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ABSTRACT. We develop a class of techniques for analyzing the output of
simulations of a semi-regenerative process. Called the semi-regenerative
method, the approach can be used in virtually all situations in which
the regenerative method applies and can reduce variance. We consider
the estimation of various performance measures, including steady-state
means, expected cumulative reward until hitting a set of states, deriva-
tives of steady-state means, and time-average variance constants. We
also discuss importance sampling and a bias-reduction technique. In
each case, we develop two estimators: one based on a simulation of a
single sample path, and the other a type of stratified estimator in which
trajectories are generated in an i.i.d. manner. We establish a central
limit theorem for each estimator, so confidence intervals can be con-
structed.

1. INTRODUCTION

A stochastic process is said to be regenerative if, loosely speaking, there
exists an infinite sequence of random times, known as regeneration points,
at which the process probabilistically restarts. For example, for a positive-
recurrent irreducible Markov chain on a discrete state space .S, the successive
hitting times to a fixed state form one possible regeneration sequence. A
sample path of a regenerative process can be divided into independent and
identically distributed (i.i.d.) cycles based on the sequence of regeneration
points. The regenerative method of simulation output analysis (Crane and
Iglehart 1975) uses this structure to construct asymptotically valid confi-
dence intervals for the steady-state mean of a regenerative process.

There are several settings in which exploiting regenerative structure and
applying the regenerative method lead to improvements over other meth-
ods. For example, the only known estimator of the time-average variance
constant with convergence rate t~1/2, where ¢ is the run length of the sim-
ulation, is based on the regenerative method (Henderson and Glynn 2001).
(The time-average variance constant is the variance constant appearing in
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the central limit theorem for the time average of a process.) Several bias-
reduction techniques rely on regenerative structure (Meketon and Heidel-
berger 1982, Glynn 1994). Also, it is known that the variance of likelihood
ratio derivative estimators (resp., importance-sampling estimators) grows
linearly (resp., exponentially) in the length of observations (Reiman and
Weiss 1989, Glynn 1990, Glynn 1995), so breaking up a sample path into
regenerative cycles can be beneficial.

For many regenerative processes there is more than one choice of regen-
eration sequence to use for the regenerative method. For example, for a
Markov chain, returns to any fixed state constitute regenerations. In such
settings it is useful to know how to exploit multiple regeneration sequences.

In this paper we present a general approach for taking advantage of mul-
tiple regeneration sequences. We call it the “semi-regenerative method”
because it is related to the theory of semi-regenerative stochastic processes
(Cinlar 1975, Section 10.6). The semi-regenerative method can be applied
in virtually any setting in which the regenerative method is used to develop
simulation estimators, often with reduced variance.

In the context of Markov chains, the basic idea of the semi-regenerative
method is to fix a set of states A C 5, and define a trajectory as a sample
path beginning in a state in A until the first return to A. Then we derive
a new representation for the performance measure of interest in terms of
expectations of functionals of trajectories. The semi-regenerative estimator
is obtained by replacing each expectation with a simulation-based estimator
of it.

We develop the semi-regenerative method for several different classes of
performance measures, and in each case, we define two estimators. One is
based on simulating a single (long) sample path, which we then divide into
trajectories. The other uses a type of stratification, in which trajectory “seg-
ments” are sampled in an i.i.d. manner. We establish central limit theorems
for each of our semi-regenerative estimators, thus enabling one to construct
asymptotically valid confidence intervals.

Other methods for simulating processes with multiple regeneration se-
quences have been proposed in the literature, including the almost regener-
ative method (Gunther and Wolff 1980), A-segments (Zhang and Ho 1992),
and permuted regenerative estimators (Calvin and Nakayama 1998, 2000a,
2000b). The other methods, which all result in estimators that differ from
semi-regenerative estimators, are based on simulating a single sample path.
In addition to our semi-regenerative estimators based on a single sample
path, we also consider stratified estimators, which have no analogues with
the other methods.

The almost regenerative method fixes two disjoint sets of states, U and
V', and divides a sample path into almost regenerative cycles that begin and
end with transitions from the set U to the set V. To relate this to the
semi-regenerative estimator, let V= A and U = S\ A, and note that the
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semi-regenerative method allows for trajectories consisting of one transition
from A back to A, whereas this cannot be an almost regenerative cycle.

Zhang and Ho (1992) developed the A-segments method to reduce the
variance of likelihood ratio derivative estimators. Their technique breaks up
a sample path into A-segments determined by returns to the set A, as is done
with the semi-regenerative method, but they construct their estimator using
an approach that differs from ours and end up with a different estimator.
Also, Zhang and Ho only apply their method to likelihood ratio derivative
estimation, and they do not prove a central limit theorem for their estimator,
as we do.

Permuted regenerative estimators (Calvin and Nakayama 1998, 2000a,
2000b) are constructed by first running a simulation of a fixed number of
cycles from one regeneration sequence. Then for each regeneration sequence,
permute the cycles of that sequence along the generated path. Compute
an estimate of the performance measure based on this permuted sample
path, and averaging over all permuted paths yields the permuted estima-
tor. Calvin and Nakayama (2002) analyze the difference between semi-
regenerative and permuted estimators (as well as some others) when esti-
mating the second moment of a cycle reward when |A| = 2. They show that
the two estimators are not the same in general, but they are asymptotically
equivalent and satisfy the same central limit theorem.

An alternative approach to using multiple regeneration sequences is to
try to increase the frequency of regenerations from a single sequence. An-
dradéttir, Calvin and Glynn (1995) discuss such an approach for simulation
of Markov chains. Instead of regenerations occuring with each visit to a
fixed state, regenerations may occur (with a certain state-dependent proba-
bility) for visits to many states. In the case of the regenerative estimator of
the time-average variance constant, basing the estimator on a regenerative
subsequence of a regeneration sequence produces an estimator with at least
as large variance.

The rest of the paper has the following structure. In Section 2 we de-
velop the mathematical framework for the paper. Throughout this paper
we restrict the setting to discrete-time Markov chains on a discrete state
space, but the methods also apply to more general semi-regenerative pro-
cesses. In Section 3 we derive semi-regenerative estimators for steady-state
means, and in Section 5 we develop estimators that incorporate importance
sampling for estimating steady-state means. We construct estimators for
the expected cumulative reward until hitting a set of states, the gradient of
a steady-state mean, and the time-average variance constant in Sections 6,
7, and 4, respectively. In Section 8 we derive a semi-regenerative version of
a regenerative low-bias estimator. In Section 9 we consider ratios of steady-
state means. We close with some concluding remarks.

Calvin, Glynn, and Nakayama (2001) present (without proofs) some of
the results from the current paper. In particular, Calvin, Glynn, and
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Nakayama (2001) present the semi-regenerative estimator based on a sin-
gle sample path for the expected cumulative reward until hitting a set, as
well as some importance sampling estimators for this measure, which are
not in the current paper. Also, some empirical results are given in Calvin,
Glynn, and Nakayama (2001).

2. MATHEMATICAL FRAMEWORK

Let X = {X; : j = 0,1,2,...} be a discrete-time Markov chain on a
finite or countably infinite state space S. Let II = (II(z,y) : x,y € S) be
the transition probability matrix of X, and let P, (resp., E,, Varg, and
Cov,) denote the probability measure (resp., expectation, variance, and
covariance) given that Xo =z, z € S.

Assumption 1. X with transition probability matrix II is irreducible and
positive recurrent.

Under Assumption 1, X has a unique stationary distribution = = (7 (x) :
x € S), which is the row-vector solution to 7 = 7l with > o7 (z) = 1 and
m(x) >0 for all x € S.

3. STEADY-STATE MEANS

Let f: S — R be a “reward” function. Our goal is to estimate o = 7 f =
Ywes ™(@)f(2).
Assumption 2. The reward function f satisfies
> w(@)|f(z)] < oo.
z€S

3.1. The Regenerative Method. Consider first the regenerative method
(Crane and Iglehart 1975). For z € S, define 7, = inf{j > 1 : X; = x}.
Fix a “return state” w € S. Under Assumptions 1 and 2, the regenerative
method is based on the identity

By |5t 1(X;)
a= o [l . (3.1)

The moments in (3.1) are estimated by generating independent copies of

Tw—1

Z f(Xj), 7w | under measure P, (3.2)
=0

and forming the sample means. Specifically, let T, 0 = inf{j > 0: X; = w}
and Ty, = inf{j > T3y p—1 : X; = w} for k > 1. Define 7, ), = Top o — Ty k-1,
for £ > 1. Also, define Y, = Z]Tij’f;i_l f(Xj) for k > 1. Now fix a large
integer n and run a simulation of X up to time T, ,, giving a sample path

{X;:7=0,1,....,Tpn}t The Yy, Twr) £k =1,2,...,n, are i.i.d. copies
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of (3.2). Set Yoy = (1/1) Y 24_) Yo and Ty = (1/1) Y_3_; 7w k- Then the
regenerative estimator of v is Gy = Y /Twn-
Let N (k,®) denote a normal distribution with mean vector x and co-

variance matrix ®, and let D, denote convergence in distribution. We can
form an asymptotically valid confidence interval for o based on the following
central limit theorem (e.g., see p. 100 of Shedler 1993).

Proposition 3.1. If Assumption 1 holds and if £, [(Z;ﬁgl |f(Xg)|>2] <
oo and E,[r2] < oo, then

e G—— LA N(0,52)
asn — 00, where 62 = (Var[Yy, 1] —2aCov(Yy k, Tw k) Var[ry 1))/ Ew|Tw.k)-

3.2. The Semi-Regenerative Estimator for Steady-State Means.
We will now develop another estimator for a. Fix a set of states A C 5,
A # (), and set
To = inf{j>0:X;e€ A}
T, = inf{j >Tp_1: Xj S A}, k>1;
T = T
Wi X1, kE>0.

The following result follows from pp. 314-315 of Cinlar (1975).

Proposition 3.2. Under Assumption 1, W = {W}, : k > 0} is a positive-
recurrent discrete-time Markov chain with state space A.

