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Point processes with stochastic arrival intensities are ubiquitous in many areas, including finance, insurance, reliability,
health care, and queuing. They can be simulated from a Poisson process by time scaling with the cumulative intensity.
The paths of the cumulative intensity are often generated with a discretization method. However, discretization introduces
bias into the simulation results. The magnitude of the bias is difficult to quantify. This paper develops a sampling method
that eliminates the need to discretize the cumulative intensity. The method is based on a projection argument and leads
to unbiased simulation estimators. It is exemplified for a point process whose intensity is a function of a jump-diffusion
process and the point process itself. In this setting, the method facilitates the exact sampling of both the point process and
the driving jump-diffusion process. Numerical experiments demonstrate the effectiveness of the method.
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1. Introduction
Stochastic point processes are prominent in many areas. In
finance and economics, they describe the arrival of events
such as corporate bankruptcies, mergers and acquisitions,
or security trades on an exchange. In insurance, they rep-
resent claim arrivals. In reliability, they model failures of
system components. In queuing, they record the arrivals or
departures of customers. In health care, they represent inci-
dences of diseases. In seismology, they model the timing
of earthquakes.

Monte Carlo simulation is an important computational
tool to address point process applications. At its center is
a method for generating the event times. The choice of
method is governed by the properties of the point pro-
cess intensity, which represents the conditional event arrival
rate and which is often modulated by risk factors that fol-
low stochastic processes on their own. The time-scaling
method has the widest scope. It is based on a result of
Meyer (1971), which implies that under mild conditions,
any counting process can be transformed into a standard
Poisson process by a change of time that is given by
the counting process compensator, or cumulative intensity.
Thus, the event times can be generated by rescaling Poisson
arrivals with the compensator. Barring special cases, the
continuous-time path of the compensator must be approxi-
mated on a discrete-time grid. However, the approximation

of a continuous-time process by a discrete-time process
introduces bias into the simulation estimator. The bias is
undesirable for several reasons. First, because the size of
the bias is often unknown, it is hard to obtain valid confi-
dence intervals. Second, a very fine time discretization may
be required to reduce the bias to an acceptable level. Even
more computational effort may be required to verify that
the bias is sufficiently small. Finally, both the number of
time steps and the number of trials need to be increased
together to decrease the total error of the simulation esti-
mator, but the optimal allocation of resources is difficult to
specify in advance.

In this article, we develop an exact simulation method
that eliminates the need to discretize the compensator. The
method exploits a projection argument and is based on a
change of the filtration that describes the information flow
in the point process model. Rather than sampling the point
process in the reference filtration associated with the given
point process model, we project the point process onto its
own filtration and then sample it in this coarser filtration.
By changing the filtration, the point process acquires an
intensity with much simpler dynamics: the projected inten-
sity, which is the conditional expectation of the intensity
in the reference filtration, is deterministic between event
times. This property facilitates the exact sampling of the
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point process by sequential thinning or the inverse trans-
form scheme. The projection method extends the reach of
these classical schemes beyond their traditional domain of
application.

We exemplify the projection method for a point process
whose arrival intensity is a function of a one-dimensional
jump-diffusion process and the point process itself. This
formulation covers a broad family of self-exciting point
processes with applications in finance, insurance, queu-
ing, health care, and other areas. Point process filtering
arguments are used to devise a recursive scheme for the
computation of the conditional distribution of the driv-
ing jump-diffusion process given the point process path.
The conditional distribution leads to the projected inten-
sity, and also allows us to generate exact samples of the
jump-diffusion state given the path of the point process. We
therefore obtain an unbiased estimator of the expectation
of a function of both a point process path and a skeleton of
the driving jump-diffusion process. Numerical experiments
demonstrate the effectiveness of our method relative to a
conventional discretization scheme for the diffusive compo-
nent of the driving process and a time-scaling scheme for
the jump component. The projection method achieves the
optimal square-root convergence, whereas the convergence
of the discretization scheme is much slower. In addition,
our method generates the estimator with the smallest error,
for any given computational budget.

Our jump-diffusion scheme extends a scheme for a
jump-diffusion process with deterministic jump intensity
described by Glasserman (2004, §3.5). If the intensity is
deterministic, then the jump times can be generated inde-
pendently of the diffusion component. A skeleton of the
diffusion component can be generated by the exact scheme
of Beskos and Roberts (2005); see also Chen (2009). Our
scheme is also related to the exact scheme developed by
Casella and Roberts (2011) for a one-dimensional jump dif-
fusion with state-dependent jump intensity that is almost
surely bounded from above. The boundedness property
allows Casella and Roberts (2011) to generate the jump
times by state-dependent thinning as in Glasserman and
Merener (2003). The projection method does not require
the intensity to be bounded. However, its practical imple-
mentation requires more structure on the coefficients of the
jump-diffusion process.

Giesecke et al. (2010) develop an exact scheme for a
vector of indicator—i.e., one-jump—point processes with
stochastic intensities. They construct an auxiliary Markov
chain whose value at a fixed time has the same distribution
as the value of the indicator point process at that time, and
then estimate the point process expectation of interest by
sampling the mimicking chain. The approach of Giesecke
et al. (2010) targets a multivariate setting with correlated
component point processes, where the quantity of interest
is an expectation of a function of the value of the vector
point process at a fixed time. The approach proposed in this
paper targets a one-dimensional setting where the quantity

of interest is an expectation of a function of the path of the
point process, and possibly a skeleton of the driving state
process.

The remainder of this paper is organized as follows. Sec-
tion 2 formulates the problem, outlines conventional sim-
ulation approaches, and motivates the projection method.
Section 3 develops the projection method. Section 4 exem-
plifies the method for a point process whose arrival intensity
is driven by a jump-diffusion process. Section 5 provides
numerical results. Section 6 concludes. An electronic com-
panion to this paper is available as part of the online version
that can be found at http://or.journal.informs.org/.

2. Point Process Simulation

2.1. Point Process

Fix a complete probability space 4ì1F1�5 and a right-
continuous and complete information filtration �= 4Ft5t¾0.
Consider a sequence 4Tn5n¾0 of stopping times that is
strictly increasing to � and for which T0 = 0, almost surely.
These stopping times represent the ordered arrival times
of events such as bankruptcies, equipment failures, claim
arrivals, or disease incidences. Let N be the counting pro-
cess given by

Nt =
∑

n¾1

18Tn¶t90 (1)

The Doob-Meyer theorem guarantees the existence of a
nondecreasing process A starting at 0 such that M =N −A

is a local martingale. The compensator A is uniquely
defined up to indistinguishability and governs the distribu-
tion of N . We assume that there is a nonnegative, integrable
intensity process � that satisfies

At =

∫ t

0
�s ds (2)

almost surely, for every t. The process � is the density of
the random measure associated with A relative to Lebesgue
measure. It represents the mean arrival rate of events rel-
ative to � in the sense that Ɛ4Nt+ã − Nt � Ft5 ≈ �tã for
“small” ã> 0.

