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Boundary Recursion for Descriptor Variable
Systems

DAVID G. LUENBERGER, FELLOW, IEEE

Abstract— An n-dimensional descriptor variable system has, in general,
a family of selutions. It is shown in this paper that if the system satisfies
the properties of solvability and conditionability, the family of solution is
n-dimensional and the set of tweo-peint boundary values that are
consistent with the system can be expressed as the solutions to a linear
system of equations involving only the boundary values. This equation is
termed & boundary mapping equation and it provides a compacl
representation of the system. The boundary mapping generalizes the
state-transition maltrix associated with state variable systems.

If a set of n boundary conditions, independent of the boundary
mapping equations, are appended to the original system, then 2 particular
solution is defined. The boundary values can be found by solving
simultaneously the boundary mapping equation, which represents the
system, and the specified boundary conditions. Once the boundary values
are known, (he intermediate descriptor variables can be found recursively
from the original system equuations. Hence, the boundary mapping
equation provides an effective solution method.

The boundary mapping of a descriptor variable system can itself be
found by a recursive process, referred to as boundary recursion. In this
process (he boundary muppings are found over successively longer time
intervalg, This paper presents the boundary mapping theory, describes the
recursive processes required, and applies both lo some special cases,
including general linear time-invariant systems and adjoint sysiems.

I. INTRODUCTION

DESCR_IPTOR variable systems occur frequently in system
theory, often as natural representations of physical or
economic systems, or as the necessary condilions representing
optimal control. optimal estimation, or dynamic economic equi-
libria. Hence, it is important to understand the structure of such
systems and develop efficient methods for solving them. This
paper presents a powerful and general method for solving linear
descriptor variable systems based on a generalization of the state
trapsition matrix associated with state-space systems.

A linear discrete-time descriptor variable system defined on the
time interval [0. V] has the form

E(k+Dx(k+D=Alk)x(k)+ Blk)uik) (1

for k = 0,1, 2, ---, N = 1. For each k, x(k) is an n-
dimensional vector of descriptor variables and w(k) is an m-
dimensional vector of inpur variables. The matrices A (k), E (k
+ 1), B(k) are of dimensions n x #n, n % n, and n x m,
respectively.

Two fundamental concepts for such systems are those of
solvability and conditionability [1]. and these play a central role
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in this paper as well. The solfvability matrix is

r 1
—A i E(1) =
1 —A(l) E£(2) i
'__ I I
S= i . i
: E(N-1) :

' —AN-1D | E(V)
[ o

)

The conditionability matrix C is the submatrix in (2) which is
enclosed by the dashed lines. The system (1) is sofvable if S has
full rank (that is, rank #N). The system (1) is conditionable if the
matrix C has full rank [that is, rank 7(N — 1)]. It is easy to show
that if either of these properties hoids for the interval [0, N] then it
also holds on any subinterval [k, /], 0 < k < [ < N.

Solvability means that the full system of equations represented
by (1) is of full rank, so for any input sequence there is an 7-
dimensional linear variety of solutions. If the system is solvable,
then conditionability implies that a unique solution (within the n-
dimensional linear variety) can be specified by appending a total
of n boundary conditions, involving the values x(0) and x(V). In
general, for descriptor variable systems these boundary conditions
cannot all be specified at one end.

It is natural to associate with (1) the homogeneous system

E(k+ Dx(k+1)=A(k)x(k) )

fork =0, 1,2, ---, N — 1. Solvability and conditionability
clearly depend only on the structure of the homogeneous system.

This system of equations defines a subspace of allowable
descriptor vector sequences x(0), x(1), --+, x(V), and this
subspace will be n-dimensional if the system is solvable. We seek
an efficient representation of this subspace, for then we will have
an n-dimensional representation of the n(N + 1) unknowns that
comprise the entire sequence of descriptor vectors. The key
concept of this paper is that an efficient representation can be
given by describing the feasible boundary pairs (x(0), x(N)). If
the system is solvable and conditionable, a characterization of this
set of boundary combinations yields a complete characterization
of the system.

The system (3) puts linear restrictions on the boundary points,
It is reasonable to represent such restrictions in the form

Zox(M+Zyx(NY=0
for some matrices Z, and Z.. Hence. the search for a complete

characterization amounts 10 a search for appropriate matrices Z;
and Z..