The process W is sometimes called the “chain on A.” Define R(x,y) =
P, (X7 =y) for z,y € A, and let R = (R(z,y) : z,y € A), which is the
transition probability matrix of W. Under Assumption 1, Proposition 3.2
implies the existence of a unique stationary distribution v = (v(x) : x € A)
for W i.e., v is the row vector satisfying vR = v with > _, v(z) = 1 and
v(z) > 0 for all z € A. Let E, denote expectation with initial distribution
v. We assume the following:

Assumption 3. |A| =d < oo, with A = {z1,x9,...,24}.
The semi-regenerative method is based on the following identity.

Proposition 3.3. If Assumptions 1, 2, and 3 hold, then
- d T-1

o = =
E, [T i v(@i) B, [T)
We defer the proof to Remark 3.1 before Theorem 3.6 in Section 3.3.
Cinlar (1975), Theorem 10.6.12, provides a proof of this result under differ-
ent assumptions when the function f is of the form f(z) = I(z € B) for
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some set of states B C S, where I(-) is the indicator function. Also, see
Zhang and Ho (1992).

Using the semi-regenerative identity in Proposition 3.3, we will now de-
velop an estimator for o using a type of stratified sampling. Let

T—1
Y = ) f(X)),
§=0
T T,
x(y) = I(Xr=y), foryec A
Let p1,p2,...,p4, be d positive numbers summing to one. Given a “repli-

cation budget” n, we will sample |p;n| times from the initial state x; € A,
where for a € R, |a| is the greatest integer less than or equal to a. Specifi-
cally, for each i = 1,2,...,d, let

(Ye (i), (i), xe (i, y) 1y € A)
for 1 <k < |pn| be ii.d. copies of
(Y, 7,x(y) : y € A) under measure P,,.

Set
1 Lpin)
Ry(xi,y) = Xk (i, Y
(500) = g 3
for1 <i<dandy € A, and set R, = (R,(z,y) : z,y € A) € R¥4, Clearly,
R, — R as. (3.3)

as n — oo by the strong law of large numbers. Since R is irreducible and
positive recurrent by Proposition 3.2, R,, also is for sufficiently large n, so
there exists a unique stationary distribution v, = (v,(z) : @ € A) € R*4 for
R,, for n sufficiently large. Observe that Proposition 3.2 implies that v, (z) >
0 for all sufficiently large n. We define the semi-regenerative estimator of «

to be . (gl
(@) o o Ya(a

S () g SR ()
If |A| =1, then «, is the standard regenerative estimator of a.

The estimator «, is a type of stratified estimator, in which starting a tra-
jectory from z; is effectively a sample from stratum i, 1 < i < d. In general,
for an arbitrary choice of the p;’s, the estimator «,, can have a variance very
different from that of the time-average point estimator (1/7},) Z?;gl F(X5).
Later in this section we discuss methods for determining the weights p;
to minimize the asymptotic variance of «a,. Also, we will carry out an
asymptotic comparison of the time-average point estimator and the semi-
regenerative estimator in Section 3.3.

We now wish to develop a central limit theorem for the semi-regenerative
estimator «,,. For this we will need to make some moment assumptions.
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Assumption 4. There exists w € S such that
2

Tw—1

Ey [r2] <00, Ey Z | f(X5)] < 0.
=0

Proposition 3.4. Under Assumptions 1 and 4, E,[Y?] < oo and E,[7?] <
oo for all z € A.

For a proof, see Theorem 4, page 84, of Chung (1967).
We now state our central limit theorem for «,,. For i = 1,2,...,d, define
the matrix ¥; = (V;(z,y) : z,y € A) with entries
Wi(zj, xr) = Cove, (X(x5), x(2k)) = —R(xi, x5)R(zs, xi), j# k., (3.5)
and
Wi(zj, vj) = Vary, (x(25)) = R(zi, 25)(1 — R(zi, z5))- (3.6)
Fori,j =1,2,...,d, define g(x;, ;) = Covy, (x(x;), Z) and h(x;) = Varg,(Z),
where Z =Y —ar. Let z = (2(2) : € A) € R with z(x) = E,[Z].
Let e denote the vector of all 1’s in 9!, and let V be the matrix in R4*¢
in which all rows are equal to v; ie., V = ev. Let F = (I - R+ V)™!,
the fundamental matrix of W, which exists under Assumptions 1 and 3 by

Proposition 3.2 (e.g., see p. 100 of Kemeny and Snell 1960). Finally, let
¢ = (¢(z): z € A) € R¥! be defined by ¢ = Fz.

Theorem 3.5. Under Assumptions 14,
n’? (an — ) A N(0,0?)

as n — 0o, where

d
1 200 \m.
o2 — Byl (3.7)
(E,[T]) — Di
with
d d d
i =h(zi) +2) gz, z)C(ay) + DD C(x)C(a) Vilwj,m).  (3.8)
j=1 j=1 i=1
Proof. For each i =1,2,...,d, let Zy(z;) = Yi(x;) — arp(z;), k > 1, and set
B 1 lpin]
Zn Z; = Z Zi),
(#) = Gy 2o Bl
1 lpin]
To(z)) = —— Ti(24)-
lpin] =

Let Z, = (Zn(z) : x € A) € R and 7, = (T(x) : 2 € A) € R, Note
that

1/2 - 1/22?:1 Vo (i) Zn(¥i) _ 1jpVnZn _
Z;‘izl Un (24)Tn (27) UnTn ’
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where B
Z
C. — pl/2Xncn
" E,[T]
and
Dy =02, 7, (= 1 (3.10)
" "\ vt BT ’

We begin by analyzing C;,. The second equality in Proposition 3.3 implies
that

vz =0. (3.11)
Hence,
(Vn — )2 +v(Zp — 2)
E,[T
We now need to analyze v, — v and Z, — z.
Assumptions 1 and 3 imply that R is finite and irreducible. It then follows

that R, is finite and irreducible for n sufficiently large by (3.3). Since vR = v
and v, = v, R,,

Up —V =vpRy —VvR = vy(Ry, — R) + (v, — V)R, (3.13)

C, =n'/?

. (3.12)

and so
(vn, —v)(I — R) = vp(R, — R). (3.14)

Then because v,e —ve = 1 —1 = 0, we have that (v, —v)V = 0. Hence, we
can rewrite (3.14) as

(vn—v) (I —R+V)=v,(R, — R).
Therefore,
Vp — v =vp(Ry, — R)F. (3.15)

Note that R, — R — 0 a.s. by (3.3). Also, |A| < co by Assumption 3, and
vy, is bounded for all n. Thus, (3.15) implies that

Up — U a.s. (3.16)
as n — oo. Also because of (3.15), (3.12) becomes

O — pl/2 Un(Rp — R)F Zy + v(Zy, — 2)

. 1
B, [T (317
Under Assumptions 1 and 4 (see Proposition 3.4),
n'2(R, — R, Z, — z) 2 (N1, N3) 2 N(0, %), (3.18)

where 2 denotes equality in distribution. Thus, (N7, N3) are jointly nor-
mally distributed with some covariance matrix . (We will examine the
structure of the matrix ¥ below.) Because Z, — z a.s. and by (3.16),
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(n1/2(RTL - R)vnl/z(Zn - Z)7 Vn, Zn) 2) (N17N27V7 Z) as n — o0 by Theo-
rem 4.4 of Billingsley (1968). Hence, the continuous mapping theorem (e.g.,
Theorem 5.1 of Billingsley 1968) implies that

p vIN1Fz 4+ vNy
' — .1
O = TR (319

as n — 0o.
We now consider D, from (3.10). Note that for each z € A, 7,,(z) — E[7]

a.s. and Eg[r] > 0. Thus, (3.16) implies that (1/(v,7)) — (1/E,[T]) 29
by the continuous mapping theorem. So it follows from (3.19) that

D, Zo. (3.20)
Therefore, using (3.9) and (3.19) gives

o) 2 v(N1¢ + Na)

n1/2(an — B, [T]

(3.21)
by the converging-together lemma (see Theorem 25.4 of Billingsley 1995),
since ( = F'z.

We now examine the structure of the covariance matrix 3 in (3.18), which
we will need to know to determine the exact form of the variance of the
limiting distribution in (3.21). Many of the entries in ¥ are zero since
(Rn(4, ), Zn(2;)) is independent of (R, (zj, ), Zn(x;)) for i # j, where
we use the notation that for x € A, M(z, ) = (M(z,y) : y € A) for a
matrix M = (M (u,v) : u,v € A). We now consider separately the nonzero
components of ¥.. Recall we previously defined the matrix ¥; in (3.5) and
(3.6), and note that

n'/? (Ru(as, ) = Rlxi, -)) = N(0,p; " W3),
as n — oo. Also,
02 (Ry (i, x5) = R(wiy x5), Zn(:) = 2(1))
converges in distribution to a normal random vector with mean 0 and co-
variance matrix
-1 (‘I’i(l’ja%’) 9(%793]‘)) _

o\ y(zisx)  h(z)

Now the only thing left to show is that the asymptotic variance o2

by (3.7). Define the function r, : R4 x R — R by

_ v(M{H+u)
ra(M,u)—T[T].

is given

By (3.18) and (3.21), it is sufficient to compute the asymptotic variance of

To <n1/2(Rn —R), n\2(Z, — z)) = 0Y2(ro(Rp, Zy) — Ta(R, 2)).
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Applying the delta method (e.g., Theorem A, p. 122 of Serfling 1980) leads
to

02 (ra( Ry Za) = 1a(R,2)) & N (0,D%Ds)

where D, is the gradient of r, evaluated at (R, z) and the superscript T
o) o)

denotes transpose. Let Wm(R, z) and WTQ(R, z) denote the par-

tial derivatives of 7, taken with respect to R(x;,x;) and z(x;), respectively,

evaluated at the point (R, z). Since

0 . (p = Y@)(z) 0 (p oy Y@
Rz BT sy B T By
we get that
d
o2 = 1 V2 h(z;)
= e |V,
d d d (o d v,
] DI SN QITPR LIS N
i=1 J=11=1 Di = Di

from which (3.7) follows.