Let 4`n5n¾0 be a sequence of real-valued, FTn
-measurable

random variables with `0 = 0. The “mark” `n encodes addi-
tional information that is revealed at the event time Tn. For
example, if the Tn model insurance claim arrivals, then the
`n could describe the claim sizes. In portfolio credit risk
applications, the Tn represent default times and the `n could
model the loss due to default. Define the point process L by

Lt =

Nt
∑

n=0

`n =
∑

n¾0

`n18Tn¶t90 (3)
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2.2. Conventional Simulation Schemes

Our goal is to develop an unbiased simulation estimator of
the expectation

Ɛ4f 44Ls5s¶t55 (4)

for suitable functions f and fixed t > 0. In portfolio credit
risk applications, for example, the expectation (4) could
represent the present value of a derivative security that pays
at t a specified function of the total default loss in a refer-
ence portfolio of defaultable assets such as loans or bonds.
To estimate (4) by simulation, we need to generate a trajec-
tory of L over 601 t7, i.e., the pairs 4Tn1 `n5n¶Nt

. We focus
on the generation of the Tn.

If the intensity �t is a deterministic function of time t,
then N is a nonhomogeneous Poisson process and the
arrival times can be generated by the inverse method from
the interarrival time distribution, the order statistics prop-
erty of the Poisson process, or the thinning scheme of
Lewis and Shedler (1979). Although fundamental, deter-
ministic intensity models are often too simplistic. Many
applications require state-dependent intensities. Here, �
follows an �-adapted stochastic process. The value �t

may depend on the path 4Ls5s¶t , i.e., past arrival times
and marks 4Tn1 `n5n¶Nt

, and other sources of randomness
recorded by the sigma field Ft . In the special case where
� is adapted to the filtration generated by L, i.e., if �t is
a function of 4Tn1 `n5n¶Nt

only, the interarrival intensity is
deterministic, and the interarrival times can be generated
sequentially by the inverse method from the conditional
distribution of the interarrival time, or, preferably, thin-
ning. Examples include the birth and Hawkes processes,
see Ogata (1981).

In the general case, � is modulated by additional random
factors that follow stochastic processes on their own. In
this case, � is not adapted to the filtration generated by
L and does not evolve deterministically between arrivals.
Then, the inverse method is feasible only if the inverse
of the conditional distribution function of an interarrival
time can be evaluated and the intensity value at an arrival
time can be simulated. The thinning method applies only
if the interarrival intensity can be bounded from above and
the values of the intensity at the candidate times can be
simulated.

In many model specifications of interest, the interarrival
intensity is not bounded, or it is difficult to sample the val-
ues of the intensity at an arrival time. A simulation method
with wider scope exploits a time-change result for point
processes due to Meyer (1971). Suppose the compensator A
increases to � almost surely. Meyer proved that N is a
standard Poisson process under a change of time defined
by A, relative to the time-changed filtration. Thus, for a
sequence 4En5 of standard exponential random variables
that are mutually independent, the arrival time

Tn
d
= inf

{

t2
∫ t

0
�s ds ¾E1 + · · · +En

}

0 (5)

This provides a recipe for simulating N : draw E1 from
a standard exponential distribution, generate a path of the
integral

∫ t

0 �s ds, and record its hitting time to E1. Then
draw E2, continue to generate a path of the integral

∫ t

0 �s ds,
and record the hitting time to E1 +E2. Continue until the
simulation horizon is reached.

Although this time-scaling scheme is widely applicable,
it often leads to biased simulation estimators of (4). This is
because it is usually not possible to generate the complete
path of the continuous-time stochastic process

∫ t

0 �s ds.
Often, the path must be approximated on a discrete-time
grid. Moreover, it may not be possible to draw exact sam-
ples of the values of

∫ t

0 �s ds at the grid points, because the
required conditional distribution may not be known or com-
putationally tractable. This forces one to approximate the
values of

∫ t

0 �s ds on the discrete-time grid by first approxi-
mating the continuous-time intensity process � on the grid,
and then integrating the discretized values. If the intensity
values cannot be sampled exactly, then the stochastic differ-
ential equation (SDE) that describes the intensity dynamics
must be discretized by the Euler or other schemes, intro-
ducing another source of bias.

Due to the multiple layers of approximations in the time-
scaling scheme, it is difficult to quantify the magnitude
of the discretization bias in the estimator of (4). This, in
turn, makes it hard to obtain valid confidence intervals. The
bias can be reduced by increasing the number of discretiza-
tion time steps, but this also increases the computational
cost of a replication. Reducing the bias to an acceptable
level may require a prohibitively large computational effort.
Even more computational effort may be required to verify
that the bias is small enough. Finally, the optimal alloca-
tion of resources between the number of time steps and the
number of trials is difficult to specify.

2.3. Projection Method: Illustrative Example

We propose a method for sampling N that eliminates the
need to discretize the process

∫ t

0 �s ds. This method can
lead to unbiased simulation estimators of (4). It does not
require the intensity to be bounded almost surely. Before
explaining this method in full generality, we discuss an
elementary example to illustrate the main idea.

Let X be a random variable and g be a positive, inte-
grable function. Suppose the intensity takes the form �t =

g4X5. That is, the intensity is modulated by the variable X,
which could represent the state of the random environment.
The point process N is a mixed Poisson process: condi-
tional on a realization of X, N is a Poisson process with
(conditionally deterministic) rate g4X5. Thus, one could
simulate N by first drawing a sample X4�5 from the distri-
bution of X, and then generating Poisson arrivals according
to the rate g4X4�55. This is feasible whenever the values
of X can be sampled. If these samples are exact, then N
can also be sampled exactly.

The projection method seeks to avoid the sampling of
X altogether: exact sampling of X may not be feasible or
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may be too costly. The idea is to smooth out the random-
ness associated with the intensity �t = g4X5, which comes
from X, before the arrivals of N are generated. We cannot,
however, simply generate arrivals from a Poisson process
with rate Ɛ4g4X55. We must generate the arrival times 4Tn5
of N sequentially and account for the path of N as we pro-
ceed. More precisely, in order to generate T1, we sample
the first jump time of a (time-inhomogenous) Poisson pro-
cess with rate h04t5 = Ɛ4g4X5 � Nt = 05. This can be done
by the inverse transform method, or thinning. We obtain
an exact sample of T1 if the projection h04t5 can be com-
puted exactly. In order to generate the waiting time T2 −T1

given T1, we sample the first jump time of a Poisson pro-
cess started at T1 with rate h14t5= Ɛ4g4X5 � T11Nt = 15 for
t ¾ T1, and so on.

To demonstrate the correctness of this scheme, we express
the distribution of T1 in terms of the function h04t5. A similar
argument applies to the other times. Because N is condition-
ally Poisson, �4T1>t �X5=�4Nt =0 �X5=exp4−g4X5t5,
so by Bayes’ formula and iterated expectations,

h04t5=
Ɛ4g4X518Nt=095

�4Nt = 05
=

Ɛ4g4X5 exp4−g4X5t55

Ɛ4exp4−g4X5t55

=
−¡t�4T1 > t5

�4T1 > t5
0 (6)

Thus, h04t5 is the hazard function of the random time T1.
Integrating, we get

�4T1 > t5= exp
(

−

∫ t

0
h04s5ds

)

1 (7)

showing that T1 is equal in distribution to the first jump
time of a Poisson process with rate function h04t5. The
projection method suggests drawing T1 as this jump time by
applying the inverse scheme to (7) or the thinning scheme
to h04t5.

