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P Computer aided mathematical tech-
niques for the improvement of mass
spectrometer data resolution are pre-
sented and discussed. Assuming that
an output spectrum consists of a linear
superposition of pulses, each charac-
teristic of an ion's mass te charge
ratio and relative abunddnce, a
"best" relative abundance for each
ion in a sample is calculated using a
minimum mean square error criterion.
Two computational methods, those of
normal equations and of quadratic
programming, are presented together
with an example that compares their
effectiveness. The characteristic pulse
shapes are shown to be almost Gaus-
sian and based on such an assumption
the ability of these methods to resclve
two adjacent mass pecks in the
presence of noise is discussed. It is
concluded that for less than 40%
overlap the effect of noise on the
ability to resolve is small, while for
overlap greater than about 70%
resolution should be extremely difficult.

IN THE ANALYsIS of chemical sub-
stances by mass spectrometrie tech-
nigues & time-of-flight mass speciramn-
eter iz often employed beeanse of the
advantages which it offers with respect
to size, weight, and speed of analysis.
A serious  disadvantage, however, is
it inherently poor resolution. To over-
come this disadvantage, certain im-
provements in the spectrometer’s ion
gun have been made (5) and, associated
analog devices have been constructed
(¢) to improve resolution. With the
mereased availability of high speed
digital computers it has new become
attractive to use computational tech-
niques to improve resolution, as will be
demonstrated in this paper.

For a sample containing lons of
various mass-to-cliarge ratios, the ideal
spectrum would consist of 4 series of
diserete, narrow pulses, one for each
mass-lo-charge ralio present,  The wm-
plitude of each pulse would equal the
relative abundanee of its corresponding
fon and each pulse’s position on the
time axis would be a function of the
on's  mass=to-charge  ratio.  Decause
of the physical linitations of the svs-
tem, however, these pulses tend not o
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Figure 1.

be narrow but broad.  They may, in
fact, beeome so hrowd that pulses suf-
ficiently close together overlap, thus
giving rise to a continuous rather than
a diserete spectrum.  This  speetrut
may, in turn, be so smooth that the
determination by visual ingpeetion of
relative abundances or even of the
mass peaks themselves hecomes ex-
tremely diffieult.

It will be assumed that for a sample
eonsisting only of ions of a single mass-
to-charge ratio the spectrum will be a
pulse whose shape is a characteristie of
the spectrometer and its control seftings.
For a sample containing ions of vari-
ous mass-to-charge ratios the speetrum
wotld be a superposition of such char-
acteristic pulses.  The arew under each
pulse would be equal to the correspond-
ing ion’s relative abundance and the time
of oceurrence of each pulse peak would
be a funetion of the ion's mass-to-
charge rativ,  Overlapping will oeeur
for pulses sufficiently elose togeiher.

If one knows the characteristic out-
put pulse of the spectrometer, then hy
some relatively simple computational
procedures the spectrum may be re-

solved and the individual mass peaks

obtained.  One complication, however,
it the inherent noise in the system.
Meter, chart, and oseilloscope readings
are not absolutely precise. There is
noise in the amplifiers; power supply
voltages may fluctuate; the vacuum
systems aren’t perfeet, ete.
particular sample it is found that ap to
n distinet, mass peaks may exist one
might ordinasily set up # simultaneous
equations  to solve for the relative
abundances.  However,  due o the
presence of noise this may lead Lo
erroneous  results. Therefore, 16 be-
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Time-of-flight mass spectrometer

comes advantageous fo sel up more
equations than there are unknown mass
peaks and minimize the effeets of this
noise hy eomputing the hest estimates
o the relative abundances o & mean
-‘-([ll&]'ﬂ NOEe,

[t s the purpose of this paper to
briefly examine the shape of the char-
acteristic pulse, introduce two methods
for resolving the mass spectrum huased
on the Jinear superposition wodel of the
spectrometer, and analyze the resulting
BITONS.

TIME-OF-FLIGHT MASS SPECTROMETER

Although the hasie operation of the
fime-of-flight. mass  speetrometer has
bheen well deseribed in the Literature, it
will be reviewed here briefly zo that
the derivation of the characteristic
pudse shape may be better understond.
A more complete deseription ean be
found in ().

