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ANALYSIS OF THE ASYMPTOTIC BEHAVIOR OF OPTIMAL CONTROL
TRAJECTORIES:
THE IMPLICIT PROGRAMMING PROBLEM*

C. D. FEINSTEINT anp D. G. LUENBERGER:

Abstract. The asymptotic-behavior of the optimal trajectories of the infinite horizon control problem
with discounting, is characterized by a static optimization problem. In the undiscounted case, the limit point of
the optimal dynamic trajectory is the steady-state that minimizes the kernel of the objective functional. The
corresponding static characterization of the limit point in the discounted case. called the implicit program-
ming problem, is derived. The implicit programming problem is a mathematical programming problem with
the special feature that part of the solution is contained in the definition of the problem. All results are
achieved in the context of a sufficient maximum principle, which is shown to be equivalent to the other
approaches taken in the literature to perform the dynamic analysis. The equivalence is based on convexity
conditions assumed in the current dynamic theory. The class of problems that satisfy such convexity
conditions is characterized in terms of a property of vector-valued mappings conceptually related to
monotonicity.

1. Introduction. The objective of this paper is to characterize the asymptotic
behavior of the solutions of the optimal control problem defined on an infinite horizon:

minimize J’ Lix,u,t)dr ' (1.1a)
(V]

subject to X()=f(x(1), uit), r), _ (1.1b)

x(0) = xq, (1.1¢)

(x(1), u(t)e X x U <R"XR™ for each t€[0, ). (1.1d)

The variable x € R” is the state variable, and the variable ¥ € R™ is the control
variable. The set U =< R™ may depend on x(¢) and ¢, explicitly. In that case, we shall
write U = Ul{x, t), where U(x, 1) is a set-valued mapping from X x [0, 00) to 27", the set
of all subsets of R™. L is a real-valued function and f is n -dimensional.

In this paper, we present a static characterization of the optimal steady-state
trajectories of a subclass of problem (1.1), the optimal control problem with discount-
ing. In this problem, a familiar model in mathematical economics, the kernel of the
objective functional is L(x, u, t)=e¢ "l(x, u) where p is the discount rate, and the
system is autonomous, f(x, u, t) = f(x, u).

It is known [26], [27] that the optimal trajectories of the discounted problem
converge to a steady-state, under certain conditions. What is interesting about this
property is that it follows from essentially static, geometric conditions about the data of
the problem. We exploit this fact and characterize the optimal steady-state trajectory by
a static optimization problem, the impl,cit programming problem. With this approach,
we are able to determine the asymptotic properties of the optimal dynamic trajectories
without having to solve the full dynamic problem itself.

Itis often the case that precise knowledge of individual trajectories of a model is of
less importance than the information that the optimal dynamic trajectory converges,
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and converges to a particuiar point. Such limit points provide important information
about the construction of approximate optimal trajectories. Moreover, the static
characterization offers a convenient method for investigating the sensitivity of the
optimal trajectory to various modelling assumptions; in particular, the sensitivity of the
optimal steady-state to the discount rate is relatively easy to analyze using the implicit
programming problem.

In the next section, we recall two approaches to the dynamic analysis of problem
(1.1), given by the maximum principle, and the Hamiltonian dynamic system. In § 3 we
present a third, equivalent characterization of the optimal dynamic trajectories that is
given by sufficient conditions for dynamic optimality. The equivalence of these three
approaches is a result of the basic convexity assumption invoked in the dynamic theory.
This equivalence is discussed in § 4. The sufficient conditions provide a somewhat
different perspective on the problem, and suggest a decomposition of the analysis into
static and dynamic parts; the static aspect is interpreted as a supporting hyperplane
result. In § S we give conditions under which the basic convexity assumption holds. In
the last section, based on the decomposition perspective, we formulate the -implicit
programming problem and present a series of theorems that verify that the solutions to
the implicit programming problem are the optimal steady-states of the optimal control
problem with discounting.

2. Characterization of the optimal dynamic trajectory.

2.1. The maximum principle. The most familiar approach to the analysis of
optimal control problems is based upon the necessary conditions for dynamic optimality
that are expressed by the Pontryagin maximum principle [21]. The maximum principle
has been extended by Halkin [12] to problems defined on an infinite horizon. In the
process of that extension, Halkin proposed a relaxed concept of optimality, which is
able to distinguish between trajectories even if the objective functional diverges. This
extension of the maximum principle provides a set of necessary conditions that must be
satisfied by a weakly overtaking-optimal trajectory. We include the following
definitions for completeness, and then state the main result.

DEFINITION 2.1. A trajectory of problem (1.1) is a pair {x, u) such that:

(i) x is a continuous, piecewise continuously differentiable function from [0, o)
into X < R";

(i) uis a pleceW1se continuous function from [0, 30) into U < R

(i) s =flxur ), 1) for almost every re[0, ¢):' and

v x 0= xq.

DEFINITION 2.2. A trajectory (x*, u™)is said to be weak!y overtaking optimal if for

any feasible traJectory x, u)and any Te [0, 00) and any £ >0 there exists a = T such
that
r 4

J Lix* u* Ndr—¢e = ( L(x, u. n)dr,
{)

Ju

(2.1 lim sup J [Lix,u, 0= Lix* ™ 01]di =0,
3]

e

“ Halkin defines the words “for almost every {0, 27 to mean “for all 10, X} with the possible
oxception of @ set £ such that [{i[a, A is finite for every closed bounded interval [u, p12[0, 17 {12, p
265n ] Similariv, piecewise continuity is qualificd with respect to finite seis. Thus i imphes that vis absolutely
continuous on 19, x. We shall employ Halkin's ternunology. (See {127 for further details: alternate

definitions are given m (17} 13}, and {2].)
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Other relaxed concepts of optimality have been proposed for the infinite horizon
problem. In particular, weakly overtaking optimality is a modification of the concept of
overtaking optimality, which was employed by Gale [10] and may be expressed as

(2.2) lim ian‘ [L(x,u,t)—L(x* u* 0]dt=0.
0

>

A review of some of these concepts may be found in [15]. Brock and Haurie [5] gave
conditions for the existence of overtaking- and weakly-overtaking optimal trajectories.
We shall not be directly concerned with existence theories in this paper.

THEOREM 2.1. (Maximum principle). Let U be a closed subset of R™. Let (f, L) be a
continuous function from R" x U x[0, o¢) into R" X R whose first derivatives with respect
to the first n arguments exist and are continuous over R" x U x[0, o).

If a trajectory (x*, u™®) is weakly overtaking-optimal for problem (1.1) then there exist
a nonnegative number po and a continuous, piecewise continuously differentiable function
p from [0, o) into R" such that:

(@ I(po, p(ONf=1;

(i) plt) = —a/dE[H (& u*(1), t, po, P(1))]e=<rr for almost every t € [0, );

(i) Hx*(), u™(), 1, po, p()Z H(x*(D), u, t, po, p(tWu e U, Yt [0, 0);
where the Hamiltonian, H, is defined as

(iv) H(x, u,t, po, p(t)) = —poLi(x, u, H+{pt), fx, u, 1)),

Proof. See Halkin [12]. O

It is important to note that the maximum principle for the infinite horizon problem
does not contain a transversality condition describing the behavior of the costate
variable, p(t), as ¢ approaches infinity. In particular the boundary condition
lim, .. p(t) = @ is not generally satisfied.

It is also not proper to assume that po > 0 (hence taken as 1), in general. This is the
so-called normality assumption. Bliss [4] has given necessary and sufficient conditions
for normality in problems in the calculus of variations; Berkovitz [3] has given a
sufficient condition for normality in the control problem formulated on a finite horizon.
Conditions for normality on an infinite horizon are not known at present. However,
since the theory presented in this paper is essentially a sufficiency theory, our conditions
will be written for the normal case.

2.2. Convexity theory and the Hamiltonian dynamic system. Another approach
to the analysis of the optimal control problem has been studied by Rockafellar ([23],
[25]-{27]). The main theme of this approach is the replacement of differentiability
assumptions by convexity assumptions. The trajectories of the optimal control problem
are then characterized by the Hamiltonian dynamic system. In his development of the
application of convexity theory to the optimal control problem (1.1), Rockafellar [27]
considers the problem of Lagrange, for an infinite time horizon,

(2.3a) minimize I L(t, x(2), x(¢t)) dt
0

(2.3b) subject to x(0) = x,.