3. Projection Method
This section explains the projection method in the general
setting of §2.1. In the abstract, the method is based on a
change of filtration. Instead of simulating L based on the
given �-intensity model �, we project L onto a subfiltration
of �, and then sample the arrival times 4Tn5 based on the
intensity relative to the subfiltration. Because the subfiltra-
tion is coarser than �, the subfiltration intensity has simpler
dynamics than the �-intensity. We choose the subfiltration
such that the subfiltration intensity is deterministic between
arrivals. Then we can apply the inverse or thinning scheme
relative to the subfiltration to sample the interarrival times.
This can often be done exactly.

We project L onto its own right-continuous and com-
plete filtration � = 4Gt5t¾0 generated by the sigma fields
�4Ls2 s ¶ t5. This is the smallest subfiltration of � that is
compatible with L. Since the counting process N has an
intensity � relative to �, it also has an intensity relative

to �. In analogy to the definition of the �-intensity �, the
�-intensity is a �-adapted process h such that N has com-
pensator

∫ t

0 hs ds relative to �. That is, the process defined
by Nt −

∫ t

0 hs ds is a �-local martingale.
The �-intensity h is determined by the �-intensity � and

the subfiltration �. It is given by the optional projection
of � onto the subfiltration �. The optional projection is a
�-adapted process that is unique up to indistinguishability,
see Dellacherie and Meyer (1982, Ch. IV, pp. 43–44). It
satisfies

ht = Ɛ4�t �Gt5 (8)

almost surely, for every t. Formula (8) indicates that if
� is �-adapted as for Poisson, birth, Hawkes, and time-
inhomogeneous Markov point processes, then h = �. If �
is not a priori �-adapted, as in the application cases we
have in mind, then h is nontrivial.

Due to the special structure of the subfiltration �, the
projected intensity h evolves deterministically between
events, and jumps at event times. Intuitively, the sources of
randomness influencing � beyond the arrival times Tn and
jump sizes `n are smoothed out by the projection. More
precisely, h takes the form

ht =
∑

n¾0

hn4t518Nt=n9 (9)

almost surely, where hn is the GTn
-measurable function

defined by

hn4t5=
Ɛ4�t18Nt=n9 �GTn

5

�4Nt = n �GTn
5

(10)

for t ¾ Tn and n ¾ 0. This is because on the set
8Nt = n9, the sigma field Gt consists of GTn

and the infor-
mation that Nt = n. Now formula (9) is a consequence of
Bayes’ rule. The following observation explains the signif-
icance of the functions hn.

Proposition 3.1. Assume N has �-intensity � such that for
all t

Ɛ

(

∫ t

0
�s ds

)

<�0 (11)

Let h be the optional projection of � onto the right-
continous and complete filtration � generated by L and let
hn be the function satisfying (9)–(10). Then, for t ¾ Tn,

�4Tn+1 > t �GTn
5= exp

(

−

∫ t

Tn

hn4s5ds

)

0 (12)

Proof. First observe that

18Nt>n9 =
∑

0<s¶t

ã18Ns>n9 =

∫ t

0
18Ns−=n9 dNs (13)

IN
F
O
R
M
S

ho
ld
s

co
p
yr
ig
h
t
to

th
is

ar
tic
le

an
d

di
st
rib

ut
ed

th
is

co
py

as
a

co
ur
te
sy

to
th
e

au
th
or
(s
).

A
dd

iti
on

al
in
fo
rm

at
io
n,

in
cl
ud

in
g
rig

ht
s
an

d
pe

rm
is
si
on

po
lic
ie
s,

is
av

ai
la
bl
e
at

ht
tp
://
jo
ur
na

ls
.in

fo
rm

s.
or
g/
.



Giesecke, Kakavand, and Mousavi: Exact Simulation of Point Processes
Operations Research 59(5), pp. 1233–1245, © 2011 INFORMS 1237

where ãVt = Vt −Vt− is the jump of a right-continuous left-
limit process V at t and Vt− = lims↑t Vs . With the integra-
bility hypothesis (11) on �, the local �-martingale U =N −
∫ ·

0 �s ds is a true �-martingale, and so is H =
∫ ·

0 18Ns−=n9 dUs

because the integrand is bounded and predictable. Using
this property, taking FTn

-conditional expectation on both
sides of Equation (13) gives, for t ¾ Tn,

�4Nt >n �FTn
5= Ɛ

(

∫ t

Tn

18Ns−=n94dUs +�s ds5
∣

∣

∣

FTn

)

= Ɛ

(

∫ t

Tn

18Ns=n9�s ds
∣

∣

∣

FTn

)

0

Then, by iterated expectations and Fubini’s theorem, we get

�4Nt >n �GTn
5=

∫ t

Tn

Ɛ4�s18Ns=n9 �GTn
5ds

=

∫ t

Tn

hn4s5�4Ns = n �GTn
5ds1

where the second equality follows from Definition (10).
Now

−¡t�4Nt = n �GTn
5= ¡t�4Nt >n �GTn

5

= hn4t5�4Nt = n �GTn
51

which gives formula (12), noting that �4Tn+1 > t � GTn
5 =

�4Nt = n �GTn
5. �

Formula (12) expresses the conditional survival function
of Tn+1 given GTn

in terms of the GTn
-measurable function

hn4t5 that represents the projected intensity on the event
8Nt = n9. The formula demonstrates that given GTn

, the
waiting time to next event date Tn+1 is equal in distribu-
tion to the first jump time of an inhomogeneous �-Poisson
process started at Tn with intensity given by hn.

The event times and marks can be generated sequentially
in the filtration �, based on the functions hn. This requires
a technical condition on the marks `n. Assume that the law
of `n depends at most on the events in the sigma-field GT −

n
,

which is generated by the variables 4Tk1 `k5k<n and Tn, see
Brémaud (1980, Ch. III, Theorem T2). We start at T0 = 0
and generate T1 based on the function h0. Next we gener-
ate the mark `1. Given the pair 4T11 `15, we then calculate
h1, draw T2, and then subsequently `2. The procedure is
continued until the simulation horizon is reached.

The inverse transform method can be used to gener-
ate a sample of Tn+1 from (12) given GTn

. This, however,
requires us to evaluate the inverse to (12), which may be
computationally expensive, and which may require numer-
ical approximations. Alternatively, we can use the thinning
scheme of Lewis and Shedler (1979) to generate a sam-
ple of Tn+1 given GTn

. This scheme requires us to evaluate
hn4t5 only at candidate arrival times t generated from a
dominating process. The algorithm is detailed below. For
clarity in the exposition, we do not include a termination
condition.

Algorithm 3.2. To generate the event time Tn+1 given
4Tk1 `k5k¶n,

(1) Initialize t = Tn.
(2) Find functions Bn

t and Cn
t such that hn4t + s5¶ Bn

t

for 0 ¶ s ¶Cn
t .

(3) Draw E∼ Exp4Bn
t 5. If

• E>Cn
t , then set t = t +Cn

t and go to Step (2).
• E¶Cn

t , then draw U ∼U40115. If UBn
t ¶hn4t+E5,

then set Tn+1 = t +E and stop. Else set t = t +E and go
to Step (2).