Referring to TFigure 1, the sample to
bhe analyzed is introaduced into  the
ionization region where an eléctron
beam ecauses some of the sample to
hecome ionized. The initial positions of
these ions are randomly distributed
with this region, & given ion being
located s centimeters from the end of
the region as shown. A voltage pulse
on one of the grids crentes an electric
field £, which causes the positively
charged ions fo move inlo the accelera-
tion region. There, u hich electric
field FE, enuses the jons to aecelerate
50 thal, they pass into the long, held
free drift region. Tons with different
mass-to-charee ratios will have attained
different veloeities when entering the
drift region and thus will arrive at the
o collector at different thmes.  The
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Table I. Typical Mass Spectrometer

Parameters
Parpneter Symbol Typieal value

Length  of  drift

region 1 40 ¢m.
Lengih of aceel-

ertion region d S,
Lenglh of toniza-

Lion region L 04 em.
Elecirie leld, ion-

iation region E, 320 volts/em.

Eleotrie field, ae-

eeloration region £, 1280 volts/em.

greater the mass-to-charge ratio the
longer will e the drift time.  When the
vesulting curvent at the ion colleelor is
plofied against time, the mass spectrum
is obitained.

Typical parameters as reported by
Wiley and MecLaren (4) are given in
Table L

CHARACTERISTIC PULSE SHAPE

Ideally, the output spectrum of a
time=of-flicht mass spectrometer shonld
be a sequence of sharp, narrow pulses,
each pulse corresponding to a different
muass-to-charee ratio and having an
amplitude proportional to its relative
abundance in the sample. Tor several
reasons, primarily  varvistions in the
initial position and initial velocity of
the ions along the fAight axis, these
sharp pulses tend to hroaden.  Given a
eollection  of dons  having  masz-to-
charge ratios sufficiently close togother
their corresponding pulses may overlap
to =uch a degree that they may not be
clearly distingnished by the unaided
eye.

Tsing the notation of Wiley and
MeLaren (6) the time of flight { is
eiven hy

L=1 4+t 4+ to (1)

where £, t, and Iy are, respectively,
the times of flight in the jonization,
aceelevation, and drift regions,  Using
Newton's second law of motion, it may
he shown that

(2m)He

o= 1.02 ———— [lu,
¢ 1.02 i [lwa =

GV = ()] (2)

(2m)ir2 .
by = 1.02 —;;,7( [ () — (1, =+

gsBYE] (3)

b = 1.02(2m)4*

2t #)

Here w, 15 a kinetie energy computed

fromn  the component of  the initial
veloeity along the axis of Hight and
o= e ogell, 4 gdEy (5)

716 o ANALYTICAL CHEMISTRY

The choiee of plus or minus in Equation
2 deprnds on whether the initial axial
veloeity 18 opposed o or in agreement
with the ultimate direction of fight.
The {actor 1LOZ2 rexalis [rom expressing
fime in microseconds, me, the ion's
A, 48 ao miss number, woand o,
in eloctron volts and ¢, the jon's charge,
i numiber of electronic charges,

The pulse shape caused by variations
in initial energy will first he examined.

It will be assumed that all ions have

the same initial position.  Assuming
a  Maxwell-Boltzmman  distribution  in
the inifigl veloeity of the jons 6) and
letiing v, be the component of veloeity
along the axis of flicht the number of
jons with initial axial velocity between
v, ancl 4= du, is given hy (3)

dNv, =
N ( m )*“ ( mu..‘-‘) B, (6)
e e 13 . ' 1
e \2k e at/) ’
where
N = {otal number of ions present

m = mass of ion
k Boltzman's conslant
T = absolule temperature

fi

In terms of initial energy this becomes

dNw, =

i( L lIu(«:a: (—u—". o (W]
Ve \awrr) “P\Trr) ™

From the expression for fle time of
flight, and for the typical parameters
given previously, it can be shown thal
approximately

da,, 445 S )
- = —= ! (8)
ot vm Vi

assuming singly eharged ions and that

0.1 < 5 < 0.3, From Equations 1, 7.

and 8, it may be shown that approxi-

niately

. 6,04 % 108 Ne [

1 = N exrp =3
A

[ B 2

(1068 —= — (.5 Vs — SLS) ] (@)
Vo

where

¢ = charge on the electron in coulombs
o= méass number of lon

1= ewrrent in amperes

N = total number of ions

t = time in microseconds

5 = initial position of jon incenlimeters

Henee, for all ions located at a given
initial position s the output will be a
pulse of almost Ganssian shape centered
at time t, =uch that

b )
= = 0766 - 0.0604 s (L)

/

Vo

Sinee all tons do not have the same
initial position, there will he some (-
ther distortion of the output pulse and
thiz effect must be laken into aceount
when considering  Fouations 9 and 1.
The derivation of an analytieal ex-
pression in this case hecomes somewhat
difficuls because of diseontinuities en-
eomntered i some of the analytical
expression.  However,  computations
were performed  graphically and  the
results indicated that the characteristic
pulse  remainerd essentially  Ganssian
but with some additional asymmelrival
dirtortion.  This conclusion was suf-
ficient to permit an analysis of the
errors arising from the computationsl
techniques to be presented.

