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Abstract

Dynamic reduced form models of portfolio credit risk can be distinguished by the
way in which the intensity of the default process is specified. In a bottom up model,
the portfolio intensity is an aggregate of the constituent intensities. In a top down
model, the portfolio intensity is specified without reference to the constituents. This
expository article contrasts these modeling approaches. It emphasizes the role of the
information filtration as a modeling tool.
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1 Introduction

A model of portfolio credit risk has three elements: a filtration that represents the observ-
able information, a default process that counts events in the portfolio and a distribution
for the financial loss at an event. Reduced form models of portfolio credit risk can be dis-
tinguished by the way in which the intensity of the default process is specified. In a bottom
up model, the portfolio intensity is an aggregate of the constituent intensities. In a top
down model, the portfolio intensity is specified without reference to the constituents. The
constituent intensities are recovered by random thinning. This expository article contrasts
the two modeling approaches.

2 Portfolio credit models

Consider a portfolio of credit sensitive securities such as loans, bonds or credit swaps. The
ordered portfolio default times are represented by a sequence of stopping times 7" > 0 that
is strictly increasing to infinity and defined on a complete probability space (2, F, P) with
a right-continuous and complete filtration F = (F;);>¢ that represents the information
flow. The random variable T™ represents the nth default time in the portfolio. Depending
on the context, P can be the actual probability or a risk-neutral measure. Let N be the
process that counts default events, given by

Nt - Z 1{T"§t} (1)

n>1

A portfolio credit model is a specification of the filtration F, default process N and
distribution for the loss at an event. For a given filtration, the default process NV is specified
in terms of its compensator, which is the non decreasing predictable process A such that
N — A is a local martingale. The compensator embodies the expected upward tendency
of the default process. Meyer (1966) shows that in the limit,

t
Ay = lim = E[Nyie — Ny | Flds, (2)

elo € J,
weakly in L!. Formula (2) emphasizes the dependence of the compensator on the filtration.
The filtration, the probabilistic properties of the default times, and the analytic properties
of the compensator are closely related. If the times are predictable, i.e. if an event is
announced by a sequence of pre-default times, then A is equal to N. As an example,
consider the familiar first passage credit models that descend from Black & Cox (1976).
Here, a firm defaults if its continuous firm value process falls below a constant barrier. This
definition of the default event generates a predictable default time. If, as in Duffie & Lando
(2001) or Giesecke (2006), the available information is insufficient to determine the precise
value of the firm’s assets or default barrier, then the default times are totally inaccessible
or unpredictable. In this case defaults come without warning and the compensator A is



continuous. Unpredictable default times can conveniently be specified in terms of a non
negative, adapted intensity A\ that satisfies

t
A, = / A, ds, (3)
0

almost surely. Together, formulae (2) and (3) show that the intensity is the conditional
portfolio default rate in the sense that A\;A is approximately equal to P[Ny o — Ny = 1| F]
for small A. If the compensator is of the form (3), then the portfolio credit model is
intensity based. In a top down model the process A is specified directly. In a bottom up
model, A is an aggregate of constituent intensity processes.

3 Information and specification

The structure of the information filtration I determines the key properties of a portfolio
credit model. The filtration must always be fine enough to distinguish the arrival of events.
Therefore the smallest filtration that supports a portfolio credit model is the filtration
generated by the default process N itself. Bottom up and top down model specifications
are based on distinct filtrations, which explains many of the structural differences between
them.

3.1 Bottom up models

A bottom up model filtration usually contains much more information than the minimal
filtration. It is always fine enough to distinguish the identity of each defaulter so that

the constituent default times 7%

are stopping times. The filtration may contain additional
information about the prices of single- and multi-name derivatives, macro-economic vari-
ables and other systematic and idiosyncratic risk factors.

A constituent default time 7% generates a default process N* that is zero before
default and one afterwards. If the portfolio default process N = >, N* is intensity based,
then so is each constituent default process. In this case, there is a strictly positive intensity
process A\¥ that represents firm k’s conditional default rate in the sense that N* — fd(l —
NF)A\Eds is a martingale.

