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1. Introduction

A credit investor such as a bank granting loans to firms or
an asset manager buying corporate bonds is exposed to cor-
related corporate default risk. A multiname credit derivative
is a financial security that allows the investor to transfer this
risk to another investor who is willing to bear it. Through
such a derivative, an investor can buy or sell default insur-
ance on a portfolio of credit-sensitive instruments. Industry
sources estimate the size of the multiname derivatives mar-
ket at the end of 2006 to be nearly $8 trillion, representing
more than a 35% increase over the prior year.

The price for multiname default insurance is a function
of the portfolio constituent default risks and their depen-
dence structure. Issuers of credit-sensitive instruments such
as bonds or loans are exposed to common or correlated
economic risk factors such as interest rates or commodity
prices. The random movement of these risk factors gener-
ates correlated changes in firms’ conditional default proba-
bilities, and the cyclical pattern in the time-series behavior
of aggregate default rates. Due to the complex web of busi-
ness, legal, and informational relationships in the economy,
defaults have a direct impact on the prospects of the sur-
viving firms. For example, the collapse of automotive man-
ufacturer Delphi in 2005 severely affected General Motors
(GM), whose production critically depended on Delphi’s
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timely supply of parts. In response to the event, investors
immediately demanded a higher default insurance premium
for GMs, reflecting the sudden increase in GM’s likelihood
to fail. Collin-Dufresne et al. (2003) and Jorion and Zhang
(2007) show that these feedback effects are not anecdotal.

The valuation and risk analysis of a multiname derivative
is challenging in light of the complex economic phenom-
ena that drive correlated corporate default risk. We require
a probabilistic model of event timing that captures these
phenomena and leads to computationally tractable pricing
and hedging relations. In this paper, we introduce a time-
changed birth process to model correlated event arrivals.
A time-changed birth process is obtained by evaluating a
classical birth process at a random clock. The time change
generates a point process with attributes that are relevant
for many applications, including portfolio credit risk. Like a
classical birth process, a time-changed birth process is self-
exciting: an arrival has an impact on the intensity, or con-
ditional arrival rate of events. Therefore, an event increases
the likelihood of further arrivals. Unlike a classical birth
process, a time-changed birth process has an intensity that
is allowed to move randomly between events. This stochas-
tic variation reflects the sensitivity of arrival rates to exoge-
nous risk factors that fluctuate randomly.
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The time change preserves the analytical tractability of
the classical birth process. We derive a closed-form expres-
sion for the distribution of a time-changed birth process in
terms of the Laplace transform of the time change. The
Laplace transform is a familiar expression in finance. It is
analogous to the price of a security that pays one dollar
at a future time in an economy where the risk-free rate of
interest is proportional to the rate of the time change. The
explicit calculation of this price is well understood for a
wide range of interest rate model specifications. This obser-
vation suggests a wealth of candidate models for the rate
of the time change for which the Laplace transform, and
hence the distribution of the time-changed birth process,
can be explicitly calculated. Examples include affine and
quadratic models, for which the Laplace transform is an
exponentially affine or quadratic function of the state.

The computational benefits extend to our applications in
portfolio credit risk, in which a compound time-changed
birth process describes the financial loss due to default in
a portfolio of loans or bonds. We derive a closed-form
expression for the price of a call option on the portfolio
loss in terms of the Laplace transform of the time change
and the characteristic function of the random loss at an
event. The characteristic function can be calculated explic-
itly for many parametric recovery distributions that are of
economic interest. The option formula is the key to valuing
a multiname derivative, which is a security whose payoff
can be expressed in terms of linear combinations of options
on the portfolio loss. Example contracts that we analyze
include index and tranche swaps, which are the most impor-
tant and most liquid standardized multiname derivatives.
These swaps are bilateral financial contracts that are ref-
erenced on portfolios of North American and European
issuers, in which one party buys insurance from the other
party against the default losses in the portfolio. Forwards
and options on these swaps are examples of more exotic
multiname derivatives that we analyze. These contracts
allow an investor to express a view on the volatility of port-
folio loss. The static copula models of correlated default
that are widely used in the financial industry are inappro-
priate to analyze options on index and tranche swaps.

To illustrate model specification and security valuation,
we calibrate a time-changed birth process model to mar-
ket index and tranche swap rates. The rate of the time
change is assumed to follow a mean-reverting Feller dif-
fusion, a standard model in finance for interest rates. This
choice guarantees analytical valuation formulae for index
and tranche swaps. We obtain accurate fits to market index
and tranche swap rates of several maturities. The calibrated
model is then used to price tranche forwards and options.
The results indicate the significance of event feedback and
stochastic variation of the interevent intensity for the valu-
ation of exotic multiname derivatives.

A time-changed birth process can alternatively be termed
a doubly stochastic birth process because conditional on the
time change, its arrivals form a time-inhomogeneous birth

process. There is event feedback even if the uncertainty
about the risk factors driving the time change is removed.
This property distinguishes the doubly stochastic birth pro-
cess from its narrower but widely used descendant, the dou-
bly stochastic Poisson or Cox process. The Cox process
arises in the special case where the original birth process
is in fact a simple Poisson process. Here, conditional on
the risk factors, events form a time-inhomogeneous Poisson
process. The interarrival times are conditionally indepen-
dent, which rules out feedback from events. Not surpris-
ingly, the Cox process provides a poor fit to empirical data.
For example, Das et al. (2007) provide evidence of histor-
ical default clustering in excess of that implied by a com-
patibly estimated Cox model. A self-exciting time-changed
birth process provides an alternative model that allows for
a more realistic degree of clustering while preserving com-
putational tractability.