METHODS OF CALCULATION

Congider the time scale shown in
Figure 3(a) and let & (1 = 1.2,...,5)
represent some arbitvary fixed points
on the seale. At ewch & there is
centered o pulse of waplitude @ A
missing pulse iz considerall to be a
pulse of zero mmplitude, as for ¢ = 2
in Figure 2(a). The shapes of all
pulses arve known but need mot be the
same.  When they ave superimposed—
i.e., ab every point in time their ampli-
tudes are added together—the spectrum
of Figure 2(b) is obtained. In the
resolution of a mass spectrogram  the
reverse procedure = applied.  Knowing
the mass spectram, points on the time
axis, and pulse shapes the problem is
to  determine the amplitudes &, A
knowledge of the x, pennits the cal-
eulation of the arveas under the pulses
which in turn equal the relative abun-
dances, The points & are indicative
of the mass-to-charge ratios.

In the discussion io follow it will be
assumed  (without loss of generality)
that all jons from o sample are singly
ionized. Henee, one may consider a
sample as conlaining jons of various
mass  muabers rather than mass-to-
charge ratios.  Assume  that in the
section of speetrum o be analyzed
there may he n miss numbers present,
Let @ be the amplitude of the @
mass  number's  characteristic pulse,
i = 1,2, ..., n Note that z, = 0,
the equal sign applying when ions of a
particular mass number wre not present.

Congider the spectrum  shown i
Fignre 3 and let it be divided into m
discrete points. At the j* point. the
amplitude, g, i« equal to & sum of
vontributions made by each of the n
mass numbers in the spectrum.  Each
coutribution is  proportional to  the
relative ahundance of the contrilbwting
mass number's jons, Let the contri-
bution of the i mass number to the
amplitude of the spectram of the jo
point be ajc. Then, in general, one
can write
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the solution, # i= the one that makes

J
solution & were substituted, then one
abitains v = 2 e, where, in general,

Jd
W= e Hence, there is an ervor
e whose square is

e = U — ﬁl)g "13.)

Y= - Ay [ie][* & minimum, where ¢ is the norm
(an of the error. The norm of an w~di-  If the squared errors for the m equa-
mensional veelor ¢, whose components tions are wlded together, one obtains
. are e (4 = 1, 2, ..., n), is given by m
U = Gt A Gocks 4 .. 0T . e llel* = 22 e ar, in matrix notation
| = - =1
. . . | = 72 f ¢ he con
I matrix notation this becomes i|cf, ( E & ) ig Ay fl.]fa . = i . 3N
: = fell* = (g = AD)7(y — 4B (14)
y=ds (12) sidered the magnitude of the veetor in where the supersevipt 7 indicates the

where p is an w3 L oeolumn veelor,
£ois an o X1 eolumn vector, and (1
i an o Xn matrix, The elements of
A ave calonlased divectly from a knowl-
edge of the characteristic pulses, the
locations of possible mass peaks, and
the spacing befwoen the y,.

If m = n, the number of equations
woulid equal the number of unknowns
and the solution would simply be & =
A7y But because of noise, the solu-
fion would be unveliable and  sinee
more information than just 2 points on
the speetrum are known, there shonld
be more aceurate methods of compuiing
the amplitndes.  Henee, one may set
up more equations than there are un-
knowns (m > w) and solve them in
some optimal way.,  Two such methods
are indieated helow,

The eritevion for the optinal solu-
tion is as follows. It can be assumed

the n-limensional space.