Another way to derive (3.7) is as follows. In (3.21), N1¢+ Nz is a random
vector in which each component (N1{+ N3)(z;) is normally distributed since
it is a linear combination of dependent normals, and

Var((N1¢ + No)(z;)) = £ (3.22)

7
Fori # j, (Ni(x;,-), Na(z;)) and (Ni(zj, ), Na(x;)) are independent because
of the independence of (R, (2, ), Zn(x;)) and (Ry (x4, ), Zn(z;)). Therefore,
Ni( + Ny is a normally distributed random vector with independent com-
ponents, which implies that v(N1{ + N3) is a linear combination of the
independent (N1¢ + Na)(z), z € A, and so (3.7) follows. O

We can consistently estimate o2 by estimating each of the quantities in
(3.7) as follows:
e Estimate E,[T| by v, Ty.
e Estimate v(x;) by v, (x;).
e Estimate h(z;) by

lpin]

¢ k=1
aQ [pin] B )
+ o] =1 kz_; (ke () — Tn(xi))
2c pin] _
D] 1 2 el@) = Yalw)) (i) = 7 @),

k=1
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where Y, (z;) = (1/[pin)) 2 Vi(ay).

e Estimate ¢ by ¢, = (I — Ry, + V) Y (Ys, — anTy), where V, = ev,
and Y, = (Y, () : x € A).

e Estimate g(x;, x;) by

gn(xi’ xj)
Lpin]
= Lpnj—l Y k(i ) = Ru(wi, ) [(Yi(wi) — anmi(@i) = Zn(a)],
! k=1

where Zn(:vl) = Yo (7;) — anTn(z5).

o Estimate W;(z;,2;) by

S | —Ry(, ;) Rn(xs, 21) if j #1,

The resulting estimator 52 of o2 is then strongly consistent and can be used
to construct an asymptotically valid (as n — oo) 100(1 — 6)% confidence

interval for o given by
ason + ason
Qp — , (& )

where a; is chosen so that P(N(0,1) > as) = §/2.

The semi-regenerative approach opens up the possibility of stratification
(i.e., choosing the {p;}) in a way that is impossible to implement in the
regenerative context. This is a potentially important “additional degree of
freedom” that does not have a regenerative analogue.

For a fixed subset A of states, we now consider the problem of choosing
the optimal {p;} to minimize o2. By (3.7) we can write

d
o® = 0*(p1,p2;- - - pd) = i,
iy D
where ¢; = 1;(v(z;)/E,[T])?. Note that (3.22) implies ¢; > 0. Minimizing
o? subject to Z?Zl pi = 1 and p; > 0 yields the optimal {p}} given by
pr= VG (3.23)
2=1VC
Since the {¢;} are typically unknown, one approach to apply this result in
practice is to use a two-stage procedure. In the first stage, simulate a pilot
run to estimate the {¢;}; then using the estimates of the {¢;}, simulate
the production runs with estimates for {p}} determined by substituting the
estimates of the {¢;} into (3.23).
We could also estimate the {p;} “on the fly” during our simulation, which
would entail updating the sampling proportions for the various strata as the
simulation progresses. Specifically, for each n > 1, we want to determine



12 JAMES M. CALVIN, PETER W. GLYNN, AND MARVIN K. NAKAYAMA

values of P14, P2, -.,Pdn as positive numbers summing to one. By modi-
fying our estimators that we defined before for estimating o2, we can define
cin to be an estimate of ¢; after n total trajectories have been simulated.
The ¢; ,, are strongly consistent, and we can use them in (3.23) to determine
the DPin-

(Rather than choosing the p; to minimize variance, we could instead max-
imize efficiency, which is often defined as the inverse of the product of the
variance and work; see Glynn and Whitt (1992). To define the work in this
case, we need to take into account the cost associated with sampling from
each stratum 7, and a reasonable measure of that cost is Eg,[7], the expected
number of transitions in a trajectory starting from z;. Thus, maximizing
efficiency corresponds to minimizing o2 (p1, . . ., pa) 2?21 piEy,[T], subject to
Z?:l p; = 1 and p; > 0, which in general cannot be solved in closed form
and numerical methods need to be used.)

We performed a numerical experiment to explore the possible benefit of
choosing approximately optimal stratification weights. The two-stage pro-
cedure described above was used.

The model is a 7-state birth-death chain on S = {0,1,--- ,6} that behaves
like a random walk below state 3 and above state 3, reflected at 0 and 7,
and “almost” reflected at 3. Specifically, the transition probabilities are

110, 1) = I1(6, 5) = 1,

H@m:H@@:H@@:H@@:H@@:H@m:;

and

I1(2,3) = e =11(4,3), II(4,5) =1I(2,1) =1 —,
with € = 0.01. The reward function f is f(z) = e*, and A = {1,5}. The
stationary distribution on A is v(1) = v(5) = 1/2.

In the first stage the optimal stratification was approximated, using (3.23),
as p* = 0.513 for state 1 and p* = 0.487 for state 5. We then ran 1,000 repli-
cations with this stratification and compared the sample variance with that
obtained from 1,000 replications using p = v (which we show in the next sec-
tion is asymptotically equivalent to the time-average point estimator). The
sample variance was 5.64 with p = v, and using the approximate optimal

stratification it was 4.98. This corresponds to a variance reduction of about
11.7%.

3.3. Comparison of the Unstratified Semi-Regenerative and Time-
Average Point Estimators. We now compare the asymptotic behaviors
of the semi-regenerative estimator a,, and the time-average point estimator
based on a simulation of one (long) sample path. Specifically, we define the
time-average point estimator as follows. Fix an initial state Xy = x¢ € A.
(We can also define an initial distribution g on A or S to select X, but for
simplicity, we just fix Xo = xp.) Then simulate X up to time T,,, for n fixed
(and large), giving us a sample path {X; : j =0,1,2,...,T,}, from which
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we obtain {Wj, : k£ =0,1,2,...,n} with Wy = Xr,. Then the time-average
point estimator of « is defined as

Y 9]

oy, = T

To facilitate our asymptotic comparison of «/, and «,,, we will re-express
o/, in a form similar to (3.4). For z € A, define H,(z) = Y723 (W), = ).
For z € A, define T} (z) = inf{j > 0: X; =z}, and for k > 2, define T} (z) =
inf{j > T]_,(z) : X; = z}. Also, define Tvlé(x) = inf{j > T} (z) : X; € A},
which is the first time after 7} (x) that X enters A again. For z € A and
k=1,2,..., define

T} (x)—1

V@) = Y fX

3=Ty,(x)
Ti(z) = Ti(z) - Ti(x).
Also, for x € A, define v, (x) = H,(x)/n. Then observe that

d Hp(z:) 1 d = i 1 Hy (i) xrrp,
Y, i V@) 7 Y/ (i)
O/:Zzl k=1 ( ): 1 Hy (x;) 4~k=1 k (3.24)

n Hy(x; ~ Hn 371
SE S ) S (e ey St Th(w)

Remark 3.1. Because of Assumption 2, the Y] (x;) all have finite first mo-
ments. Also, Assumption 1 implies that each H,(z;) — oo a.s., so Proposi-
tion 3.3 is a consequence of the strong law of large numbers and (3.24).

Note the similarity of o}, in (3.24) and «,, in (3.4). We now establish the
following central limit theorem for o,.

Theorem 3.6. Under Assumptions 14,
nt/? (o, — @) 2 N(0,0"%)

as n — 00, where

o'? = (E,,[lT])2 Z v(zi)n; (3.25)
with 7; defined in (3.8).

If we set p; = v(x;),4=1,2,...,d, in (3.7), then 0% = o'?. Therefore, our
semi-regenerative estimator «, with p; = v(x;) has the same asymptotic
efficiency as the time-average point estimator «),. However, choosing the
{p:i} according to (3.23) may lead to the semi-regenerative estimator having
an asymptotic variance that is strictly smaller than that of the time-average
point estimator.
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Proof. For x € A, define Z} (z) = Y/(z) — a7/(x), k > 1, and set

B 1 Hp(z)
1 @
o) = g X e

Let Z! = (Z!(x) : x € A) and 7, = (7,(x) : © € A). Since vz = 0 by (3.11),
we have that
n'?(al, —a) = C! + D!,

where
o = 2 UnZp nl/2 (on —v)Z;, + v(Z), — 2)
" E, [T E, [T ’
_ 1 1
D/ — 1/2"\ Z/ -
n et \ G T BT )

and U, = (Up(z) : x € A).
For x € A, v(z) > 0 by Proposition 3.2. Also,

[ SN y(x) > 0 a.s. (326)

as n — 00, so Hy(z) — oo a.s. Define R, = (R}, (z,y) : z,y € A) with
_ o LWy =2, Wi = y)
Shoo [ (Wi = )
Also, define xj(z,y) = (X5 (@) = y), so we can re-express R, (z,y) as
k

Ry, (z,y)

Hn(:v) /
/ . k=1 Xk(xa y)

Therefore, (3.26) implies R), — R a.s., and since R is irreducible and positive
recurrent by Proposition 3.2, R}, also is for sufficiently large n. Thus, for n
sufficiently large, we can define v, = (V) (x) : * € A) such that v/, = v R},
v}, > 0, and ev), = 1. Observe that
Up—v = UpR,—VvR+ (U, —v,)(I—R))
= /V\n(R;@ —R)+ (Vp — V)R + (U — V;’L)(I - R'/IL)

Now arguing as we did to go from (3.13) to (3.15), we can show that

Up —v =Up(R,, — R)F + (0, —v),)(I — R},)F. (3.27)
Hence,
O = pl/? Un(Ry, — R)FZ;, 4+ v(Z;, — 2) 4 pl/2 (Un —vp) — R’n)FZﬁ‘
! E,[T] E,[T]

(3.28)
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Note that (3.26) implies that Z (z) — z(z) a.s. and 7/ (z) — E,[7] a.s., and
the random-time-change central limit theorem (e.g., p. 32 of Serfling 1980)
implies that

n'?(R, — R, Z,, — 2) B (N{, N3) 2 N (0, %), (3.29)

i.e., (N7, N}) are jointly normally distributed with some covariance matrix
Y/, for which we will later give the exact form. It then follows that, as in
(3.19),
nl/2 Un(Ry, — R)FZ, +v(Z;, — 2) D vINi¢ + v N
E,[T)] E,[T]
by (3.29) since 7, — v a.s. and Z!, — z a.s.
We now show that