The essential assumption that is made in the analysis of (2.3) is that L(¢, -, ) is a
lower semicontinuous convex function on R" xR" with values in (—o0, +oc], not
identically +00; i.e., a lower semicontinuous proper convex function [23, p. 24].
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The relationship between this problem and the optimal control problem (1.1) is
effected by the formulation of the image function, L* (x, ¢, 1), defined by

{inf {Lix,u ty:v=fix,u, 0),ue Ulx, 1)}
(2.4 L*x.e,n0=14 "
+oc ifxgXore# fix.u, )VueUlx. 1)
The problem (2.3), in which the image L*(x, ¥, 1) replaces Lz, x, x) is known as the
deparametrized problem, in which the control parameter u has been eliminated. The
effect of the control variable is felt as an infinite penalty, through the definition of
L*x, ¢, 1) (2.4). Young [29] discusses the idea of control as a parameter in calculus of
variations problems. Zachrisson [30] investigated the role of convexity theory in
deparametrized problems. More recently, Goodman [11] analyzed a deparametrized
formulation of the control problem.

The main results that can be achieved using this problem structure ([23],[25]) are
that the optimal state-costate trajectories are solutions of the Hamiltonian dynamic
system, defined by the subdifferential equations,

12.5a) x(t)ed,H*(t, x (1), plt})

and

(2.5b) p(t)e —a H*(t, x(1), p(1)),

with the Hamiltonian defined by the conjugacy formula

(2.6) H*(t, x, p) =sup {(v, p)—L*(t, x, v): veR"}.

The operator 8, is the subdifferential operator. The subdifferential of a function
at a point is the set of all subgradients of the function at that particular point. If the
function happens to be differentiable at the point x, the subdifferential reduces to the
gradient of the function at x [24, Thm. 25.1]. For completeness, we include

DEFINITION 2.3. A vector s is said to be a subgradient of a convex function h ata

point x if
(2.7) hiz)=hix)+(s,z—x) Vz

The relationship of the state-costate trajectories that satisfy the Hamiltonian
dynamic system (2.5) and the state-control-costate trajectories that satisfy the neces-
sary conditions of the maximum principle (Thm. 1.1) was discussed in[23, Example 12].
It was shown that if a state-costate trajectory is a solution to the Hamiltonian dynamic -
system, where ! and f also satisfy the smoothness assumptions of the maximum
principle, then there exists a control trajectory corresponding to the state-costate
trajectory, such that all the conditions of the maximum principle are satisfied for the
normal case (po=1). Further, in terms of the data of the control problem, the

Hamiltonian H* is equal to the optimal value Hamiltonian,

(2.8) H*(x, p, 1) =sup {{p, f(x, u, 1)) = L{x, u, 1)}.

However, if the image function is indeed a lower semicontinuous proper convex
function, there is yet another possible characterization of the optimal trajectories of the
control problem. This third characterization is equivalent, in this case, to both the
maximum principle and the Hamiltonian dynamic system, but is of a somewhat different
nature, since it follows from sufficient conditions for dynamic optimality. It is discussed
below.
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3. A sufficient maximum principle and the support property. The next theorem is
an extension of a result established by Peterson [20]. The sufficient maximum principle
provides a context for all our subsequent developments. As we shall show, the more
familiar characterizations of the optimal trajectories of problem (1.1) (given by the
maximum principle or the Hamiltonian dynamic system), are actually equivalent to this
sufficiency theorem, under the particular convexity assumptions that are generally
invoked in the analysis of the optimal control problem.

THEOREM 3.1. (Sufficient maximum principle). Let (x*, u™) be a trajectory
(Definition 1.1) of problem (1.1). Let p* be a continuous, piecewise continuously
differentiable function from [0, <C) into R". Define the Hamiltonian, H(x, u,t, p) =
—L{x, u, t)+{p, f(x, u, t)). Suppose that:

(1) Hx*t), u*(t), ¢, p*(0) +(p™ (1), x* () Z H(x, u, £, p* (1)) +{p™(2), x)V(x, u) €
X x U, for almost every t € [0, 00);
(ii) Hm,. {p*(t), x*(2)) exists, and there holds

—0< ,11,12 (p*(t), x*(r)) = lim inf (p*(¢), x (1)) < + 0,
for any feasible state trajectory.
Then (x*, u™) is overtaking-optimal for the optimal control problem (1.1).
Proof. Since (x*, u*)is a trajectory, *(¢) = f(x*(¢), u™(1), t) holds for almost every
t€[0, ). Let (x, u) be any other trajectory of problem (1.1). Then assumption (i)
implies that, for any 7 < + 0,

T

j (= L), w*(0), 1)+ d/di(p™ (1), x*(1))]) dt
0

T

gj (= L(x(t), u(t), 1)+ d/det[{p*(1), x(2))]) dr.
0

Then

T

J [L (x(2), ulr), t)— L{x*(t), u*(t), )] de =(p*(T), x(T)—x*(T)).
[+ .

Hence,
T

lim inf J’ [L(x, u, t)—L(x* u*,t)] dtzli;n inf {p*(T), x(T)—x*(T))
o >0

T
=0, by (ii). 0O

As Peterson [20] observed, no differentiability or continuity assumptions are
invoked on L or f, directly, in Theorem 3.1. Moreover, condition (ii) of Definition 2.1
may be replaced by the simple inclusion, u*: [0, 20) -» U, since the continuity properties
of u* are irrelevant.

The assumption (i) of Theorem 3.1 occurs frequently in economic analysis, and is
called the support property.

DEFINITION 3.1. A trajectory (x*(t), u*(t)) is said to be supported if there exists a
continuous, piecewise continuously differentiable function p*: [0, ©0) > R" such that

—L(x*(t), u®(t), ) +d/dtl{p* (1), x* U N]= —Lx, u, ) +{p* (1), f(x, u, 1)) +{p*(1), x),

(3.1) V(x, u)e X x U, for almost every t € [0, o),
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The support property was defined by Gale [10] (he referred to a supported
trajectory as '‘competitive”). More recently, Haurie [14] generalized the support
property to suggest an approach to nonconvex problems of the form (1.1). Following
Cass and Shell [7], the support functional

(3.2)  Hix,u, t, p* (1) +{p*(1), x)=—L{x, u, ) +{p*(1), flx, u, ) +{(p*(1), x),

may be interpreted as the profit rate given by the state control pair (x, u) at the “‘price”
p*, at time +. The sufficient maximum principle indicates the optimality of a “‘greedy”
solution, one maximizing the profit rate at each instant and minimizing the asymptotic
worth of the state variable, given by the inner product of the state and the supporting
function, (p*(1), x*(1)). :

It is evident that the concept of optimality provided by the sufficiency theorem is
completely dependent upon the asymptotic behavior of the inner product (p*(T),
x(T)—x*(T)). This suggests a decomposition of the analysis of the infinite horizon
problem into separate components. One part of the analysis would determine condi-
tions under which a trajectory is supported, and the other aspect would investigate the
asymptotic properties of the inner product. We shall find this decomposition perspec-
tive useful in characterizing the optimal steady-states of the dynamic problem.

We shall now determine the source of the supporting function p*. We show that the
supporting function is the costate trajectory determined by the maximum principle, if a
particular convexity assumption is satisfied. The convexity assumption we invoke is
actually equivalent to the convexity assumption on the image function L*. Moreover,
under that convexity assumption, the maximum principle, the Hamiltonian dynamic
system, and the support property are equivalent characterizations of the optimal
dynaniic trajectory.

4. The support theorem: equivalent characterizations of optimality. We relate the
necessary conditions to the sufficient conditions through a convexity assumption. To
motivate the assumption, we introduce some standard terminology. Suppose that the
set of admissible controls, given that the system is in state x at time ¢, is described by the
set U(x, t). Then the velocity set, F(x, t), is composed of all possible cost kernels and
state velocities, as u ranges over the allowable set U (x, t):

{4.1) Flx,t)={(—L{x, u, 1), f(x,u, t)): ue Ulx, f)}.

In his formulation of the optimal control problem, Filippov [9], in studying the
system x(t) = f(x, u, t), where u € Ulx, t),v defined the set

(4.2) Rix,)={f(x,u, t): ue Ulx, t)}

and analyzed the contingent equation X(f)e R(x, 1) (which, by Filippov’s lemma, is
equivalent to the original dynamic system). Filippov made the important convexity
assumption: R(x, ) is convex for every pair (x, t). This assumption leads to several
important existence results (9], [28], [17]).