In related work, Davis and Lo (2001) model defaults
by a piecewise deterministic Markov process that is self-
exciting. Ordinary differential equations govern the default
distribution. In Giesecke and Tomecek (2005), events fol-
low a time-changed standard Poisson process, which is self-
exciting if the time change depends on the Poisson process.
The transform of the process is obtained by a complex-
valued measure change as in Carr and Wu (2004). In this
paper, we generate a self-exciting model by time-changing
a birth process rather than a Poisson process. Because a
birth process is already self-exciting, the time change can
be chosen independently and the distribution of the loss
process can be derived by elementary means. In Errais et al.
(2006), the portfolio loss follows a self-exciting affine point
process. Its transform is an exponentially affine function
of the risk factors, with coefficients that satisfy ordinary
differential equations. The price of a credit derivative incor-
porates the dependence structure among default and recov-
ery rates, and is given in terms of an inverse transform.
Tavella and Krekel (2006) provide a formulation in which
the derivative price is governed by a system of backward
partial differential equations. Brigo et al. (2006) propose
alternative doubly stochastic Poisson model specifications
of the portfolio loss. Longstaff and Rajan (2008) develop
a three-factor model of portfolio loss in which the factors
represent firm-specific, sectoral, and economywide default
risks.

Although we emphasize credit derivatives in this paper,
a time-changed birth process also has important potential
applications in the risk management and capital provision-
ing of credit portfolios. Das et al. (2007) show that a doubly
stochastic Poisson model similar to those widely used for
the calculation of risk capital tends to underestimate the
probability of large losses, and thus may lead to undercap-
italization. Because it implies loss distributions with fat-
ter tails, a self-exciting model may be more appropriate.
Giesecke and Weber (2004) provide an explicit approxi-
mation to the loss distribution in an interacting Markov
process model in which the intensity of a firm depends on
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the status of other firms. Duffie et al. (2006) estimate a
frailty model in which individual firm intensities depend on
common unobservable default covariates and are updated
at events. The class of time-changed birth processes sup-
ports other self-exciting model specifications that facilitate
an analytical treatment of risk measurement and capital
allocation problems.

The remainder of this paper is organized as follows. Sec-
tion 2 introduces a time-changed birth process and derives
its basic properties. Section 3 discusses the application of a
time-changed birth process to the valuation and risk analysis
of multiname credit derivatives. It explains the valuation of
index and tranche swaps, forwards, and options. Section 4
specifies parametric models for the time change and the loss
at default that lead to analytically tractable valuation for-
mulae. Section 5 explains the implementation and market
calibration of an index and tranche swap and option pricer.
Section 6 concludes.

2. Time-Changed Birth Process

This section introduces a time-changed birth process, stud-
ies its properties, and derives a formula for its conditional
distribution. The classical birth process is reviewed first.

2.1. Birth Process

Consider a counting process N° defined on a probability
space (Q, G, P) endowed with a right-continuous and com-
plete filtration F = (7,),,. Suppose that N° is a birth pro-
cess with intensity, or conditional arrival rate A° given by

AV =c+ 8N,

where ¢ > 0 and 6 > 0. It follows that the first event arrives
with constant intensity c¢. At the first event, the intensity
increases to ¢ + 6 and stays constant until the second event,
at which time it increases to ¢ + 268, and so on. Thus, the
birth process is self-exciting: an arrival increases the likeli-
hood of further arrivals. For 6 — 0, the self-exciting prop-
erty vanishes and N° is a Poisson process with intensity c.
The conditional characteristic function of the birth process
takes the form

E[eiv(N;.)—N,U) | gt] — (eiu 4 (1 _ eiv)eﬁ(s—r))—C?’ (1)

where 7 <'s, ve€R, and C? = N? + ¢/8. The conditional
distribution of N° is negative binomial; see Feller (1957,
Chapter 17.3).! For t <sand k € N={0, 1,2, ...}, we have

_ T(C) +k)

PIN°—N' =k |F]1=
[ s t I] F(Cto)k‘

(A )T(1=A ) (2

where I is the gamma function and A, | =exp(—6(s —1)).
Thus, the birth process is a homogeneous Markov process
with conditional mean and variance given by

E[N°—N°|%,]=C°(e’¢) — 1),
Var[N® — N° | 7,] = C2(e?0) — 1)?,

Due to the self-exciting property, the variance is always
larger than the mean, and so the negative binomial distri-
bution is overdispersed relative to the Poisson distribution.
The mean and variance grow exponentially in s at rates &
and 29, respectively.?

2.2. Time Change

We propose to time change the birth process to generate a
self-exciting point process whose arrival rate is allowed to
move randomly between events. Let v be a strictly positive
stochastic process that is independent of the birth process
N°. We require that for each 7, the variable v, admits a
density and the variable

t
T,:/(; v, ds 3)

is a stopping time in the filtration [ that is finite almost
surely. In addition, we assume that (7)) increases to infin-
ity almost surely. Under these conditions, the family (7,)
defines a time change. The evolution of the activity rate v
controls the passage of new time 7, relative to calendar
time . We evaluate the birth process in the new time scale
to obtain the time-changed birth process N given by

N,=N;.