The specific properties of the function hn at hand will
determine the choice of the bound Bn

t and the interval
length Cn

t for which it is valid. If, for example, hn is
increasing, then Bn

t can be taken as the interval end point
hn4t+Cn

t 5 for some Cn
t . The optimal value of Cn

t depends
on the slope of hn: intuitively, the steeper hn, the smaller
Cn

t should be. If hn is decreasing, one can take Bn
t = hn4t5

and Cn
t equal to the simulation horizon. An adaptive choice

of the bound may improve efficiency. For example, the
bound may be reset at each candidate time generated. This
is especially meaningful if hn is decreasing: at each candi-
date time, the bound for generating the next time can be set
to the value of hn at the candidate time, which is computed
in any case for the acceptance test.

The thinning scheme requires that hn is piecewise
bounded from above. Note that this requirement is much
weaker than the boundedness of the �-intensity � between
arrivals. The boundedness of � is required for the appli-
cation of the thinning scheme in the reference filtration �.
This property often fails when � is governed by an SDE.
Moreover, the application of the thinning scheme to the
projected intensity h eliminates the need to generate sam-
ples of the intensity � at a candidate time, which can be
expensive when � is driven by an SDE. After projection,
the thinning scheme requires only the evaluation of deter-
ministic functions at a finite set of points.

The projection Algorithm 3.2 facilitates the sampling of
the point process L whenever the projected intensity h can
be calculated for the given intensity �. The associated esti-
mator of (4) is theoretically unbiased. If h can be computed
exactly, then the estimator is also unbiased in the practical
implementation.

4. Point Process Driven by a Jump
Diffusion

The projection method can potentially be applied to a point
process with arbitrary stochastic intensity dynamics. Its
practical implementation requires the calculation of the pro-
jected intensity h for the intensity model � at hand. This
section develops a recursive scheme for the efficient cal-
culation of h for an important family of point processes.
It focuses on a point process L whose arrival intensity �t

is a time-dependent function of the value at t of a jump-
diffusion process and Lt . When applied to this setting,
the projection method also facilitates the sampling of the
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driving jump-diffusion process. This, in turn, leads to an
estimator of the expectation of a function of both a point
process path and a skeleton of the driving jump-diffusion
process.

4.1. Specification

Suppose that X is a real-valued Markov process that solves
the SDE

dXt =�4Xt5dt +�4Xt5dWt + �dLt1 (14)

where X0 has some fixed distribution on � such that
Ɛ4X2

05 < �, W is a standard Brownian motion relative to
the filtration �, �, and � are suitable real-valued functions
that specify the drift and variance of X, respectively, �¾ 0
is a sensitivity parameter, and L= `0 +· · ·+ `N . The jump
size `n is measurable with respect to GT −

n
and takes values

in a discrete subset of �. It is drawn from a distribution
that may depend on Tn. The intensity � is given by a non-
negative function å on �+ ×�×�+:

�t =å4t1Xt1Lt50 (15)

The drift, variance, and intensity functions, and the
jump-size distribution are assumed to satisfy conditions
guaranteeing that the solution to the SDE (14) exists
in a strong sense and is unique in a weak sense.
Such conditions are stated in Ceci and Gerardi (2006,
Appendix A). They involve, in particular, the requirement
that Ɛ4

∫ t

0 å4s1Xs1Ls5ds5 is finite for all t, which is also a
prerequisite for Proposition 3.1.

The specification (14)–(15) generates a broad class of
point processes with features that are important in many
application areas. For example, a point process in this class
is self-exciting, because it has an intensity � that responds
to events. In our specification, this occurs because L influ-
ences the state X, which drives �. The process L also
directly influences � through the function (15). Thus, there
is also a dependence structure between � and the jump
sizes `n. Point processes with these features play an impor-
tant role in finance. They can describe the arrival of security
orders in an order book as in Bowsher (2007), Cont et al.
(2010), and others. Here, the self-exciting property models
the clustering of order arrivals. They can also describe the
timing of corporate defaults as in Arnsdorf and Halperin
(2008), Ding et al. (2009), and others. Here, the process X
represents the state of the economy, and the self-exciting
property models the contagious impact of a default event
on the surviving firms. If the `n model the losses due
to default, then there is a dependence structure between
default and loss rates, consistent with empirical observa-
tion. In yet another setting, the state process X could model
the price of the stock of a company that defaults at the first
jump of N with an intensity � that is a function of the
stock price, as in Carr and Linetsky (2006).

In the special case that the coefficient functions �4x5 and
�24x5 are affine in x and the intensity function å4t1 x1 l5
is affine in 4x1 l5, the process 4X1L5 is a two-dimensional
affine jump diffusion. In this case the transform of 4X1L5
can be obtained from the results in Duffie et al. (2000).
The projection method extends beyond this affine jump-
diffusion case and allows us to treat specifications of 4X1L5
whose transforms are not analytically tractable.1 Further,
the estimators generated by the projection method apply to
functionals of a complete point process path and a skele-
ton of X. These functionals are often difficult to treat with
analytical methods.

4.2. Intensity Projection

The projection method requires the calculation of the inten-
sity h of N with respect to the filtration � generated by L.
This is a filtering problem for X given observations of L.
From Equations (8) and (15), because L is �-adapted,

ht = Ɛ4å4t1Xt1Lt5 �Gt5=

∫

�
å4t1 x1Lt5�t 4dx5 (16)

almost surely, where �t4dx5 is the conditional distribution
of Xt given Gt . That distribution is encoded in the transform

Mt4z1u5= Ɛ4exp4−zXt − uX2
t 5 �Gt5

=

∫

�
exp4−zx− ux25�t 4dx51 (17)

which is defined for all those z1u ∈� for which the expec-
tation is finite. We first provide a recursive scheme for cal-
culating Mt4z1u5, and then show how this scheme leads to
recursive, semianalytical formulas for ht for several cases
of interest. These formulas then facilitate the application of
the projection Algorithm 3.2.

Owing to the structure of the filtration �, the trans-
form Mt4z1u5 evolves deterministically between events and
is updated at events. In our setting, the observation pro-
cess L and the state process X have common jumps,
and the point process filtering results in Kliemann et al.
(1990) imply that Mt4z1u5 is the weakly unique solution to
the Kushner-Stratonovich equation that describes the time
evolution of the filter Ɛ4f 4t1Xt5 � Gt5 for suitable func-
tions f 4t1 x5. In our case, f 4t1 x5 = exp4−zx − ux25. The
Kushner-Stratonovich equation can be solved piecewise.
We obtain a characterization of the filter for the interval
6Tn1 Tn+15 and an updating map for the event time Tn+1. We
examine these cases separately, specializing in the results
of Kliemann et al. (1990) and especially Ceci and Gerardi
(2006), who provide a more explicit discussion. The anal-
ysis leads to a recursive scheme for calculating Mt4z1u5.