Baum [2] made assumptions about the set

(4.3) Qx, ) ={(z%2):2°2L(x,u, ),z =flx, u, 1), ue Ulx, 03,
a set that is related to the velocity set F(x, t). Baum required that Q(x, t) be convex and

closed for each pair (x, t) in order to achieve existence results for the infinite horizon

problem.
For each state-time pair (x, 1), F(x, 1) is a collection of points in R x R" determined

by all allowable controls, ue Ul(x, 7). If, at time ¢, (x*(1), u*(r)) is on the optimal
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trajectory, then (— L{x*(1), u*(1), 1), fix™(e), u™(1), 1) 1s the optimal “velocity ™ vector
of the joint cost-state dynamic system. Hence, any other velocity vector in F(x™ir. 11
would be suboptimal. This essentially static property admits of a characterization in
terms of supporting hyperplanes to convex sets, the convex set being Q(x*(1), ) and the
hyperplane defined by the normal vector (-1, p*(r)). Hence, Baum’s convexity
assumption expresses the maximum principle as a supporting hyperplane property of

the costate variable, p*(¢).
We will impose a stronger convexity assumption, extending Baum's assumption.

Assumprtion 4.1. The set
4.4) Q) ={x, o,y xeX, v=fix,u. 0, y2Lix,u thueUlx, Nt

is convex and closed for each r € [0, ).
An immediate consequence of Assumption 4.1 is that Baum’s convexity assump-

tion follows. That is, the set
QUx*(0), 1) ={(x*(t), v, y): yZL(x*(t), u, 1), v = flx*(0), u, 1), u e Utx™), 0}
={(x*(1), v, ¥): (t, Y) € QUx*(1), 1)}
is also convex and closed, since it is the intersection of two closed, convex sets:
Qx*), 0 =N {x*(), v y): (v, ) eR xR}

The main result that follows from this convexity assumption is that every trajectory
that satisfies the conditions of the maximum principle, or is a solution of the Hamil-
tonian dynamic system, is actually supported. Just as the convexity of the set Q(x, 1)
permits the maximum principle to be characterized by a supporting hyperplane, the
convexity of the set (f) permits the support property (Definition 3.1) to be charac-
terized by a supporting hyperplane defined by the costate variable p*(t). We now state

and prove the support theorem.
THEOREM 4.1 (Support theorem). Let X be a subset of R". Let U (x, t) be a mapping
defined on X %[0, «©) into 2R Let (f, L) be a continuous function from the set

D={x,u t):xeX tel0, OO),\ ue Ulx, 1)},

into R" xR, whose first derivatives with respect to the first n arguments exist and are
continuous over the set D.

Let (x*, u®) be a trajectory (Definition 2.1) and suppose further that there exists a
continuous, piecewise continuously differentiable function p* from [0, %) into R" such that
the triple (x*, u*, p*) satisfies the conditions of the maximum principle (Theorem 2.1) for
the normal case. Suppose, in addition, that x*(t) € X" (i.e., an interior point) for almost
every t € [0, ), and that the set

QO ={x,v,y):xeX, v=f(x,ut),yZL{x,u, 1), ue U(x, )}

is convex and closed ¥t [0, c0).
Then the trajectory (x*, u*) is supported by p*.
Proof. Since Q(¢) is a closed, convex set, it follows that

Qix*(e), D ={(x*(0), v, y): v = Fx* (D, 1, ), y ZLIx*(0), 1, 1), w € Ulx™0), 1)}

is closed and convex for each r € [0, ). Consider the restriction of Q(x*(7), ) ta R" xR,
the set '

w(x*(r), 1) ={(v, y): (x*(1), v, y) e Qx*ir), )}
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Let Hix.u, 1, p*(1))= —L(x. u, 1)+{p*(t), f(x, u, 1)) and define the hyperplane in R" X R,
m(x*(0), u¥), f, p*ie))
={{(m y): (Ap*(1), — 1), (m, )y = H(x*(1), u™t), £, p*(1)), (n, y) e R" X R}

By the maximum principle (Thm. 2.1 (iii), the maximization of the Hamiltonian), (n™*(r),
YH(0)) = (Fx*(0), u*(e), 1), L{x*(r), u*(1), 1)) is a boundary point of the convex set
w(x*(0), 1) and wx*(1), w*(r), 1, p*(1)) is a supporting hyperplane of w(x*(1), ) at
(n*(n), y*(r).

Then, the point (x*(¢), n*(t), y*(1)) is a boundary point of the convex set {2(7) (since
all e -spheres centered at (x*(r), n*(r), y*(¢)) contain points of the form (x*(t), n*(1), ¥),
y < y*(t), and hence, not in Q(¢)). By the support theorem for convex sets {19, Thm. 2,
p. 133] (note that for finite dimensional space, the requirement that the supported set
contain an interior point may be eliminated) there exists a closed hyperplane containing
the point (x*(r), 7*(1), y*(#)) such that Q(r) is on one side of the hyperplane. Let the
normal to the hyperplane be given by the functional (—r(¢), p*(t), — 1):R" xR" XR~>R.
Hence, the hyperplane

I(x*(t), u™r), t, p*h)
={& 1, v): (—r(®), p*0), = 1), (&, 1, ¥)
=(=r(t), x* () + H(x*(t), u*(1), t, p*(1)), (& m, Y) eR" X R" xR}

contains (x*(2), n*(r), y*(t)) and supports the convex set {}(¢). Therefore, the functional
((—r(), p*(1), — 1), (& 7, v)) is maximized over the set (£, 1, v) € ((¢) at the point (x*(1),
n*(t), y*(1)). Equivalently, we consider the maximization of the functional

—L{x, u, ) +{p*(1), [(x, u, £))+{~r(1), x),

subject to the constraints x € X, u € U (x, t). The maximum is attained at (x*(e), u™(1)).
Clearly, the maximization of the Hamiltonian (Thm. 2.1 (iii)) is a necessary condition
for this maximization. Another necessary condition follows from the differentiability
assumptions on the function (f, L) and the interior point assumption, x*(t) € X ° Thus
the gradient, with respect to x, of the functional vanishes at (x*(¢), u*(r)). We have

a/a&[ — L& u* (), ) +{(p*(0), fI& u™(t), D ] emsniy —r (1) = 6.

By the costate differential equation (Thm. 2.1 (ii)), we conclude that —r(1) = p*(1),
for almost every 1 € [0, o¢). Therefore,

—L(x*(t), u™(1), r)+-5; (p™(1), x*(1))= —L(x, u, t)+(p*(t), f(x, u, ) +{p*(1), x),
Vix,u), xeX,ueU(x,1),

for almost every 1 € [0, o).
(A similar result was given in [14].) a
We will now show that the convexity assumption on the set ()(f) is equivalent to
assuming that the image function is a lower semi-continuous convex function. This
follows from the fact that Q(¢) is the epigraph of the image function.
LEMMA 4.1. The setr QU)={x, v, y)xeX, v=flx,ut),y=Lixut)usc
U(x, 1)} is convex and closed if and only if the function

inf{L (x, u, tY: v =f(x,u, 1), ue Ulx, t)}

4.5) L¥(x, v, )= {
+ao ifxgX or v#flx.u, t) YueUlx 1),
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is convex and lower semi-continuous (hence, with effective domain the convex set

dom L*(t)={(x, v):xe X. 3uec Uix, t13¢ =flx, u, 1)}
Proof. The epigraph of L*(x, v, t), for fixed r = [0, o), is the set
epi L*()={(x, v, y): y=ZL*x, v, 1), (x, )€ dom L*(1)}

={x, o, yhyZinf{Lix, w00 =flx,u, 0, ue Ulx, 0)}}

C={x, e,y yzLhiwn, e =fixou ), ue Ul 1)}
= Q).

By definition, a function is convex if its epigraph is convex. The equivalence bgtween
lower semi-continuity of a function and closedness of the epigraph of the function is
given by Rockafellar [24, Thm. 7.1.].

Lemma 4.1 implies the conclusion that every trajectory generated by the Hamil-
tonian dynamic system is supported. An indirect proof of this claim follows from
Theorem 4.1 and the equivalence between the Hamiltonian dynamic system and the
maximum principle, as noted in § 2. Directly, we observe that the Hamiltonian dynamic
system and the Euler-Lagrange conditions for the image function L*, the subdifferen-
tial equations (p*(¢), p*(1)) € aL*(x*(t), *(1), 1), for almost every ¢, are equivalent. The
Euler-Lagrange conditions are themselves equivalent to the support property if L* is
convex. (The equivalence between the Hamiltonian dynamic system and the Euler—
Lagrange conditions is based on the conjugacy properties of L* and H*, which we state
explicitly in § 6 (see Lemma 6.1).)