2@, —1) 20 (3.30)

(
as n — o0o. To see this, define €,(x) by
(z)

en(z) = Up(x) —UaR, (2

_ Halz) 3 Ho(y) Sp2g LWy =y, W1 = 2)

ger " i I(Wy =)
1 n—1
= . Hy(z) =Y > I(Wi =y, Wi1 = )
yEA k=0
1

Therefore, |e,(x)] < 1/n for each x. Let V, be the matrix with each row
equal to v/, and let F), = (I — Rl, + V;)~'. For any probability vector
€ R V! =y Then
Up = UpR) + €, = Uy (R;l — Vri) + v, + en,
or
Un(I-Ry+Vy)=vh+e=v,(I-R,+V,)+en.
Therefore,
Up — V), = e Bl
Since F), — F a.s. and |e,(x)| < 1/n for all z, (3.30) follows.
Hence, the second term on the right-hand side of (3.28) satisfies

nl/2 (On —vp)I = R,)FZ, 2y
E,[T]

since R!, — R a.s. and Z! — z a.s. Also, as in (3.20) we can similarly show
that D), 2. 0. Therefore,

v

n
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We now examine the structure of the covariance matrix ¥’ in (3.29). Even
though R}, (z;,-) is not independent of R}, (z;,-) for i # j, it turns out that
Ni(z;,-) and Ni(zj,-) are independent; e.g., see Theorem 3.1 and p. 23 of
Billingsley (1961).

We now show that Cov(Ny(z;), Ny(z;)) = 0 for i # j. For z; € A, define

N 1 L (i)n]

7! (z;) = ——— Z; ().
By slightly modifying the argument on p. 20 of Billingsley (1961), we can
prove that for each z; € A,

5 = D
n'2(Zy (@) = 2(x)) = n'2(Z) (1) = 2(2:)) = 0
as n — oo. Now let Z;L = (2,’1(:5@) :1=1,2,...,d), and it then follows that
nt2(Z! — z) — nl/Q(ZL —2) 20
as n — o0o. Hence, the converging-together lemma (e.g., Theorem 4.1 of
Billingsley 1968) implies that n'/2(Z! — z) 2 N} as n — oo, where NJ is
defined in (3.29); i.e., n'/2(Z!, — z) and n'/?(Z!, — z) have the same limiting
distribution. But the Markov property implies that for each n, Z/ (x;) and
Z} (x;) are independent for ¢ # j. Consequently, Nj(z;) and Ny(x;) are
independent for ¢ # j, so Cov(Nj(z;), Ny(z;)) = 0. We can similarly show
that N{(x;,-) and Nj(z;) are independent for i # j.

Thus, ¥ has non-zero entries in the same places as ¥ in (3.18) does. The
difference between ¥’ and X is that the non-zero entries in ¥ are divided
by the appropriate p;, whereas they are divided by the appropriate v(z;) in
Y. The divisors v(z;) in ¥/ arise from the random-time-change central limit
theorem because H,(x;)/n — v(x;) a.s. as we showed in (3.26). For example,
note that n'/2(Z/ (z;) — 2) 2 N0, h(z;)/v(x;)), where h(z;) = Vary,(Z) as
before. Thus, as in the proof of Theorem 3.5, we can work out the exact
form of the asymptotic variance o’? to be (3.25). O

4. TIME-AVERAGE VARIANCE CONSTANT

Suppose that Assumptions 1-4 hold. Then
1 n—1 >
/2 | = X.) — 2
n n JZ% f( ]) a - N(07 o )

as n — 00; e.g., see p. 74 of Shedler (1993). Our goal is now to estimate
&2, which is known as the time-average variance constant. Assumption 1
implies that T,,/n — E,[T] a.s. as n — oo with 0 < E,[T] < o0, so
= -
| 7 X 00 —a | 2N,
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by the random-time-change central limit theorem. But it follows from The-
orem 3.6 that

1
52 — AV
= g
where 7); is defined in (3.8).
We now describe an unstratified semi-regenerative estimator of &2 based
on a single simulated sample path up to time 7;,. To do this, we will express
&2 as a function of expectations of functionals of trajectories. We first define

yi(e) = Eg[Y],
yo(z) = Ey [YZ] ,
ti(z) = Eglr],
to(x) = E, [72] ,
v(x) = E.[YT1],

and let y1 = (yi(z) : 2 € A) € R yo = (ya(z) : 2 € A) € R
t1 = (t1(z) :x € A) € Rty = (ta(z) : 2 € A) € R v = (v(z) 1 2 €
A) € R g = (g(x,y) : 2,y € A) € R4 and U = (V;(zj,z1) @ 4,5,k =
1,2,...,d) € R4 Now define the function r, : R x RIXT x RdxL x
%dxl % §Rd><1 % %dxd % §Rd><d % §Rdxd><d % %lxd % §Rd><d =R given by

To‘(wla w2, ... 7w10)
1 { < WoW1 >

= 2wgwewig | w1 — w3

WowWs3 Wows3

d Wow wowy \ 2
W1 w1

+ E wo(x;) |wa(z;) — 2 ws () + ( > wa(x;)

= wyws wyws

WoW1 2

_ <’LU1 (,CL'Z) — Wows wg(l'z))

wW9ywW1 T wW9w1
+ wio | w1 — w3 wg (4, -, - ) | wio | w1 — w3 )
WoW3 wWw9ows3s

and it is easy to show that 62 = 7, (1o ), where py = (y1, y2,t1,t2,v, 9, R, ¥, v, F).
Recall from Section 3.3 our definitions of H,(z), Y/(x), 7.(z), Vn(x), o,
X}.(x,y), and R},. Our unstratified estimator 52, of 2 is then

—2 ! =l =) Il T o
Op = TU(YTL’YQ,n7Tn7T2,n7Unvgn7Rn?\Iln?l/n?Fn)v

where Y = (Vi(z;) : i = 1,2,...,d), Y5, = (Y3, (zi) : i = 1,2,...,d),
7= (T (x) i = 1,2,...,d), %gyn = (o) + 1 = 1,2,...,d), v, =
(Vp(xi) 11 =1,2,...,d), g, = (gp (%) 1 i = 1,2,...,d), ¥}, = (¥}, (w5, z) :

!/
n
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i,j,k=1,2,...,d),and F. = (I — R, — ev,)~" with

a4 o /
Yn(xl) - Hn(xz) p Yk($2)7
Yy, (i) = H,(z;) Yk%(%)a
n\i) T
1 . /
Tn(xl) - Hn(xz) — Tk('rl)v
1 Hy, 731)
—/ _ 2
7'2”(.7]2) = Hn(xl) 2 Tk/(xz),
o /
Un(ajl) - Hn(xz) p Yk(xZ)Tk(xZ)v
g;z(xl’xj) = Hn(CCZ)—l Z [Xk(:v’“x]) Rn(xhxj)][znk(‘rl)_Zn(wl)]?
k=1
nk(@i) = Yi(a) — (@),
Z';L(xl) = Yri(xl)_a;z_'r/z ),
B —R) (zi,25) R}, (xi, 1) if j #1,
Vin(w @) = { R (5, 23)(L — R (ws,2;))  if j = L.

As in (3.29), we can show that

W2 (T, V3 s Tos P Vs G s W Py F) = |
D = o < D
= (N{,Nj,...,Njy) = N(0,2)),
for some normal random elements (Nj, N5, ..., N{,), having a covariance
matrix /. As in the case of the covariance matrix ¥’ in the proof of
Theorem 3.6, many of the entries in X/ are zero. We will not give all of the

non-zero entries of ¥/, but arguing as in the proof of Theorem 3.6, we can
show, for example, that

) %] = 1 (@) (x; ifi=j
COV(N{(xi),Ng(xj)):{ Fe (Bo,[Y?] = yr(@i)ya(zi)) ifi=j

ifi#j
Now (3.27) and (3.30) imply that as n — oo,
n2(, — v) = n'20,(R,, — R)F +n'2(, — v)(I — R.,)F 2 N} = vNLF.
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Also, let V, = €eUp, so for sufficiently large n,
(R, —R)+ (Vu = V)
= I-R-V)—(I—-R, -V,
- I—(I—R;—ffn)(I—R—V)—l} (I-R—-V)

n

= (=R, -V |[I=R, =V (= R-V)"'|(I-R-V)
— (=R, =V B, - F|(I-R-V),
and it follows that
nl/? (ﬁ; - F) —F [nl/Q(R; ~R) 42V, - V)} F
Consequently,
Niy = F(N} — evN,F)F
by (4.1). Now applying the delta method (e.g., Theorem A, p. 122 of Ser-

fling 1980) results in the following central limit theorem for the estimator

2
Un/.

Theorem 4.1. Suppose Assumptions 1-3 hold, and also that there exists

w € S such that E,[r] < oo and Ew[(Z?;Ol |f(X;)))4 < oo. Then
n'2(5%, - 5%) B N(0, D] $,D,),

where D, is the vector of partial derivatives of the function r, evaluated at

Ho-

It is straightforward to compute the entries of D,, which we largely omit.

For example, letting ﬁ(m) denote the partial derivative with respect to
J
wa(x;), we see that
0
77“0‘(1017"'7/“)10) :wg(aj])
811}2(1‘3') (W1y..yW10)=lho

Also, we can similarly define a stratified estimator for &2, but we omit this.

5. IMPORTANCE SAMPLING FOR STEADY-STATE MEANS

Importance sampling is a variance-reduction technique that can lead to
dramatic decreases in variance (when applied appropriately), especially when
used in rare-event simulations; see Glynn and Iglehart (1989) for an overview
of importance sampling. We now show how to combine importance sampling
with the semi-regenerative method to estimate steady-state means.

