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ABSTRACT

This paper describes a computational method,
based on the finite-dimensional duality theorem of convex
programming, for the solution of a wide class of optimal
control problems. The method converts an optimal control
problem having terminal constraints to a series of uncon-
strained problems that can be rapidly solved by standard
gradient techniques. The method is applicable to problems
having either fixed or free terminal time,.

I. INTRODUCTION

In this paper a computational procedure is proposed for
solving the following class of optimal control problems:
given the dynamic system

x(t) = £(x(t),ult),t) x(t ) = x_ fixed; (1)

find the control input function u(t) that satisfies the
constraints

u(t) ¢ Ux,t), (2)
Gx(t,),t ) <9, (3)
and minimizes the real-valued objective functional

W(X(’Cf),tf)- (4)

*This research was supported in part by Joint Services
Contract Nonr 225(83) and in part by Contract
DA-01-021-AMC-90000(Y) awarded to Stanford Research Institute.



COMPUTING METHODS IN OPTIMIZATION PROBLEMS

The function f takes its values in Euclidean n-space
En and is assumed to be continuously differentiable with
respect to x and u. The subset U(x,t)CE_, which deter-
mines the admissible control values, is usually a connected
set depending continuously on x and t. In addition to Eq.
(2), the control function is required to be piecewise
continuous,

The terminal time may be either fixed or free.
The only constraints on th£ state vector x occur at the
terminal time ¢t and are described by the inequality Eq. (3),
where G is an m—-dimensional vector-valued function of x
and t. Problems having integral constraints or an integral

objective functional of the form
t

e, uce), ) at

o

can, as is well known, be converted to problems of the type
described above. As presented here, however, the procedure
is not applicable to problems having state vector constraints
at each t e [t _,t_], but the method can be modified to
handle these probléms as well.

The selection of a suitable computational procedure for
such a problem depends essentially on the nature of the
constraints (i.e., the set U and the function G). In the
special case of no constraints and fixed final time, a variety
of effective computational methods are available including
the gradient method (1), the method of conjugate gradients
(2,3), parallel tangents (4), and Newton's method (5). Most
of these techniques are ea511y modified to account for the
constraint u(t) € U[x,t], but often cannot be modified to
handle the terminal constraints in any generally effective
manner. In this paper it is shown that the efficiency of
these routines for solving unconstrained control problems
can, in conjection with duality theory, be exploited to solve
constrained problems,

In Sec.IIl the essential elements of duality theory for
mathematical programming problems upon which the proposed
method is based are presented. Then in Sec.III the proposed
method is described for constrained optimal control problems
having fixed terminal time., The method is extended to prob-
lems with free terminal time in Secs. IV, V, and VI. Examples
of the method are presented in Sec.VII.

II. BASIC PRIMAL-DUAL ALGORITHM IN FINITE DIMENSIONS
LLet ' be a convex subset of an n-dimensional vector

space X, and let V be a real-valued convex functional on TI.
Let F be a convex mapping from [' into Euclidean m-space En
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A general convex programming problem has the form

minimize {(x)

subject to x eI, G(kx) < 0 (5)

In order to avoid certain singularity difficulties, it
is assumed that the origin 6 ¢ Em is an interior point of the
set

{z: G(x) ( z for some x ¢ r)

This is referred to as the regularity condition.
Definition: The dual function ¢ , corresponding to problem
(5), is defined on the set

I'* = (A ¢ E :inf [¥v(x) + N'G(x)] > -w)
xel
by the equation

®(A) = inf [¥(x) + A'G(x)]. (6)

xel

The following duality theorem, which is a direct
consequence of the Lagrange saddle-value theorem (6), is
applicable under the assumptions stated abovel and forms the
basis for the primal-dual method:

Theorem: Let

by = inf (y(x): x € T, G&x) < o) (7)
be finite, then
M, = max p(A) (8)
DO :

Furthermore, if A is the maximizer of Eq.(8) and the
infinum of Eq. (73 is achieved by x , then x minimizes
Vo) + AGx). ° ©

The primal-dual method for solving Eq.(7) consists of
solving, instead, the dual problem Eq.(8), which has simpler
constraints. Of course, evaluation of @(A) for any given A
itself requires the solution of a minimization problem, but
one that is unconstrained.