In the examples to follow, two as-
sumptions were made to simplily  (he
computation of the characteristic matrix
Ao TF the mass numbers involved ave
not too small and the range of mass
unmbers over which the analysis s
to be earried out is not too zreat, then
the characterisiic pulse shape may be
considered constant over this range and
consecutive mass peaks on the lime
scale equally spaced apart.  Inaddition
to simplifying the computation of -,
these assumptions permit. the relative
abundances to be wiven by the pulse
amplitndes vather than just the polse
areas, I greater aceuracy is desired or
it analysis over the same runge of
miss numbers s frequently  carvied
out, it may become desirable to muke a
more  accurate  computation  of  the
matrix .

transpose of o matrix.  The optimum
solition 2 is the one that will make
lell* a minimum. The selution to
this prablem is (see Appendix I)

=047 ATy (15)

Althougly  these  calenlations  are
straightforward, there is nothing in the
method of solution to prevent one or
more of the computed relative abun-
dunces to come out nesative, as illus-
trated in Table IT. To overcome this
drawback, the method of  quadeatic
programuming may be used to solve y
= Az,

Table ll. Computed Relative
Abundances

LRelative abundances
(I = 100)

Mass _Computed by

that the noise in the svstem has zero g > " "
mean, that is, the readings y, are METHOD OF NORMAL EQUATIONS M N:_f:ﬁ'“ ](;",',',:l ”"‘::;H;L’_”I‘
just as likely to be too high as they are The matrix equation y = & eon- 7 1.2 L2 0.6
ton low. With Equation 12 cor- sists of e linear equations in w un- 79 0.5 0.5 0
responding (o an estimate to the  knowns where m > n. Becaunse of St 4.2 4.1 5.5
solution, one ean enleulate 7, or what noise in the system, these equations are ;g _1211 II; 1 ):: 5
the veudings should be i there were no not all consistent.  That is, i one took 85 16 7 160 20 2
noise.  The difference helweon g, the two groups of o eguations each and 4 Lo N 100 1) 1001
not=y  observation, amd G, the noise solved them =inulianeonsly, he would bl —0.4 f o
free estimate to what the readings oblain wwo different sets of solutions. tﬁ "'Jn ﬁ & ""'R -l‘. {:: 6
should be, is an ervor veetor ¢. 1t will Sinvee  withour any other o priord \L 0= 0 0

he assumed that the best estimate to

knowledge, it must be assumed  that
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METHOD OF QUADRATIC PROGRAMMING

It is again desired to choose an @
sueh that the squared ervor, [lel]* s
minimized. Henee,

lete)]|* = (p = Aw)ty — Ax) =
(AT — 2yt Az + yTy (16

musk be minimized with respect lo
subject o the consteaint & = 0 (no
negative ahundances).  The method of
solution s an ileadive  procedure
wherehy o sequence ol veelors @,
22 oL are ealenlated sueh that they
convarge  to the optimal  solution.
An initial solution @ (= 0) is chosen.
From this o new solution &' is cal-
culated by first computing &', then
aat, then @'y ete, until all n components
of ' have been determined. In {he
same manner vector f s eomputed
from &' and so on. By noting the rate
at which the solution converges, one
ean  terminate  the iterative process
when the desired aceurney has heen
obtained.

The procedure  for  this
deseribed in (), s as follows:

[IOCOSS,

Figure 4. Mass spectra of krytopn

[a) Krypton-84
(b)  MNormal krypton

EXAMPLES

To illustrate the effectiveness of these
two methods of caleulation, data were
taken from a paper by 13, R. I. Kendall
2) and the methods applied. The
data were in the form of an output pulse
for a sample containing krypton-56
{giving the characteristic pulse) and
the spectrum  observed for normal
krypton,  These are shown in Figures
Ha) and 4(h), respectively. Sixty-
four equations were solved in eleven

2, %0 = maz(0, w, 1)

whore

e 1=1

J=it

1 i=1 T ‘ | (l?)
w ) = — —{ 3 qum, At 4 S qea, —b,
L

Q= A741

That is, always caleulate w Y from
the most up=to<date  components of
@ aviilable.  For example, in caleulat-
ing 5", use 29 throngh "% and g,
through @™, 16w %Y iz negative, set,
L equal to zero. Otherwise, set
L egnal tow st This method is
quite simple to implement on a com-
puter and some results wre given in
Table TL

COMPARISON OF METHODS

The question of which method one
should use depends on the given situa-
tion. In quadratic programming the
optimal estimates of the relative abun-
dances are constrained to be nonnegative
and, ftherefore, if an abundanee were
actually zevo it could never he estimated
low., Thus the constraint tends to
introduce  hias. Conzequently, if
several runs are o be averaged normal
equations rather than quadratic pro-
gramming should be applied to each
run. Quadratic  programming  could
then be applied to the average.