Let F, r denote the filtration of the process X up to time T with Xy =
x. For x € A, define P, 7 to be the probability measure on F, r for the
process X under the transition probability matrix IT given Xy = x. Now
suppose that for each x € A, we define another probability measure P;"T (not
necessarily Markovian) on F, 1 for X conditional on Xy = x, and let E;T be
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the corresponding expectation. Also, let P (resp., EY) be the probability
measure (resp., expectation operator) for X induced by the collection of
measures (P;T cy € A), given Xy = x. We need to assume the following.

Assumption 5. For each x € A, P, 7 is absolutely continuous with respect
to Pr .
z, T

By the Radon-Nikodym theorem (Theorem 32.2 of Billingsley 1995), As-
sumption 5 guarantees the existence of a non-negative random variable
L = L(x) for which

Ppr(C) = Ezp[I(C) L], C € Furr. (5.1)

The random variable L = dPy r/dP;  is known as the likelihood ratio (or
Radon-Nikodym derivative) of P, r with respect to P}, (given X¢ = x). For
example, if the measure P, 1 is induced by a transition probability matrix
I = (I} (w,y) : w,y € 5), then Assumption 5 will hold if IT}(w,y) = 0
implies II(w, y) = 0 for all w,y € S, and the likelihood ratio for the sample-
path trajectory Xg, X1, Xo,..., X7, given Xg = x, is
L THl (X, K1)
G=0 H;(vaXj+1)

We use the importance-sampling measure P , ro € A, to generate a
sample path {X; : j > 0} of the process X as follows. Set Xo = zg, so
Tp = 0. Then using measure Py, 1, generate a sequence of states until set
A is hit again, thereby yielding the trajectory X, X»,..., X7,. Now from
state X7,, use measure P)"‘<T1 - to generate a sequence of states until A is
hit again, yielding X7 +1, X7, 12,...,X7,. In general, at the kth hit to set
A, the process is in state X7, and we use measure P)*(Tk . to generate a
sequence of states until A is hit again, yielding X7, 41, X7.42,..., X7, i
We define the process W = {W}, : k > 0} by letting Wj, = Xr,.

The process X defined in this way may no longer be a Markov chain since
we did not assume any particular structure (other than Assumption 5) for

the measure P;. On the other hand, no matter how the P;’T, y € A, are
defined, the embedded process W is always a Markov chain.

Proposition 5.1. If Assumptions 1, 3, and 5 hold, then for all z € A, W
under measure P is an irreducible, positive-recurrent discrete-time Markov
chain on A.

Proof. 1t is clear that W is a Markov chain. Assumptions 1 and 5 ensure
that W is irreducible since any sample path of X having positive prob-
ability under the original measure P, also has positive probability under
the importance-sampling measure P;. Thus, W is positive recurrent by
Assumption 3. O

Define matrix R* = (R*(z,y) : z,y € A) with elements R*(z,y) =
P¥(X7r = y), and note that R* is the transition probability matrix of W
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under importance sampling. As shown in Proposition 5.1, Assumptions 1,
3, and 5 ensure that R* is irreducible and positive recurrent, so R* has a
stationary distribution p = (p(z) : x € A).

We can write &« = 7 f in Proposition 3.3 as

_ Sl v(@) By p VL
i v(@) By, p 7L

by (5.1), where v is the stationary distribution for the R matrix under the
original measure, as before. Expression (5.2) forms the basis for some semi-
regenerative approaches using importance sampling, which we will describe
below. For more details on importance sampling in general, see Glynn and
Iglehart (1989).

An advantage of applying importance sampling in a semi-regenerative
setting rather than using the regenerative method is that even if all of the
P;,T, x € A, correspond to the same underlying change of measure, the

(5.2)

trajectories simulated using importance sampling are shorter (fewer tran-
sitions) in the semi-regenerative method than in the regenerative setting.
This suggests that the semi-regenerative estimator will have smaller vari-
ance since Glynn (1995) showed that the variance of the likelihood ratio
grows approximately exponentially with the number of transitions. More-
over, the semi-regenerative method has the additional benefit of allowing
the P to correspond to different underlying changes of measure for the
different z € A, thereby allowing one to tailor the importance sampling for
each z € A.

5.1. Stratified Estimation. We start by describing two stratified sam-
pling methods based on (5.2). For each x; € A, let

(Lk(ajl)7 Yk(ml)a Tk(l"L% Xk(xla y) HEVS A)
for 1 <k < |p;n| be ii.d. copies of
(L,Y,7,x(y) : y € A) under measure P;in

Set
[pin]

Z Xk: T, Y Lk; xz)

R, (xly

psz

for 1 <i<dandy € A, and let R, = (Ry(z,y) : z,y € A). Since
EXlx(y)L] = E;[x(y)] = R(z,y) for all z,y € A by (5.1), we have that
R, — R a.s. as n — oo. Using the fact that R is irreducible and positive
recurrent by Proposition 3.2, we can show that R,, also is for sufficiently
large n under Assumption 5. Hence, there exists a stationary distribution
Un = (Up(7) : € A) for R,,. We define our first stratified semi-regenerative
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importance-sampling estimator of a to be

d - 1 [pin]
i1 Un(Ti) Tt Y (x) L (2
o 2i=1 n( )LPZJZkJ k(@) L ( ) (5.3)

S () Gty SR (@) L)

To establish a central limit theorem for o, we need to assume the following.

Assumption 6. EX[Y2L? < co and E}[72L?] < oo for all z € A.

Note that Assumption 6 ensures that E*[x(y)L?] < oo for all 2,y € A
since 0 < x(y) <1 < 7. Let Var}, and Cov}, denote variance and covariance,
respectively, under P;. Using essentially the same argument that we applied
to establish Theorem 3.5, we can prove the following central limit theorem
for .

Theorem 5.2. Under Assumptions 1, 2, 3, 5, and 6,
n'/? (o}, — a) 2 N(0,02)

as n — 00, where

o2 = 1 V2(3?z')77z* 4
T EIEE w (5.4)
with
d d d
e = W (@) + 2> g (@i, )¢ () + > > Cla)C (@) (5,21)  (5.5)
j=1 j=11=1
and

h*(z;) = Vary (YL —artl),
9" (zi,xj) = Covy,(x(z;)L, ZL),
Vilzj,m) = Covy, (x(z5)L, x(x1)L).

Observe that in (5.3), we use importance sampling to estimate v(x;).
However, in some situations we might obtain a better (lower variance) esti-
mate of v(z;) by instead using standard simulation (i.e., without importance
sampling). (We will still use importance sampling to estimate B 7 [Y L] and
E; 7[rL].) To implement this idea, for each state z; € A, we will now gen-
erate two sets of trajectories starting from x;, where some of the trajectories
will be under the original measure P, 7 and the others will be generated
using the importance-sampling measure P, p, with all trajectories being
mutually independent. Specifically, let ¢1,q2,...,q4,71,72,...,7q be posi-
tive numbers such that Zle(qi + r;) = 1. Given a replication budget n,
we will sample |gin] (resp., |rin]) times from initial state z; € A using the
original measure P, 7 (resp., importance-sampling measure P;“T). Let

(Xk(wi,y) 1y € A)
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for 1 <k < [g;n] be i.i.d. copies of
(x(y) :y € A) under measure Py, T,

and let
(L(s), Yie(2i), (7))
for 1 <k < |rn| be i.i.d. copies of
(L,Y,7) under measure P, r,
where (xx(zi,y) : y € A) and (Lg(z;), Yi(zi), Ti(x;)) are generated indepen-
dently. Define

sz

En(xza = Z Xk Zi, Y
QZ 1

for 1 < i < dandy € A, and deﬁne Up = (Un(x) : x € A) such that
Un = UpR, with 7, > 0 and e = 1. Then we define another stratified
semi-regenerative importance-sampling estimator of a to be

. Zfl 1 U () 7= Lij ZerJ Yi(z;) L () (5.6)
Qn = in :
S V) i R ) (i)

which satisfies the following central limit theorem.

Theorem 5.3. Under Assumptions 1, 2, 3, 5, and 6,
n'/? (a3’ — a) 2 N(0,02,)

as n — 0o, where

9 1 d 9 xz d A C(z)C(z)) Vs (25, 21)
o2, = WZV (2;) +Y > , (5.7)
v i=1

Jj=11=1

and h*(x;) and ¥} (x;,2;) are defined as in Theorem 5.2.

For the estimators in (5.3) and (5.6), we are using the same measure P, 7.
in the estimation of both E} 7. [Y'L] and E} 1 [rL] in (5.2). However, in cer-
tain contexts, such as for rare-event simulations (e.g., see Heidelberger 1995),
it might be more efficient to use different measures for estimating the (con-
ditional) ‘expectations in the numerator and denominator of (5.2). Thus,
suppose P* T is a measure on F,, 7 such that P,, 7 is absolutely continuous

with respect to P* T Let E T be expectation under measure P T and

let I, = L(xl) be the likelihood ratio of P, 7 with respect to P;i’T up to time
T. Then we can rewrite (5.2) as
d
Dz V(xz)E; T [YL]
a= (5.8)
Ef 1 I/(I‘Z)E |:7'L:|

We can use (5.8) as the basis for developlng importance-sampling estima-
tors analogous to (5.3) and (5.6), but in which different importance-sampling
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measures are used to estimate the expectations in the numerator and de-
nominator. This idea generalizes a method known as measure-specific im-
portance sampling discussed in Goyal et al. (1992). One possibility is to let

P o = Py for all z € A, in which case E* T |:’7'L} = E,, [7]; i.e., we use

standard simulation for estimating the expectatlons in the denominator of
(5.8). This is the analogue to what is suggested in Goyal et al. (1992), and we
might implement this by modifying the estimator in (5.6) to estimate v(x;)
and Fg, [7] using the same samples generated under the (original) measure
Py,

5.2. Unstratified Estimation. We now develop the estimator correspond-
ing to (5.3) for when we run a simulation of a single sample path rather than
using stratification. To do this, we apply the method described in Section 5
for using the importance-sampling measure P, to generate a sample path
{X;:5=0,1,2,...,T,}, from which we get {W}, : k =0,1,2,...,n} with
Wi = Xr,. B

To state our new estimator, define T} (z), T}.(x), Y;.(z), 7/.(z), and Hy(x),
for z € A, as in Section 3.3, but now these quantities are under measure
Py p. Also, forz € Aand k > 1, define L} (z) to be the likelihood ratio of the
sample-path trajectory {X; : j = T} (z), Tj(z) + 1,... ,f,g(x)} conditional
on X7 (;). Define Rl = (R, (z,y): z,y € A) with

Ry (x,y) = Hnl(w> ; I(Xfy @) = 9 Li(@),

and let ¥, = () (z) : © € A) be the stationary distribution of R/,. Then we
define the analogue of (5.3) for one sample path as

d n k2
ol > i=1 n($1)Hn D py 1x Yy (i) Ly () (5.9)
= — - . .
> i—1 Vn(xi)Hn(xi) k= 1(93 : 77.(@i) Ly, ()
We then have the following central limit theorem, which can be established
using arguments similar to those applied in the proof of Theorem 3.6.