Therefore, if Assumption 4.1 holds, we may characterize the optimal trajectories
by the support property. The importance of this convexity assumption may be under-
stood by observing the prominent place it occupies in the literature; the dynamic theory
of Rockafellar ([23], [25]-[27]), the existence theory of Brock and Haurie [5], and the
turnpike theory of Haurie [15] all are based on this essential assumption. It is significant
to note that the difference between Assumption 4.1 and Baum’s assumption, the
convexity and closedness of Q(x, t) for each (x, t), is that the latter is equivalent to
assuming that L*(x, v, f) is convex as a function of v only. The joint variation in (x, v) is
unspecified under Baum's assumption. Conditions under which Assumption 4.1 holds
are presented in the immediately following section.

5. Convexity assumptions and the M-property. This section presents conditions
under which the set Q(r) (4.4) is closed and convex; or equivalently, (Lemma 4.1) that
the image function L*(x, v, t) (4.5) is convex and lower semi-continuous. To proceed,
we require the following assumptions:

Assumption 5.1. The set X < R" is convex.

Assumption 5.2. The mapping U : X X [0, ) - 2% satisfies the convexity pro-
perty: if weU(x,t), xeX, i=1, 2, then, for each (e[0,%), Au;+
(1 _A) Uz e U(A.\’l +(1 “A)X'_), t),V/\ € [O, 1]

Observe that Assumption 5.2 is satisfied if Ul(x,r)= Ult), for all x € X, with
Uir) a convex set for each re[0, o). Assumption 5.2 also holds if Ulx, )=
{u:ueR™ glx, u, )= 0}, where g:R"xR" xR—-R" is a convex mapping (jointly in
(x, 1)) for each t [0, 00).

Assumption 5.3. The non-emptyset Ait) ={(x,v): x € X, v =flx,u, ), ue Ulx. 1)}
is convex and closed, for each r €[0), o0},
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Assumption 5.3 is stronger than Filippov's convexity assumption. Clearly, A(r)
convex implies that R(x,t)={f(x,u, 1):ueUlx, 1)} is convex for each (x,1)e¢
X %[0, o).

This assumption may be interpreted as a condition on the inverse mapping,
f N x, 1), that assigns to each ¢ in R" the set of points w in R™ such that ¢ = f(x, w, 1). If
v € R(x, t), then there exists at least one control u, in Ul{x, t) such that v = f(x, u, t).
That is, for v € R(x, 1) the intersection {f "(v;x, )N U(x, £)} # &. Assumption 5. 3
requires that forall A €[0. 1], for all v; € R(x;, 1), i = 1, 2, the intersection of the sets £~
(A(xy, v, )+ (1=A)(xa, U2, 1)) and U(Ax, +(1 —A)xz, t) is not empty.

Observe that the set A(¢) is the effective domain of the function L*(x, v, ¢), defined
by (4.5), for each 1 € [0, o). One might conjecture that since the domain is assumed to
be convex, the convexity of L*(x, ¢, t) would follow from the convexity of the function
L{x, u, t), for each t€[0, ). This is not the case. In fact, more than convexity of
L(x, u, t) is required to assert the convexity of the function L*(x, v, t) or, equivalently,
the convexity of the set (¢). The technical problem is the presence of the equality
constraint in the definition of }(¢) and the minimization problem that defines L*(x, v, 1).
Indeed if Q(t) were defined by the inequality v Zf(x, u, t) instead of the equality,
convexity would follow from the assumption that (f, L) is a convex mapping for each
¢ €[0, ). The actual definition of ()(z) necessitates a further assumption.

Functions defined by equality-constrained minimization operations have been
studied by Rockafellar [24]; he called them images, hence our use of the term to
describe the function L*. For a linear transformation A from R" to R™, the image of the
convex function /# under A is defined by (Ah)(y) = inf {h(x): Ax = y}. The image (Ah)
is easily shown to be convex [24, Thm. 5.7). For given (x, ¢), the function L*(x, v, t) is
then the image of L(x, -, 1): U(x, t)->Runder f(x, -, t}: U(x, 1) > R".

For nonlinear mappings A, no general theorems relating to the convexity of the
image (Ah) are known. We propose a condition to be satisfied by the function f that will
aid in the characterization of images. The condition is called the M -property, sinceitisa
property conceptually related to the monotonicity of mappings. As shown in Lemma
5.1, below, the M -property enables equality constraints to be treated as inequality
constraints for certain nonlinear programming problems.

DEFINITION 5.1 A mapping f: D < R* > R" is said to satisfy the M-property on D
if, for any v in the range of f and for any x € D such that f(x)Zv, there exists
ve D, y =x, such that f(y

The M -property is concerned w1th positive cones. Let ¢ belong to the range of f;
i.e., v € f(D). At each element y € D that is in the level set {y:yeD,fly)=v}erecta
positive cone. The M -property is satisfied if all x € D such that f(x) Z v are contained in
the union of all positive cones with vertices in the level set.

A simple example of a mapping that satisfies the M-property is given by

fRP>R, f(xy, x2) =x,2+x5°, D={(x1,x2):x%20,i=1,2}

The level sets are quarter circles in the positive quadrant of the x, —x, plane, centered
about (0, 0). The point y = (0, 0) vai.dates the M-property for v = 0. Itis easy to see that
the property holds for any v >0.

The first result that can be proven using the M-property is an equivalence
relationship between equality- and inequality-constrained nonlinear programming
problems.

LEMMA 5.1 Let!:D < R - R be riondecreasing on D. Thatis, if x,, x2€ D, x{ = xa,
then [(x,) = l(x,). Let f:D <R > R" satisfy the M-property on D. Suppose that the set
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{x:xeD, fix)=0}#Z. Then the following problems have equal optimal objective
values:

min /(x), and min [{x),
s.t. fix)=6, s.t. flx)=28,
xeD xeD,

3
or

min {{(x): fix)Z 6, x e D}=min {{x): flx)=8,xeDj.

Proof. Since f:D - R" satisfies the M -property, for all x € D such that f(x)=#,
there exists ve D, y = x, f(y) = 6. Since [ is nondecreasing on D, [(y) = /(x). U

Using Lemma 5.1., we may now prove that the image L*(x, v, t) is convex and
lower semicontinuous in (x, ¢) for each r € [0, 00).

PROPOSITION 5.1. Let Assumptions 5.1, 5.2 and 5.3 hold for X, U, and f. Let
D={(x,ut):xeX, te[0,0),ueU(x,)}<cR"xR™ xR.

Suppose further that: ,

(i} L:D - R is convex and continuous with respect to (x, u) and non-decreasing

with respect 1o u, for each t € [0, 00);
(it) f:D->R" is a continuous concave mapping with respect to (x, u) for each

te[0, 00); and
(iii) for each (x,t)e X x[0, ©) the function f(x, -, t): Ul(x, t)>R" satisfies the M-

property on U(x, 1).
Then L*(x, v, t) is convex and lower semicontinuous in (x, v) for each t € [0, ).
Proof. Fix te[0, ). Let (x;, v;) € A(¢). That is, there exist u; € Ulx; ) such that
vi = f(x;, u;, 1), i = 1, 2. By definition,

L¥A(xy, v)+(1=A)x2, v2), 1)
=inf {L(Ax;+(1 =A)xy, 1, t): Avi +(1=A)v,

=fAx;+(1=xg, u, 1), uc UAxy + (1= A)x2, D}
By Assumption 5.3, the set
{urueUAx;+(1=X)xg, 1), Avy + (1= A)va=FflAx i + (1= xo, u, 1)} £ .

By Assumption 5.1, Ax; +(1-A)x,e X
Since the functions

LAxi+{1=Mxz, . 1): UAx; +(1=A)xa, 1) > R,
and

f(AX1+(1—)\)x:, ',f):U(AX1+(1‘/\).Y2, [)-’Rn,

satisfy the assumptions of Lemma 5.1, and the feasible set is not empty, the equality
constraints may be replaced by inequalities. Hence
L*(A(xy, v1)+ (1= A)(x2, 02), 1)

=inf{L(Ax;+ (1 = A)xy, u. t): Avy +(1 = A)o;

CSfAx (1= A)xa, w1, ), ue Uldxy + (1= A)xg, 1)}
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Let u=Aw;+{l-A)w,, with w,eUlx,1), i=1,2. By Assumption 5.2, ue
UAx;+(1=2A)xs, t). However, restricting u to be of this form increases the value of the
infimum. Moreover, by convexity of L and concavity of f, it follows that

L*(A(xy, 1) (1 =A)xz, v2) 1)

éAinf{L(,rl, Wi, t): éf(,xl, wi, f), w] € U(Xl, ”}
+(1-A) inf {L(X:, wa, ). U2 éf(Xz, w3, f), w-H € Ulx,, f)}

By Lemma 5.1, we can replace the inequalities by equality constraints since the sets
{w:v; = flx, w, 1), w € Ulx, t)} are not empty, i = 1, 2. Hence,

L*(A (x1, v1) + (1= A)xz, 02), HSAL*(x1, vy, 1)+ (1 —A)L*(x2, v, 1).

