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Convex Programming and Duality in Normed Space

DAVID G. LUENBERGER, MEMBER, IEEE

Abstract—This paper describes some extensions of classical
convex programming to problems formulated on an abstract normed
space. The utility of the normed-space formulation is illustrated by
some simple applications.

I. INTRODUCTION

HE THEORY of convex programming, including the
duality results of Fenchel and the Lagrange multiplier

theorem of Kuhn and Tucker, have corresponding general-
izations in infinite-dimensional spaces. These more
general results enable one to employ many of the standard
methods for optimization of finite-dimensional problems
to problems which are infinite-dimensional in character,
such as problems of optimal control of systems governed
by differential equations and other optimization problems
in which one seeks a function defined on an interval,
rather than simply a vector in a finite-dimensional space.

A number of extensions of the finite-dimensional theory
have been made. They differ primarily in the nature (or
level of abstraction) of the underlying vector spaces, the
degree of continuity or differentiability required of the
functions involved and the nature of the constraints.
One early generalization was given by Hurwicz,[! and a
simplified version of this together with applications was
given by Lack.” A recent generalization to the dif-
ferentiable case is Varaiya.[® See-also Russell.[4 Duality
results for finite-dimensional problems were exploited by
Everett,® and the infinite-dimensional theory was
developed by Rockafellar,® Dieter, and Ritter.[®

In this paper attention is given primarily to the ex-
tension of the Lagrange multiplier method and its ap-
plication. The development is formulated in normed space
which represents a rather comfortable intermediate level
of abstraction, and which covers almost all important
applications.

II. MATHEMATICAL BACKGROUND

In this section we review briefly the basic elements of
functional analysis that are required to present the
theory.

A. Normed Space

Definition: A vector space X is a set of elements called
vectors together with two operations, addition (+) and
scalar multiplication (-), satisfying the following axioms:
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Daez4+y=y+2a forallz,yeX

@+y) +tez=z+@F+2

3) there is a null vector 8 ¢ X such that x 4+ 6 = z for
allz e X

4) a(zr + y) = ax + ay forallz, y ¢ X and all scalars

5 (a+ Bz = ar + Bz
6) (af) = = a(Bz)
N0z=01z=uz

Definition: A normed space X is a vector space together
with a real-valued function ||2]| defined on the elements of
X and satisfying:

1) [|z]] > 0Vz eX,||2]] = 0if and only if = = 6;
2) || aaf| = || Vz ¢ X and Va scalars;
3) ||z + @l| < lwl| + ||| Y, 2o

Example 1: The space R consisting of the real numbers
becomes a normed space if the norm of a number z is
defined as |z.

Ezample 2: Euclidean n space E, consisting of n tuples

. n /
z = (&, &, . .., &) of real numbers with ”x” = (Z g,ﬁ)l :
i=1

is a normed space.
Example 3: The space Clty, t:] consisting of all con-
tinuous funections on the interval [fy, ¢;] with

ol

<

Hx” = max Ix(t)[
to <t <t

is a normed space.
Example 4: The space L[t t.] consists of all real-valued
functions z(f) on the interval [f, f] that are Lebesque

“measurable and for which

ftg|x(t)|dt < .

The norm of an element z e Ly[t;, £:] is defined as

Jell = [ letola

In this space two functions are considered to represent
the same vector if they differ only on a set of measure
zero.

In a normed space one introduces several topological
properties including open and closed sets, convergence,
completeness, ete. For the purposes of what follows, we
need only the following two topological concepts.

Definition: An infinite sequence {z,;} in a normed space
X is said to converge to a limit z ¢ X if ||z; — || — 0 as
1—> ©, _

Definition: A subset S of a normed space is said to be
closed if every convergent sequence from S has its limit in
S; ie., if v, x with z; ¢ S implies x ¢ S.
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B. Dual Spaces

Given a normed space X, we denote by X* the space of
all continuous! linear functionals on X. The space X* is
normed by the equation

Hx*“ = sup z*(x).
izl = 1.