Theorem 5.4. Under Assumptions 1, 2, 3, 5, and 6,
nl/? (oz;';/ —a) A N(0, 012)

as n — oo, where

d
ol? = 7 Z & :c, m* (5.10)

with 7;. defined as in (5.5).

The reason the p(z;), i = 1,2,...,d, appear in the denominator in (5.10)
is that in (5.9) we are computing sample averages over H,(x;) observations.
Note that Hy(x;)/n — p(z;) a.s. under measure Py , for any z¢ € S, with
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p(z;) > 0 since R* is positive recurrent. Thus, application of the random-
time-change central limit theorem results in the appearance of the p(z;).
For example,
Hy(z;)
D
Zy () L, (wi) — 2(@) | = N0, B*(2:)/p(w1),
1

’Vl Z k=

as n — 0o, where Z) (z;) = Y)(z;) — | (x;).

We now develop the analogue of (5.6) for when two independent sample
paths of X are generated. Fix z¢ and xj € A. We generate one of the
paths using the original measure P,,, and we use this path to estimate the
v(z), z € A. The other path is generated under the importance-sampling
measure P* and is used to estimate the (conditional) expectations in (5.2).
Spemﬁcally, fix0 < ¢ < 1,andlet r = 1—q. Set Xy = x¢, and use the original
measure Py, to generate a sample path {X; : j = 0,1,2,...,T|4,}, from
which we get {Wj, : £ =0,1,2,...,[¢gn]|} with W}, = Xr,. Independently
of how we generate {X; : j = 0,1,2,...,T|4y}, fix Xg = 2§ and use the
measure Py to generate a sample path {Xj* :j=0,1,2,.. .,T["MJ} in the
manner described in Section 5, and this yields {W} : k£ =0,1,2,...,[rn|}
with W' = X7 . Here, the T}, k > 0, are the hitting times of the X*
process to the Set A.

For z € A, define v}, (x) = ,E(ngl I(Wy, = z)/|gn|, which is based on the
sample path generated using the original measure. Now we define some no-
tation for quantities that are computed based on the sample path generated
under importance sampling. For x € A, define H}'(z) = ,E:gfl I(Wp =x).
For z € A, define T{ () = inf{j > 0: X =z}, and for k > 2, let T} (x) =
inf{j > T (z) : X; = z}. Also, define f,j(:n) = inf{j > T} (z) : X7 € A}.
For x € A and k > 1, define

Ty (z)—1

Vi(z) = Z f(X

J=T} ()

T(2) = Ti(e) =T ().
Finally, for € A and k > 1, define L} (x) to be the likelihood ratio corre-
sponding to the sample path {X7 : Tj7(z) < j < f,;‘(:c)} given X*;(x). Then
we define the analogue of (5.6) for two sample paths to be

o i @) ey St Y i) L () G11)
t S ) ey Sy @) L)
which obeys the following central limit theorem.
Theorem 5.5. Under Assumptions 1, 2, 3, 5, and 6,

nl/? (o — @) A N(0, 01*2)
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as n — 00, where

d

, 2 1 5 h*(z;) > C(y)C () Wiy, 27)
Osx = E v (:I:l) + )
(EV[T])Q i—1 r j=1 I=1 q

with h*(z;) defined as in Theorem 5.2 and ¥;(x;,x;) defined in (3.5)-(3.6).

We could also develop (but omit since it is straightforward) an estimator
suggested by (5.8) based on 3 long sample paths. The first path is generated
under the original measure P, and is used to estimate the v(x;). The
second path is generated using the measure P;ES and is used to estimate the

E; p[YL]. The third path is generated using measure ﬁ%‘o and is used to
estimate the E;ZT[TE]

6. EXPECTED CUMULATIVE REWARD UNTIL A HITTING TIME

Fix a nonempty set Sy C S, and let I' = inf{n > 0: X,, € Sp}. For z € A,
put

r
ANz) = Ex | > F(X5)|
j=1

which is the expected cumulative reward up to hitting the set Sy given that
the chain starts in state . The measure A(z) arises in many contexts. For
example, it can be the mean time to failure of a reliability system, or the
expected time to buffer overflow in a queueing network. We want to develop
semi-regenerative estimators for A(x).

Throughout this section, unless stated otherwise, we no longer assume
that Assumptions 1, 2, 4, 5, or 6 hold. Assume that Assumption 3 and the
following hold.

Assumption 7. For each recurrence class C' of states in A, there exists
some state x € C such that P(I' > T) < 1.

Note that
TAT

Aa)=Eo [ Y F(X)| + Y B [I(Xp =y, T >T)] Ay),
j=1 yeA

where a; A ag = min(aq, az) for aj,as € R. For x,y € A, put

TAT

K(ryy) = E.[I(Xr=y, T >T).

Let A= (A(z) :x € A), b= (b(x) : xz € A), and K = (K(z,y) : ¢,y € A),
and note that
A=b+ KA
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Proposition 6.1. If |b| < oo and if Assumptions 3 and 7 hold, then

oo
A=) K™= (I-K)'b
m=0
Assumption 7 ensures that (I — K) ™! exists and equals Y oo_j K™. With-
out this assumption, it is possible that Y ° K™ diverges, in which case
(I — K)~! need not equal >_°°_; K™. Also, note that Proposition 6.1 does
not require irreducibility or recurrence.

6.1. Stratified Estimation. We now present a stratified semi-regenerative
estimator for A based on Proposition 6.1. Let

TAT

B = z;f(Xj%

dy) = I[(Xp=y, I >T), forye A.
Let
(Br(ws), dr(wisy) : y € A)
for 1 <k < |pin] be ii.d. copies of

(B,¢(y) : y € A) under measure P,,.

Set
1 lpin]
1 Lpin]
Kn(vi,y) = ] ;ﬁbk(xiay)

for1<i<dandye€ A, and let b, = (by(x) : x € A) and K,, = (K, (z,y) :

x,y € A). We define the stratified semi-regenerative estimator for A to be
A= (I — K,) tby,.

Under Assumption 7, (I — K)~! exists. Since K,, — K a.s., evidently [ — K,
is non-singular for n sufficiently large, and

(I-K,) ' = I-K)" as. (6.1)

as n — oo by the continuity of the inverse mapping at I — K. To establish
a central limit theorem for \,,, we will assume the following.

Assumption 8. For each z € A, E,[B?] < cc.

To prove our central limit theorem for \,, we need to get a handle on
(I - K,) ' - (I —K) ! and b, — b. Note that

K,—K = (I-K)—(I-K,)
= [[-(I-K)(I~-K)'(I~-K)
= (I-EK)l(I - Ky = (I-K)'I - K).
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Consequently,
I-K)'-(I-K)!' = I-K,) ' K,-K)I-K)', (6.2)
SO
A=A = I-K,) W, —(I-K)'
= (I-K)'-(I-K) Y, +I-K)"'b,—0)
= (I-K,) YK,—K)I—-K) b, + I —-K)"'(b,—b).
Under Assumption 8 we have that
n2(K, — K, b, —b) 2 (N, N2) 2 N (0,5) (6.3)

as n — oo, where ¥ is some covariance matrix. Therefore, the continuous
mapping theorem implies that

W20, =N 21— K)'N(I - K) b+ (I — K)™'N,
by (6.1) and since b, — b a.s. Finally, because A = (I — K)~!b, we obtain

the following central limit theorem for A,.

Theorem 6.1. If |b| < co and if Assumptions 3, 7, and 8 hold, then
2 =N B (1= K) 'NiA+ (I - K)'N,
as n — oo, where (N1, Ny) is defined in (6.3). In particular, for each k =
1,2,....d,
n'/? () = Maw)) = N(0,57)

as n — 0o, where

d J (g, 75)? d
5,% = Z IR ) v; + 2 Z )\(I‘j)sij +

- D

> @) @) A, @) |

d
=11=1

Jj=1 J
J = (J(x,y) : v,y € A) with J = (I — K)™', v; = Vary, (B), sij =
Covy, (¢(x;), B), and Aj(z;, ;) = Covy, (d(z5), ¢(ar)).

6.2. Unstratified Estimation. We now present a semi-regenerative esti-
mator for A based on Proposition 6.1 when simulating one sample path. We
now assume that Assumption 1 holds. Define H,(z), T}(x), and T} (x) as in
Section 3.3. Also, for k > 1, define I'y(z) = inf{j > T} (z) : X; € Sp}. For
x,y € A, let

T} () T ()

Bi(x) = > f(X)),

=T} (x)+1

(o) = 1(Xg = v Tule) > T(@) .
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Then define the estimators of b and K to be b, = (bl () : © € A) and
K| = (Ku(z,y) : x,y € A), respectively, with

Y - Do 5’“%?1“ fENIWe=2) 1 Hf) Bo).
> kim0 {(Wy = ) Hy () k=1
Ky = o= 2o Z0 B> Ben) 2 Hg) (@, ),
> ko LWk = ) H(2) k=1

where I'y, = inf{j > T}, : X; € So}. Then we define our semi—regenerative
estimator of A based on one simulation to be X/, = (I — K/)~'b,, where
A= (A (z) : € A). Using the techniques we developed in the proof of
Theorem 3.6, we can prove that

n 2N (z1) — Aag)) 2

N
as n — 00, where 5;2 is the same as 5k in (6.4) except that each p;, i =
1,2,...,d, appearing in the denominators in (6.4) is replaced by v(x;).