The information set in the new time scale is represented
by the right-continuous and complete filtration G = (,) -,
generated by the stopping time sigma-fields 7;. We are
interested in the intensity A of the time-changed birth pro-
cess relative to GG, which represents the conditional arrival
rate in the new time scale. Because the original birth pro-
cess is a time-changed Poisson process in the sense of
Giesecke and Tomecek (2005), so is N. The time change
transforming a standard Poisson process into N is given
by the composition A, = fOT’ A% ds.? The results in Giesecke
and Tomecek (2005) imply that A is also the compensator
of N in the filtration G.* The time derivative of A is the
intensity A of N relative to G, and is given by

A= V,)\% =v,(c+O6N,). 4

The time-changed birth process N inherits the self-exciting
property from the birth process. Its intensity is an affine
function of N itself, with coefficients following indepen-
dent stochastic processes driven by the activity rate. The
intensity has dynamics

dA, = (¢ + 6N, )dv,+v,_8dN,. (5)

The activity rate modulates the intensity of N. For exam-
ple, if v is mean reverting, then so is A. The mean-reversion
speed and level are affine functions of N, and hence are
updated at events. Similarly, A inherits any Brownian and
jump terms from v, with coefficients that have affine depen-
dence on N. Thus, by specifying different stochastic pro-
cesses for the activity rate, we can generate a vast array of
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self-exciting point processes N that descend from the birth
process. Parametric examples are considered in §4.

Conditional on a realization of the activity rate, N is a
time-inhomogeneous birth process with an intensity that is
deterministic between arrivals. This suggests the alternative
terminology doubly stochastic birth process for N, in anal-
ogy to the well-known doubly stochastic Poisson process.
A doubly stochastic Poisson process, or Cox process, arises
in the special case where 6 — 0. Then, the birth process
N? is a Poisson process, and, conditional on a realization
of v, N is a time-inhomogeneous Poisson process.

2.3. Transform and Distribution

Time-changed birth processes are analytically tractable.
Because the time change is independent of the birth pro-
cess, the conditional characteristic function of the time-
changed birth process N can be obtained from formula (1)
by iterated expectations:

E[eiu(N“'_N') | cg[] — E[(eiv + (1 _ eiv)eﬁ(TA—Tf))—Cr | Cgt] (6)

for t <s and v € R, where C is the process defined by
c

C,=N+3

Compare formulae (1) and (6). The corresponding condi-
tional distribution of N, — N, is completely determined by
the conditional distribution of the time change, which is
encoded in the Laplace transform

Fj,,s(u) = E[eiu(rﬁm | (gt] 7

for t < s and u > 0. This Laplace transform is a familiar
expression in finance. It is analogous to the price at time ¢
of a security that pays one dollar at time s in an economy
where the short-term interest rate follows the process uv.
The calculation of this price is well understood for a wide
range of parametric models of v; §4 gives examples.

ProrosITION 2.1. For t < s and k € N, we have the
formula

P[Ns—Nt=k|C§t]

L(C,+k) & (k )
:Tﬂjﬁ'z<my—Uiﬂxﬂm+q»

m=0

This result is a corollary of Proposition 2.2 below. It
extends the analytical tractability offered by extant security
pricing model specifications to a time-changed birth pro-
cess N. Note that in the special case where § — 0 and
N is a doubly stochastic Poisson process, Proposition 2.1
reduces to the formula

(—1)t &

P[Nv_Nt:k|(‘gt]: X! W

Z,,,(uc)

u=1

If £, ,(u) exists for u = —0& and u = —24, then the condi-
tional mean and variance of N are well defined and given
by the following expressions:

E[Ns - Nz | Cgt] = Ct(gt,s(_a) - 1)’
Var[Nc - Nt | <§[] = Cz(ggl,s(_za) - 8!7(_6))

Proposition 2.1 can be generalized to obtain the condi-
tional joint distribution of N and v. We express this distri-
bution in terms of the “extended Laplace transform”

gt,s(u, U) = E[e—“(Tx—T,)HwT

4] ®)

for t <s,u >0, and v € R. The extended transform reduces
to the ordinary transform (7) when v = 0. It is analogous
to the price at time ¢ of a security that pays exp(ivy,) dol-
lars at time s in an economy where the short-term interest
rate follows the process uv. This price can be calculated
explicitly for a wide range of parametric models for v.

PrOPOSITION 2.2. For t <s, u >0, veR, and k e N, we
have

E[E_M(TX_T')HW‘ 1{1\@.—N,:/<} KA

k
B Bl ssmion

m=0

The proof is in the appendix. Proposition 2.1 above is
the special case where u =0 and v =0. The joint distribu-
tion of the time-changed birth process and the activity rate
is obtained by setting u = 0, extending 7, ((6(m + C,), -)

to the complex plane, and applying Fourier inversion. For
t<s, keN, and y > 0, we get the formula

P[Ns_Nt:k’VsEdyl(gt]

CP(CAR) & (kY (1) s
-TD Z(m)—% [ 9 6m+c). e dzay
©)

m=0

where vy is chosen such that yi € S; N {z € C: Im(z) < 0},
where S is the region of convergence of 7, (8(m+C,), z).
A similar argument yields the joint law of the time-changed
birth process, the time change and the activity rate.

3. Multiname Credit Derivatives

We propose a time-changed birth process N as a model of
correlated default timing in a portfolio of credit-sensitive
securities such as loans and bonds. The self-exciting prop-
erty of a time-changed birth process captures the feedback
of an event on the default arrival rate. Due to the com-
plex web of business, legal, and informational relation-
ships in the economy, a default often has a direct impact
on the prospects of the surviving firms. The time change
induces stochastic variation in default rates between events.
This variation reflects the exposure of firms to common
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or correlated economic risk factors such as interest rates
or commodity prices. The random movement of these risk
factors generates correlated changes in firms’ conditional
default probabilities, and the cyclical pattern in the time-
series behavior of aggregate default rates.

