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1 Recursive transform calculation

In the jump-diffusion setting of Section 5, the computation of the projected intensity

requires the recursive calculation of the transform at an event time,

MTn+1(z, 0) = Jn+1(z, 0)
∂v exp(a(Tn, Tn+1, v, LTn))MTn(b(Tn, Tn+1, v, LTn), 0)|v=z
∂v exp(a(Tn, Tn+1, v, LTn))MTn(b(Tn, Tn+1, v, LTn), 0)|v=0

. (1)

While analytical, this calculation tends to become more involved with every step. This

appendix addresses this issue. We distinguish different cases according to the value of the

parameter δ in the SDE (14), which controls the sensitivity of the state X to jumps in L.

1.1 State not sensitive to events

Suppose δ = 0 so that Jn(z, 0) = 1 in (47). In this case, the state X follows a diffusion

process whose dynamics are not influenced by N . However, X does influence the point

process intensity, and hence, the arrival dynamics. The intensity is also a function of L

itself, so the point process retains the self-exciting property. Now, following an idea of

Frey, Prosdocimi & Runggaldier (2007), with a suitable choice of the distribution of the

initial value X0, the transform (47) remains easy to compute even for large n.
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Proposition 1.1. Suppose X0 has a gamma distribution with parameters (2κc
σ2 , 1), i.e.

M0(z, 0) = E(exp(−zX0)) = (1 + z)−
2κc
σ2 , z > 0. (2)

Then there exists a polynomial Pn(z) of degree (n− 1), such that

MTn(z, 0) = Cn(zHn +Kn)−
2κc
σ2 −nPn(z), (3)

where Cn = K
2κc
σ2 +n
n /Pn(0), and Hn and Kn satisfy the recursions{

Hn = RnHn−1 + UnKn−1, H0 = 1

Kn = SnHn−1 + VnKn−1, K0 = 1

where

Rn+1 = γ + κ+ eγ(Tn+1−Tn)(γ − κ)

Sn+1 = 2(eγ(Tn+1−Tn) − 1) log(θ + LTn)

Un+1 = σ2(eγ(Tn+1−Tn) − 1)

Vn+1 = γ − κ+ eγ(Tn+1−Tn)(γ + κ).

Let cn = −2κc
σ2 − n. The coefficients of Pn(z) =

∑n−1
i=0 a

n
i z

i can be computed from the linear

recursive relations

ani = (cn + i+ 1)HnUnāi−1 +
[
(cn + i+ 1)HnVn +KnUn(i+ 1)

]
āi +KnVn(i+ 1)āi+1

where

āk =
1

nn

n−2∑
i=0

an−1
i

min(k,(n−i−2))∑
l=max(0,(k−i))

(
i

k − l

)(
n− i− 2

l

)
Rk−l
n Si−k+ln U l

nV
n−i−2−l
n

Proof. The claim is true for n = 0. For Wn+1 = 2γe
1
2
(Tn+1−Tn)(γ+κ), we can write

a(Tn, Tn+1, v, LTn) =
2κc

σ2
log

(
Wn+1

vUn+1 + Vn+1

)
b(Tn, Tn+1, v, LTn) =

vRn+1 + Sn+1

vUn+1 + Vn+1

.
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Using these expressions, for the case n = 1 we get

MT1(z, 0) =
∂v
{(

W1

vU1+V1

) 2κc
σ2 M0

(
vR1+S1

vU1+V1
, 0
)}
|v=z

∂v
{(

W1

vU1+V1

) 2κc
σ2 M0

(
vR1+S1

vU1+V1
, 0
)}
|v=0

=
(zH1 +K1)

2κc
σ2 −1

K
2κc
σ2 −1

1

.

For the case n ≥ 2, we can use a simple induction over n. Assume (3) holds for n−1.

Let P̄n(z) =
∑n−1

i=0 āi. We have

(n− 1)(n−1)Pn−1

(
vRn + Sn
vUn + Vn

)
= nn(vUn + Vn)2−nP̄n(v)

and

Pn(v) = Un(vHn +Kn)P̄n +

(
2κc

σ2
− 1− n

)
Hn(zUn + Vn)P̄n(z)

+ (zHn +Kn)(zUn + Vn)∂zP̄n(z).

Now, by recursive updating of MTn , the induction assumption, and the above equations,

it can be easily shown that (3) holds for n.