~/2)

7. DERIVATIVE OF STEADY-STATE REWARD

We now discuss the estimation of derivatives of a performance measure
with respect to a model parameter. For example, for a reliability system, we
may be interested in computing the derivative of the steady-state availability
with respect to the failure rate of one component.

We now assume that the transition probability matrix of X depends on
some real-valued parameter 6, where we allow 6 to vary in an open interval ©.
Thus, we write I1(8) = (IL(0, x,y) : x,y € S) to emphasize the dependence
on 6. Our goal is to compute the derivative of the steady-state mean reward
a = a(f) with respect to 0, and evaluate this when 6 takes on some fixed
value 0y € ©. We assume the following:

Assumption 9. |S| < co. Also, the family (II(¢) : # € ©) is continuously
differentiable in 0, and I1(0) is irreducible for all € ©, with {(x,y) € Sx S :
I1(6, x,y) > 0} independent of # € ©.

For each 6 € O, the finiteness of S and the irreducibility of II(f) imply
that X is positive recurrent. Thus, for each 8 € ©, there exists a unique
stationary distribution 7(0) = (7(6,x) : € S) for X.

Let P? denote the probability measure of the process X induced by the
transition matrix I1() given Xy = x, and let E? be the corresponding
expectation operator.

Now define the embedded chain W relative to the set A as in Section 2,
and let R(0) = (R(f,z,y) : x,y € A) be its transition probability ma-
trix with stationary distribution v(0) = (v(f,z) : * € A). Note that
R(,z,y) = P!(X7 = y), and the set {(z,9) € A x A : R(0,2,y) > 0}
is independent of § € © under Assumption 9. Also, let Pf(192) denote the
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probability measure induced by the transition matrix I1(0;) with initial dis-
tribution v(6s), and let Eeze ) be the corresponding expectation operator.
According to Proposition 3.3, a(f) = 7(6) f can be written as

S5 £X))]

1/(9)

a(f) = .
Ef(g)[T]

With 0y € © fixed, we write

9 T—l NTTT-1 T(0,X1, X014 1)

T P TR}
E v(0) [THI 0 II(00,X;,Xi+1)

The above change of measure is justified since P (0) is absolutely continuous

with respect to pP% (04) for all #1,02,03,0, € © by Assumption 9. It then

follows that

9¢(bo)r(6o) — £(6o)Or(6o)
k(60)? 7
where we use the notation that dg(fy) denotes the derivative of g(#) taken

with respect to 6 and evaluated at 6 = 6.
We now examine 0¢(6p). Observe that

da(fo) = (7.1)

_ T—-1 H 0 X,X )
£(0) = Z (0, 2) BY° Zf HH(GO,-XEZ,XI:I)

z€EA =0

Then Assumption 9 ensures that

T—1 T—1
=Y oo, x) EL | > f(X;)| + > v(bo,x) EP f(X;)oL] ,
zeA §=0 €A §j=0
(7.2)
where
8H (0o, X1, X141)
oL = .
Z 905 Xla Xl+1)
Similarly, we can show that
=Y 0v(bo,x) EL [T)+ > v(bo,x) EL [T IL]. (7.3)

€A €A

These expressions form the basis for applying the likelihood ratio (LR)
method for derivative estimation; see, e.g., Glynn (1990), Reiman and Weiss (1989),
or Rubinstein (1989) for details on the LR method.

We now need to get a handle on dv(6y) = (Ov(0p,z) : = € A). We can
show that R(f) is continuous and differentiable in § by using the fact that

(e, X;, X )
B 0 Iy Al+1
R(0,z,y) = E;° |1 H I1I( QO,XI,XlJrl)
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SO

IR0y, z,y) = E® [I( X1 = y) OL].
Let OR(0y) = (0R(0p, z,y) : x,y € A). Glynn (1986) shows that the conti-
nuity of R() in 0 implies that v(0) is also continuous. Then, letting V()

be the matrix with all rows equal to v(0) (i.e., V() = ev(0)), Glynn (1986)
also shows that dv(fy) exists and

8V(00) = V(@o)aR(eo)F(eo), (7.4)

where F(f) = (I — R(6p) + V(60)) .
For x € A, define

T—1

yo(z) = EP f(X5) 1,
_j=0
(171

Oy(x) = EP f(X;)0L |,
=

t(x) = EP[T),

ot(x) = EP[TaL],

and set yo = (yo(x) : x € A), 0y = (Oy(z) : x € A), t = (t(x) : x € A), and
Ot = (0t(z) : € A). Define the function rg : R x RAXT 5 RAXT 5 gdx1
§Rd><d % §Rd><d % §R1Xd % §Rd><d — R as

ro(wi, we, ..., ws)
_ (wrwewgwy + wrws)wrws — wrw (Wrwswsws + Wrwy) (75)
(wrws)? ' ’
Let Ho = (y07 a?/, ta 81:) R(90)7 aR(QO)a V(00)7 F(GO))v and note that
da(bo) = r0(po0) (7.6)

by (7.1), (7.2), (7.3), and (7.4). Equation (7.6) will be the basis for devel-
oping semi-regenerative estimators for da/(6y)

One advantage of using the semi-regenerative method rather than the
regenerative method to implement the likelihood-ratio derivative method
is that the semi-regenerative trajectories are shorter than the regenerative
cycles when the return state w of the regenerative method is chosen from
the set A. Analyses in Reiman and Weiss (1989) and Glynn (1987) suggest
that the variance of likelihood-ratio derivative estimators grows linearly in
the length (number of transitions) of the observation, so semi-regenerative
derivative estimators should have smaller variance than regenerative deriv-
ative estimators. Zhang and Ho (1992) develop a similar idea of dividing
regenerative cycles into A-segments, which are the same as trajectories, but
they end up with a different estimator than we do.
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7.1. Stratified Estimation. We now develop a stratified semi-regenerative
estimator based on (7.6). For =,y € A, define Y (x), 7(x), and x(z,y) as in
Section 3.2. Taking p1,p2,...,pd, to be d positive numbers summing to one,
we let

(OLk(xi), Yi(@i), T(23), xk (23, y) 1y € A)
for 1 <k < |pin] be ii.d. copies of
(OL,Y,7,x(y) : y € A) under measure Pa(f?.
Fori=1,2,...,d,and y € A, set

B 1 [pin]
B 1 [pin]
OYp(z;) = o] kZ:l Yie(2i) 0Lk (),

1 lpin]

Tn(xl) = Lpan ; Tk(xi),
1 [pin]
Pi 1
1 [pin]

Rn(g(]axiay) = L ’TLJ Z Xk(xzvy)v
i 1
1 [pin]
ORy (0o, 2, y) = (i ] > xw(wi ) OLg(xs),

Y =1

and let Y,, = (Y, (z) : 2 € A), 9Y,, = (0Y,(z) : 2 € A), 7y = (Tu(x) : 7 € A),
0T = (0Tp(z) 1 x € A), Rp(0p) = (Rn(Oo,z,y) : z,y € A), and IR, (0y) =
(OR, (00, z,y) : © € A. Let v,(00) = (vn(fo,7) : z € A) € R*? be the
stationary distribution of R, (6y). Define V;,(6y) as the matrix with all row
with all rows equal to v,(0); i.e., V,,(6g) = evy(0y), where e is the vector
of all 1’s in R, Also, define F,,(6p) = (I — Rn(6p) + Vn(6p))~!. Finally,
define Ovy, (0g) = (Ovn (6o, ) : v € A) as

Ovn(0o) = vn(00) OR,(00) Fr(6o).
We then define our stratified semi-regenerative estimator of da(fy) to be
3Oén(90) = T0<Yna 8Yna Ty OTn, Rn(00>7 8Rn(00)a Vn<90)7 Fn(eo))7

where the function rq is defined in (7.5).
By (3.15) we have that

Va(bo) = V(6o) = e(vn(6o) — v(60)) = evn(bo)(Bn(60) — R(60))F(6o), (7.7)
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so (3.3) and (3.16) imply that V;,(6p) — V(0y) a.s. as n — oo. Thus,
Fn(00) = (I — Rn(60) + Vi (60)) ™t — (I — R(6p) + V(0y)) L = F(6y) a.s.

as n — oo by the continuity of the inverse mapping at I — R(6y) + V(6o).
Also, in a similar manner to how we established (6.2), we can also show that

= Fu(0o) [(Rn(00) — R(60)) — evn(00)(Bn(60) — R(60))F (60)] F(667-8)

by (7.7).
Note that the finiteness of S and irreducibility of I1(6p) by Assumption 9
ensure that 7 has finite moments of all orders under measure P, 2z € A.

Also, the finiteness of S and the continuous differentiability of I1(#) imply
that f and 0II(6y, -, -)/I1(g, -, -) are bounded. Thus, Y, YOL, 7, 70L,
x(v), and x(y)OL all have finite moments of all orders under measure P2,
x € A, so it follows that

n1/2 [(Yny 8}7717 77'n7 3%, Rn(60)7 aRn(90)7 Vn(go)’ Fn(e())) o HO}

B (M, M, Ms) B N(0,5), (7.9)

for some normal random elements My, My, ..., Mg, and some covariance
matrix Yo, with

M7 = v(6o)MsF(6h),
Mg = F(0)(Ms — ev(0g)M5F(6))F (o),

by (3.15) and (7.8), respectively. Then applying the delta method (e.g.,
Theorem A, p. 122 of Serfling 1980) results in the following central limit
theorem for da, (6p).

Theorem 7.1. Under Assumption 9,

n'2(Dan (60) — 0a(6p)) 2 N(0, DJ SoDy),

where ¥ is defined in (7.9) and Dy is the vector of partial derivatives of the
function ro evaluated at pg, with ro defined in (7.5).

