A Simple Folynoinial Estimator

Let x(t) be a signal which is continuously
oliserved in time starting at £=0. At time
T'>0, the signal is therefore known on the
interval [0, T]. A simple technique for
smoothing or predicting the signal is to ap-
proximate it by a polynomial on [0, T]and
use the polynomlal as if it were the signal.
In real-time operation this procedure re-
quires the [urmalation of a new palynomial
estimate at each time T’ [t is necessary to
develop a scheme for the continuous updat-
ing of the appreximating polyvnomial.

Suppose the signal x(4) is approximated
by the (z—1)th degree polynomial
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New coefficients o T) must be found for
each T.

This simple estimation scheme is obvi-
ously only a special case of much more gen-
vral schemes whose solution can be ohtained
in recursive form by solving @ matrix Riccati
ditferential equation.’ The point of interest
here, however, is that for the special scheme
described alove, the coefficienss a, (T} =atisly
an equation of the form
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where e T is the instantineous error
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and the b's are constants,

Thus to implement the scheme, it is
necessary only to store the constants ;. It
is not necessary to find or store a matrix
Riceati solution.

The solution to this problem can be ob-
tained as a simplification of the more gen-
eral approach, but it is perhaps nicer to
proceed directly,

Straightforward application of the pro-
jection theorem (or alternatively setting of
partial derivatives to zero) vields the
necessary conditions
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for k=0,1,2, -+, n—1,and forall T.
Differentiation with respect to T" yields
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Dividing by 7% and writing these equations in matrix form, one obtains
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Thus
by
(1) = f’.;_em

where g is the ith component of the solutinn
of the equation

Hh=1
where 1 s the vector with unity in each oom-
patent and M is the Hilbert matrix
[1/G+i~1]

Since the Hilbert matrix H is ill-condi-
tioned for large #,° severe numerical errors
may oceur if the b vector is found by use of
a standard numerical procedure. An alternat
tive algorithm is given by Trench.*

Actyally, an explicit (although perhaps
nwot greatly practienl) expression lor the
rompenents & can be readily obitained. The
Hilbert matrix
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is 2 special case of the Cauchy matrix
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A general expression for the inverse of a
Cauchy matrix s given by Trench and
Seheinok® and this can be applied to the
present case to abtain
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As a fual remark, it appears that the
simple form of this estimator cannot be ex-
tended to similar situations, For example, a
corvespanding filter does not seem to exist
for a discrete-time polyvnomial Glter.
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