Let Y be a (weakly unique) solution to the SDE

Yt = x+

∫ t

s
�4Yu5du+

∫ t

s
�4Yu5dWu (18)
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for any initial condition 4s1 x5, where the coefficient func-
tions � and � are those of the SDE (14). For s ¶ t, real
x1 v1u and nonnegative l, let

�t4s1 x1 v1u1 l5

= Ɛ

[

exp
(

−

∫ t

s
å4w1Yw1 l5dw

)

e−vYt−uY 2
t

∣

∣

∣

Ys = x

]

(19)

whenever the expectation is finite. Lemmas 3.1 and 3.2 and
Proposition 3.2 of Ceci and Gerardi (2006) imply that

Mt4z1u5=
�n
t 4z1u5

�n
t 40105

on 8Nt = n9 (20)

where for any v and u

�n
t 4v1u5=

∫

�
�t4Tn1 x1 v1u1LTn

5�Tn
4dx50 (21)

The filter Mt4z1u5 jumps at event times. Proposition 3.1
of Ceci and Gerardi (2006) implies that at time Tn+1, the
filter is given by

MTn+1
4z1u5

=Jn+14z1u5
Ɛ4�T −

n+1
exp6−4z+2u�`n+15XT −

n+1
−uX2

T −
n+1

7 �GT −
n+1

5

Ɛ4�T −
n+1

�GT −
n+1

5
1

(22)

where for any z and u

Jn+14z1u5= exp4−z�`n+1 − u�2`2
n+150 (23)

It is important to note that the transform (22) at the jump
time Tn+1 is governed by the transform (20), which is valid
for times t ∈ 6Tn1 Tn+15. This leads to a recursive scheme
for calculating Mt4z1u5, starting with M04z1u5. Below we
show how this scheme can be used to obtain recursive,
semianalytical formulas for the projected intensity h in two
model specifications of interest.

4.2.1. Explicit Formulas: Affine Specification. Sup-
pose the drift and variance functions of the state process X
satisfy:

�4x5=K0 +K1x1 �4x52
=H0 +H1x (24)

for constant coefficients 4Ki1Hi5. In this case, the auxiliary
process Y is an affine diffusion process. Suppose further
that the intensity function å4t1 x1 l5 is affine in x,

å4t1 x1 l5=å04t1 l5+å14t1 l5x (25)

for nonnegative functions åi4t1 l5 on �+ × � such that
Ɛ4
∫ t

0 å4s1Xs1Ls5ds5 < �. Proposition 1 in Duffie et al.
(2000) gives conditions such that

�t4s1 x1 v101 l5= exp4a4s1 t1 v1 l5− b4s1 t1 v1 l5x5 (26)

where the coefficient functions satisfy the ordinary differ-
ential equations (ODEs)

¡sb4s1 t1 v1 l5

= −å14s1 l5−K1b4s1 t1 v1 l5+ 1
2H1b4s1 t1 v1 l5

2 (27)

¡sa4s1 t1 v1 l5

=å04s1 l5+K0b4s1 t1 v1 l5− 1
2H0b4s1 t1 v1 l5

2 (28)

with boundary conditions

b4t1 t1 v1 l5= v and a4t1 t1 v1 l5= 00

These ODEs can be solved explicitly for certain choices
of the coefficient parameters in (24) and (25). Analytically
solvable cases include the case where each åi4t1 l5 is inde-
pendent of t, combined with either H0 = 0 or H1 = 0. If
analytical solutions are not available, a numerical scheme
such as Runge-Kutta quickly yields numerical solutions.

The specification (24)–(25) generates a jump-diffusion
state process X with affine drift and variance functions.
The arrival intensity of the jumps in X is affine in X but
has arbitrary dependence on L. This specification nests the
class of affine jump-diffusion processes analyzed by Duffie
et al. (2000). Affine jump-diffusion processes are analyti-
cally tractable but require that the arrival intensity function
å4t1 x1 l5 has affine dependence on 4x1 l5. The projection
method allows us to treat applications based on the more-
general specification (24)–(25) by Monte Carlo simulation.

Noting that

�n
t 4v105

= exp4a4Tn1 t1 v1LTn
55
∫

�
exp4−b4Tn1 t1 v1LTn

5x5�Tn
4dx5

= exp4a4Tn1 t1 v1LTn
55MTn

4b4Tn1 t1 v1LTn
51051

from formula (20) we find that

Mt4z105=
exp4a4Tn1t1z1LTn

55MTn
4b4Tn1t1z1LTn

5105

exp4a4Tn1t101LTn
55MTn

4b4Tn1t101LTn
5105

(29)

on the set 8Nt = n9. Thus, we obtain a recursive scheme
for the calculation of the functions hn4t5 that define the
projected intensity h between events:

• At T0 = 0, compute M04z105= Ɛ4exp4−zX055.
• For n= 011121 0 0 0 and t ∈ 6Tn1 Tn+15, compute

hn4t5=å04t1Lt5−å14t1Lt5¡zMt4z105�z=0

=å04t1Lt5−å14t1Lt5

·
¡z exp4a4Tn1 t1 z1LTn

55MTn
4b4Tn1 t1 z1LTn

5105�z=0

exp4a4Tn1 t101LTn
55MTn

4b4Tn1 t101LTn
5105

0

• Recursion, at Tn+1 compute

MTn+1
4z105

=Jn+14z105
å04T

−
n+11LTn

5MT−
n+1

4z105−å14T
−
n+11LTn

5¡zMT−
n+1

4z105

å04T
−
n+11LTn

5−å14T
−
n+11LTn

5¡zMT−
n+1

4z105�z=0

where MT −
n+1

4z105 = limt↑Tn+1
Mt4z105 is obtained

from (29).
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This recursive scheme for the calculation of hn facil-
itates the simulation of a point process L specified by
(14)–(15) and (24)–(25) via the projection Algorithm 3.2.
The simulation estimator is unbiased if hn can be computed
exactly, i.e., without the use of numerical approximations.
This is often possible if the ODEs (27)–(28) admit closed-
form solutions. We shall discuss this issue further in §4.2.3
below.

4.2.2. Explicit Formulas: Quadratic Specification.
Suppose the drift and variance functions of the state X
satisfy:

�4x5=K0 +K1x1 �4x52
=H0 (30)

for constant coefficients Ki and H0. Then, the auxiliary
process Y is an Ornstein-Uhlenbeck process. Moreover,
assume that å4t1 x1 l5 has quadratic dependence on the
state x,

å4t1 x1 l5=å04l5+å14l5x+å24l5x
2 (31)

for functions åi4l5 on �+ such that Ɛ4
∫ t

0 å4s1Xs1Ls5ds5
<�. Leippold and Wu (2002) and Chen et al. (2004) pro-
vide conditions guaranteeing that

�t4s1x1v1u1l5=exp4a4s1t1v1u1l5

−b4s1t1v1u1l5x−c4s1t1v1u1l5x251 (32)

where the coefficient functions satisfy the ODEs

¡sc4s1 t1 v1 u1 l5

= −å24l5− 2K1c4s1 t1 v1 u1 l5+ 2H0c4s1 t1 v1 u1 l5
2 (33)

¡sb4s1 t1 v1 u1 l5

= −å14l5− 2K0c4s1 t1 v1 u1 l5−K1b4s1 t1 v1 u1 l5

+ 2H0b4s1 t1 v1 u1 l5c4s1 t1 v1 u1 l5 (34)

¡sa4s1 t1 v1 u1 l5=å04l5+K0b4s1 t1 v1 u1 l5

+H0c4s1 t1 v1 u1 l5− 1
2H0b4s1 t1 v1 u1 l5

2 (35)

with boundary conditions

c4t1 t1 v1 u1 l5= u1 b4t1 t1 v1 u1 l5= v1 and

a4t1 t1 v1 u1 l5= 00

Chen et al. (2004) provide closed-form solutions to these
ODEs.