+ Define the set A C R X Z as A = {(r,z): For some x ¢ T,
G(x) < z, f(x) < r}. Then the duality theorem holds if

the regularity condition is satisfied and a is convex,

Convexity of A 1is implied by convexity of [', ¥ and G.
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In the course of the primal-dual procedure, the dual
function is maximized either by a simple search technique if
m is small (say m = 1 or 2), or more often by a gradient-
based technique such as steepest ascent or conjugate gradi-
ents. Such gradient techniques for solving the dual problem
are particularly attractive in view of the following obser-
vation:

Lemma: Given A let x be a minimizer of V(x) + A'G(x),
—-— (o} 0 . .
subject to x € I'. Then K'G(xo) < 0 implies @(KO +R)§¢(AOL

Proof: o(A  + A) = inf {£(x) + %;G(x) + N G(x)}
<Ex ) + AGx ) + A'G(x )

< f(xo) + %&G(xo)

m(Ko).

The above statement says that the vector G(x ) defines
a half-space of nonascent for the function ¢ and is there-
fore a so-called subgradient of ¢ at %0. In particular, if
¢ has a gradient at A _, it is equal to G(x ).

The primal-dual mgthod for solving the Qonstrained
problem Eq{5) proceeds by first selecting A > 6, solving the
unconstrained primal problem Eq.(6) to evaluate o(A\) and
its gradient, and then changing A, according to a gradient-
pased technique, to increase ¢; and so forth. A single
constrained problem is therefore converted to two interwoven
simpler problems.

III. FIXED TERMINAL-TIME CONTROL PROBLEMS

Consider the fixed terminal-time optimal control
problem
minimize W(x(tf)) ]
subject to G(x(tf)) <8
u(t) € U(x,t)
x(t) = £(x,u,t)

(9)

with x(t ) specified. Here the explicit dependence of
and G on t_ is suppressed since t is fixed. This problem
can be solved by the primal-dual method by formulating the
control problem in the finite-dimensional space of terminal
state vectors x(t_.) and considering the finite-dimensional
problem of minimizing V¥(x(t_ )) subject to G(x(t_)) 6 and
x(t ) eI, where [ is the s£t of end points attainable from
x(to) by application of admissible controls.
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Assuming that ¥ and G are convex functions and that
I' is a convex set (this assumption is examined below),
application of the dual method converts the constrained
control problem to the problem:

max { min [W(x(tf)) + x'G(x(tf))]}
D6 x(t)er
AeEm

The interior minimization reduces to a control proklem of
type Eq. (9) but without terminal constraints. This problem
is therefore susceptible to any of the standard minimization
routines. The exterior problem can be solved by a finite-
dimensional gradient-~based technique as discussed in Sec.II.
In order to guarantee the success of this approach,
some assumption must be made concerning the nature of the set
' Obviously, it is sufficient that [’ be convex, but in
most practical problems involving nonlinear differential
equations this assumption is probably not justified. This
assumption can, however, be replaced by a weaker, more
realistic, assumption.
Suppose that the terminal state vector x(t ) is
partitioned as f
y
x(tf) = ,
w

where dim y = p and dim w = n - p, Suppose further that
in the original optimal control problem both the terminal
objective functional  and terminal constraints G can be
written as explicit functions of the vector y. Thus

W(x(tf)) = y(y)

G(x(tf)) G(y).

Often in large complex control problems p is considerably
less than n. In rocket guidance, for instance, objectives
and constraints are often expressed in terms of position
variables only, without explicit reference to velocities.
Definition: The optimal control problem Eq. (9) with
Y(x(te)) = ¥(y), G&x(t )) = G(y) is said to satisfy the
weakened convexity hypoOthesis if the set

Yy = {y: x(tf) = z for some w and some admissible control}

is convex,

The set y consists of all reachable y points in
the p-dimensional space. An equivalent characterization of
Y 1s that it is the projection of the set I in En onto
the space generated by the first p components of x(tf).
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Convexity of y 1is a weaker assumption than convexity of T
since, for example, in the extreme case where p=1, T
need only be connected for 7Y to be convex.

As a general rule, for a given system, the weakened
convexity assumption is more likely to be satisfied as p
is reduced. Therefore, it appears that in considering
various problem formulations the analyst might well strive
to select ¥ and G so as to minimize p.