Ezxample 1: If X = E,, then X* = E, in the sense that
corresponding to an element z* ¢ X* there is a vector
y = (g, m2y - - -, 1a) Such that forxz = (&, &, ..., &) we
have

z*(x) = glméi and Hx*” = Hy”

Conversely, every y ¢ F, defines a unique element of
- X*in this way.

Example 2: If X = Clt, t], then every element of X*
can be represented by a function v of bounded variation
in the sense that

t2
z*(x) = f z(O)dv(t)
121
and ||z¥| = total variation of v.

C. Separating Hyperplane Theorem

A fundamental result, used extensively in optimization
theory, is that under mild conditions two disjoint convex
sets can be separated by a hyperplane.

Definition: A set K in a vector space is called convex if
given z, ¥ € K, all elements of the form az 4+ (1 — a) ¥
eKlor0<a<l

Definition: A point z, is said to be an interior point of a
set K in a normed space X if there is a sphere with center
at z, contained in K, i.e., if there is an ¢ > 0 such that
lle — | < e=) z ¢ K. :

. Definition: A closed hyperplane in a normed space is any
set of the form H = {z ¢ X:a*(x) = c} where z* is a
fixed nonzero element of X* and ¢ is a fixed constant.

This definition of a hyperplane generalizes the familiar
notion in finite-dimensional spaces. It can be shown, for
example, that a closed hyperplane divides the space X
into two disjoint regions.

With these definitions we now state the separating
hyperplane theorem.

Theorem 1: Let K and L be convex sets in a real normed
space X. Assume that K contains an interior point and
that no interior point of K is contained in L. Then there
is a hyperplane separating K and L; i.e., there is an
element z* ¢ X* and real constant ¢ such that z*(k) <
c<ax*(l)forallk eK,leL.

D. Cones and Inequalities

By introducing a cone of vectors distinguished as the
positive vectors of a space, it is possible to consider
inequality problems in abstract vector spaces.

1 A real-valued function f on a normed space is continuous if,
given a sequence {z;} with z;— z, we have f(z;) — f(z).
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Definition: A set C in a vector space is a cone if x ¢ C
implies aX ¢ C for all & > 0. A convex cone is a set that is
both a cone and is convex.

A convex cone can be used to define the positive elements
of a vector space. For example, in E, the convex cone

P = {er’n:x = (&, &y ..., En); &1 > Oalli} (1)

defines the ordinary positive orthant. In a space of func-
tions defined on an interval of the real line, say [ti, &],
it is natural to define the positive cone as consisting of all
functions in the space that are non-negative everywhere
on the interval [t, & ].

In a normed space it is sometimes important to define
the positive cone by a closed convex cone. For example,
in E, the cone defined by (1) is closed, but if one or more
of the inequalities in the description of the set were
changed to striet inequality, the resulting cone would not
be closed.

Now, given a convex cone P, taken to be the positive
cone in a vector space, we write z > y if x — y € P, and the
positive cone defines a partial ordering in the space. In
the obvious way we define the negative cone N as —P
and writey < zfory — z eN.

In the case of a normed space we write £ > 6 if z is an
interior point of the positive cone P. For many applica-
tions, it is essential that P possess an interior point so
that the separating hyperplane theorem can be applied.
Nevertheless, this is not possible in many common normed
spaces. For instance, if X = L[t -] and P is taken as the
subset of non-negative functions on the interval [#;, f,],

‘one can easily show that P contains no interior point.

On the other hand, in C[t, &) the cone of non-negative
functions does possess interior points, and for this reason
the space Ct, f;] is of particular interest for problems
involving inequalities.