The researcher specifies the model filtration F and the constituent intensity processes
A¥. The dependence structure of all firms must be build into each of the constituent inten-
sity processes. Empirical observation suggests distinguishing two sources of firm depen-
dence. First, firms are exposed to common or correlated economic factors such as interest
rates or commodity prices. The variation of these factors generates correlated changes
in firms’ default rates, and the cyclical pattern in the time-series behavior of aggregate
default rates. Second, due to the complex web of business, legal and informational relation-
ships in the economy, defaults have a direct impact on the default rates of the surviving



firms. For example, the collapse of automotive manufacturer Delphi in 2005 severely af-
fected General Motors, whose production critically depended on Delphi’s timely supply
of parts. In response to the event, investors immediately demanded a higher default in-
surance premium for General Motors, reflecting the sudden increase in GM’s likelihood to
fail. Collin-Dufresne, Goldstein & Hugonnier (2004), Jorion & Zhang (2007b) and Jorion
& Zhang (2007a) show that this episode is not an isolated case.

We illustrate several constituent intensity specifications. Each example specification
incorporates different channels for default correlation.

Example 3.1. Let F be the filtration generated by the constituent default processes.
For a deterministic function c¢* > 0 that models the base intensity, set

M=k 4 Z(Skj]\fj
7k
see Giesecke & Weber (2006) and Kusuoka (1999). At each event, a term is added to the
intensity that reflects the response of firm k’s default rate to the event. The sensitivity of
firm k to the default of firm j is modeled by the deterministic function 0¥/ > 0. If these
sensitivities are zero, then the intensity varies only deterministically and the constituent
default times are independent. [

Example 3.2. Let I be the filtration generated by the constituent default processes, a
systematic risk factor X and a collection of idiosyncratic risk factors X* that are indepen-
dent of one another and independent of X. For a deterministic function o* that describes
the exposure of firm k to the factor X,

M= aFX + X, (4)

All firms are sensitive to the systematic factor X. Movements of X generate correlated
changes in firms’ intensities. If the risk factors evolve independently of the firm default
processes as in Das, Duffie, Kapadia & Saita (2007), Duffie & Garleanu (2001), Duffie,
Saita & Wang (2006), Eckner (2007), Feldhiitter (2007) and Mortensen (2006), then the
specification (4) generates a doubly stochastic model. Here, conditional on a path of the
systematic factor, firms default independently of one another. The specification (4) can
be extended to include multiple common factors that model sectoral, regional or other
risks. Papageorgiou & Sircar (2007) partition firms into homogeneous groups or sectors,
and take (4) as the common intensity of firms in a given sector k. The factor X induces
correlation between sectors. The factor X* models sector-specific risk. [

Example 3.3. Let I be the filtration generated by the constituent default processes, a
systematic risk factor X and a collection of idiosyncratic risk factors X* that are inde-
pendent of one another and independent of X. Let

M= oFX + XF 4 6N,
J#k



see Collin-Dufresne et al. (2004), Frey & Backhaus (2004), Giesecke & Weber (2004),
Jarrow & Yu (2001), Schonbucher & Schubert (2001) or Yu (2007). This specification
incorporates the sensitivity of firms to a common risk factor, and event feedback through
the terms that reflect the default status of the firms in the portfolio. The factor sensitivity
is ignored in Example 3.1. The doubly stochastic Example 3.2 ignores event feedback. [

Example 3.4. Let I be the filtration generated by the constituent default processes, a
systematic risk factor X and a collection of idiosyncratic risk factors X* that are inde-
pendent of one another and independent of X. Let U be another systematic risk factor
that is not observable, i.e. not adapted to F. This frailty factor must be projected onto F
to obtain an observable process U given by U, = E[U; | F]. For a deterministic function
0" that specifies the exposure of firm k to U,

M=ok X 4+ XF 4 50,

see Collin-Dufresne, Goldstein & Helwege (2003), Duffie, Eckner, Horel & Saita (2006),
Delloye, Fermanian & Sbai (2006), Giesecke & Goldberg (2004) and Schonbucher (2004).
The projection U is updated with observable information. In particular, U is revised at
events since the filtration contains information about firms’ default status. Since events
are unpredictable, the projection jumps at an event time. A jump corresponds to Bayesian
updating of investors’ beliefs about the distribution of the frailty factor U. This updating
leads to intensity dynamics that are qualitatively similar to those in Example 3.3. 0