We consider the arbitrage-free valuation of multiname
credit derivatives, which are also known as portfolio deriva-
tives. These are securities whose payoffs depend on the
financial loss due to default in the portfolio. Multiname
credit derivatives allow investors to trade the correlated
default risk in the portfolio. Index and tranche swaps are
the most important and most liquid standardized portfo-
lio derivatives. They are referenced on portfolios of North
American and European issuers. Forwards and options
on these contracts are examples of more exotic portfolio
derivatives.

Under the absence of arbitrage and market frictions,
and under mild technical conditions, there exists a risk-
neutral probability measure, as shown by Harrison and
Kreps (1979) and Harrison and Pliska (1981). We take the
reference probability P to be such a risk-neutral measure,
and we model correlated default arrivals as a time-changed
birth process N on (£}, G, G, P), directly under risk-neutral
probabilities. Then, letting » > O be a constant risk-free
interest rate, an arbitrage-free price at time ¢ of a secu-
rity paying a random amount 7 at some time 7 is given
by the conditional expectation of the discounted payoff,
E[e7T | %,].

3.1. Portfolio Loss Process

Consider a portfolio of credit-sensitive securities that are
issued by n firms. The default process N" counts the
defaults in the portfolio, so N/ is the number of firms that
have defaulted by ¢. We model the default process N" =
N A n as a time-changed birth process N stopped at the
nth event. The intensity A" of N" is equal to the inten-
sity A of N up to the nth event, at which time it falls to
zero: A" = Alyy_,,. The conditional distribution of N” can
be calculated from the conditional distribution of N given
in Proposition 2.1. We simply adjust the probability of the
final bin:

Pt,s(k) = P[Nsn _an =k | qu]

P[N,—N,=k|%,] ifk<n—N"
={P[N,—N,>k|%,] ifk=n—N", (10)
0 if k>n—N".

The loss process L" records financial loss: the random
variable L7 is the cumulative portfolio loss due to default at
time ¢. Letting /, denote the random loss at the kth default,
L" is a compound time-changed birth process stopped at
the nth event:

N

=S,
k=1

We assume that the /, are mutually independent and inde-
pendent of the birth process and the time change. They
have common characteristic function g(v) = E[e™1], where
v € R. Then, the conditional characteristic function of the
loss process can be expressed in terms of the conditional
distribution of the default process. By conditioning,

n
n—N/

E[eiv(Lf;—L;l) | Cgt] — Z Pm_(k)(g(v))k (11)
k=0

for t < s and v € R. The conditional expected future loss is
obtained by differentiation, and the conditional loss distri-
bution can be recovered by inversion.

3.2. Option on Portfolio Loss

The payoff to many standard and exotic portfolio credit
derivatives can be expressed in terms of a call option on the
portfolio loss L", whose payoff at expiry T is (L} —¢)7,
where ¢ is the strike price. To value such an option, let

1 yi+too e*izx

Q(k’x)=—ﬁ -

= (g(2)" dz (12)
for k € N and x > 0. Here, the characteristic function g of
the loss at default is extended to the complex plane. If S, is
the region of convergence of g, then vy is chosen such that
yi € S, N{z € C: Im(z) < 0}. The next result shows that
Q(k, x) is the conditional expected payoff at ¢ of an option
on the loss over (¢, T] with strike x and maturity T, given
that the number of defaults in (¢, T] equals k. In §4, we
provide parametric models of the loss at default for which
Q(k, x) can be calculated explicitly.

ProposITION 3.1. The undiscounted price at time t of a
call option on the portfolio loss with maturity T >t and
nonnegative strike q is given by

n—N/"

E[(Ly =) |6]= Y. P r()Q(k, g —L7).

The proof is in the appendix. Because the negative of
the partial derivative of the expected option payoff with
respect to the strike is equal to P[L} > g | 6,], Proposition
3.1 also yields the conditional distribution of portfolio loss
for all future dates. For x > 0, whenever the derivative is
well defined, we get the formula

n—N/
! d
PILy =Ly <x|6)=1+ L Py (0)5-0(kx).  (13)
k=0

3.3. Tranche and Index Swaps

Tranche and index swaps are bilateral financial contracts.
One party buys insurance from the other party against the
financial losses due to default in a portfolio of n bonds
with common maturity date 7, common quarterly payment
dates (¢,,), and common notional that we normalize to one.
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Figure 1. Paths of the portfolio loss process L" and the
ordered default times (7*), and payments of
the protection seller in a senior tranche swap.

L} ()

N

Super senior

Loss covered by

protection seller
I?n S . C\
enior \\.7
—

Mezzanine

>~
Equity o~

T T T T T =1
T'() TR TW) TY) 1)
Notes. The protection seller is exposed to the correlated default risk in
the reference portfolio. The risk profile is determined by the location of
the attachment points K and K. The riskiest tranche is the equity tranche,
for which K =0 and K is typically 3% or 10%. The least risky tranche is
the super senior tranche, for which K =1 and K is typically 30% or 35%.
This tranche bears losses only if all the other tranches are wiped out. The
collection of all tranches is called a collateralized debt obligation (CDO).