The lower semicontinuity of L* follows from Assumption 5.3 and the continuity of
(fL). O

Thus, Proposition 5.1 provides a set of conditions that are sufficient for the
conclusion that the set (¢) is convex and closed for each t.£ [0, 2), or equivalently, that
the image function is convex and lower semicontinuous. That L* is a proper convex
function follows if L is never 0.

6. The static characterizations of the asymptotic behavior of the optimal
trajectories of the discounted optimal control problem: the implicit programming
problem.

6.1 The optimal control problem with discounting. We now apply the theorytoa
subclass of problems (1.1) that is of interest in mathematical economics, the so-called
problem with discounting. Here a discount rate p is introduced and the kernel of the
objective functional becomes L(x, u,t)= e ”I(x, u). The dynamic system will be
autonomous, f(x, u, t)=f(x, u). The basic control problem (1.1) then becomes the
discounted problem, with discount rate p:

(6.1a) minimize J e I(x, u)dt
0

{6.1b) subjectto x(0=flx, u),
(6.1¢) x(0) = xo,
(6.1d) (x(), u®))e X xUx@)=R"xR™, foreachtel0,0).

We seek a characterization of the optimal steady-state trajectories of the dis-
counted optimal control problem, pairs (x*, u*)= (x°, u®), for all . We have seen that if
the basic convexity property, given by Assumption 4.1, holds for the data of the
problem, we may characterize the optimal trajectories of the problem by any one of
three approaches. We shall describe the optimal steady-state trajectories in terms of the
support property and formulate a static optimization problem, based on that descrip-
tion, that has as its solution the optimal steady-state. Then, we shall show that the
dynamic theory that has been developed to analyze problem (6.1) may be interpreted as
a means of establishing the boundary condition contained in Theorem 3.1, the sufficient
conditions for dynamic optimality.

6.2 Static characterization of the optimal steady-state for the undiscounted
problem. There is a complete body of literature analyzing problem (6.1) when p =0.
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Some of the more recent references are Rockafellar [26], Haurie {15] and Brock and
Haurie [5]; the classic reference is Ramsey [22]. It is known that, under sufficiently strict
convexity conditions (including the convexity of the image L *) the optimal state-costate
trajectory converges to the saddlepoint (x°, p°) of the optimal value Hamiltonian [26,
Thm. 1.2]. This saddlepoint may be characterized in terms of a static optimization
problem, as noted by Brock and Haurie [5]. This result is given by the next theorem.

The theorem is motivated by the intuitively appealing idea that if the optimal
trajectory converges toward a steady-state, or if a steady-state is an optimal trajectory
for the dynamic problem, then that steady-state should minimize the kerne] of the
objective functional, /(x, u). To estabish this result, as well as the other results of this
section. we require the convexity assumption on Q(¢) (Assumption 4.1) or equivalently
tLemma 4.1).

Assumption 6.1. The image function, defined by

(inf{l(x, u): v =flx,u), us Ulx)}

(6.2) L¥x,v)=1 «
i+oo ifxg€X or v#flx,u) VuelUix),

is a lower semicontinuous proper convex function. (Recall that Proposition 5.1 provides
a set of conditions under which Assumption 6.1 holds.)

THEOREM 6.1. Suppose that Assumption 6.1 holds. Define the optimal value
Hamiltonian

H*(x,p)=sup {{p, v)—L*(x, v): v e R"}.

Let (x°, p") be a saddlepoint of H*. Assume H*(x". p’) is finite. Then (x", u™ is a
solution to the mathematical programming problem

{6.4a) minimize Hx, u)
{6.4b) subject to flx, u) =6,
xeX, uelU{x)

where u’ = inf’ {1x% ur: 6 =fix" u), ue Ux}.

Proof. Apply the proof of Theorem 6.2, below, with p =0 O

Theorem 6.1 provides a static characterization of the optimal steady state tra-
jectory of the undiscounted optimal control problem. We relate the static problem (6.4)
to the dynamic theory through the support property (Definition 3. 1). For a steady-state
trajectory, (x*(r), u*(1), p*()) = (x°, u°, p°), the support property becomes

1(x°, u”)él(x, u)—(po, flx, u)), .

(6.5)
Vi, u)e D={(x,u):x € X, ue U(x)}.

It is clear that a supported steady-state trajectory is necessarily a solution of the
static problem {(6.4). This observation suggests a similar characterization for the optimal
steady-state trajectories of the discounted optimal control problem.

6.3 The implicit programming problem. The static characterization of the optimai
steady-state trajectories of the discounted problem will be derived from the support
property. The support property for the discounted problem is, for the trajectory
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N
23
-

(v*. 1 and supporting function p*tri =e g () (see §6.4), the inequality

i P % d ’ St i
—e Tt uFun+~—e gt xFumn]
dr ,
(6.6a) = ¢ "l +ce TgE i ud e Mg —pg i, x)

Viv.ure D ={ix.ur:xe X, us Uiy}, foralmostevery 1 € [0, x).

o

For a steady-state trajectory. (x™. u®, ¢ 1=ux, 1. gy with fix", 1y =6. the
support property becomes the inequality
16.6b) I s Iy, u)-—(q”, flx, uy—plx -x"), VYix,uleD.

A necessary condition for (x", 1"y to be supported is that (x", «')is asolution to the
3 PP
well-defined nonlinear programming problem

16.7a) minimize l{x,u)
16.7b) subject to flx, u)—p(x—x“)=0,
6.7¢c) xeX, uelUix).

Since v is a fixed vector. the constraint (6.7b) is specified precisely and problem
(6.7) is well defined. We now wish to consider the problem

16.8a} minimize Hx, u)
{6.8b) subject to fix,u)—plx—x*) =46,
(6.8¢! ye X. uelUix)

where x* is not fixed in advance. Indeed, x*, as it appears in the constraint (6.8b),
indicates the value of the x-component of the solution to the problem (6.8). In other
words, the constraint is defined implicitly by the solution to the problem itself.

We call problem 16.8) an implicit programming problem, and we claim thatitisa
well-defined mathematical programming problem. Furthermore, we claim that under
certain conditions. to be described below, the solution to the implicit programming
problem is an optimal steady-state trajectory for the optimal control problem with
discounting.

The most natural way to interpret the implicit programming problem is that it
actually defines a mapping from R" to R" x R". To highlight this interpretation. let us
replace x* in the constraint (6.8b} with a parameter ¢ € R". As ¢ varies over R", a family
of nonlinear programming problems is created. Moreover, for any ¢, the problem

16.9a) minimize [{x, u)
{6.9b) subject to fix,uy—plx —c) =48,
(6.9c¢) xeX, wuelUix)

defines a mapping that takes ¢ € R" into the solution of problem (6.9, (x*(c), u™c e

D.
The implicit programming problem (6.8) may then be written:

i6.10a) minimize lix¥ ey u*ieh)
(6.10b) subject to x*ler=c.

{6.10¢) ce X.
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where the minimization is taken over the fixed-points of the mapping ¢ » x*(¢). The fact
that this mapping is defined implicitly by the mathematical programming problem (6.9)
suggests the terminology “implicit programming problem.” One would expect the
minimization defined by (6.10) to be over a discrete set {although there is a possibility of
degeneracy in the data of the problem, in which case the fixed-points of the mapping
form a continuum). Indeed, the discrete nature of the *‘feasible’ set for (6.10) indicates
that what is of primary importance in the analysis of the implicit programming problem
is the set of local solutions: i.e., all the fixed-point of the implicit mapping defined by
(6.9). We will designate such points as feasible points for the implicit programming
problem (6.8).

It is clear that every feasible point of the implicit programming problem (i.e., a
fixed-point of the implicit mapping) is a steady-state of the dynamic system x = f(x, u),
since the term p(x —c) in the constraint (6.95) vanishes identically at the solutiomx*(c)
whenever x*(c) = c. Moreover, the solution to the implicit programming problem will
not be the same as the solution of the undiscounted static problem (6.4); in general, the
(globally) optimal value of the implicit programming problem will be higher than that of
the undiscounted problem. This follows from the fact that only a subset of the
steady-states correspond to fixed-points of the implicit mapping defined by (6.9), while
the entire null space of f is feasible for (6.4). Thus, the optimal steady-state for the
discounted problem is inferior compared with that for the undiscounted problem. This
behavior is a direct result of the discounting of the objective; since later performance is
valued less than earlier performance, the optimal trajectory exploits the dynamic
possibilities in the structure of the problem at the beginning of the period to converge to
what appears to be a suboptimal steady-state at the end. In fact, even if the initial
condition were specified as the (global) solution to (6.4), the optimal trajectory would
not remain at that point, but instead converge to a local solution of the implicit
programming problem.