The constituent intensities \¥ determine the portfolio intensity ). Since the portfolio
default process N is the sum over k of the constituent default processes N* and defaults
occur at distinct dates almost surely, the portfolio intensity is given by

A=) (1—NRAE (5)

see Giesecke & Goldberg (2005, Proposition 5.1). At each event, a term drops out of the
sum. The portfolio intensity A is zero after all firms have defaulted.

3.2 Top down models

In a top down model the researcher specifies the portfolio intensity A without reference to
the constituents. The name dependence structure is implicit in this specification. The goal
is an intensity model that is more parsimonious than the bottom up portfolio intensity
(5), which follows a complicated process that is driven by the constituent processes and
depends on all single name parameters. This is achieved by choosing a model filtration
F that is coarser than the bottom up model filtration. Typically, the top down model
filtration is not fine enough to distinguish the identity of a defaulter. This means that an
event arrival can be observed, but not the identity of the defaulted name.



Example 3.5. Let F be the filtration generated by the portfolio default process N and
a risk factor X > 0 that evolves independently of N. Set

A=X(m—N). (6)

The risk factor X generates stochastic variation in the portfolio intensity between arrivals.
It models the sensitivity of the portfolio constituents to a common economic factor. Con-
ditional on a path of X, IV is a time inhomogeneous death process. If X is a weighted sum
of independent processes, then N is the generalized Poisson process of Brigo, Pallavicini
& Torresetti (2006). O

This example illustrates how a relatively coarse filtration supports a parsimonious
portfolio intensity specification. Instead of describing the constituent intensities, we focus
on the inter-arrival intensity. In other words, we change the perspective from the firm de-
fault times 7% to the ordered default times 7. The example also illustrates the connection
between a top down and bottom up specification. The top down portfolio intensity (6)
coincides with the portfolio intensity (5) generated by an exchangeable bottom up model
for which \¥ = X for all constituents k.

In Example 3.5, the response of the portfolio intensity to events does not represent
feedback but merely an adjustment that accounts for the fact that the set of potential
defaulters is reduced at an event. To incorporate event feedback, we need to allow for a
more flexible inter-arrival intensity specification.

Example 3.6. Let [F be the filtration generated by the portfolio default process and a
collection of risk factors X that vanish for n > m,

A= X"y (7)

The intensity is revised at an event. Between events, the stochastic evolution of the in-
tensity is governed by the processes X". If X" = X(m — n) for an independent com-
mon risk factor X, we obtain the doubly stochastic death process of Example 3.5. If
X" = X[("(m — n) for a deterministic function 5", then N is the bivariate spread loss
process of Arnsdorf & Halperin (2007). If X™ = X (¢ + dn) for constants ¢ and §, then N
is the time-changed birth process of Ding, Giesecke & Tomecek (2006). If X™ = ¢+ on
for deterministic functions ¢ and ¢, then N is the inhomogeneous birth process of Kim
(2007). If X™ is deterministic then N is a time inhomogeneous Markov jump process as in
Cont & Minca (2008) and Laurent, Cousin & Fermanian (2007). If for constants ¢, Ao, k
and 0 we set

X'=c+ X—ce ™ +4d Z eHt=T7)
=1

then N is the Hawkes process of Errais, Giesecke & Goldberg (2006). Davis & Lo (2001)
Giesecke & Tomecek (2005), Longstaff & Rajan (2007) and Lopatin & Misirpashaev (200
propose further specifications of the model (7).

o2
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The change in perspective supports parsimonious specifications of the portfolio inten-
sity A\, and as we illustrate below, it also leads to computational tractability of portfolio
risk measurement and portfolio derivatives valuation. However, the top down approach
calls for further steps if we require models for the constituent names. Constituent intensi-
ties are generated by random thinning, see Giesecke & Goldberg (2005). Random thinning
disintegrates the portfolio intensity process A into its constituent intensity processes. It
provides the inverse to the intensity aggregation formula (5).