The payments in a tranche swap are specified by a lower
attachment point K € [0, 1] and an upper attachment point
K € (K, 1]. The product of the difference K = K — K and
the portfolio notional n is the tranche notional. As illus-
trated in Figure 1, the protection seller covers portfolio
losses as they occur, given that the cumulative losses are
larger than K7 but do not exceed Kn. The payments U, at
time ¢ are equal to the cash flows to a portfolio of two call
options written on the loss, both maturing at #:

U= (L; — Kn)* — (L} = Kn)*. (14)
The value of these payments at time ¢t < T is
D, ;= eir(Tit)E[UT AR

+r / " e E[U | ds. (15)

The premium payments of the tranche protection buyer
consist of two parts. The first part is an upfront pay-
ment, which is expressed as a fraction R of the tranche
notional Kn. The second part is a stream of payments at
dates (1,,). For a tranche with K < 1, the cash flow at ¢,, is
a fraction S of the difference between the tranche notional
and the tranche loss U at ¢,,. Neglecting accruals, the value
at time 7 < T of these payments is

F, 1(R,S)=RKn+SY e’ ¢, (Kn—E[U, |4]), (16)

where c,, is the day count fraction for period m. For a fixed
upfront payment rate R, the fair tranche spread § is the
solution S = §,(R) to the equation D, ; = F, ;(R, S). Sim-
ilarly, for a fixed tranche spread S, the fair tranche upfront

rate R is the solution R=R,(S) to D, ; =F, (R, S). For-
mulae (15) and (16) indicate that the fair tranche spread
and upfront rate depend only on the values of call options
on L" with strikes Kn and Kn and maturities s € (¢, T].
The values of these calls are given by Proposition 3.1.

In an index swap, the protection seller bears a broader
exposure to the correlated default risk in the underlying
portfolio. The index protection seller covers all default
losses that occur before the maturity of the swap. The value
of these payments D, , is given by formula (15) for K =0
and K = 1. The index protection buyer makes periodic pre-
mium payments at the coupon dates (¢,,). The cash flow at
t, is a fraction S of the total notional on the names that
have survived until ¢#,,. Neglecting premium accruals, the
value at time ¢ < T of these cash flows is

F 1 (S)=S8) e ¢, (n—E[N;]). (17)

m

The fair index swap spread S is the solution § =S, to
the equation D, ; = F, ;(S). It depends only on expected
portfolio losses and defaults at future dates.

3.4. Tranche and Index Forwards and Options

Consider a tranche or index swap with maturity 7. Suppose
that the time ¢ market spread is S and the upfront rate, if
applicable, is R. For the buyer of protection, the mark-to-
market value at time t of the swap is given by

M, +(R,S)=D, r — F (R, S). (18)
This value is generally nontrivial if the market spread or
upfront rate differ from the contract spread and upfront rate
agreed on at inception of the swap. We consider a deriva-
tive on the mark-to-market value, which allows investors
to express a view on the volatility of future spreads. The
payoff to the derivative is of the form i(M, (R, S)) for
some payoff function #: R — R and expiration date s < 7.
The value at time ¢ < s of the derivative is given by the
conditional expectation

e CDE[R(M, (R, S))| %,]. (19)

In a forward the protection buyer agrees to enter the
swap at some future date s < T for a spread of S and an
upfront rate of R. The payoff to the forward protection
buyer at s is the mark-to-market value M, (R, S), so the
payoff function £ is the identity function. An option imparts
the right to enter the swap as the protection buyer at some
exercise date s and at strike spread S and upfront rate R.
The corresponding payoff function is given by A(x) = x*.
Similarly, the payoff function of an option imparting the
right to enter the swap as the protection seller is given by
h(x)=(—x)".

A cancelable swap with maturity date T, exercise date
s < T, spread S, and upfront rate R is a swap with the
embedded option for one party to cancel the contract at s.
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If the buyer of protection is entitled to cancel the contract,
the cancelable swap can be thought of as a standard swap
on [0, 5] and an option to buy further protection on [s, T].
Hence, its value to the protection buyer at ¢ < s is given by
the current mark-to-market value M, (R, S) plus the value
of an option e "“"VE[(M, r(R,S))" | 6,]. For a given
upfront rate R, the fair spread at ¢ is the value S = S,(R)
that sets this value equal to zero.

To calculate the derivative price (19), we assume that the
activity rate v follows a Markov process. This assumption
is not overly restrictive because most parametric activity
rate models that support analytic solutions for the Laplace
transform (7) are Markov. Under this assumption, the port-
folio default probability P, (k) is a function of N, and
v, by Proposition 2.1. As a result, E[(L? — ¢)" | 6,] =
VAN, L, v,) for some deterministic function V,/; given
by Proposition 3.1. Now, note that M, (R, S) is a function
of E[U, | 6,] for all s € [z, T], where U is the call spread
payoff (14). Hence,

M, ;(R,S)=G, ;(N/,L},v;R,S)
for some function G, ;: Nx R, xR, — R given by

GI,T(k,.x,Z; Rv S)
=" T(VE (k,x,2) — VE (K, x,2))
—(x—Kn)*+(x—Kn)*

T —
+rf e " (V,{Ss"(k, X,7)— Vt’i" (k,x, z)) ds—RKn
t

—S Z e—r(t,,,—t)

t<t,, <T

¢, (Kn—V5 (k,x,z)—i—VtﬁZ(k,x,z)). (20)

The time integral in this function can be replaced by a sum-
mation if we consider any losses given default to be paid
at the following premium payment date ¢,,. This innocu-
ous assumption leads to a significant simplification of the
numerical calculation of G. For fixed contract parame-
ters R, S, T, s, and payoff function A, letting H (k, x, z) =
h(G, r(k,x,z; R, S)), the derivative price (19) is then

E[H(NS, LY, v,) | G,]

-1

where u, ,(k, x, y) is the joint conditional distribution func-
tion of the default count, loss, and activity rate given G,.
Note that if the loss at default is a discrete random variable,
then the inner integral becomes a sum that can be com-
puted exactly. For parametric examples, see §4. If, more-
over, the time change is deterministic (a case discussed in
§4 as well), then the joint distribution is degenerate, and
we can remove the outer integral with respect to dy. This

n
00 B—N/

> H(k+N},x+ L}, y)dpu, (k,x,y)dy.
k=0

last step will most likely produce the greatest reduction in
computational effort; however, it also greatly reduces the
flexibility of the model.