6.4 Determination of stationary points of the Hamiltonian dynamic system. We
will now verify the claim that every local solution to the implicit programming problem
is an optimal steady-state trajectory for the optimal control problem with discounting.
To perform the analysis, we formulate the Hamiltonian dynamic system for the
discounted problem, and express the steady-state trajectories in terms of the
subdifferential equations of the dynamic system. We first show that the implicit
programming problem characterizes the steady-states of the Hamiltonian dynamic
system.

The Hamiltonian dynamic system is formulated subject ot the basic assumption
that the image function L* is a lower semicontinuous proper convex function (Assump-
tion 6.1). The Hamiltonian is defined by:

(6.11) H*(1, x, p) =sup {p, v)—e "L*(x,v):veR"}L

It is convenient to introduce the change of costate variables, p(t)y=e "'q(t), which
defines the current-value Hamiltonian, H*(x, q), such that H*(1, x, p) = e “H™*(x, q),
where

H*(x,q)=sup{{q, flx,u))—{x,u): ue Ulx)}

(6.12) ,
=sup {(q, v)~L*(x, v): veR"}.

The optimal state-costate trajectory of problem (6.1) is a solution to the Hamil-
tonian dynamic system, which due to the change of variables, becomes the autonomous
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system
(16.13) t—qr)+pgln), £(t))edH*(x(r), q(&)),

the so-called modified Hamiltonian dynamic system. The steady-state trajectories of
the modified Hamiltonian dynamic system are pairs (x°, ¢°) such that

(6.14) (pq", 8)Ye aH*(x°, ¢".

We begin by proving the counterpart to Theorem 6.1, which indicates that every
stationary point of the modified Hamiltonian dynamic system determines a feasible
point of the implicit programming problem. The proof requires the following lemma,
which relates the Hamiltonian dynamic system to the Euler-Lagrange Equations.

LemMa 6.1 (Conjugate duality (partial conjugates)). Let L{x,v):R"XR" >
(—00, +0C] be a lower semicontinuous proper convex function. Define

H(x,p)=sup{{p, v)—L(x,v): t e R"}.

Then H(x, p):R" xR" - [ —00, +oc] is concave in x and convex in p, and the following
conditions on (x, p) e R" X R" and (x*, v*)e R" xR" are equivalent:

(i) —x*ea,H(x,p), v*ed,H(x,p);
(it) x*ed8.Lix, v*), ped.Lix, ¢*).
Proof. These results are all given by Rockafellar [24, see Thms. 33.1and 37.5]. O

THEOREM 6.2. Suppose that Assumption 6.1 holds. Let (x°, q°)e X xR" be a
stationary point of the modified Hamiltonian dynamic system.

Then (x", 1) is a solution to the mathematical programming problem (6.9), with

0

c=x,
minimize Hx, u)
subject to flx, u)—p(x—x°)= 8,
xeX, uelUlx),
where 1’ =min, {I(x° u): 6 = fix", 1), ue Ulx®)}.

Proof. The stationary point condition (6.14), is equivalent to the subdifferential
condition on L* (Lemma 6.1), (—pq°, ") € aL*(x", 8). By definition of a subgradient of
a convex function (Definition 2.2}, it follows that

L*+ & 0)=L*(x°, 0)+(q", v —pé), V(& v)eR" xR,
Thus, for v = p&, we have .
L*(x°+¢ perz=L*x", 0) =1(x°, u”), where
1 =min " {{(x° u): 0 =fx% u), ue UxN.

f
By definition of L*(x"+ ¢, p¢), letting £ = x —x",

Ix®, u®y=inf{{(x, 1) p(x - x") =fix,u),uecU(x), xeR"}

=min {{(x,u): px —xV=flx,u), uec Ulx), xe X} U

{x.u)

o et B e
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We are far more interested in a converse result, which would indicate how the
implicit programming problem may be used as an analytic tool in conjunction with
the established dynamic theory. Our objective is to pose sufficient conditions on the
solution of the implicit programming problem to ensure that an optimal steady-state has
been determined. We first show that every local solution of the implicit programming
problem (i.e., a fixed-point of the implicit mapping x*(c)) determines the state
component of a stationary point of the modified Hamiltonian dynamic system.

PrRoOPOSITION 6.1. Let (x*, u*) be a solution to the mathematical programming
problem (6.9) with ¢ = x*, hence feasible for (6.8). Suppose that Assumption 6.1 holds.
Suppose further that the point (x*, ) is the interior of the effective domain of L*. Then
there exists a stationary point of the modified Hamiltonian dynamic system at (x*, q*), for
some q* e R".

Proof. Since (x*, u*) is a solution to the mathematical programming problem (6.9)
with ¢ = x* we have '

L*x*, 0)=inf {{(x*, u): 0 =f(x*, u),uc U(x*), x*e X}=1{x*, u™).

By assumption, L*(x, v) is a proper convex function, hence, if (x*, 8) is in the interior of
the effective domain of L*, then the subdifferential of L* at (x*, ) is not empty [24,
Thm. 23.4]. Hence, for some ({, g*) e R" X R", ‘

L¥(€+x*,0)ZL*(x*, 0)+(q*, v)+({, &) V(£ v)eR" xR
Now let v = p£. We have

L¥*(€+x*, p€)Z L*(x*, 0)+(pq* +{, &) VéeR™

However, since (x*, u*) is the solution to problem (6.9), we also have

H(x*, u*)=L*(x*, 6)

=min{l{x, u):p(x —x®)=f(x,u),uc Ux), x€ X}

(x, u)
=EL*(x, p(x—x%) VxeX

Letting £ = x —x*, this implies L*(£ + x*, p&)— L*(x*, ) =0, V£ € R". Hence, it follows
that pg*+ ¢ = 6, which implies (—pg*, g*)€dL*(x*, ). By Lemma 6.1, we conclude
that the subdifferential condition holds:

) (pg*, 0) e aH*(x*, g*). 0

We will now characterize the costate component of the stationary point of the
modified Hamiltonian dynamic system in terms of the Lagrange multiplier of the
implicit programming problem. Recall the following results from the theory of
nonlinear programming.

We consider the nonlinear programming problem with equality constraints:

(6.15a) minimize I{x)
(6.15b) subjectto  f(x)=28,
(6.15¢) xeDcR.

DEFINITION 6.1, Let f:R° > R" be continuously differentiable. A point x" satisfy-
ing the constraints f(x°) = @ is said to be a regular point of the constraints if the gradient
vectors fol(xo), e Vi (x°%) are linearly independent.
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Definition 6.1 is equivalent to the fact that the n X s Jacobian matrix [V . f(x)]is full
rank at x°.

The idea of a regular point is essential for characterizing the solution of problem
(6.15), as indicated in the next theorem.

THEOREM 6.3. (\First-order necessary conditions for a minimum; Lagrange
multipliers). Let ([, f) be C' functions. Let x' bea solution 10 (6.15), tharis aregular point
of the consrramts Suppose further rhatx e D", an interior point of the feasible set. Then
there exists A" € R" such that ¥ [(x -\ ¥, f " N=20

Proof. See [18, Chpt. 10]. G

We shall define the Lagrangian of the implicit programming problem as follows: let

[x, u)—{A, flx, u)—plx —c)),
(6.16) Lyx,u,A;¢)=
. +o0 ifxgX or ugU(x),
where ¢ € R" is a fixed vector. This is the Lagrangian of a member of the class of

problems (6.9).
With this definition of the Lagrangian, we may express the optimal value Hamil-

tonian as

6.17) ) {Slip{—Lp(x, u,q.c)uelUx)+plq, x
) x,q)=
-~ ifx£€X.

We now relate the saddlepoints of the Lagrangian to the saddlepoints of the
(perturbed) optimal value Hamiltonian,

(6.18) H,*(x,q,c)=H*(x,q)—p{g, x —c).
LEMMA 6 2. If L {x,u,q; x Y, the Lagrangz&n (6.16) with ¢ =x", possesses a
saddlepoznt (x°, ‘9 % with x°e X and u® € U(x"), then (x°, q°) is a saddlepoint of

HY(x,q;x % where u® furnishes the supremum in the deﬁmtlon ofH* (x°, q%.

Further, if H*(x, q) is a concave-convex function, then (x°,q") is a stationary point of
the modified Hamiltonian dynamic system.