II. Bounpary MAPPINGS

Motivated by the above. we introduce the following fundamen-
tal definition,
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Definition I: A boundary mapping corresponding to a
homogeneous descriptor variable system (3) isan 7 X 2n matrix
Z(0, N) = [Z4(0, N), Zy(0, N)] such that the sets of pairs (x(0),
x(N)) satisfying

Zy(0, N)x(0)+ Zy(0, N)x(N)=0 (4)

is exactly the same as the set of pairs (x(0), x(V)) for which there
are intermediate values x(1), x(2), * - -, x(N — 1) which together
with x(0), x(/V) satisfy the system equations (3).

We see that in terms of characterizing boundary points, the
entire system (3) can be replaced by the boundary mapping
equation (4). In this sense, the boundary mapping equation is
entirely equivalent to the system itself. It summarizes the
restrictions placed on the end points by the system. Note,
however, that the boundary mapping is not unique since it may be
multiplied by a nonsingular 7 X n matrix.

Note also that we have carried the indexes 0, V to the boundary
mapping Z. This is because it is useful to consider Z(k, /) for
various values of &, /. Indeed, the calculation of Z can be carried
out recursively by changing the indexes one step at a time.

The. boundary mapping is analogous to the state-transition
matrix of a linear state variable system, and in fact is a direct
generalization of it. To see this. consider the homogeneous state-
space system

x(k+1)=Alk)x(k).

Let ®(0, N) denote the corresponding state-transition matrix.
Then the relationship ®(0, N)x(0) — x(N) = 0 holds, and fully
represents the system’s restrictions on the boundary points.
Hence, this is the boundary mapping equation for this case, and
we can set Z(0, N) = [®(0, V), —1].

The following theorem shows the equivalence of the boundary
mapping concept and the fundamental concepts of solvability and
conditionability.

Theorem 1: Corresponding to a homogeneous descriptor
variable system (3). a boundary mapping Z(k, /) exists and has
full rank (that is. rank #1) for all k, / satistying 0 <= k </ < Nif
and only if the system (3) is solvable and conditionable on [0, N].

Proof: Let @ C R™ be the set of all pairs (x(0), x(N))
which have valid extensions as sequences x(0), x(1), ==+, x(N)
that are solutions to (3). & is the projection of all selutions onto
the 2n-dimensional subspace represented by (x(0), x(/V)). The
existence of a boundary mapping Z(0, N) of full rank is
equivalent to the condition that @ be a subspace of dimension n.

Suppose that dim @ > a. This means that the dimension of the
subspace of solutions to (3) is greater than n, which means that (3)
is not solvable. Suppose that dim 8 < 1. Since the dimension of
the subspace of all solutions to (3) is at least 1, there must in this
case be two solutions with distinct sequences x(1), x(2), -+, x(N
— 1) and having the same boundary values x(0) and x(/V). This
means that C is not of full rank, and hence that (3) is not
conditionable. Hence, the above two arguments together show
that solvability and conditionability are necessary for dim @ = n.
The converse of the two arguments establish that solvability and
conditionability together are sufficient for dim @ = », and hence
for the existence of a boundary mapping Z(0, N) of full rank.

Furthermore, if (3) is solvable and conditionable over [0, N],
then it is also solvable and conditionable over any subinterval [k,
f]. Hence. a Z(k, I) of full rank exists.

When a systemi is solvable and conditionable, the boundary
mapping essentially collapses the system of equations (3), defined
for each time period. into a single equation involving the end
points. This equation completely characterizes the system since:
1) any solution to the original system satisfies the boundary
mapping equation; and 2) any (x{0), x{N)) satisfying the
boundary mapping has a unique extension as a sclution to the
complete system (3). The relation defined by the boundary
mapping jumps over the intervening variables and equations while
preserving their influence.

[EEE TRANSACTIONS ON AUTOMATIC CONTROL. VOL. 34. NO. 3. MARCH 1989

The concept of efficiently representing a descriptor variable
system by its projection on the end-point space was first proposed
in [2], where it was shown, in fact, that the concept works even
for nonlinear systems. However, in the nonlinear case, the
boundary mapping equation may itself be nonlinear. This paper
applies the general concepts and prescriptions of [2] to the special
case of linear systems.

ITI. Bounpary RECURSION

It was shown in [2] that boundary mappings can be computed
recursively even for nonlinear systems. This implies that bound-
ary mappings can provide an effective way to solve descriptor
variable systems. The details of the recursive process for the
linear case are explicitly worked out in the next few sections.