Satisfaction of the weakened convexity assumption is,
of course, sufficient to guarantee success of the primal-
dual algorithm since the optimal control problem is then
equivalent to

minimize ¥ (y),
subject to G(y) <o
YeY

1V. WEAKENED CONVEXITY FOR VARIABLE-TIME PROBLEMS

Now consider problems with unspecified terminal time of
the form T
minimize w(x(tf),tf)

subject to x = f(x,u,t), x(t) givenp (10)
u(t) e Ux,t) ©
G(x(tf),tf) < 8.

P

A problem of this form having particular interest is that of
hitting a target, specified by G[x(t )] < 6, in minimum
time; i.e., W(x(t ), t ) =

Since the add1t10nal varlable t is introduced in
these problems, one must consider the geometry in the space
XxT. In Xx T, let I be the set of all points attain-
able from the dynamical system by use of admissible control
functions, and, in a manner similar to that if the previous
section, let Yy be the projection of I onto the subspace
Y X T where Y represents the space of variables appearing
explicitly in ¢ and G.

Let 7T be the set in the space Y, which is the
cross-section of y at time t. From the discussion in the
previous section, can be argued to be convex in many
cases, although v 1€se1f may not be., The sets Y , however,
are for many systems, increasing as t 1ncreases,

i.e. 71 (S for t, < t,. In these cases the t-axis can

ty t 1=~ 27

be rescaled monotonically so that Yy , when drawn with
respect to this new variable, say t', is convex. Such a
transformation from the variable t to the variable t'
changes the form of the underlying differential equations
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and the cost functional, but it is assumed that with respect
to the new variable the usual convexity requirements are
satisfied.

As an example, in the problem of hitting a target in
minimum time, if Yy is not convex but can be made convex by
a monotone increasing transformation t' = m(t) , then the
problem can be regarded as minimization of t' and all the
convexity requirements will now be satisfied. Finally,
observe that it is not actually necessary to perform the
transformation to t' as indicated since minimization of t°'
is itself equivalent to minimization of t. It is only
necessary to hypothesize that an appropriate transformation
exists so that the theory is justified.

For the general variable terminal-time problem, it is
sufficient to require satisfaction of the following:
Weakened Convexity Assumption:¥ Let Y be the subspace of
X, which explicitly appears in G(x(tf),tf) and
¥(tf),tf). The optimal problem satisfies the weakened
convexity hypothesis if there is a monotone increasing trans-
formation of the t-axis such that the projection of the set
' onto Y X T is convex, and the functions y(y,t) and
G(y,t) are convex on Y x T.

V. COMPUTATIONAL PROCEDURE FOR VARIABLE TERMINAL TIME

In this section the primal-dual algorithm is applied

to variable terminal-time optimal control problems. The
method is based on the following special duality theorem.
Theorem: Under the weakened convexity assumption, problem
(10) is equivalent to

max min min {y(x(te),te) + N'G(x(te),te))
A6 uel  tg

Proof: The two minimizations are equivalent to minimization,
over the convex set y , of an objective function that is
itself a convex function. Hence, the equation can be con-
ceived as

max min {(V(y,t) + A'G(y,t))
> (y,t)er

* The weakened convexity assumption implies convexity of
the set A in footnote T,
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Now by ordinary duality theory this is equivalent to

minimize W(y,t)
(y,t)er

subject to G(y,t) <6.

This is the desired conclusion.
The algorithm for solving such problems is now read
from Eq.(11) as follows:
(1) For a given A>6, use any standard algorithm to
find u € U minimizing the objective functional

m%¥ {W(x(tf),tf) + K'G(x(tf),tf)}

(This is discussed in greater detail below.)

(2) Maximize with respect to A by using any
standard gradient-based routine by using the fact
that the gradient is G(x(tf),tf).

The weakened convexity assumption is sufficient to
guarantee the success of this method. In practice the method
has been successful for a large number of complex rocket
problems where the weakened convexity assumption could not be
verified. 1In general one would expect the method to succeed
in many well-posed problems.

VI EVALUATION OF GRADIENT FOR CONTROL SUBPROBLEM

As a fundamental step in the procedure outlined in the
preceding section, one must solve an optimal control problem
of the form*

Minimize {min w(x(tf),tf)}

t
f

subject to x(t) = f(x(t),u(t),t), x(t ) given
u(t) e U(x,t).