Given a normed space X together with a positive convex
cone P C X, it is natural to define a corresponding
positive convex cone P® in the dual space X* by

PP = {o* e X*:2*(@) > 0 forallz e P}.  (2)

Example 1: If P is taken as given by (1) in E,, then P®
consists of all linear functionals represented by elements of
E, with non-negative components.

Example 2: If, in the space C[4, t.], P is taken as the
set of all non-negative continuous functions on [f;, ],
then P® consists of all linear functionals on Clt, t]
represented by functions v of bounded variation and
nondecreasing on [t;, &].

One can easily show that P® is closed even if P is not.
If P is closed, P and P® are related through the following
result, which can be proved using the separating hyper-
plane theorem.

Lemma 1: Let the positive cone P in the normed space
X be closed. If z e X satisfies '

o 2*z) >0 forallz* > 0

then z > 6.
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III. ConvEX PROGRAMMING PROBLEMS

A. The Basic Theorem

Definition: Let X, Z be linear vector spaces and suppose
that there is a cone P C Z defined as the positive cone in
Z. A function F defined on a convex subset C C X with
range in Z is said to be convex if Faz:s + (1 — a)as) <
aF(x) + (1 — a)F(x,) for all 21, 23 ¢ C and all o, 0 <
a < 1.

In the case of a real-valued function (i.e., the case
where Z is the real line), a function f is convex if f(awx: +
(1 — a)x) < af(x) + (1 — a) f(z2), where inequality has
the usual interpretation for real numbers. For example,
any norm defined on a vector space is a real convex
function.

The basic problem considered in the rema,lnder of this
paper is to

minimize f(x) (3)
subject to

z e Q) <0

where © is a convex subset of a vector space X, f is a
real-valued convex function on @, and @ is a convex func-
tion from Q into a normed space Z having positive cone P.

To solve this problem, let us embed it in a family of
problems in the following way.

Let T  Z be defined as T' = {z:(ﬂx e, G < z}
It is easily verified that T' is a convex set. On the set T,
we define the primal function w(z) by w(z) = inf { fl@):x
e, Glx) < z} The original problem (3) can be regarded
as that of determining the single value w(6).

Lemma 2: The functional w(z) is convex.

Proof:

wlazy + (1 — o) 22)

= inf {f(x):z €, G@@) < az1 + (1 — ) 2}

< inf {f(axl 4+ (1 — a)ze):x1, T2 € Q, G(z) < 2
Gx) < 22}

< ainf {f(x):21 €9, Gla) < 21}
+ (1 — o) inf {f(zs):2: €,
G(xs) < 22} < awle)
+ (1 — @) wz).

Lemma 3: The functional w(z) is decreasing, i.e., if

21 > 2. then w(z) < w(z).
Proof: This is immediate.

A typical w(z) for Z one dimensional is shown in Fig. 1.

Conceptually, the Lagrange multiplier theorem follows
from the simple observation that since w is convex, there
is a hyperplane tangent to w(z) at z = 6 and lying below
w(z) throughout its region of definition. Our task is
merely to translate this observation into a precise math-
ematical result. The proof for a general normed space Z
exactly parallels the proof for finite-dimensional space.
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In the proof of the main theorem we consider the
normed space B X Z, the product of the real line with the
normed space Z. This space consists of all ordered pairs
(r, 2) with r ¢ B, z ¢ Z. The norm on the space 1s defined as
lér 2l = I + ]

Theorem 2: Let X be a linear vector space, Z a normed-
space, @ a convex subset of Z, and P the positive cone in
Z. Assume that P contains an interior point.

Let f be a real-valued convex function on Q, and let
G be a convex function from Q into Z. Assume the eXis—
tence of a point z; € Q for which G(x1) < 6, i.e., G(zy) is an
interior point of N = —P.