It remains to calculate u, ((k, x, y). Using informal nota-
tion, by conditioning we get

o (k. x.y) dy = PIN? = N =k, Ll ~ LI <x,v,€dy| %]
= P[L! L) <x|N! N =k, %]
PN =N} =k, v, €dy| ]

for keN, x >0, and y > 0. In the second line, we used
the fact that conditional on the count, the loss is indepen-
dent of the activity rate. From formula (13), it is clear that
whenever the derivative is well defined,

d
PIL — L < x| N/ = N =k, ) = 1+ = 0(k, ).
X
Similarly to formula (10), we furthermore have that

P[an_Ntn:k’Vsedy|C§t]
P[N,—N,=k,v,edy|%,)] ifk<n—N"

=1P[N,—N,>k,v,edy|6,] ifk=n—N},
0 if k>n— N/,

where the joint distribution of the time-changed birth pro-
cess and the activity rate is expressed in formula (9) in
terms of the extended Laplace transform.

3.5. Constituent Default Probabilities

Consider a position in a portfolio credit derivative such as
an index or tranche swap. The mark-to-market value of the
position (18) is sensitive to changes in the credit risk of any
portfolio constituent firm. To estimate the sensitivities and
construct the corresponding hedging strategies, we need to
construct and calibrate constituent models that are compat-
ible with the portfolio model.

We use random thinning to link the constituent default
processes and the portfolio default process N". The idea
is to allocate a fraction Z; of the portfolio intensity A to
the constituent j. The value Z; is the conditional probabil-
ity at time ¢ that constituent j is the next defaulter given
that a default is imminent. Therefore, the sum of the Z;
over j must equal one unless all names in the portfolio are
in default. If all constituents are in default, the thinning
processes vanish.

Letting 7/ be the default time of firm j, Giesecke and
Goldberg (2005) show that there is a predictable thinning
process Z/ such that the conditional probability of firm j
defaulting in the time period (¢, T'] is given by

T

Plt<7 <T|%,] =/ E[ZIA" | %,) ds. (1)
t
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Because the loss at default is independent of the default
time, the constituent default probability (21) completely
determines the price of a bond issued by firm j, the price
for protection against the default of firm j, and, more gen-
erally, the price of a security referenced on firm j. Both
the constituent probability and the portfolio default proba-
bility given in Proposition 2.1 are functions of the portfolio
intensity A”. This relationship generates the link between
the mark-to-market value of a portfolio derivative position
and the mark-to-market value of a security referenced on a
constituent name.

To obtain a simple parametric constituent model, we
suppose that the thinning process Z/ is constant between
events:
Zi=phe, j=12,...,n, (22)
where p] is the probability that name j is the (k + 1)th
defaulter for k =0, 1, ..., n. Clearly, p{; =0 for all_j. Fur-
thermore, the rows and columns of the matrix (p;) must
sum to one. Then, Z/\" = py.v(c 4+ 8N")1(y_,, so for-
mula (21) gives

n
n—N/

Plt<t/<T|%]= > Pi+N,n w, 7 (k), (23)
k=0

where the weights
T
w, 7(k) =(c+06(k+ Nt”))/ E[Vsl{NA”—N,”:k} |G, ]ds
t

do not depend on j. The value w, ;(k) represents the con-
ditional probability at ¢ that the (N," 4k + 1)th default is in
the period (¢, T]. Note that if all names in the portfolio have
defaulted by time ¢, then the right side of Equation (23) is
zero and so is the conditional default probability. To calcu-
late the weights in formula (23), note that

E[vl(y _n-|G] if k<n—N/,
E[Vsl{N;’—N[’:k} 1'6,]= Elv\(y _n>nlG] if k=n—N,
0 if k>n—N/,

and from Proposition 2.2, for # < s and k € N, whenever
the derivative is well-defined,

E[VSI{N\.—N1=](} A

[(C,+k) & [k d
=—i—" -1)"—9, (o ),
l F(C,)k' rg) m ( ) av I,S( (m+ l) U) 0
In §4 below, we consider parametric activity rate mod-
els for which the extended Laplace transform 7,  (u, v) is
analytically tractable. These activity rate models then gen-
erate analytically tractable constituent and portfolio default

probabilities.

4. Parametric Model Specification

We illustrate the specification of the default and loss pro-
cesses. We address three elements that are specified inde-
pendently of each other: the birth process, the activity rate
v that generates the time change 7, = fol v, ds, and the loss
at default /,.