A recursive procedure for calculating the boundary mapping
equation begins with a single-stage system. The very first (block)
equation in the system (3) represents a boundary mapping between
0 and 1. Hence, we can define Z(0, 1) = [—A(0), E(1)]. We
show that boundary mappings Z(0, &) can be found recursively by
increasing k one step at a time. Each recursion requires only
elementary linear operations of dimension n.

We shall go through the first step in detail. Consider the matrix

E(1)

—A(0)
[ —A(1) E(Z)] : (3)

By solvability. this matrix has full rank (that is, rank n). By
conditionability, the submatrix consisting of the central (block)
column also has full rank. Hence, it is possible to apply a
nonsingular transformation to (5) to obtain

E(l)

F G||-40 _|zoz|l 4
H J ~A) EQ|T|x 1 Y

where all submatrices are n % n and 7 is the identity matrix. This
requires only n-dimensional linear algebra, since the essential
ingredient is that of determining a basis for the central (block)
column,

The upper part of (6) implies that

Zyx(0)+ Z;x(2)=0.

Since the matrix on the right of (6) is of full rank, it follows that Z
= [Z4, Z.] is of full rank. Hence, we set Z(0, 2) = Z, and it is a
boundary mapping for [0, 2].

The overall matrix

X 1 Y ]
Ze 0 2
—A(3)
- —AN=1) E(N)

has the same rank as the original solvability matrix (since it is
obtained from the original by a nonsingular transformation).
Likewise the matrix (7) with the first and last (block) columns
deleted has the same rank as the original conditionability matrix.
Therefore, it easily follows from the position of the identity and
the zero matrices in (7) that the matrix obtained by dropping the
first (block) row and second (block) column

Zy Z,
-A@) E3)

- A(3) (8) -

T —A(N=-1) E(N)
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has these same properties. This represents a homogeneous
descriptor variable system which simply jumps over x(1) and is
defined for the variables x(0), x(2), x(3). +-+, x(N). This
reduced system is also solvable and conditionable. This completes
this first step.

The process continues by applying an analogous transformation
to the top two (block) rows and left three (block) columns of (8) to
eliminate x(2) and obtain Z(0, 3). This process is continued until
Z{(0, N) is obtained.

It is useful to write the recursions explicitly.

Boundary Recursion Process

Given a solvable and conditionable system (3):
1) Initialize: Set
Zy(0, 1)= —A(0), Z,(0, 1)=E(1). ®

2) Recursion: Given Z(0, k), find a nonsingular 2n X 2n matrix
with blocks F., Gy, Hy, J; to transform the (block) column [Z,(0,
k), — Ak w0, 11". Then X, Y, and Z(0, k + 1) = (Z,4(0,
k + 1), Ze (0, k + 1)) are defined by

Fk Gk ZQ(O- k] Zk(os k) 0
H, J; 0 —=A(k) E(k+1)

| o0, k+1) 0 Zi (0, k+1)

X, I Ye L
Note that the recursion for Z can be writien as
Zo(0, k+ 1)=F, Z,(0, k)
Zi (0, k+1)=GE(k+1). (11)

Also, as we shall show below, the X’s and ¥, s calculated as part
of this process can be used to obtain the intermediate descriptor
vectors x(k), k = 1,2, +-- N — 1, once the values of x(0) and
x(N) are known.

Example 1: Consider a simple two-period system on [0, 2] with
constant £ and A matrices defined by

010 1 00
E=10 0 1 -A=10 0 0
001 010

In the time-invariant case it is known (2] that solvability and
conditionability are implied by the property det[sE — A] # 0. In
this case det[sE — A] = —s, so the system is solvable and
conditionable. Define P as the 6 X 6 matrix which permutes
rows—interchanging 1st and 5th, 2nd and 6th. Then

oo =00

|
|
4 m
|
1]
CCoC—000
S—=0 0 —9

which has an identity in the bottom portion. Define R as the 6 x 6
matrix that carries out the row operations which zero out the top
portion—subtract Sth from 2nd, and 6th from 3rd. This gives

=A E
RP[ —A E]

0 0 00 0 0!0 0 1
0 0 010 1 00 0 |
0 1 010 0 1i0 0 0
=R | ==mmmmmees demmmm e s mmeenn—e
00 0y1 0 0i0 1 0
I 0 0}0 1 0j0 0 O
00 0i0 0 Li0o 0 0
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00 00 0 0:0 0 1