We must be careful about the notion of default intensity of a constituent. If, as in
Examples 3.5 and 3.6, the top down model filtration F is not fine enough to distinguish
the identity of a defaulter, then the constituent default processes N* are not observable,
i.e. adapted to IF. Therefore, we consider the projections N onto F. This is similar to the
projection of the frailty factor onto the observation filtration in Example 3.4. Random
thinning allocates the portfolio intensity A to the intensities M of the constituent default
process projections N*. In Giesecke & Goldberg (2005), it is shown that for each portfolio
intensity model, there exists a predictable thinning process Z* such that

e = ZF ), (8)

The value ZF is the conditional probability at time ¢ that name k is the next defaulter
given a default is imminent. Therefore, the sum of the Z¥ over k must equal one unless all
names in the portfolio are in default. If all constituents are in default the thinning processes
vanish. As the following examples illustrate, the constituent intensities ¢ inherit the
properties of the portfolio intensity A. In particular, they reflect the dependence structure
of the ambient portfolio.

Example 3.7. Let F be the filtration generated by the portfolio default process N and
an independent systematic risk factor X > 0. Let the portfolio intensity A = X (m — N)
be as in Example 3.5. Consider the thinning process given by

Sk:

Zf = —=m gy <™}

DY VL

where the S* are the credit swap spreads of the constituent names observed at time 0
for a short, fixed maturity. The portfolio intensity is distributed according to the relative
spread of names. A name whose spread is relatively wide compared with other names in
the portfolio is attributed a relatively large share of the portfolio intensity. We have

Sk
>k 5"

so the exposure of firm k to the common factor is determined by the relative spread.

= X, (m — N,) (9)

However, the single name swap spreads implied by the constituent intensities (9) are not
guaranteed to match observed spreads. Consider the alternative model

Zf = Sk].{tSTm},



where the s* are non negative parameters such that > ;" | s* = 1. Given a calibration of X
from the tranche market, choose the parameters s* such that the constituent intensities
generate model credit swap spreads that are close to the market-observed credit swap
spreads S*. This calibration problem becomes well-posed if the constituent spreads are
uniformly adjusted for the index basis, and the adjustment is calibrated along with the
parameters s*. O

In the previous example the thinning is static. Further, the portfolio and constituent
intensities do not incorporate event feedback. The response of the intensities to an event
merely represents an adjustment for the reduction in the set of potential defaulters.

Example 3.8. Let F be the filtration generated by the portfolio default process N and
an independent systematic risk factor X > 0. For constants ¢ > 0 and § > 0, let the
portfolio intensity A = X (c+ 0N )1{n<m}, which generates the time-changed birth process
of Ding et al. (2006), see Example 3.6. This specification incorporates the feedback of
events. Letting 70 = 0, consider the thinning process
Ztk = Z anl{Tn—1<t§Tn}
n=1

where (an)k,n:LZ,...,m is a doubly stochastic matrix of non negative constants. The pa-
rameter 2" represents the probability that firm & is the nth defaulter. With each event
arrival, the portfolio intensity, thinning processes and the constituent intensities

N = Z¥X(c+ 6N)

are revised. While the thinning is constant between events, the portfolio and constituent
intensities fluctuate with the common factor X. The doubly stochastic thinning matrix is
chosen so that the model implied single name swap spreads match observed spreads, see
Ding et al. (2006) and Halperin (2007). O

4 Default distribution

A portfolio credit derivative is a contingent claim on the portfolio loss due to defaults. To
calculate derivative prices and portfolio risk measures such as value at risk, we require the
distribution of portfolio loss at multiple future horizons. Below we contrast the calculation
of this distribution in bottom up and top down model specifications. To simplify the
exposition, we assume that the loss at an event is constant. Therefore we can focus on
the distribution of the default process N and its components N*.

4.1 Bottom up models

In a bottom up model the default process N = >, N* is the aggregate of the constituent
default processes N*. It is natural to consider the constituent default processes first.