4.1. Birth Process

The birth process controls the feedback of events on arrival
rates. The sensitivity of arrival rates to an event is gov-
erned by the parameter 8. In case 6 — 0, the birth pro-
cess is a Poisson process with rate c¢. The independent
time change generates doubly stochastic Poisson processes.
Here, conditional on a realization of v, events form a
time-inhomogeneous Poisson process with time-varying
intensity vc. There is no event feedback. If 6 does not
vanish, then the time change generates self-exciting doubly
stochastic birth processes. Here, conditional on a realiza-
tion of v, arrivals form a time-inhomogeneous birth process
with an intensity v(c + 6N) that varies stochastically due
to its dependence on N.

4.2. Time Change

The time change generates stochastic variation in arrival
rates between events. The conditional distribution of the
time change is encoded in the extended Laplace transform
T, ((u,v) = E[e~")i "<&+ | G ], The transform is analo-
gous to the price at ¢ of a security paying exp(ivv,) at s, if
short-term interest rates follow the process uv. This obser-
vation suggests the existing security-pricing model spec-
ifications as candidate specifications for the activity rate.
In particular, deterministic, affine, and quadratic activity
rate models guarantee computational tractability for the
Laplace transform. Recall that if the Laplace transform is
analytically tractable, then so are the distribution of the
default process (10) and, if a suitable model for the loss at
default is chosen, the distribution of the loss process (13)
and the pricing of standard and exotic multiname credit
derivatives.

4.2.1. Deterministic Activity Rate. Suppose that the
activity rate is a deterministic function of time v(¢) > 0
such that the integral (3) is finite and increasing to infin-
ity. Then, the time change generates a time-inhomogeneous
birth process N, whose intensity A, = v(#)(c + 6N,) is an
affine function of N, with time-varying coefficients. The
intensity has dynamics

d\, = (c+ 8N,)v'(t)dt + v(t)ddN,,

assuming that v(¢) has derivative v/ (). The extended trans-
form of the time change is

g[ (u U) = efufrf”(~’f)dx+iuv(s)
) ’ s
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and together with the binomial theorem, Proposition 2.1
shows that the conditional distribution of N is negative
binomial:

P[N,~N,=k| ]
_T(C,+k)

T(C,)k! (7,,,(8,0)(1 =7, (8,00

compare with formula (2). Thus, the time change represen-
tation yields an alternative approach to Kendall’s (1948)
classical analysis of the time-inhomogeneous birth process.

ExaMmPLE 4.1 (PoLYA PROCESS). Suppose that we would
like to choose the rate at which the expected number of
arrivals grows (i.e., linear, power, square root). For «, 8 > 0,
we take the activity rate v(r) = af8/(1 + Bt). Then, the
intensity satisfies

dr, = —L)\, dt + i)\, dN,,
14 Bt m

where 7, = ¢ + 8N,. The size of a feedback jump is pro-
portional to the intensity, with a proportionality factor fol-
lowing the process &/7. Because A/n = v, the size of the
jump at an event is inversely proportional to how long it
takes for the event to occur. Between events, the intensity
decays toward zero at a rate proportional to the parame-
ter B and inversely proportional to time. The level at time ¢
is increasing in the number of events observed to time 7,
but decreasing in the amount of time passed. We get

B(S—l))_a”
1+ Bt ’

T, (1, 0) = (1 +

so the conditional mean and variance of the number of
arrivals are given by

w1 G(1-7,,5,0)
E[NS _Nt | ‘gl] = : J(_ (g 0)

1-9, (6,0
sy, 41512 S50

When a = 1/6, the mean increases linearly, and the vari-
ance increases quadratically. If additionally 6 = B¢, then
the time-changed birth process N is a Polya process; see
Feller (1957, Chapter 17.11).

4.2.2. Simple Random Activity Rate. To introduce
random effects into the activity rate in a simple and
tractable way, suppose that v, = v(¢)X, where v(¢) > 0 is
a deterministic function of time and X > 0 is an indepen-
dent random variable that represents a stochastic risk factor.
Suppose that these quantities are chosen such that the inte-
gral (3) is finite and increasing to infinity, almost surely.
This specification generates a time-changed birth process N
that is a mixed time-inhomogeneous birth process. Note that
in the special case where 6 — 0 and v(z) =1, N is a classi-
cal mixed Poisson process. In the general case, the intensity

A, = v(t)X(c + 6N,) is an affine function of N,. Condi-
tional on a realization of X, the coefficients are functions
of time. Assuming that v has derivative v/, the intensity has
dynamics

d\, = (c+86N,)vV' (1) Xdt + v(t)X8dN,.

The extended transform of the time change is

T, (u,v)= go(iu/s v(x)dx+ vv(s)) , (24)

where, for z € C, the function ¢(z) = E[¢*¥] is the gener-
alized Fourier-Stieltjes transform of the distribution of X.
For many specifications of the risk factor X, this transform
can be calculated explicitly. Examples include a variety of
continuous and discrete distributions, including the bino-
mial, the Poisson, and the gamma distributions.

Together with formula (24), Proposition 2.1 gives an
explicit expression of the distribution of a mixed time-
inhomogeneous birth process N. Because conditional on a
realization of the risk factor X, N is a time-inhomogeneous
birth process whose distribution is negative binomial, and
the distribution of N can be thought of as a mixture of
negative binomial distributions. Mixed negative binomial
distributions also arise in some of the models studied by
Brigo et al. (2006). They consider linear combinations of
gamma-mixed Poisson processes, each of which has a neg-
ative binomial marginal distribution.