A simple and offen effective procedure
i= to replace negative abundances
obtained by pormal equations  with
zero and  leave all other values the

same,  This provedure. however, wen-
erally  leads 1o somewhat  different

answers Trom those ohtained by quadra-
tie programming and  therefore gives
larger expected squared-errovs,
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h=yrd

unknowns.  The results are shown in
Table T1. The ecomputations
made on the Burroughs I3-5500 com-
computer at Stanford TUniversity. 1t
may be seen that the small negative
relative abundances caleulated by the
method of normal equations tumed ont
to be zero under guadratic programming.
Otherwise, the two methods give
results which are in fairly close agree-
ment with each other and with the
handhook values.

ERROR ANALYSIS

If there were no noise in the system,
then n equations in 7 unknowns would
completely  determine a speetram re-
gardless of how much two adjncent
peaks overlapped.  Due (o the presence
of noise, however. this will not be
possible and  Tor each measurement
made (point in the spectrum) there
will be some error.  The question now
it how broad the characteristic pulses
van be for, to what degree two adjacent
pulses may overlap) before the noise
limits the ability of the analysis to
resolve mass preaks,

Because of noise, every observation
o s egual 1o oa linear combination of
the relative abundances phis some noise,

r
or, iy, = E i, x; + w, where g, is the
vl
' element of the y vector, o, are ele-
ments of the L matris, and w, is the

WEere:

observation noise of the j* measure-
ment,  The complete matrix equation
is

y=Ar +w (19)

where y, 1, and ¢ are as before, and w
is anm X 1 noise veetor.  The optimal
estimate without the consideration of
noise—i.e,, w = 0—is

F= (drA)14Ty (20)
The error, defined as # — z, hecomes

At =4 —a =
(ATA) APy — (4 — w)] =
(A7) A (21)

Statiztically, the ereor Ar may be
expressed  hy its  covariance matrix
B(AxAxT), an n X n matrix whose
elements. are F(Ar.Az;), the expected
values of Ar:Ar;. This matrix may be
expressed as
E(AwAz™) =

El(ATA) AT A(AYA) Y] (22)
The only random variable on the right
side of Bguation 22 isw. Hence,
EfAxAz?) =

(ATA) 2 ATE(ueaw™) ATATA) Y (23)
Now, E(uww?) is an m ¥ m matrix
whose elements are FOeae). If it is
assumed that the measurement errors
are uncorrelated with zero mean and
that the variance of each measurement
is the same [ = ¢¥), then

Flwae,) =0 i<
J

Elwpaw,) = ¢* i=3 (24)
aned

Elvw?)y = o4
where [ is the identity mairix. Hence,

(B AzAzl) =
FATA) T ATAATY) T =
cHATA) Y (25)

The covariance matrix of the error is
then equal to ¢* times the inverse
mautrix used to solve for the optimal
catimate itsell.

For specific values a,,, the elements
of .1, the matrix 470" may be




(a)

(b)

Figure 5. Correlation between adja-
cent pulses

{a) Small correlation
(b} Large correlation

casily computed. However, if one
assumes an analytical expression for the
characteristic pulse shape (such as a
Gaussian-shaped pulse) then although
the matrix A7A may be expressed
analytically, an analytical expression
for its inverse may be hard to find.

Up to this point no simplifying as-
sumptions regarding matrix A have
been made and the analysis that leads
to Equation 25 has general validity.
[n fact, the pulse shape need not be
Gaussian. Further analysis in such
genernl (erms could be carried out at
the expense of great complexity and
effort. Therefore, (o obtain some use-
ful results with reasonable effort, it
will again be assumed that over the
range of interest each mass-to-charge
ratio has the same pulse shape and that
the mass peaks are equally spaced
along the time axis. The matrix A7A
will then be of the form

’-ﬂu € C2 ... f-‘n.—t—
() o O - Cra
ATA = () Oy [ - e Cu—y (26)
|_C'n—1 Cn—2 Cng o . o _|

where the elements ¢ are the inner
products of the various columns of A
and are a measure of how well a given
pulse will correlate with another pulse
k steps away. Thus, ¢ will be the
largest of the c. and the rest will he-
come suceessively smaller, or,

o > (1 > (s > > Ca 127)