Define AF = f(f MNeds, where AF is the intensity of firm k. If the variable exp(A%) is
square integrable for some horizon T', then for any time ¢ < T before default we have the
conditional survival probability formula

P[r* > T|F] = B*[e WD | 7] (10)

where the expectation on the right hand side is taken under an absolutely continuous
probability measure P* defined by the density exp(A%)(1 — NkK), see Collin-Dufresne
et al. (2004). The probability P* puts zero mass on paths for which default occurs before
T. The conditional expectation is taken with respect to the filtration (F;°), which is the
completion of the reference filtration F by the P*-null sets. Formula (10) applies to all
bottom up constituent intensity specifications discussed in Section 3.1 above. The measure
and filtration changes are redundant for the doubly stochastic Example 3.2. In this case,
formula (10) simplifies to the classic formula derived by Lando (1998).

The conditional expectation on the right hand side of equation (10) is a familiar
expression in ordinary term structure modeling. It is analogous to the price at t of a
zero coupon bond with unit face value and maturity 7', assuming the short term rate of
interest is X\. The calculation of this price is well understood for a wide range of parametric
short rate specifications, including affine and quadratic models. Formula (10) thus extends
the analytical tractability offered by existing term structure model specifications to the
constituent default process N*.

Example 4.1. Let F be the filtration generated by the constituent default processes
NF¥, a systematic risk factor X and a collection of idiosyncratic risk factors X* that are
independent of one another and independent of X. The risk factors are independent of
the N*. For a constant o, set \* = o*X + X*. From formula (10) we get

P[r* > T] = E[e= fo Xt g b Xvds]. (11)

The two expectations on the right hand side can be calculated explicitly if the risk factors
follow affine jump diffusions or quadratic diffusions. In these cases, each expectation is an
exponentially affine or quadratic function of the initial value of the risk factor. ]

It is challenging to calculate the distribution of the portfolio default process N
in the general bottom up setting. This is particularly true for intensity models with
event feedback, where the calculations often rely on the special structure of the intensity
parametrization. The calculations are most tractable in the doubly stochastic Example
3.2, which explains the popularity of this specification. Here we exploit the fact that
conditional on the common risk factor, the N* are independent.

Example 4.2. Consider the doubly stochastic setting of Example 4.1. Define the inte-
grated common factor Z; = fot X,ds and let

pk(T; Z) == P[Tk >T | ZT = Z] = e—asz [6_ foTXégdS}



be the conditional survival probability of firm k given a realization of the integrated
common factor. The conditional probability generating function of the constituent default
process is given by

E[vNik‘|ZT:z] =p(T,2)(1 —v)+v, veR.

By iterated expectations and conditional independence, the probability generating func-
tion of the portfolio default process N is

B[] = Zv’“P[NT =k] = /V(T,z,v)fT(z)dz (12)

where fr(z) is the density function of Zr and

n

V(T, z,v) = l_IE[vNé2 | Zr = 2] = H (pe(T, 2)(1 — v) + v)
k=1 k=1
Expanding the polynomial V (T, z,v) = Vo(T, z2)+oVi(T, z)+. . .+v"V, (T, z), from formula
(12) we get the distribution of the portfolio default process:

P[Ny =k| = /Vk(T, 2) fr(z)dz.

If the common risk factor follows an affine jump diffusion or quadratic diffusion, then the
Laplace transform of Zr is exponentially affine or quadratic in X, respectively, and the
density fr(z) can be obtained by numerical transform inversion. Extensions of the single
factor model for A\* to include multiple common factors that model sectoral, regional
or other risks are conceptually straightforward, but require multi-dimenional numerical
transform inversion and integration which tend to be computationally very expensive. []

4.2 Top down models

In a top down model the distribution of the portfolio default process N can be calculated
directly in terms of the portfolio intensity A. Let A; = f(f Asds be the compensator to N.
If the variable exp(Ar) is square integrable for some horizon 7" and Y is an integrable
random payoff at T', then for real z, v and ¢t < T the default process transform

E[eizY+iv(NT—Nt) | 7] = E [eizY—(l—e"“)(AT—At) | ] (13)

where 7 is the imaginary unit and the expectation on the right hand side is taken under
an equivalent complex measure P° defined by the density exp(ivNzy + (1 — ™) Ar), see
Giesecke (2007). The measure PV neutralizes any feedback of events on the intensity A.
Formula (13) applies to all portfolio intensity specifications discussed in Section 3.2 above.