The specification (30)–(31) generates a jump-diffusion
state process X with affine drift and variance functions. The
arrival intensity of the jumps in X is quadratic in X but
has arbitrary dependence on L. This specification extends
the class of Ornstein-Uhlenbeck diffusion processes, whose
transforms are analyzed by Leippold and Wu (2002) and
Chen et al. (2004), to include a state-dependent jump term.

The projection method allows us to treat applications based
on these jump-diffusion processes by simulation.

We proceed as in §4.2.1 to obtain

�n
t 4v1u5= exp4a4Tn1 t1 v1 u1LTn

55MTn
4b4Tn1 t1 v1 u1LTn

51

c4Tn1 t1 v1 u1LTn
550

From formula (20), we then find that

Mt4z1u5

=
exp4a4Tn1t1z1u1LTn

55MTn
4b4Tn1t1z1u1LTn

51c4Tn1t1z1u1LTn
55

exp4a4Tn1t10101LTn
55MTn

4b4Tn1t10101LTn
51c4Tn1t10101LTn

55

(36)

on the set 8Nt = n9. Thus, we obtain a recursive scheme
for the calculation of the functions hn4t5 that define the
projected intensity h between events:

• At T0 = 0, compute M04z1u5= Ɛ4exp4−zX0 − uX2
055.

• For n= 011121 0 0 0 and t ∈ 6Tn1 Tn+15, compute

hn4t5

=å04Lt5−å14Lt5¡zMt4z105�z=0 −å24Lt5¡uMt401 u5�u=00

• Recursion, at Tn+1 compute

MTn+1
4z1u5

=
Jn+14z1u5AT −

n+1
4z1u5

å04LTn
5−å14LTn

5¡zMT −
n+1

4z105�z=0 −å24LTn
5¡uMT −

n+1
401u5�u=0

where

AT −
n+1

4z1u5=å04LTn
5MT −

n+1
4z+ 2u�`n+11 u5

−å14LTn
5¡vMT −

n+1
4v1u5�v=z+2u�`n+1

−å24LTn
5¡wMT −

n+1
4z+ 2u�`n+11w5�w=u

and where MT −
n+1

4z1u5 is obtained from (36).
This recursive scheme for the calculation of hn facilitates

the simulation of a point process L defined by (14)–(15)
and (30)–(31) via the projection Algorithm 3.2. Because
the ODEs (33)–(35) admit closed-form solutions, the cal-
culation of hn is analytical.

4.2.3. The Role of Numerical Approximations.
Although Algorithm 3.2 is theoretically exact, its practi-
cal implementation generates an unbiased simulation esti-
mator only if hn can be computed exactly, i.e., without
the use of numerical approximations. In the context of the
affine and quadratic formulations discussed above, there are
two potential sources of approximation bias. First, if the
ODEs governing the transform (19) do not admit closed-
form solutions, then the numerical solution may introduce
bias. This is not an issue for the quadratic formulation,
but may be an issue for some affine specifications. If the
derivatives of (20) appearing in the recursive calculation
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of hn are taken numerically rather than analytically, then
one has another source of bias. This is relevant when the
ODEs governing (19) are solved numerically, because one
is then forced to numerically approximate the derivatives.
The magnitude of the total approximation bias depends on
the quality of the numerical approximations, the specific
parameter values, and the form of the expectation (4) being
estimated.

To evaluate the bias and the additional computational
cost associated with the numerical approximations, in §5
we compare an estimator based on a numerical approxima-
tion of hn with an estimator based on the exact evaluation
of hn. For the affine example specification and example
functional (4) we consider, the total approximation bias is
negligible in that it does not degrade the convergence of the
method. Although the numerical approximations increase
the computational costs, the associated projection scheme is
still much faster than a conventional discretization scheme.

4.3. Sampling the Jump-Diffusion State

In the context of the jump-diffusion formulation of this sec-
tion, the projection method can also be used to estimate
expectations of functionals of the point process and the
driving jump diffusion. In the abstract, one can obtain the
conditional distribution �t4dx5 of Xt given Gt by inverting
the Laplace transform Mt4z105. One can draw from this
distribution using the inverse or other methods to get exact
samples of the value Xt of the jump-diffusion process (14)
given the associated point process trajectory 4Ls5s¶t . This
in turn leads to an estimator of Ɛ4g44Ls5s¶t1 4Xs5s∈S55 for
suitable functions g, where S is a discrete set of times in the
interval 601 t7. In practice, a numerical inversion of Mt4z105
is often unnecessary, and the implementation is much sim-
pler. To see this, suppose g44Ls5s¶t1 4Xs5s∈S5 takes the form
g144Ls5s¶t5g24Xt5. Then,

Ɛ4g44Ls5s¶t1 4Xs5s∈S55= Ɛ4g144Ls5s¶t5Ɛ4g24Xt5 �Gt55 (37)

by iterated expectations, because L is �-adapted. For exam-
ple, if g2 is polynomial with coefficients pk, then the esti-
mator of (37) is

g144Ls5s¶t5
∑

k

pk4−15k¡kzMt4z105�z=00 (38)

Note that M and its first derivative are also required for
the calculation of the projected intensity and, hence, the
sampling of L. Assuming L can be sampled exactly (see
§4.2.3), the estimator (38) will be unbiased if Mt and its
partial derivatives can be evaluated exactly. For an example,
see §5 below.

The polynomial formulation is often relevant. An exam-
ple from finance, developed further below, is g144Ls5s¶t5=

18Lt¶K9 for K ¾ 0 and g24Xt5=Xt . Consider a security pay-
ing Xt at t if the issuer survives to t, and 0 otherwise. When
taken under a pricing measure, the expectation Ɛ4Xt18Lt¶095

represents the (undiscounted) value of this security, assum-
ing that the issuer defaults at intensity (15). See Duffie
et al. (1996) for a general treatment of these types of val-
uation problems. Carr and Linetsky (2006) analyze a con-
crete application to derivatives written on defaultable stocks
when the intensity is a decreasing function of the stock
price.

5. Numerical Results
We illustrate the effectiveness and relative performance of
the projection method through numerical experiments. We
specialize into the affine formulation of §4.2.1.

5.1. Specification

Suppose the coefficient functions (24) of the jump-diffusion
state process (14) satisfy

4K01K11H01H15= 4�c1−�101�25 (39)

for parameters �¾ 0, c > 0, and � ¾ 0 such that 2�c¾ �2.
The initial value X0 has a fixed distribution on �+ that is
specified later. Then the state process X solves

dXt = �4c−Xt5dt +�
√

XtdWt + �dLt0 (40)

For the intensity function (25), we take

å4t1 x1 l5= x log4�+ l51 � > 10 (41)

The intensity is a nonlinear function of the point pro-
cess, and therefore the vector 4X1L5 is not an affine jump-
diffusion process in the sense of Duffie et al. (2000).
The transform of 4X1L5 does not take a computationally
tractable form.

Because the interarrival intensity is not bounded from
above by a constant, 4X1L5 falls outside the scope of the
exact scheme of Casella and Roberts (2011) and the dis-
cretization scheme of Glasserman and Merener (2003).