-1 0 070 0 0,0 0 1

0 1 0110 0 0:'0 0 0

= | memmmme e wm—— _:.. —————————— _: ———————————

00 0;1 0 0!0 1 0

10 0y0 1 0!0 0 O

00 0;0 0 1 0 0

The upper left and right blocks define the boundary system with

¢c 00 00 1
Zi=| -1 0 0| Z=|0 0 1
010 00 0

IV. BounparYy CONDITIONS AND SOLUTION PROCESS
The boundary mapping equation

Zy(0, N)x(0) + Zy(0, N)x(N)=0 (12)
completely characterizes the restrictions on x{0) and x(N)
implied by the system (3). A particular solution to (3) is obtained
by further restricting x(0) and x(N). This can be done by
imposing an n-dimensional two-point boundary condition of the
form

Wox(0)+ Wyx({N)=w (13)
where W = [W,, Wy] has rank n. However, it is clear that for
(13) to represent n conditions that are independent of the system
structure itself, it is necessary and sufficient that the 27 X 2n
matrix [W7, Z7(0, N)] be nonsingular. This then gives a
complete characterization of suitable boundary conditions for the
descriptor variable system (3). We state this result as a proposi-
tion.

Proposition 1: A boundary condition (13) defines a unique
solution to a solvable and conditionable system (3) if and only if
the matrix [W7, Z(0, N)T] is nonsingular.

Suppose now that a boundary condition (13) satisfying the
requirements of the above proposition is specified. How can we
find the corresponding sequence of descriptor vectors x(k), k =
0,1, 2, -+, N? This is done by using the matrices X, and Y
determined as part of the boundary recursion process.

We first use (12) and (13) together to solve for x(0) and x(N).
We then work backward determining x(N — 1), XN =-2), --,
x(1). Specifically, assuming that x(0) is known, and x(j)fork <
J = N are known, then '

X(k)= = X, x(0) - Yix(k+1). (14)

This follows directly from the decomposition (10).
V. GENERAL SOLUTION

We now extend the analysis to the nonhomogeneous system (1).
When written out for each period, this system has the form

—A(0) E() x{0)
=A(l) E@2) ()
S A=i) EN) | | x(™)
B(0) u(0)
B(1) u(l)
3 : (15)
BIN-1) | | wnN=1

The boundary recursion process amounts to multiplication on the
left by a nonsingular matrix. If that same process is applied to
(15), that nonsingular matrix will multiply the coefficient matrix
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on the right as well. The boundary mapping itself corresponds to
one (block) row of the resulting system. Hence, taking account of
the right-hand side, it is clear that the boundary mapping equation
will have the form

Zo(0, NYx(0)+ Zn(0, N)x(N)x(N)=pv(N-1)

where the right-hand side v(N — 1) is a linear combination of the
u(k)'s. Hence, the structure of the boundary mapping is exactly
the same as the homogeneous case, except that it will have a
nonzero right-hand side. In particular, this means that the
Proposition concerning suitable boundary conditions of Section
IV applies to the nonhomogeneous case as well.

We may determine the right-hand side as part of the boundary
recursion process. It is easily seen from the top part of (6) that

Zy(0, 2)x(0)+ Z:2(0, 2)x(2)=1v(1) (16)
where
v(1)=F; B(0)u(0) + G\ B(1)u(l).
It is convenient 1o set
u(0)=B(Mu(0). (17
Then by recursion we find
Zy(0, K)x(0) + Z,(0, k)x(k)=v(k—-1) (18)
where
v(k)=Fu(k—1)+ G B(k)u(k). (19

The recursion (17)-(19) therefore defines an inductive process for
determining the right-hand side of the boundary mapping equation
in the nonhomogeneous case.