The expectation on the right hand side of equation (13) is a familiar expression in
the defaultable term structure literature. It is analogous to the price at ¢ of a security

10



that pays exp(izY’) at T if the issuer survives to T' and 0 otherwise, assuming the issuer
defaults at intensity (1 — e™)\. The calculation of this price is well understood for a wide
range of parametric intensity specifications, including affine and quadratic models. The
reason is that this price is analogous to the price of a security paying exp(izY') at T’
in a default-free economy, where the short rate is (1 — e’’)\. Formula (13) thus extends
the analytical tractability offered by existing term structure model specifications to the
portfolio default process N.

To obtain the distribution of N we must invert the transform (13). To this end, for
real a,b and x consider the conditional expectation

Gt(xa a, bv T7 Y) = E[(a+by)1{NTﬁm} |f}/]’ (14>

which is almost surely an increasing function in x that is constant on the intervals [n, n+1)
for n an integer, and vanishes for x < 0. The Fourier-Stieltjes transform of Gy(z;a,b,T)
can be obtained by integration by parts. For real v we get the formula

Gi(v;a,0,T)Y) = / e dGy(x;a,b,T,Y) = E[(a + bY)eoNT |.7-"t],
which can be expressed directly in terms of a partial derivative of the transform formula
(13). For all non negative integers n we have

1 T ,—ion __ v
Gi(n;a,b,T,)Y) = %/ %Qt(v;a,b,T,Y) dv. (15)

—Tr

The inversion formula (15) recovers the conditional distribution function of Ny for
a =1 and b = 0. The function (14) can also be used to calculate the conditional default
probabilities of the portfolio constituents. As explained in Section 3.2 above, in a top
down model the constituent intensities are obtained by random thinning of the portfolio
intensity . For any thinning process Z* for firm %k such that for ¢t < T,

T
Pt <" <T|F)] —/ E[ZEN | F]ds (16)
t

see Giesecke & Goldberg (2005). The quantity Z* ) is the top down counterpart to the con-
stituent intensity A\* in a bottom up model, and formula (16) is the top down counterpart
to the bottom up constituent probability formula (10).

Example 4.3. Let F be the filtration generated by the portfolio default process N.
Suppose N is the Hawkes process considered in Errais et al. (2006), which is calibrated to
the tranche market by Giesecke & Kim (2007). This model is a special case of Example
3.6 above. The portfolio intensity A satisfies

t
M=cH+06 / e =N, . (17)
0

11



The parameter ¢ > 0 describes the base intensity. The parameter 6 > 0 governs the
sensitivity of the intensity to defaults, and x > 0 is the rate at which the impact of an
event decays exponentially. Writing d\; = k(¢ — A\;)dt + ddN; shows that N is an affine
point process, i.e. A follows an affine jump diffusion process in the sense of Duffie, Pan &
Singleton (2000) whose jump term is N. Further, a suitable version of the Girsanov-Meyer
theorem implies that under the complex measure P, the point process N has intensity
e\, see Giesecke (2007). Together with the transform formula (13), these observations
allow us to conclude that

E[eizAT—i-z‘v(NT—Nt) ‘-;Ct} — FV [eiz)\T_(l_eiv)ftT Aods | ft]
— (O +B(H)A (18)

where the coefficient functions f(t) = f(z,v,t,T) and a(t) = «a(z,v,t,T) satisfy the
ordinary differential equations

OiB(t) = 1+ kB(t) — TP

Oa(t) = —ckpf(t)

with boundary conditions 3(T") = iz and a(T) = 0. By following the steps above, the
transform (18) can be inverted to obtain the function Gy(n;a,b, T, Ar), which yields the
distribution of the Hawkes process and is used to calculate the constituent default prob-
abilities. To illustrate this, consider the thinning process of Example 3.8, given by
Zf = anl{Tn71<t§Tn}
n=1

where (zk")k,nzl,zm,m is a matrix of non negative constants for which all rows and all
columns sum to 1, and m is the number of portfolio constituents. In view of the default
probability formula (16), it remains to calculate

E[ZE\| F] sz” —1;0,1,8,A) — Gy(n —2;0,1,5,\,)).

