugate-gradient steps in a cycle. Thus, p = | corresponds to the ordinary
steepest-descent method; p = 5 corresponds, by the theory of this paper,
to the smallest value of p for which the rate of convergence is independent
of u; and p = 10 is the standard conjugate-gradient method. Note that, for
p < 5, the convergence rate does indeed depend on p, while it is more or less
constant for p = 5. The values of p selected are not artificially large since, for
p = 1000, the constraints are satisfied only to within 0.5 %.
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