Moreover, we have introduced a scaling factor 1/nn to bound the range of the co-

efficients. According to equation (3), MTn(z, 0) is proportional to the ratio of Pn(z) and

Pn(0) so scaling the coefficients does not change MTn(z, 0).

1.2 State weakly sensitive to events

Now suppose δ > 0. In this case, the state jumps at event times of N . The point process

is self-exciting because its intensity is a function of both X and the point process itself.

Unfortunately, the formulation in the previous section does not apply. This is due to the

exponential form of the Jn(z, 0) term. The terms of MTn(z, 0) for the gamma distribution

case in Proposition 1.1 can be represented as polynomials growing linearly with n. This

will not be the case in the presence of the exponential factor Jn(z, 0).

However, if δ`z � 1 we can approximate

Jn(z, 0) = exp(−δ`nz) ≈ 1− δ`nz. (4)

Define

M̃Tn+1(z, 0) = (1− δ`n+1z)
∂v exp(a(Tn, Tn+1, v, LTn))M̃Tn(b(Tn, Tn+1, v, LTn), 0)|v=z
∂v exp(a(Tn, Tn+1, v, LTn))M̃Tn(b(Tn, Tn+1, v, LTn), 0)|v=0
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where M̃T0(z, 0) = MT0(z, 0). Then an argument analogous to that used in Proposition

1.1 can be used to show that under the assumption (2),

M̃Tn(z, 0) = (1− δ`nz)Cn(zHn +Kn)
−2κc

σ2 −nPn(z),

where Pn(z) is a polynomial of order n− 1.

Proposition 1.2. Given δ � 1, the error |MTn(z, 0)−M̃Tn(z, 0)| due to the approximation

(4) is of order O(δ2).

Proof. We have that |MT1(z, 0)− M̃T1(z, 0)| takes the form

| exp(−δ`1z)− (1− δ`1z)| |∂v exp(a(0, T1, v, 0))M0(b(0, T1, v, 0), 0)|v=z|
|∂v exp(a(0, T1, v, 0))M0(b(0, T1, v, 0), 0)|v=0|

.

Since

0 <|∂z exp(a(0, T1, z, 0))M0(b(0, T1, z, 0), 0)|

= E(XT1 exp(−zXT1) | GT1) exp(a(0, T1, 0, 0))M0(b(0, T1, 0, 0), 0) <∞

the term | exp(−δ`1z)− (1− δ`1z)| is of order O(δ2) and so is |MT1(z, 0)− M̃T1(z, 0)|.
Next, for n = 2, consider that

∂z exp(a(T1, T2,z, LT1))M̃T1(b(T1, T2, z, LT1), 0)

= ∂z exp(a(T1, T2, z, LT1))
[
MT1(b(T1, T2, z, LT1), 0) +O(δ2)

]
= ∂z exp(a(T1, T2, z, LT1))MT1(b(T1, T2, z, LT1), 0) +O(δ2).

Thus

M̃T2(z, 0) = (1− δ`2z)
∂v exp(a(T1, T2, v, LT1))MT1(b(T1, T2, v, LT1), 0)|v=z +O(δ2)

∂v exp(a(T1, T2, v, LT1))MT1(b(T1, T2, v, LT1), 0)|v=0 +O(δ2)

= (1− δ`2z)

(
∂v exp(a(T1, T2, v, LT1))MT1(b(T1, T2, v, LT1), 0)|v=z
∂v exp(a(T1, T2, v, LT1))MT1(b(T1, T2, v, LT1), 0)|v=0

+O(δ2)

)
= (1− δ`2z)

∂v exp(a(T1, T2, v, LT1))MT1(b(T1, T2, v, LT1), 0)|v=z
∂v exp(a(T1, T2, v, LT1))MT1(b(T1, T2, v, LT1), 0)|v=0

+O(δ2)

and so |M̃T2(z, 0)−MT2(z, 0)| is given by

[exp(−δ`2z)− (1− δ`2z)]
|∂v exp(a(T1, T2, v, LT1))MT1(b(T1, T2, v, LT1), 0)|v=z|
|∂v exp(a(T1, T2, v, LT1))MT1(b(T1, T2, v, LT1), 0)|v=0|

+O(δ2)

which is clearly of order O(δ2).

It follows by extension that |MTn(z, 0)− M̃Tn(z, 0)| is of order O(δ2) for n ≥ 3.
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