Proof. The saddlepoint condition on L, is equivalent to the inequalities

—Lx,u,q% x")=—L,(x°, 1 g% x)=-L,(x°%u’ q;x°) Yix, uq).
By definition, for x* e X,
H x°, q; x% =sup {—L,,(xo, u, q; N ue Ux™)}

= —-Lp(xo, u®, q; %) Yq.
Further, —L,(x, u, qo; 9= —Lp(xo, u®, qo; x?%) implies that
H:(x, g% x%) =sup{—L,(x, u, q°%: x%: ue U(x)}

-L, (x", uo, qo; xo) Yx.
Hence,
H*(x,q% x=-L,(x% u’ ¢", xY=H}!(x°, q;x") V(x,q).
Thus,

Qs

H; (x°, q% x")= —L,,(xo, u’, qn; x).
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Therefore u" furnishes the supremum in the definition of H* (x", ¢": x").and (x". ¢ i is
a saddlepoint of H .

If H*ix,q) is a concave-convex function, it foliows that H¥(x,q:x") is also
concave-convex. Hence, the saddlepoint condmon on HZ (x,q: x") is equivalent to the
subgradient condition

(8, 0)eoH¥ (x° g% x"Y or (pq°, )eaH*(x", q". 0

The search for stationary points of the modified Hamiltonian dvnamic system
becomes, by Lemma 6.2, asearch for saddlepoints of the Lagrangian L, x, u, g; ¢), with
the special property that the state-component of the saddiepoint, x°, is equal to the
parameter ¢ that defines the Lagrangian. This bears out the observation of Cass and
Shell that the optimal steady-state is “'something like a saddlepoint for the modified
current value Hamiltonian H*(x, q)—p{(q. x)" {7, p. 54]. The implicit programming

- formulation suggests consideration of the perturbed Hamiltonian H (x, q;c): the
saddlepoint behavior of this function is clearly a restatement of the support property.
The main result of Lemma 6.2 is that every stationary point of the modified Hamil-
tonian dynamic system determines a stationary trajectory that is supported. Moreover,
a necessary condition for such a trajectory to exist is that (x", u’) is a solution to problem
(6.9), with ¢ = x°, hence (x°, u°) is feasible for the implicit programming problem.

The next result provides sufficient conditions under which a feasible point of the
implicit programming problem completely characterizes the stationary point of the
modified Hamiltonian dynamic system. The result is a corollary to Proposition 6.1 and
Lemma 6.2.

COROLLARY 6.1. Let (x*, u*, A*) be a solution to the mathematical programming
problem (6.9) with ¢ = x*. Assume that f and [ are C' functions. Suppose (x*, u*) is a
regular point of the constraints f(x, u)—p(x —x*)=6, and x*= X", u*e[Ux"]".
Suppose further that Assumption 6.1 holds and that the point (x*, 8) is in the interior of the
effective domain of L*. Then (x*, A*) is a stationary point of the modified Hamiltonian
dynamic system.

Proof. The assumptions that L* is a proper convex function and (x*, §)<[dom
L*1” imply, as in the proof of Proposition 6.1, that for some g* € R" there holds

HE+xT 0)Z LMK, 0)+(q%, v —pb), V(£ v)1eR" xR
By definition of L*, letting ¢ = x —x*, this is equivalent to

[(x*, u*ysinf{{(x, u): v =Fflx,u), uc UX)}—{(q* v —plx —x*)), ¥Y(x,v)
sinf {I(x, u) —{q*, flx,u)—px —x*),ue Ux)}, Vx.

Now let x = x*. The infimum is then attained at u = u*e[U(x*)]". Since u™ is an
interior point, and (x*, u*) is a regular point of the constraints f(x, u)—p(x —x*) =6,
the necessary conditions hold,

Vulle*, w) =%, fx*, ud]u-ur = 6,
and imply that g* = A*, by Theorem 6.3. It follows that
Hx* u® V=1, u)— A% fle, ) —plx—x*)) VxeX, ucUlx).

Then the Langrangian L, (x, u, g; ¢*) possesses a saddlepoint at (x*, «*, A™). Lemma
6.1 indicates that the optimal value Hamiltonian, H*(x, ¢}, is a concave-convex
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function, given the assumptions on L*. Hence, by Lemma 6.2, {x*, A™)is a stationary
point of the modified Hamiltonian dynamic system. U

Thus, we have established conditions under which a local solution to the implicit
programming problem, with Lagrange multiplier, completely determines a stationary
point of the modified Hamiltonian dynamic system. To assert the dynamic optimality of
a local solution to the implicit programming problem, we must apply the sufficient
maximum principle. This requires an investigation of the relationship of the solutions of
the implicit programming problem to the dynamic theory.

To this point, our analysis has presented new results of a purely static nature. What
we seek to demonstrate below is the extent to which the static approach can substitute

for the dynamic analysis, for the purpose of characterizing the complete dynamic

trajectory. The novel aspects of these subsequent results are contained in their
relationship. to the formulation of the implicit programming problem itself, and to the
decomposition perspective suggested by the sufficient maximum principle. However,
this portion of the theory is derived from the results of the current dynamic theory; we
are, in this last section, indicating how implicit programming complements the dynamic
analysis, rather than presenting any new results of a dynamic nature.

6.5 Application of the dynamic theory. The most complete dynamic analysis of
the discounted problem is due to Rockafellar [27]. The theory developed rests on the
following curvature assumption.

Assumption 6.2 (curvature assumption). We assume that for certain values @ >0
and B >0 the Hamiltonian H™ is locally a-concave and B-convex near the stationary
point of the modified Hamiltonian dynamic system, (x°, "), or in other words, that
there exists a convex neighborhood S x T of (x°, ¢ in R" X R" such that H*(x, q) is
(finite and) a-concave in x € S for each g€ T and B-convex in qe T for each x&§.
Moreover, the discount rate p >0 is small enough so that p> < 4ap.

The notion of a-convexity is a measure of strict convexity.

DEFINITION 6.2. A finite function h on a convexset C < R" is said to be a-convex,
where o € R, if forall xe C, x'e C and A €[0, 1] it is true that

(6.19a) (1= A)x +Ax) = (1= Mha(x) +Ah(x) = 3ed (1= D)lx = x|
a-concavity is defined by replacing the inequality above with
(6.19b) h«l—Au+mxv;(L—Amnw+Ahuw+§mu1—AMx—xﬂ?

The optimality of a steady state trajectory is based on the following convergence
lemma. The convergence properties of the optimal dynamic trajectories are established
subject to the curvature assumption (see [27]). It is this convergence property that
indicates the important role that the optimal steady-state trajectories play in the

dynamic theory.
LEMMA 6.3. Suppose x:[0, ©)=>X < R" is a continuous, piecewise continuously

differentiable function such that the objective functional converges, where L* satisfies
Assumption 6.1:

oc

J e P L*(x, ¥) dt < + 0,
0

Let (x°, ¢°) be a stationary point of the modified Hamultonian dynamic system such that
Assumption 6.2 holds. Suppose further that

liminfe “(q", x(£))> —.

o
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Then, if Assumptions 6.1 and 6.2 hold, lim, . < e “ixin—x"y=8.

Proof. See [27. Propositions 1 and 2], O

We may now apply the sufficient maximum principle to claim that a local solution
to the implicit programming problem is an optimal steady-state trajectory.

THEOREM 6.4. Let (x*, u™®, A™) be a local solution to the implicit programming
problem. Assume that f and [ are C' functions. Suppose (x*, u*) is a regular point of the
constraints fix, u)—p(x —x*) =6, and x*€ X°, u*[Ux*)])". Suppose that Assump-
tions 6.1 and 6.2 hold, the latter in a neighborhood of (x*. A*). Then the stationary
trajectory (x*, u*) is optimal in the class of wrajectories with initial condition x(0)=x*
such that e “' x(t) remains bounded as t > .

Proof. 1t follows, from Corollary 6.1, that (x*, *) is a stationary trajectory that is
supported by A*. (The interior point condition on (x*, ) follows from the curvature
assumption, (see [27, Proposition 1]).) Lemma 6.3 indicates that the boundary

condition

‘Iirg e TPAF (x(n—xF) =0,
is satisfied for all state trajectories x such that ¢ "“'x(¢) remains bounded as r - x, that
also provide finite cost sums. Since the support property and the boundary condition are
satisfied. the optimality of the stationary trajectory follows from Theorem 3.1. {

Theorem 6.4 indicates conditions for a local solution of the implicit programming
problem to be an optimal stationary trajectory. Moreover, the proof of the theorem is
based on the decomposition perspective that is suggested by the sufficient maximum
principle. The steady-state that is characterized by the implicit programming problem is
a supported trajectory, because of the convexity assumption on L* (Assumption 6.1).
The optimality results from the boundary condition describing the asymptotic behavior
of other trajectories. The boundary condition is established by the dynamic theory, as
indicated by Lemma 6.3. In fact, the curvature assumption is actually a strengthening of
the basic convexity assumption. By Lemma 6.1, the convexity of L* implies that the
Hamiltonian is concave-convex; Assumption 6.2 strengthens that property sufficiently
to allow the boundary condition to be established.