[f this sequence is rapidly decreasing
there iz little correlation or overlap

between pulses, 4s shown in Pigure
5(a). II the sequence decreases slowly,
there is greater correlation or overlap,
as shown in Figure 5(b). The overlap
between two pulses is here defined as
follows. If x(t) and p(t) are the ex-
pressions for two pulses, as shown in
Figure 6, the overlap p is given by

f ) x(t) y(t) dt

P = @ @ ue
[f .va(t)d!f y*(t)dt:l
(28)

If the two pulses are identical in shape
and separated in time by T seconds
Equation 28 reduces to

f ) z(tye(t — T)di
s =S (29)

f z*({)dt

Note that in both Equations 28 and 29,
lp| < 1. In the discrete case, the
overlap is defined in terms of summa-
tions rather than integrals. The terms

o,
— give the overlap hetween two pulses

k mass numbers apart. The char-
acteristic pulse shape from the mass
spectrometer is Gaussian. This leads
to a matrix ATA of the form of Equa-
tion 26 with ¢; = p* (where for con-
venience it is assumed thatec, = 1).

Although a simple analytical ex-
pression for (ATA)' cannot be found
even when it has the known form ¢, =
p% it is possible to derive an approxi-
mate expression for the inverse valid
for very large matrices—ie., n >> 1.
This has been shown in (4).

Of primary interest are the diagonal
terms of the matrix ¢%(A74) ! since
they represent the variance of the error
in any one estimate. These elements
are all the same and their value is
denoted by %

It can be shown (4) that as n — =,

@

z (—1)k+t .ptk—m:d

GE = k=1
Z (=1 (2 — 1) pu—m;!
k=1
(30)
at
g x(1) ~y{1)
TIME (1)

Figure 6. Correlation between two
pulses
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Figure 7. 'MNoise vs. amount of over-
lap

This expression, which is plotted in
Figure 7 can be used as a fairly relinble
estimate of the error in situations where
the pulse shape is approximately Gaus-
sian and which involves several pos-
sibly overlapping pulses,

The case p = 0, corresponds to zero
overlap and ¢,? = ¢,% That is, the
varianee of the error in the estimate
is the same as the variance that would
be oblained had each mass number
been observed individually by the
spectrometer, subjeet to the same noise
conditions. As the overlap between
adjacent pulses inereases, p increases,
For p < 04, 0,2 = o,% However,
between p = 04 and p = 0.6, the
variance will increase by almost a
factor of 4. After p = 0.6, the variance
inereases sharply. Henee, there exists
a practical limit as to how much over-
lgp can be tolerated until the error in
the estimate loses ifs usefulness. Of
course, keeping the measurement noise
a,* low will help somewhat, but due to
the sharp increase in o,%/e,* after
p = 0.6, this reduction in noise will
not be as great a help as one might
wish.

The spectrum of normal krypton
shown in Figure 4(b) has p = 0.6 so
reliahle estimates are to be expected.
If, however, the spacing between mass
numbers were reduced by 50%, p
would inerease to p =~ 0.8 and even
the finest measurements would not
allow the resolution of the spectrum,
sincefor p = 0.8, 0% /a,® > 106

CONCLUSIONS

The resolution of mass specfrometer
data by ecomputational techniques is
feasible and may be used to good
advantage as long as the overlap be-
tween adjacent pulses is not too high.
For overlaps greater than about 609,
the error in the estimate may no longer
be of wvalue. This will happen re-
gardless of how carefully one might
make his measurements.
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APPENDIX |
It is given that
o= Aux (11)
where ¢ is an m X 1 vector, £ is an
n ¥ 1 vector, A is an om X 1 matrix,
and m > n. 1t is desived Lo find @ such
that
lell2 = (w — Az, y — Az)  (12)

is a minimum. Let the vector
which wminimizes |[¢|* bhe £ Suppose
r is replaced by £ 4 ef where € is a
parameter and £ is an arbitrary n X1
vector. Then, since & is the optimal
solution

eta]* =
(ﬂ o A(.E + E.C)J
y — Alg + ) = e* (3)
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The squared error ||e(e)||* is & continuous
funetion of ¢ and achieves its minimum
at ¢ = 0. Therefore, its derivative
wilh respect to e must be zero at e = 0.

Hence

o dle@le|
de e=(
2AE, AD =2 (y, A (14
and
(AF =y, Al) =
(ATAE — ATy, ) = 0 (15)
Since Equation 15 must hold for all
¢ it follows that
ATAE — ATy =0 (16)

and
F= (ATA) A%y (17)
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