4.2.3. Affine Activity Rate. Consider a vector X of
risk factors. Suppose that X is an affine jump diffusion in
the sense of Duffie et al. (2000). This means that X is a
Markov process in some state space D C R that is a strong
solution to the stochastic differential equation

dX,=p(X,)dt+o(X,)dW,+dJ,,

where W is an R?-valued standard Brownian motion,
w: D — R? is the drift, o: D — R is the volatility, and
J is an R?-valued point process whose events arrive with
common intensity 4(X) where h: D — [0, c0), and whose
jump sizes are drawn from a fixed distribution F on [Ri‘j’r
that has no mass at zero. The processes W and J are inde-
pendent of the birth process. To complete the specification
of X, assume that

u(x)=K,+K,x, K,eR? K, eR™,
(U(X)U(X)T)jk = (HO)jk + (Hl)jk X,
H() e Rdxd’ Hl c Rdxdxd’

h(x)=My+M,-x, M,eR, M, eR".

The activity rate follows the multifactor jump-diffusion
model v = v(X), where v: D — [0, o0) is an affine function

v(x)=R,+R,-x, RyeR, R, eR’,
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such that v, > 0 and the integral (3) is finite and increas-
ing to infinity, almost surely. This activity rate specification
generates a time-changed birth process N whose intensity
A, =(Ry+R,-X,)(c+8N,) is an affine function of N, with
stochastically varying coefficients that are driven by X.
Therefore, the intensity follows a jump-diffusion process
with feedback jumps from default:

dA,=(c+06N,_)R,-dX,+ (Ry+ R, - X,_)bdN,, (25)

so that the drift and volatility of the intensity have affine
dependence on N. The specification (25) demonstrates that
the time-changed birth processes generated by an affine
activity rate model form a strict subset of the class of affine
point processes introduced by Errais et al. (2006). The
intensity of an affine point process may have nontrivial drift
and diffusion terms that are independent of the feedback
term. Any nontrivial drift and diffusion terms in the inten-
sity of a self-exciting time-changed birth process that is
generated by an affine activity rate must depend on N.
Further, the feedback term in the intensity of an affine point
process may depend on the loss at default, allowing one to
model a dependence structure among default and recovery
rates. In the specification (25), this dependence structure is
trivial.

Duffie et al. (2000) give technical regularity conditions
guaranteeing that

gr’x(u’ U) zeiuR0+a(r)+,B(t).X,, (26)

where the coefficient functions «(t) = a(u,v,t,s) and
B(t) = B(u, v, t, s) satisfy the complex-valued ordinary dif-
ferential equations

9,B(t)=uR, — K\ B(t) = 3B(1)"H,B(t) = M, ((B(1)) - 1),
dya(t) =uRy—Ky-B(1) = 38(t) " HoB(1) — My (6(B(1)) — 1),

with boundary conditions a(s) =0 and B(s) = ivR, and
jump transform

0(z) = /R ¢ dF(c), zeC.

If the activity rate is affine in X, then the time change
approach leads to intensity specifications that are narrower
than those studied by Errais et al. (2006). On the other
hand, the time change approach generates significant com-
putational benefits relative to the Fourier-transform based
approach developed in Errais et al. (2006) for affine point
processes. Here is an affine example that is especially
tractable.

EXAMPLE 4.2 (SQUARE RooT AcTIVITY RATE). Suppose
that K, = kv, K, = —k, Hy =0, and H, = o? for k, 7,
and o positive constants such that 2«7 > ¢2. Further, let
Ry=0, R, =1, and X,, > 0 so that » = X follows the mean-
reverting diffusion process

dv,=k(¥ —v,)dt+ 0. /v, dW,, (27)

which is strictly positive almost surely. This specification
generates the intensity dynamics

_ o
dA, =k(vm, — A,)dt + oA, dW, + ;)\tht, (28)
t

where 71, = ¢ + ON,. The size of a feedback jump is pro-
portional to the intensity, with a proportionality factor fol-
lowing the process 6/7. Because A/n = v, the size of the
intensity jump at an event is governed by the independent
square-root diffusion (27). Between events, the intensity
reverts to the level umn, at rate k. The level increases in the
number of events. The diffusive fluctuation of the intensity
between events is driven by a Brownian motion. The diffu-
sive volatility follows a stochastic process. At any time the
instantaneous variance is proportional to the intensity, with
proportionality factor given by o?n,. Thus, the diffusive
volatility at ¢ is an increasing function of N,. The results in
Duffie and Garleanu (2001) imply that the transform coef-
ficients «(z) and B(¢) in formula (26) satisfy

1+ aebt=0
By =
¢+ debts—1
ki(ac—d), c+de’) kv
)= 1 — —1 5
a(r) bed o8 c+d + c (s=1)
with
K++/k2+20%u
c=——
—2u
=K+ otiv+ K2+ 20%u
d=(1-civ) ,

—2kiv+ 0%(iv)? —2u
a=(d+c)iv—1,
_ d(—k—=2uc)+a(—kc+0?)

ac—d

b

4.2.4. Quadratic Activity Rate. Again, consider a
vector X of risk factors. Suppose that X is a Markov pro-
cess in some state space D C R? that is a strong solution
to the stochastic differential equation

dXt = /J'(Xt) dr+ O'(X,) th’

where W is an R?-valued standard Brownian motion that
is independent of the birth process, u : D — R is the drift,
and o : D — R is the volatility. Further, X is a scaled
and translated Ornstein-Uhlenbeck process:

K, eR?, K, e R™,
H, e R™,

p(x) =Ko+ Kx,
o(x)o(x)" = H,,

The activity rate follows the multifactor diffusion model
v =v(X), where v: D — [0, 00) is a quadratic function:

v(x)=Ry+R,-x+R,x-x, R,>0,R €R? R,eR",