A number of effective algorithms are available for
problems of this kind that require evaluation of the gradient
of

J = min t t
¥ (x( f), f)

t
f

with respect to wu. The problem can be written alternatively
as

* Here V¥ + A'G has, for convenience, been replaced by V.
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mzn w(x(tf),tf)

subject to x = f(x,u,t), x(to) given
u(t) e U(x,t).

tf = arg min y(x(t),t) (12)

Therefore, the gradient can be computed for the problem of
minimizing V¢ subject to the usual differential equation
constraint and the additional constraint Eq.(12), which
seérves as a stopping condition, since it determines tf once
a control function u(t) has been selected.

To first-order, the incremental change in the cost
due to a change &u in control and a change Stf in the
final time, is

f
& = zﬁ n'(t) D(t) du(t) dt + wlt "Bt (13)
\. O f
where N(t) = =F'(t) n(t), ﬂ(tf) = wxltf
of
F(t) = 5;3
J
rBf.]
1
DO = |55
J

The change &t is determined by the stopping condition Eq.
(12) but is of no direct importance at present since the
total derivative of  with respect to t, ¥, is zero at
t., and, hence, 5t does not enter Eq. (13). Thus, the
gradient of § with'respect to u is simply the funetion
n'(t) D(t).

In a typical application, then, one changes u by
some constant multiple of this gradient and integrates the
equations of motion forward until the optimal t_  is found
satisfying the stopping condition Eq.(12). 1In case there are
constraints u € U(x,t), the standard methods for selecting
u on the basis of the gradient can be employed.

If it turns out that &t is positive during one of
these iteration steps, the new step will require selecting
u(t) on an interval that is larger than that on which it
was previously defined. It probably makes little difference
how u is selected on this interval, but one possible method,
having certain theoretical Justification, is to select u(t)
SO as to minimize wxf(x,u,t) + wt subject to u € U(x,t).
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This tends to reduce VY f + ¥ to zero as soon as possible
and hence minimizes thexnew . In the problems solved so
far, however, the control func%ion has been extended to a
larger interval when necessary by using the same value as at
the last available time instant.

VIiI. EXAMPLES

Two examples illustrating the type of results obtained
by the primal-dual method are presented in this section.
Both examples consider Van der Pol's equation, which in
state variable form is

X1 T %

. 2
X, =X + (1 - xl) X

9 1 + u,

2
with initial conditions xl(O) =1, xz(O) =0
1. Fixed Time, Minimum Energy to a Line

In this problem one seeks to minimize
5

2 2 2
- 1
J 2Jf (x1 +x, +u ) dt
0

while satisfying the terminal constraint

—x1(5) + x2(5) = 1.

In dual form the problem becomes
5 ' (14)

max min % (x2 x4 uz) dt + A[-x,(5) + x,(5) -~ 1]
A u 1 2 1 2

The derivative of the dual function is simply
H() = -x_(5) + x_(5) - 1, where x_(5) and x (5) are taken
as the terminal sfate variables resulting from the indicated
minimization in Eq. (14). The problem was solved by finding
A to make H(A) =0, which corresponds to a stationary point
of the dual function. The equation H(A) = 0 was solved
using regula-falsi (7) starting with A, = 0.0, A, = 1.0.
In each case the unconstrained optimal control su%problem
was solved using the method of parallel tangents. The result-
ing succession of trajectories is shown in Fig. 1.

2. Bounded Control, Minimum Time to a Disk

In this problem the control u is constrained to
satisfy ‘u(t)l <1, and the objective is to minimize time
to the disk
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2 2
X, + (x2 - 1) < .04.

In solving the problem by the primal-dual method, the
objective function was taken to be t°/10 so that at each
stage of the iterative process the mogified objective func-
tion was

2
tf/10 + ?\[xi + (x, - 1)2 - .04]

2
for some positive scalar A. Each of the optimal control
subproblems was without terminal constraints but was subject
to |u(t)] <1, which rendered solution by a gradient-based
technique somewhat slow but still feasible.

Starting with A, = 0,5 and ). = 1.5, a stationary
point of the dual func%ion was found %y regula-falsi.
Representative trajectories, optimal for various A, are
shown in Fig, 2,
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