Let

uo = inf f(x)

subject to = € Q, G(z) < 6 and assume p, is finite. Then
there is an element z,* > 6 in Z* such that

po = inf {f(z) + 20*G(x)}.
ze2

Turthermore, if the infimum is achieved in the first
equation by an z, € @, G(zo) < 6, it is achieved by x, in the
second and

20%G(zy) = 0.
Proof: Inthe space W = R X Z define the sets

A = {(r,2):r > f@), 2> @) forsomez e}

B = {(,2):7 < o,z <6}

Since f and @ are convex, both A and B are convex
sets. (It should be noted that the set A is the convex
region above the graph of the primal function w.) The
definition of uo implies that A contains no interior points
of B. Also, since N contains an interior point, the set B
contains an interior point. Thus according to the separat-
ing hyperplane theorem, there is a nonzero element

= (7o, 20*) € W* such that

rors + 20%(2) > rors + 20%(22)

for (7'1, 21)e A, (7"2, 22) e B.
From the nature of B it follows immediately that we*
> ¢ or, equivalently, that

7"020

Zo* Z 0.
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w(z) w(z)

(a) (b)
Fig. 2.

We shall show that ry > 0. The point (u,, 8) is in B; hence
ror + 20*(2) = rouo

for all (v, 2) ¢ A. If r, were zero, it would follow in par-
ticular that

2*G () >0

and that 2y* # 6. However, since G(z;) is an interior
point of N and z,* > 6, it follows that z,*G(x1) < 0, which
is a contradiction. Therefore, o > 0, and without loss of
generality we may assume rq = 1.

Since the point (uo, 6) is arbitrarily close to A and B, we
have (with r, = 1)

Mo =( ian[r + 20*(2)] < inf [f(z) + 20*G(2)]
T,2)€ zeQ
< inf f(z) = uo.
z2
G(z) <6
- Henece the first part of the theorem is proved.
If there exists an o such that G(xo) < 6, uo = f(xo), then

po < f(xo) + 20*G(x0) < f(@o) = mo

and hence z,*G(zy) = 0.

Theorem 2 is a geometric version of the Kuhn—Tucker
theorem for convex problems. An equivalent algebraic
formulation of the results is given by the following saddle-
point result.

Corollary: Let everything be as in the preceding and
assume that x, achieves the constrained minimization.
Then there is a z,* > 6 such that the Lagrangian

L(z, 2*) = f(2) + 2*G(z)
has a saddle point at z, 2%, i.e.,
L(xo, Z*) S L(il?o, 20*) S L(CI}, Zo*)

forallz e @, 2* > 6.
Proof: We leave this to the reader.

B. Sufficiency Conditions

The conditions of convexity and existence of interior
points cannot be omitted if we are to guarantee the exis-
tence of a separating hyperplane in the space B X Z. If,
however, the appropriate hyperplane does exist, despite
nonconvexity, the Lagrange technique for location of the
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optimal still applies. The situation is illustrated in Fig. 2,
where :

w(z) = inf {f(x)x e, Gl) < z}

is again plotted but the convexity of f and G is not assumed.
If, as in Fig. 2(a), an appropriate hyperplane exists, it is
fairly clear that f(xr) + 2z*G(x) attains a minimum at
xo. In Fig. 2(b) no supporting hyperplane exists at z = 6,
and the Lagrange statéement cannot be made.

These observations lead to the following sufficiency
theorems.

Theorem 3: Let f be a real-valued function defined on a
subset Q of a linear space X. Let G be a mapping from @ into
the normed space Z having closed nonempty positive
cone P.