5.2. Projected Intensity

With the parameterization (39), the ODEs (27)–(28) take
the convenient form

¡sb4s1 t1 v1 l5= �b4s1 t1 v1 l5+ 1
2�

2b4s1 t1 v1 l52

− log4�+ l5 (42)

¡sa4s1 t1 v1 l5= �cb4s1 t1 v1 l5 (43)

with boundary conditions b4t1t1v1l5=v and a4t1t1v1l5=0.
Let �=4�2 +2�2 log4�+l551/2 and c4s1 t5= exp4�4t− s55.
The solutions are

b4s1 t1 v1 l5

=
v4�+�+4�−�5c4s1t55+24c4s1t5−15log4�+l5

v�24c4s1t5−15+�−�+4�+�5c4s1t5
(44)

a4s1 t1 v1 l5

=
2�c
�2

log
2�exp44t−s54�+�5/25

v�24c4s1t5−15+�−�+4�+�5c4s1t5
0 (45)
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The analysis in §4.2.1 leads to an explicit recursive
scheme to compute the functions hn4t5 required by the pro-
jection Algorithm 3.2:

• At T0 = 0 we have M04z105= Ɛ4exp4−zX055
• For n= 011121 0 0 0 and t ∈ 6Tn1 Tn+15:

hn4t5= − log4�+LTn
5

·
¡z exp4a4Tn1 t1 z1LTn

55MTn
4b4Tn1 t1 z1LTn

5105�z=0

exp4a4Tn1 t101LTn
55MTn

4b4Tn1 t101LTn
5105

• Recursion, at Tn+1 compute

MTn+1
4z105

= exp4−z�`n+15

·
¡vexp4a4Tn1Tn+11v1LTn

55MTn
4b4Tn1Tn+11v1LTn

5105�v=z

¡vexp4a4Tn1Tn+11v1LTn
55MTn

4b4Tn1Tn+11v1LTn
5105�v=0

Given the closed-form solutions (44)–(45), the recursive
calculation of MTn+1

4z105 and, hence, hn4t5, is analytical.
However, because the derivatives we need to take get more
involved with every step, the computation of hn4t5 may be
time consuming and even inaccurate for large n. Propo-
sition 1.1 in the online appendix develops an alternative
polynomial representation of MTn+1

4z105 that facilitates the
fast and exact computation of hn4t5 for any n in the case
that �= 0 in (40). For �> 0, this convenient representation
holds as an approximation. Proposition 1.2 in the online
appendix shows that the approximation error in MTn+1

4z105
is of order O4�25. If this approximation is used instead
of the exact (but slower to evaluate) expression, then the
implementation of the projection Algorithm 3.2 is not exact
anymore. Below we show that the approximation provides
a favorable trade-off, however: it does reduce the run time
of the algorithm while not degrading its convergence.

Figure 1 shows sample paths of the �-intensity �
and the point process L. The parameter values are

Figure 1. Sample path of 4�1L5 under the model
(40)–(41).
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Figure 2. Sample path of 4h1L5 under the model
(40)–(41).
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4�1 c1�1�1 �1X05 = 411111100512115, and the jump mag-
nitudes `n are drawn from a uniform distribution � over
800410089. The jumps in � occur at the event times. Between
events, � evolves randomly according to a mean-reverting
Feller diffusion. Figure 2 shows, for the path of L in Fig-
ure 1, the projected intensity h. As the �-intensity �, the
projected intensity h jumps at the event times. However,
unlike �, h evolves deterministically between event times.

5.3. Estimators

Fix a horizon T > 0 and a level K ¾ 0. We consider the
expectation Ɛ4XT 18LT ¶K95. As explained in §4.3, this expec-
tation arises in finance as the (undiscounted) value of a
derivative security issued by an entity subject to default.
The estimator is

−¡zMT 4z105�z=018LT ¶K90 (46)

We first generate a sample of LT . If that sample is less
than K, then we evaluate

¡z exp4a4TNT
1 T 1 z1LT 55MTNT

4b4TNT
1 T 1 z1LT 5105�z=0

exp4a4TNT
1 T 101LT 55MTNT

4b4TNT
1 T 101LT 5105

0

This expression is equal to ¡zMT 4z105�z=0, almost surely.
We contrast the projection estimator (46) with an estima-

tor generated by a conventional discretization scheme for
X and the time-scaling method for L. As explained in §2.2,
the time-scaling method requires paths of the continuous-
time process

∫ t

0 �sds, where �t = Xt log4� +Lt5. We must
discretize the time interval and simulate the integral pro-
cess dynamics on this discrete-time grid. Because X and
hence � follows a Feller diffusion between arrivals, the con-
ditional distribution of the integral of � between arrivals
is known through its transform. Therefore, exact sampling
of the values of the integral on the grid is theoretically
feasible, but computationally expensive. Hence, we first
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simulate the intensity dynamics on the discrete-time grid,
and then approximate the integral by the corresponding
Riemann sums. To generate the values of �, we generate the
values of X between arrivals by exact sampling from the
noncentral chi-squared distribution that governs the transi-
tion of X between arrivals.2

To evaluate an estimator, we consider its root mean
square error (RMSE), given by the square root of the sum
of the squared bias and the squared standard error. The
standard error (SE) is estimated as the sample standard
deviation of the simulation output divided by the square
root of the number of trials. The bias is given by the differ-
ence between the expectation of the estimator and the true
value of Ɛ4XT 18LT ¶K95. The bias is estimated using a large
number of trials to estimate the expectation of the estimator
and then taking the difference with the true value. The true
value is estimated using the exact projection method with
a very large number of trials.

5.4. Results: Permanent Event Impact

We estimate Ɛ4X118L1¶195. The parameter values are
4�1 c1�1�1 �5 = 41111110125, the initial value X0 has a
gamma distribution with parameters 42115, and the jump
magnitudes `n are drawn from a uniform distribution � over
800410089. Note that although we have taken � = 0, the
point process is self-exciting because the intensity (41) is a
function of the point process itself. In this formulation, the
impact of an event on the intensity is permanent. In §5.5, we
consider an alternative self-exciting formulation with �> 0,
in which the impact of an event fades away with time.

At these parameter values, the projected intensity hn is
decreasing (see Figure 2). This suggests an adaptive rule
for setting the intensity bound Bn in the implementation of
Algorithm 3.2. The first candidate time for Tn+1 is gener-
ated using hn4Tn5 as a bound. If that time is rejected, we
generate the next candidate time using the value of hn at
the first candidate time as a bound. That value is computed
in any case for the acceptance test. We proceed according
to this rule until a candidate time is accepted.

Table 1. Simulation results under the model (40)–(41) for Ɛ4X118L1¶195.

Method Trials Steps Est. value Bias SE RMSE Time (sec)

Projection 51000 N/A 007717 0 000077 000077 6022
101000 N/A 007750 0 000054 000054 12025
501000 N/A 007748 0 000024 000024 65048

1001000 N/A 007726 0 000017 000017 135038

Projection 51000 N/A 007626 −000004 000078 000078 173013
(approximate) 101000 N/A 007808 −000004 000054 000054 335071

501000 N/A 007667 −000004 000024 000025 11727070
1001000 N/A 007731 −000004 000017 000018 31486092

Discretization 51000 71 007631 000049 000114 000125 182067
time scaling 101000 100 007915 000020 000084 000087 532087

501000 224 007733 000017 000037 000041 61921062
1001000 316 007724 000005 000026 000027 211383054

Notes. The parameter values are 4�1c1� 1�1 �5 = 41111110125, the initial value X0 has a gamma distribution with parameters 42115, and the
jump magnitudes `n are drawn from a uniform distribution over 800410089. The true value is given by 0.7723.