If we view the theory from this perspective, there is another point to be mentioned.
The curvature assumption is sufficiently powerful that we are able to conclude that it is
actually the limit of the inner product that satisfies the nonnegativity condition required
in the sufficiency theorem. Yet the relaxed concepts of optimality (e.g., weakly overtak-
ing) require weaker asymptotic conditions. This suggests that one direction in which to
proceed would be to weaken the curvature assumption and aim the dynamic theory
towards establishing the boundary condition of Theorem 3.1.

There are two other kinds of theorems that can be proven about the solutions to the
implicit programming problem. The first is a uniqueness theorem that indicates
sufficient conditions for (at least) the state-component of the implicit programming
problem to be unique. Corollary 6.1 indicates that every solution of the implicit
programming problem determines a stationary point of the modified Hamiltonian
dynamic system. Hence, conditions that are sufficient for the stationary point to be
unique also imply that the solution to the implicit programming problem is unigue (if
the control that defines the optimal value Hamiltonian is unique). Itisstraightforward to
establish that if the curvature assumption holds globally, then the stationary point is
unique. (This result follows from an argument similar to that of [27, Proposition 5]} It is
not true, however, that the stationary point is unique if the curvature assumption
happens to hold at a particular point (locally). Further, even if the Hamiltonian H™ is
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globally strictly concave-convex, there may be multiple stationary points if the inequal-
ity p> <4af is violated (see [16, Example 1]).

The other kind of theorem indicates how the implicit programming problem can be
used to analyze the asymptotic behavior of other optimal trajectories, with initial
conditions sufficiently close to the steady-state. This is essentially a stability question,
particularly when it is viewed in the context of the Hamiltonian dynamic system. The
dynamic theory has established that, if Assumption 6.2 holds, the stationary point of the
Hamiltonian dynamic system behaveslixe a saddlepoint of a differential equation. That
is, there exist, locally, stable and unstable manifoids, which intersect only at the
stationary point, that are comprised of the trajectories that converge to the stationary
point as ¢ approaches plus or minus infinity, respectively [27, Thms. 1 and 1']. Then, for
any initial condition on the manifold, the optimal trajectory remains in the manifold and
converges to the stationary point [27, Thm. 2]. It is this result that indicates the
important role played by the optimal steady-state trajectories; they are limit points of
other optimal trajectories. Moreover, if Assumption 6.2 holds globally, then the
solution of the implicit programming problem is unique, the stationary point of the
modified Hamiltonian dynamic system is unique, and all optimal trajectories converge
to this stationary point. In any event, if the curvature assumption holds in a neighbor-
hood of a local solution to the implicit programming problem, the dynamic theory
indicates that the solution is the limit point of other optimal trajectories, as well as an
optimal steady-state trajectory.

Since the curvature assumption is a static property of the Hamiltonian, additional
conditions may be imposed on the solution of the implicit programming problem that
are sufficient to conclude that the curvature assumption holds. One way of establishing
the curvature assumption would be to investigate the Hessian matrices of the Hamil-
tonian. This is the approach taken in the next theorem. We add smoothness conditions
to the functions / and f, and a regularity condition on the mapping U. We also add two
special assumptions, the local duality assumption [ 18, Ch. 12], that guarantees that the
Lagrangian is locally convex at the solution of the implicit programming problem, and,a
local controllability assumption that takes the form of a rank condition of the u-
Jacobian of the function f. This latter assumption implies that the dimension of the
control space is at least as great as the dimension of the state space. This condition is met
in the calculus of variations, where control is identified with the derivative of the arc; in
general control problems, it amounts to a restriction. However, in economic models,
such a condition is generally satisfied. The main result of the theorem is that the
Hamiltonian is strictly concave-convex in the neighborhood of a local solution to the
implicit programming problem. ‘

THEOREM 6.5. Let (x*, u*, A*) be a solution to the implicit programming problem
(6.8), such that (x*, u™) is a regular point of the constraints f(x, u)—p(x —~x*)=6, and
x*e X°, u*e[Ux*]. Let Assumption 6.1 hold and suppose further that.

(i) the functions f and | possess continuous second derivatives with respect to all
argumentis; '

(ii) the mapping U :X > 2% is lower semi-continuous,

(iii) the Hessian of the Lagrangian

V2 Lp(x, u, A x5 = V2 ol ) — (A, flx, u)))

evaluated at (x*, u*) is positive-definite on all of R" xR"; and
(iv) the matrix [V, f(x, u))er un is an n X m matrix of rank n (hence mzn).

aan

.t A o
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Then the concave-convex optimal value Hamiltonian H*(x, q) is strictly concave-
convex in an open convex neighborhood, S » T. of the stationary point (x*, A*) of the
modified Hamiltonian dvnamic system.

In addition, if H*(x, A*) is a-concave for x €S and if H*(x*, q) is B-convex for
qe T, such that p2 <4ap, then there exists an open neighborhood S. < S, x*€ S., such
that for anv initial condition x\0)€ S.. the optimal state-control-costate trajectory con -
verges to (x*, u*, A %),

Outline of proof. Defining 1*(x, q) as the minimizer in the definition of the optimal
value Hamiltonian (6.12), the first-order necessary conditions for the implicit pro-
gramming problem contain a system of m equations in (rn +m + #) variables that defines
u*(x, q) implicitly. The local duality assumption (ii1) indicates that the Jacobian of this
system is nonsingular at (x*, ©*, A*), so that the implicit function theorem applies to
u*(x, q) in a neighborhood of the solution (x*, A*). Calculating the Hessians of the
* optimal value Hamiltonian, H*(x, q) =(q, f(x, u™*(x, g}y — I (x, u™(x, q)), it is easy to see
that they are definite. The lower semi-continuity assumption on the mapping U is
required to assert that the implicit function 1 *(x, q) actually belongs to the set U (x) for
x in a neighborhood S of x*. The assumption on the relative sizes of the state and
control spaces is required to express the Hessian of the Hamiltonian, with respect to q,
as an inner product of full-rank matrices, hence definite. The last statement of the
theorem is precisely Theorem 2, [27]. For further details, see [8]. [

6.6 Summary. We have shown that, under the basic convexity assumption

describing the image function L* (Assumption 6.1):
(i) every stationary point of the modified Hamiltonian dynamic system is a

feasible point of the implicit programming problem (Theorem 6.2);

(ii) conversely, every feasible point of the implicit programming problem deter-
mines a stationary point of the modified Hamiltonian dynamic system (Proposition 6.1);

(iii) every stationary point of the modified Hamiltonian dynamic system deter-
mines a stationary trajectory that is supported (Lemma 6.2);

(iv) if the solution to the implicit programming problem is a regular point, then the
stationary point of the Hamiltonian dynamic system is determined by the Lagrange
multiplier (Corollary 6.1);

and, complementing the dynamic theory,

(v) if the curvature assumption holds in a neighborhood of the solution of the
implicit programming problem, then the solution of the implicit programming problem
is an optimal steady-state trajectory in the class of dynamic trajectories such that
e x(t) is bounded as t » c© (Theorem 6.4);

(vi) the solution to the implicit programming problem is the limit point of other
optimal trajectories, under additional (local) assumptions designed to establish the
curvature assumption (Theorem 6.5).

The implicit programming problem also remedies the lack of a transversality
condition in the maximum principle for the infinite horizon problem. The Lagrange
multiplier of the implicit programming problem determines the boundary condition at
infinity of the costate trajectory, and the familiar two-point boundary-value problem
determines the optimal trajectory.

7. Conclusions. We have formulated a static optimization problem, the implicit
programming problem, that characterizes the optimal steady-states of the optimal
control problem with discounting; all results hold for the undiscounted case as well. This
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characterization does not require the solution of the full dynamic problem to determine
the asymptotic behavior of the optimal dynamic trajectories. The formulation of the
problem is based on an application of sufficient conditions for dynamic optimality,
which have been shown to be equivalent to the more familiar approaches found in the
literature. The sufficient conditions suggest a decomposition of the analysis of optimal
control problems defined on an infinite horizon. The implicit programming problem
responds to one aspect of that decomposition, the support property. The current
dynamic theory may be interpreted as an approach to the other aspect of this
decomposition, the boundary condition. This perspective suggests a possible direction
in which to proceed, that of investigating ways in which to weaken the assumptions of
the current dynamic theory.
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