Suppose there exists a z0* € Z*, 2,* > 6 and an element
Zo € @ such that

J@o) + 2*G(x0) < f(@) + 2*G(x)

all 2 e ©. Then z, minimizes f(z) subject to G(x) < G(x),
T €2

Proof: Suppose there is an 21 ¢ @ with f(z1) < f(z),
G(z1) < G(x0). Then since 2o* > 6, it follows that

20*G (1) < 20*G(20)
and hence that
fa) + a*Gm) < [ + 2*G ),

which contradicts the hypothesis of the theorem.
Theorem 4: Let X, Z, @, P, [, G be as above. Suppose
there exists a 2* € Z¥* 2* > 0 and z, ¢ Q such that the

Lagrangian L(z, 2¥) = f(x) + 2*G(x) possesses a saddle
point at zo, 2%, i.e.,

L(zg, 2%) < L(zo, 20*) < L(z, 20*)

all z € Q, 2* > 0. Then z, minimizes f(z) subject to G(z) <
0, x € Q. :

Proof: The saddle-point condition with respect to z*
gives

Z*G(xo) S Z()*G($o)
for all 2* > 6. Hence in particular for all z;* > 6
(21* + Zo*)G(.’I?o) S ZO*G(xo)

or

2*G(zo) < 0.

We conclude by Lemma 2 that G(x,) < 6. The saddle-
point condition, therefore, implies z,*G(z) = 0.

Assume now that z; € @ and that G(z;) < 6. Then by
the saddle-point condition with respect to z

J@o) = f(wo) + 20*G(@0) < f(@) + 20*G(21) < flwy).

Thus z, minimizes f(z) subject to z ¢ Q, G(z) < 6.
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C. Duality

Associated with the primal problem (3) is a dual
optimization problem formulated in the space Z*. This
dual problem is' most easily visualized in terms of a
family of hyperplanes in the space B X Z.

As before, let

uo = inf f(z)

subject to G(x) < 6, z € Q, where f and G are convex.
The duality theorem is equivalent to the statement that
o 1s the maximum intereept of all closed hyperplanes that
lie below the function w(z). This is illustrated in Fig. 3.

Theorem 5: Let f be a real-valued convex function
defined on a convex subset Q of a vector space X, and let
@ be a convex mapping of X into the normed space Z.
Suppose there exists an z; such that G(x;) < 6. Then

inf f(z) = po = mgx inf {f(z) + z*G(x)}
0 ze

G(z) <8 il
O :

and the maximum on the right is achieved by some
20* Z 8.

If the infimum on the left is achieved by some z, € Q,
then

20 *G (xo) =0

and z, minimizes f(x) + 20*G(x), © € Q.
Proof: For any z* > 6 we have

inf [f(x) + 2*G(x)] < inf [f(z) + z;"G(x)]
22 £

z
G(x) <6

<inf f(z)
22
G(zx) <6
= Mo.

Therefore, the right-hand side of the equation in the
theorem statement is less than or equal to . However,
Theorem 2 establishes the existence of an element z,*
which gives equality. The remainder of the theorem state-
ment is given in Theorem 2.

IV. APPLICATIONS

In this section we discuss three applications of the
results developed in the previous sections. The applications
are of some interest in their own right in that they repre-
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sent well-known or important problems, but their interest
here is primarily as vehicles for illustrating the scope
of applicability of programming results in normed space.

A. Linear Programming
First, we consider an example in finite-dimensional
space. Theorem 5 can be employed to produce a short

derivation of the duality theorem of linear programming.
We consider the primal problem. Find

wo = min b’z
subject to

Az > c,x 26
where

“unknown n vector
given n vector
given m vector
given m X n matrix.

bSO R

We assume that there is an 2 > 0 with Az > ¢. We as-
sociate f(z) = b'z, G(x) = ¢ — Az, @ = P in the general
duality theorem and obtain
Mo = MAax min {b’x + Nle — Ax]}.
A8 x>0

The minimization over z is finite only if A’A < b, in

which case the minimum is A'c. Hence the dual reduces to
mo = max ANe
subject to A’A < ¢, A > 6, which is the standard dual

linear programming problem.

B. Optimal Control

Consider a system governed by the set of differential
equations

%) = A@Qz®) + bOu®) )
where
z(t) m X 1 state vector
A() m X n matrix
b(t) n X 1 distribution matrix
u(t) scalar control.