The implementation of Algorithm 3.2 is exact given the
closed-form solutions (44)–(45). Thus, the corresponding
estimator (46) is unbiased. To get a sense of the magni-
tude of the bias of (46) caused by numerical approxima-
tions in the implementation (see §4.2.3 for a discussion),
we also evaluate (46) based on a numerical solution to
the ODEs (42)–(43) using the Runge-Kutta scheme, and a
finite-difference scheme to estimate the derivatives required
to recursively compute hn4t5.

Table 1 reports the simulation results. The bias col-
umn is estimated using 800,000 trials. The true value of
Ɛ4X118L1¶195 is estimated using the exact implementation
of the projection method with 2 million trials. The exact
implementation is based on the representation in Proposi-
tion 1.1 in the online appendix. The number of time steps
in the discretization method is set equal to the square-root
of the number of simulation trials.3 The simulations were
performed on a server with an Intel Core Duo 3.16 GHz
processor and 4 GB RAM. The codes were written in
MATLAB Version 7.9.0.529 (R2009b).

We see that the projection estimators have lower vari-
ance than the discretization-based estimator. Figure 3 shows
the convergence of the RMS errors graphically. The pro-
jection method, in both its exact implementation and its
implementation using numerical approximations, achieves
the optimal square-root convergence: the error of the esti-
mator decreases at the rate O41/

√
t5, where t is the com-

putational budget. The bias introduced by the numerical
approximations is negligible. The convergence rate of the
discretization scheme is slower, indicating that the dis-
cretization bias is significant. The projection method also
outperforms the discretization scheme in terms of abso-
lute errors, with the exact implementation performing better
than the implementation using numerical approximations:
the exact implementation generates the smallest RMS error
for a given computational budget.

5.5. Results: Transient Event Impact

We estimate Ɛ4X118L1¶195 in a setting with nonzero �, in
which the self-exciting behavior takes a richer form. When
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Figure 3. Convergence of the RMSEs of the methods
shown in Table 1.
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�> 0, the intensity responds to an event with impact decay-
ing exponentially with time at rate �. To avoid overlap
with the formulation considered previously, in which an
event has a permanent impact on the intensity, we take
å4t1 x1 l5 = x instead of (41). Thus, the response of the
intensity to an event comes from the response of the state
X rather than the dependence of å4t1 x1 l5 on l.

The projected intensity hn is decreasing also in this
setting, so we choose the intensity bound required by
Algorithm 3.2 adaptively as described in §5.4 above. The
implementation is exact given the closed-form solutions
(44)–(45), and the corresponding estimator (46) is unbi-
ased. To assess the bias of (46) caused by the use of the
polynomial representation in Proposition 1.1 in the online
appendix, which is fast to compute but only approximate
when �> 0, we also evaluate (46) using this representation.
We are interested in whether we can reduce the run time
of the algorithm without introducing a material bias.

Table 2 reports the simulation results and Figure 4 shows
the convergence of the RMS errors. The parameter values

Table 2. Simulation results under the model (40) with å4t1 x1 l5= x for Ɛ4X118L1¶195.

Method Trials Steps Est. value Bias SE RMSE Time (sec)

Projection 51000 N/A 006891 0 000083 000083 1603281
101000 N/A 006842 0 000059 000059 3307096
501000 N/A 006846 0 000026 000026 19305535

1001000 N/A 006807 0 000019 000019 41703626

Projection 51000 N/A 006886 −000002 000088 000088 704107
(approximate) 101000 N/A 006772 −000002 000062 000062 1309846

501000 N/A 006769 −000002 000028 000028 7508327
1001000 N/A 006793 −000002 000020 000020 15803177

Discretization 51000 71 006930 000027 000118 000121 21108054
time scaling 101000 100 006881 000019 000083 000086 64306262

501000 224 006803 000017 000037 000041 7143305224
1001000 316 006824 000009 000026 000028 36166206488

Notes. The parameter values are 4�1c1� 1�5= 41111110055, the initial value X0 has a gamma distribution with parameters 42115, and the jump
magnitudes `n are drawn from a uniform distribution over 800410089. The true value is given by 0.6802.

Figure 4. Convergence of the RMSEs of the methods
shown in Table 2.
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are 4�1 c1�1�5 = 41111110055, the initial value X0 has a
gamma distribution with parameters 42115, and the jump
magnitudes `n are drawn from a uniform distribution � over
800410089. The bias column is estimated using 800,000 tri-
als. The true value of Ɛ4X118L1¶195 is estimated using the
exact implementation of the projection method, based on
2 million trials. We see that the projection method achieves
the optimal square-root convergence rate even when its
implementation is based on an approximation of hn. The
approximation reduces the run time of the algorithm, but
does not introduce a meaningful bias into the simulation
estimator. The discretization method has a slower conver-
gence rate and requires more computation time than the
projection method to achieve a given accuracy.

6. Conclusion
This paper develops a method for the exact simulation of
point processes with stochastic intensities. The method is
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based on a change of the filtration that describes the infor-
mation flow in the point process model. Instead of simulat-
ing the point process in the reference filtration, we project
the process onto its own filtration and then sample the pro-
cess in this coarser filtration. In the coarser filtration, the
point process intensity is deterministic between event times,
and the arrivals can be generated using standard thinning
or inverse transform schemes. The projection eliminates the
need to discretize the stochastic intensity process in the ref-
erence filtration, and therefore avoids the discretization bias
introduced by standard simulation schemes.

We exemplify the projection method for a point pro-
cess with an intensity driven by a jump-diffusion process
and the point process itself. In this setting, the projection
method leads to estimators of expectations of functionals of
the point process path and a skeleton of the jump-diffusion
process. Numerical experiments demonstrate the effective-
ness of the method and its advantages over conventional
discretization schemes.

7. Electronic Companion
An electronic companion to this paper is available as part
of the online version that can be found at http://or.journal
.informs.org/.

Endnotes
1. Even if the transform of 4X1L5 is tractable, its numer-

ical inversion can be challenging, especially if the param-
eters of the coefficient functions are not fixed in advance,
and the inversion procedure must deal with a wide range of
different parameter values. This situation regularly occurs
in the context of parameter calibration or estimation prob-
lems, where an optimization loop requires the distribution
of 4X1L5 for many different parameter sets. Here, simula-
tion may be a good alternative.

2. An alternative would be to apply Euler discretization
to the SDE (40). This, however, can result in negative val-
ues for X that must be treated by truncation or otherwise,
generating another source of bias. Sampling from the tran-
sition law of X avoids this at the expense of greater com-
putational effort.

3. It is not clear how to allocate the computational bud-
get of the time-scaling method between the number of time
steps and the number of replications. The square-root rule is
adopted from Broadie and Kaya (2006). It is motivated by
the results in Duffie and Glynn (1995), who show that for
first-order methods, it is asymptotically optimal to increase
the number of time steps proportional to the square root of
the number of replications. However, the optimal constant
of proportionality is not known.
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