We now specify the quantities appearing in the asymptotic variance in
the above central limit theorem. Calculating the partial derivatives of r and
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evaluating at ug yields (with a slight abuse of notation)

Iro(po)
811)1 (xz)

Iro(po)
8w4 (1‘Z)

Iro (o)
8w5 (xz-, l'j )

Oro(po)
8w6 (IL‘i, l’j )

Iro(po)
871)7(.%)

Oro(po)
8w8 (xi, ZL‘j)

d d

[(ZF(QO,QJZ T; Z v(0o, ) OR (00, T, xl)> k(0o)
=1 m=1

— v(bo, ;) 8&(90)] E(90)72,

v(6o, i)k (60) ",

ﬁ(90)4{/€(90)2 [u(eo, ;) 0£(6)

d d

— £(60) (Z F(g,x1,7:) Y v(0o, Tm) 8R(00,xm,xl)>]
=1 m=1

— 2(60)v (0o, ) [35(90)5(90) - 5(90)5“(90)} },

—v(00, 2:)€(60)k(60) 2,

0,

d
k(60) 2 [ v(0o,zi) Y F (o, x5, 21)yo(z)
=1

6(00 9(],.7)@ ZF Hﬂvx]7xl)t(xl)

| |

d
{ [ (Z OR(0p, x;, Z F(0o, 1, xm)yo(xm) + 82/(%‘))

+ 0¢ 90)t y(] €; 8%(90)

d
(Z OR 90 X5, xl Z F(907$laxm)t(xm) + 875(1'2))]
m=1
K(00)0&(60) — £(00)0K(00)] (90)15(%')}%(90)_4,
d
/{(90) [ (B0)yo(z; Zl/ (0o, x1)OR (00, x1, x;)
=1

d
Zl/ (90,:El 8R 90,.1‘1,.7}1)] .
=1
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Many of the entries in the covariance matrix X in (7.9) are zero because of
the independence of

(OLy (i), Yi(ws), T (i), i (2isy) sy € A)  and
(OLy(w5), Yi (), me(25), xk(25,y) 1 y € A)

for i # j, and the remaining non-zero entries are straightforward to calculate.
For example,

Cov™ (M (1), M (i, ;) = Cova (Ypf(x”)aL), (7.10)

where Cov? is the covariance operator under parameter value 6.

7.2. Unstratified Estimation. We now present the semi-regenerative es-
timator based on (7.6) for one sample path. To do this, define H,(x), T}.(z),

f,;(x), Y/(x), 7.(x), and x}.(x,y) as in Section 3.3. Define

T,—1
or, = S B0, X; Xjh)
i W00, X5, Xj)
T ()
OTL(0y, X, X;41)
oL (x) = Z L A
(6o, X, X
j:T};(:E) < 05 <Xj, j+1)
Also, for z,y € A, set
n— T —1 Hnac
Pl - Sio Y XN IWi=a) 1 ”Yk,@
" ZZ éI( Wy =) Hy(z) k=1
n—1 Trir1—1 . Hy ()
oY (x) = Lizo Ljmn,  (X5) 0Lk (Wi = ) _ 1 > Yi(x)0Lj(x)
" ZZ;& I(Wk :x) Hn(x) el ’
n—1 Hy ()
_ “o(Tx = Tj1) I(Wy, = ) 1
7_7/1(3:.) _ k O( — _ T/(l'),
o I(Wy = ) H(z) ; ’
nlop Y OL, (Wi = T
o) = T T Ol lWe =) h(@) DL ()
' Sio I(W = ) Hy(z) &
n—1 H,(z)
o I(Wr =, Wi = 1
Rn(00,2,y) 2= (n_'f 1=y) (o) Xk (7, 9),
> ko L (Wi = x) )=

n— Hy ()
iz L (Wi = 2, Wi = y) 0Ly 1 / /
OR,(0y,x,y) = = Py = Xk (7, y) OLy(z),
(23] Sia I(Wi = ) () 2 N ¢

k=1
and let Y, = (Y!(z) : x € A), 9Y,) = (0Y\(z) : x € A), 7 = (7. (x) : v € A),
o, = (07,(x) : @ € A), Ry, (60) = (R (0o, 2,y) : 2,y € ) and OR;,(60) =

x e A eR

S
(8R/n(90a$,y) LT € A Define V1/’L(‘90) = (V1{L(907$) : 1xd with
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vl (6p,x) = Hp(x)/n. Define V! (6y) as the matrix with all row with all
rows equal to v/,(0y); i.e., V,'(6y) = ev),(6p), where e is the vector of all 1’s
in N1 Also, define F'(6y) = (I — R.,(6o) + V/(6p))~'. Finally, define
o) (6) = (0v),(0p,z) : x € A) as

vy, (00) = v,,(60) OR;, (60) F,(0o).
Then the semi-regenerative estimator of da(fy) based on one simulation is

80&;(90) = TO(Yn/’ oy, 7 87__7/1’ R;’L(QO)7 aR;L(QO)a V’:L(HO)7 F7,L(00))7

ny 'ny

where the function r( is defined in (7.5).
The estimator da,(6p) satisfies the following central limit theorem:

n'/2(dal, (60) — da(8y)) 2 N(0, D] ShDy)

as n — oo, where Dy is defined in Theorem 7.1. Here, 3 is the same as
>0 in Theorem 7.1, except that instead of the entries being divided by the
corresponding p; as in (7.10), they are divided by the corresponding v(x;).

8. Low-BI1AS ESTIMATOR

Put &, = m™* Z;":_Ol f(Xj). In great generality, it is known that

Elam]) =7f+m 18+ o(m™)

as m — oo. We wish to have a semi-regenerative estimator (,, for .
This is a semi-regenerative analogue of a regenerative estimator proposed
by Glynn (1994).

Suppose |S| < oo with X irreducible and aperiodic. For z € S, let
fo() = f(z) - a, and

1 m—1 1 m—1
—E, f(X)| —nf = —E, fe(X5)
m = m =0
7=0 Jj=m

Il
| =
=
=
+
o
A/~
I~
~
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Let p(x) = E, [Z?:OI fc(Xj)} for x € A, and p = (u(x) : € A). Then, it
follows that for x € A,

oo Tgr1—1

pr) = E, ZE: ZE: fk@xj)

k=0 ;=T

- EE:LE&[M(VVkH
k=0

o0

= > Y RMa,y)uly)

k=0yeA
= (Fu)(z),
ie., B=Fupu.

We now discuss how to estimate 8 from a simulation of one sample path.
Let Ny, = sup{n > 0: T, < m}. Recall our definitions of 7, and R}, from
Section 3.3, and let V,, = ev,,. Then B, = (I — Ry — Vi,,) i estimates
B, where ul, = (u,(x) : @ € A) is an estimate of u given by

o SN ST (X)) — @) I (Wi = )
o Sy I(Wy = ) '

We then expect &y, — O (x)/m to have lower bias than &, does, provided
Xo=x € A.

o () =

9. RATIOS OF STEADY-STATE MEANS

In this section we consider a performance measure v of the form
_Th
7= .
where f1 and fs are real-valued reward functions on S, and 7 is the station-
ary measure of X on S. Note that (3.1) implies that

L BISE ACO/ET_ BlSIR AT

Eu[Y50 RGN/ BT BulXj5 f2(X))]

for any state w € S when Assumption 1 holds. Also, we can write

E[Y 5 AXGV/ENT) B AiX)]

E[X 5 RX)I/ET] B[S f(X5)]
by Proposition 3.3.

Such a measure ~ arises in practice when applying discrete-time con-
version to a continuous-time Markov chain; see Hordijk et al. (1976) and
Fox and Glynn (1986). The basic idea is to condition on the embedded
discrete-time Markov chain, which results in replacing the random exponen-
tial holding times in each state with their (conditional) means, and this is
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guaranteed to reduce variance. Specifically, suppose that U = {U(t) : t > 0}
is a positive-recurrent, irreducible continuous-time Markov chain on state
space S with embedded discrete-time Markov chain X. Suppose that ¢(z)
is the total transition rate of U out of state z € S, and we are interested
in computing v = lim;_,o(1/%) fot f3(U(s))ds, where f3 : S — R is some
reward function. Then for any state w € S, the steady-state mean reward
of the continuous-time Markov chain can be expressed as

B> £3(X5)/a(X;)]
B[00 a(Xp)]
which has exactly the form in (9.1) by letting fi(z) = f3(z)/q(x) and
fa(x) =1/q(x) for x € S.
The methods described in the previous sections can easily be modified to
work with this more general setting of dealing with the performance measure

~ rather than «. Thus, we can handle continuous-time Markov chains in our
framework of discrete-time Markov chains.

10. CONCLUDING REMARKS

For many of our estimators considered in this paper, confidence intervals
are desirable. (But, for example, there is typically no need for a confidence
interval for the bias correction of Section 8.) However, the central limit the-
orem for many of our estimators is complicated. From an implementation
standpoint, it may be desirable to produce confidence intervals without hav-
ing to explicitly work out the corresponding central limit theorem, followed
by consistent estimation of the corresponding variance constant.

One way of doing this is by “sectioning.” Sectioning works even in the
stratified sampling context. Given an integer £ > 0, we section the computer
budget ¢ into ¢ different pieces. We then apply our stratification weights
Pp1,-..,pq to each of the £ sub-budgets; this gives us £ i.i.d. estimators. We
also get one estimator for the total budget c. Specifically, suppose the goal
is to estimate some performance measure . Let &; be the estimator for sub-
budget i, 1 < i < £, where ay, as, ..., ay are i.i.d. Alsolet a = Zle a;/l be
the estimator associated with the entire budget. Then, under appropriate
moment assumptions,

l
~ - ~ ~ 1
\ﬁ(al—Oz,ag—a,...,ozg—oz,a—a)g (N17N27"'aNf7€ZNi>7
=1

as ¢ — 00, where N1, No, ..., Ny are i.i.d. N'(0,02) for some o2. Hence,
o —
\[(ea %) Bt
ﬁ iz —@)?

as ¢ — 00, where ty_1 is a Student-t random variable with ¢ — 1 degrees
of freedom. The sectioning approach avoids the complications of deriving
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an explicit central limit theorem. But this is at the cost of producing a
Student-t interval, as opposed to a normal interval. Hence, the intervals
are slightly larger and more variable than in the case where we consistently
estimate the variance constant explicitly.
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