Given an initial state x(f,), we seek the control uy(f) on
[to, 1] minimizing

J = % J: " e )

while satisfying the terminal inequalities
7 () > ¢
where ¢ is a fixed n X 1 vector.

We can write the solution to (4) in the form

2(t) = Bl talt) + f Yo, Db@u@d () -
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where & is the fundamental solution matrix of the cor-
responding homogeneous equation. With this observation
the original problem can now be expressed as follows:
minimize

J = % ft " e )

subject to
Ku>d (8)

where d = ¢ — ®(, to) x(f) and K is the integral operator
defined as

Ku = f " 8(h, Db,

This is a convex programming problem defined on, say,
the vector space of square-integrable functions on the
interval [fp, &] with the constraint space being finite
dimensional. We show below that this infinite-dimensional
problem can be reduced to a finite-dimensional one.

Denoting the minimum of (7) under the constraints
(8) by wo, Theorem 5 gives

Ko = mMax min {J (w) + N(d — Ku)}

A6 w

where X is ann X 1 vector. More explicitly,

Ko = Max min ftl [% u(t) — N, t)b(t)u(t):|dt + Nd

A>0 wu 0

)
and hence
po = max NQX + N'd (10)
A6
where
1 t1
Q= [ 6 0p0vO e o
to

Problem (10) is a simple finite-dimensional maximization
problem. Once the solution X, is determined, the optimal
control u(t) is then given by the function that minimizes
the corresponding term in (9). Thus

u(t) = No'®(t, Db().

C. An Allocation Problem?

Consider a farmer who produces a single crop, say,
wheat. After harvesting his crop, he may store it or
reinvest it to produce more wheat. The farmer wishes to
maximize the total amount stored up to time T.

Letting 21(f) be the rate of production, z,(t) the rate of
reinvestment, and x;() the rate of storage,
and assuming

2 The problem considered in this section has been used by Berko-
vitz[9] as an example that can be solved by the maximum principle.

187

#1() = 22(t) 21(0) = 20> 0
() + z3(t) = 21(d)
il??,(t) Z O)

z) 20, =) 20,

the farmer wishes to operate so as to

T

maximize f z3(t)dt
0

subject to the constraints.
The problem can be expressed entirely in terms of z.(¢) as

maximize LT {j:ivz(T)dT — xg(t)} dt

subject to

xz(t) >0

n(t) = xo + j:xz(f)d‘r > 22(1).

This is an infinite-dimensional linear programming prob-
lem, and, hence, we expect the solution to be on the
boundary of the constraint set. The problem can be
regarded as formulated with z» ¢ C[0, T'] and Z = C|0,
T]. The interior point condition on the constraint z(f) >
x2(?) is then satisfied. Employing the representation of the
positive cone in the dual of C[0, T'], the Lagrange vector
is a nondecreasing function v of bounded variation on
[0, T']. The optimal v is the solution to the dual problem

min sup L(x,, v)
v/ 2220

where

L{xs, v) = LT {j: xo(7)dr —> xz(t)} dt
+ ﬁT {""’ + f(:xz(f)df - xg(t)} do(t).

Integration by parts reduces the above expression to

T
L) = [ @ = 1= 1) + B =01 w0

+ fo " Lo — 22(0) Jo(l).

The supremum of L(z,, v) over all 2, > 0 is finite if and
only if

f [T —t—14oT) —v@®]dt — f av(t)
0 0
is noninereasing, in which case

sup L(xy v) = LT:codv(t).

220
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The minimizing v is thus found by inspection to satisfy

o@) =0, t>T —1

dv (t)

di @ +t+1—-T,o(T 1) =

0<t<T— 1

There is no optimal z, € C'[0, T], but the supremum is
achieved by the discontinuous function

@) 0<i<T -1
xz(t) =
0 T-1<t<T
Hence the farmer reinvests everything until ¢t = T — 1,
after which he stores everything.
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