The recursion above can be explicitly related to the matrix form
of the system by noting that after k steps of the boundary
recursion process the top portion of the systern has the form

Z,(0, k) Z(0, k) 0 ;((2))
0 ~A(k) E(k+1) x(k+1)

_ v(k—1)
= [B(k)u(k)] - 0

It is transformed by a nonsingular transformation to

[Zﬂ(O.k-I-l) 0 z,,”(o,ku)] ;((2))
. ! Y x(k+1)

_| Fe Ge v(k=1)
- [Hk % ] [B(k=)u(k)] = ¥
Suppose now that a boundary condition of the form

Wyx(0)+ Wyx(N)=w (22)

is appended to the nonhomogeneous system (1). If this boundary
condition satisfies the requirements of the Proposition of Section
IV. there will be a unique solution (x(0), x(N)) to (22) and the
boundary mapping equation

Zo(0, N)x(0)+ Zy(0, N)x(N)=v(N-=1). (23)
The complete sequence of descriptor vectors x(k), k=0,1, 2,
<=+, N can be found by using the X, and Y, matrices as in the
homogeneous case and the A, and J; matrices. The proper
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recursion is easily seen from (21) to be

x(k)=—Xx(0)— Yix(k+ 1)+ Heo(k =D+ S B(Ku(k). (24)

Hence, starting with x(0), x{N) as determined from (22) and
(23), the other descriptor vectors can be found in reverse order,
starting with x(N — 1).

VI. TiME-INVARIANT SYSTEMS

For linear time-invariant systems, the idea of generating
boundary conditions that represent a system has been indepen-
dently developed by others. In particular, see [3] for a goed
development of this idea for state-space systems, and [4] for an
extension to descriptor systems. An alternative but closely related
approach was developed in [5]. Of course, in the time-invariant
case a much simpler recursion, based on taking powers of
matrices, can be developed directly from the system description.
We shall work out such a recursion here by specializing the results
of the previous sections.

A time-invariant homogeneous descriptor system has the form

Ex(k+1)=Ax(k) (25)

where E and A4 are constant, independent of k. In the case of a
time-invariant system (25), the definitions of solvability and
conditionability are modified to require that the solvability and
conditionability matrices be of full rank for every positive integer
N. It is known [6] that then solvability and conditionability are
equivalent, and that each is equivalent to the requirement that det
[sE — A] # 0. This is in turn equivalent to the classic notion that
the pencil of matrices defined by (£, A) is regular; see [7].

A system which is regular as defined above can be transformed
through an equivalence transformation to a special form. Specifi-
cally, there are n X n nonsingular matrices P and Q such that [7]

PEQ= [{) gb] PAQ= [‘ff ?,]

where Ej, is n, X ny, Asis np X nmy, and ny + my = n. (The
subscripts b and f refer to backward and forward components of
the system.)

In the classic canonic form of this type, E, is nilpotent.
However, other choices are possible. For example, it can be
arranged that both E, and A, have all eigenvalues within the unit
circle [8] (also see [5]).

We can use this representation to derive explicit recursion
formulas for the boundary recursion process. The first step of that
process is indicated by a partitioned form of

Fel[-a £ o] [z 0 2z
[H J][O _A E]_[XI}’]' 27

This is shown below. In this representation, all indicated
submatrices have appropriate dimensions.

(26)

A4, 011 0 —A; 0 L1 0100
0 70 E 0 -1 0 E,40 0
------ e ] B i I
I 010 0 0 0 i-4 071 0
0 00 =1 0 01!0 -Ii0 E
1
—4r 0 b0 oir 0
= ! z
(00 00 B e
-4, 0 1 1 010 0
0 0}V 0 110 -E
i
Hence
Az 0 I o
= 7 po—
Zs [ 0 -1] Z [0 Eg] @)
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We see that the basic structural form is preserved, so that the same
general block form can be used in subsequent steps.
The general solution can be seen (o be

a0 lr oo

a3 0] o[ 2]
rofl, |o o

S BHES

A% 0 I 0
ZO(OI k]= - [ Oj [:| zk(_nt k)= [0 E;b,] - (30)

Hence, by using these matrices in the general procedure of

Section III, we have a method for solving any (regular) time-

invariant system (once it has been put in the canonical form).
Suppose there are boundary conditions

Wox(0)+ Wyx(N)=w. (31)

Write the transformed version of the W matrices as
[Wor Wopl=Wo0~", [ Wy, Wapl= W0

Then, according to the Proposition in Section IV the boundary
conditions are independent of the boundary mapping of the system
if

Wo Wop Wy Wy
-AY 0 I 0
o' -r o EN

is nonsingular. Simple column operations show that this is
equivalent to the requirement that the matrix

[Wort A} Wiy, Wip+E} Wyl (32)

be nonsingular. This adds further explanation to [8] where this
condition arises,

VII. ApjoinT EQUATIONS

Another important and interesting example of a descriptor
variable system consists of a state-space system and its adjoint.
Such systems represent the necessary conditions of many optimal
control problems, optimal estimation problems, and dynamic
economic equilibrium problems. These equations generally have
boundary conditions appended at both ends. The set of acceptable
boundary conditions of such systems can be completely character-
ized by the boundary mapping obtained by the boundary recursion
method through the Proposition of Section IV. The boundary
recursion method also provides an efficient method of solution.
The key observation is that the special structure of the adjoint
equations is preserved by the boundary recursion process.