The specification (17) does not guarantee that the portfolio intensity vanishes after the
mth default in the portfolio. In other words, the process N governed by the intensity (17)
can have more than m events. This is innocuous for typical portfolios, for example CDX
index portfolios with more than 100 constituents. Here the distribution of the number of
events is well approximated by the distribution of N. Nevertheless, it is straightforward
to obtain the distribution of the stopped process N = N A m from that of N:

P[Ns— N, =k|F] if k<m—N"

P[NI' = N"=k|F]| =< P[N,—N,>k|F] if k=m—N"

0 it kE>m— N
Note that the truncation is not required for the constituent models, since the thinning
process vanishes at the mth default by construction. ]
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5 Calibration

Accurate and stable intensity parameter estimation is a prerequisite for many applications
of a portfolio credit model. For measurement and management of portfolio credit risk, the
model is formulated under actual probabilities and must fit to historical default experience.
For trading and hedging of standard or exotic portfolio derivatives, the model is formulated
under risk-neutral probabilities and must fit to index and tranche market prices.

A specification of the joint evolution of constituent intensities can be fitted jointly
to single- and multi-name market data. Eckner (2007), Feldhiitter (2007) and Mortensen
(2006) fit doubly stochastic models with jump diffusion risk factor dynamics to spreads
of single name and tranche swaps observed on a given day. Papageorgiou & Sircar (2007)
fit models with stochastic volatility risk factors. These papers obtain accurate fits.

There are two distinct ways to fit a top down model to market data. A specification
of the portfolio intensity and the thinning processes can be calibrated jointly to single-
and multi-name market data. In a procedure that does not require single name models
or data, a stand-alone portfolio intensity specification can be fitted to index and tranche
market data. Given the fit of the portfolio intensity, the constituent thinning processes
can be calibrated to single name market data in an optional second step.

Most available empirical analyses fit a stand-alone specification of the portfolio in-
tensity. Using different models, Arnsdorf & Halperin (2007), Brigo et al. (2006), Cont
& Minca (2008), Ding et al. (2006), Giesecke & Kim (2007), Laurent et al. (2007) and
Lopatin & Misirpashaev (2007) obtain accurate fits to index and tranche spreads of sev-
eral maturities, all observed on a fixed date. With time-dependent parameters, the data
can be matched perfectly. Azizpour & Giesecke (2008) and Longstaff & Rajan (2007) fit
alternative portfolio intensity models with constant parameters to time series of index and
tranche spreads for a fixed maturity. They find that the models replicate the time-series
variation of market spreads for all tranche attachment points and maturities.

6 Conclusion

Dynamic reduced form models of portfolio credit risk provide many advantages over the
static copula models that are in widespread use in the financial industry. First, they have
realistic features that are motivated by empirical observation. Second, they specify the
time evolution of the portfolio default process, and generate the portfolio loss distribution
for all future horizons. Third, they accurately fit index and tranche market prices for all
attachment points and maturities.

Dynamic reduced form models can be specified in two ways. In a bottom up model
the constituent default intensities are the primitives. Such a specification is appropriate
for the analysis of portfolios of highly heterogeneous constituents. It brings the informa-
tion of the single-name market to bear on the calibration of the model. In a top down
specification the portfolio default intensity is the modeling primitive, and constituent in-
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tensities are generated by random thinning. Since constituent calibration is optional for
such a specification, a stand-alone portfolio intensity model can be used in situations with
little or unreliable single name market information. An example is a reasonably granular
portfolio of bonds or loans for which an index contract is traded. Even if single name
information is available in principle, the sheer size of a portfolio can motivate the use
of a stand-alone portfolio intensity model. Another application area for such a model is
the analysis of exotic portfolio derivatives such as index and tranche forwards and op-
tions. These products are driven by the volatility of portfolio loss, which is conveniently
controlled by the portfolio intensity.
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