Consider a system

X(k+D=A(k)x(k)—R(kINK+1)
A=A TNk + 1)+ Q(k)x(k) (33)

k=0,1, -, N - I. In standard descriptor variable form the
system has the form

I' R(k) x(k+1) _| Atk) 0 x(k) (34)

0 AT || AMhk+D) -0ty 1) rxe0 | ¥
Now we claim that the boundary mapping Z(0, k) has a similar
structure; namely,

I B(k) x(k) _ | Ptky 0 x(0) (35)
0 C(k) Ak} E(k) 1 AO) |7
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We verify this by using this assumed ‘orm to calculate Z(0, & +
1). We use the top of (35) to eliminate x(k) in (34). This yields

X(k+1)=ADx(0)— ABNKk)— RNk + 1)

Ak)=AT(k+1)+QDx(0)— OB (k) (36)
where we have temporarily dropped the index k on all matrices
since these indexes are identical. We then solve the bottom of (36)
for (k) and substitute into the top of (36) and the bottom of (35).
This yields

x(k=1)=A{I-B[I+QB]~'Q}Dx(0)
~{AB[I+QB] ' AT+ R}N(k+1)
ClI+0QB]'"AT\(k+ 1)={E~-C[I+ QB] ~'OD} x(0)+ \(0).
This has the same structure as (35) with
B(k+1)=AB[I+QB] 'AT+R
Clk+1)=C[I+0B]'AT
D(k+1D)=AlI+BQ)'D

E(k+1)=E-C[I+QB]-'QD (37)
where a matrix identity was used to simplify the expression for
Dk + 1).

Suppose now that Q(k) and R(k) are symmetric and positive
semidefinite. (This is the case in optimal control and estimation.)
Then by induction we have for all &

i) C(k) = D(k)T.

ii) B(k) is symmetric and positive semidefinite.

i) [7 + Q(K)B(k)] " and [I + B(K)QK)] " exist.

iv) E (k) is symmetric.

There is, of course, a close connection between this method for
this problem and the discrete Riccati equation method of solution.
The boundary recursion method is more general, and gives a
complete characterization of allowable two-point boundary condi-
tions. Furthermore, once the boundary mapping is computed, a
solution to the system is easily obtained for any suitable boundary
conditions.

VIII. CoNCLUSIONS AND EXTENSIONS

The boundary mapping is a fundamental concept for descriptor
variable systems, generalizing the state transition function for
state-space systems. The associated boundary recursion method is
a powerful general method of solution which generalizes the
recursive process for computing the transition matrix. If a
descriptor variable system is solvable and conditionable, the
boundary mapping is a complete summary of the system's
influence on the boundary points, and the recursion method will
progress without breakdown.

As pointed out in [2], the boundary recursion method for
solving a system can be considered to be dual to the double sweep
method [1] (see also [3] and [4]). The double sweep method
sweeps initial conditions forward (or terminal conditions back-
ward) so that a complete set of conditions is obtained at one end.
The descriptor variables at that end can then be found, and all
others found by a reverse sweep. In this method existing boundary
conditions are moved closer together until they meet at a common
point. The boundary recursion method on the other hand
determines the boundary relations that are inherent in the system
structure. Later, given boundary conditions can be appended to
determine a particular solution. In this method the inherent
boundary relations are moved further apart until they reach the
end points of the system. This duality is an extremely important
concept.

The boundary mapping theory and the boundary recursion
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process are presented here for linear time-varying systems. Both
of these concepts, like that of the state-transition function, can be
generalized to nonlinear descriptor variable systems [2]. How-
ever, as would be expected, the results are somewhat less specific
than in the linear case. Nevertheless, this generalization again
points out the fundamental nature of the boundary mapping
concept, and it is expected that it will be useful in other
investigations of descriptor variable systems.
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