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Abstract

Jump-diffusion processes are ubiquitous in finance and economics. They arise as
models of security, energy and commodity prices, exchange and interest rates, and
default timing. This paper develops a method for the exact simulation of a skeleton,
a hitting time and other functionals of a one-dimensional jump-diffusion with state-
dependent drift, volatility, jump intensity and jump size. The method requires the
drift function to be C*, the volatility function to be C?, and the jump intensity
function to be locally bounded. No further structure is imposed on these functions.
The method leads to unbiased simulation estimators of security prices, transition
densities, hitting probabilities, and other quantities. Numerical results illustrate its
features.
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1 Introduction

Jump-diffusions are widely used as models for the time evolution of prices and rates in
equity, fixed income, commodity, foreign exchange, energy and other markets. They also
serve as models of default timing in portfolios of credit-sensitive assets such as loans and
corporate bonds. Monte Carlo simulation is an important tool to address the pricing,
risk management and inference problems arising in this context. Relative to alternative
numerical approaches, simulation has the widest scope. It requires few restrictions on the
coefficients of the jump-diffusion and the functional to be evaluated.

The standard approach to simulating a jump-diffusion with state-dependent drift,
volatility, jump intensity, and jump size is to approximate it on a discrete-time grid; see
Platen & Bruti-Liberati (2010) for a comprehensive analysis. The diffusion component
is treated with an Euler or higher order discretization scheme. If the jump intensity is
bounded, the jump times can be sampled exactly using a thinning scheme. In the general
case, the jump times are approximated using a time-scaling scheme. While often easy
to implement, the approximations introduce bias into the simulation estimator. Since
the magnitude of the bias is usually unknown, it is difficult to obtain valid confidence
intervals. Many time steps may be required to reduce the bias to an acceptable level,
and even more computational effort is needed to verify that the bias is small enough.
Moreover, the optimal allocation of the computational budget between the number of
time steps and the number of trials is difficult to specify in advance.

This paper develops a method for the exact sampling of a one-dimensional jump-
diffusion with state-dependent drift, volatility, jump intensity, and jump size. The al-
gorithm requires the drift function to be C*, the volatility function to be C?, and the
jump intensity function to be locally bounded. No further structure is imposed on these
functions. The method generalizes an acceptance/rejection scheme developed for certain
one-dimensional diffusions X by Beskos & Roberts (2005) and its extension to a wider
class of diffusions developed by Chen (2009). The basic idea is to sample a path of a
standard Brownian motion W, and to accept that path as one of X with a probability
proportional to the Radon-Nikodym derivative between the law of X and the law of W.
The generation of the acceptance indicator is based on a thinning mechanism exploit-
ing the observation that the Radon-Nikodym derivative is analogous to the conditional
probability that a doubly-stochastic Poisson process does not jump during some inter-
val. We extend this approach to address the presence of jumps in X that arrive at a
state-dependent intensity and have a state-dependent magnitude. At the same time, we
relax some of the conditions on the drift and volatility functions assumed in the afore-
mentioned articles, thereby widening the scope of the acceptance/rejection scheme even
for diffusions. Moreover, we enlarge the class of expectations that can be treated exactly.
These include expectations of functionals depending on a skeleton of X, the complete
path of the jump component, a hitting time, and the value of X at the hitting time, as
well as the expectation of the exponential of the time-integral of X.



The exact jump-diffusion method eliminates the need to quantify and reduce dis-
cretization bias. It leads to unbiased simulation estimators of security prices, transition
densities, hitting probabilities and other quantities. Numerical experiments illustrate the
performance of the method for the valuation of European, discretely monitored Asian
and barrier options under the jump-to-default extended CEV model of Carr & Linetsky
(2006), and for the valuation of bonds under an affine jump-diffusion model of the short
rate. The exact method achieves the optimal square-root convergence, and often attains
a specified level of accuracy faster than a discretization scheme.

The exact method developed in this paper has a wider scope than alternative methods
for the exact simulation of jump-diffusions. Unlike other schemes, our method applies to
standard parametric models with unbounded and potentially discontinuous jump inten-
sity, including the affine jump-diffusions of Duffie, Pan & Singleton (2000) and the non-
linear jump-diffusions of Andersen & Buffum (2003), Ayache, Forsyth & Vetzal (2003),
Carr & Linetsky (2006), Carr & Madan (2010), Davis & Lischka (2002), Linetsky (2006),
Mendoza, Carr & Linetsky (2010), and others. Our method allows for the exact treatment
of the non-parametric, state-dependent jump-diffusion models in the empirical finance lit-
erature, such as the short rate model of Johannes (2004). It also facilitates the simulation
based analysis of the properties of the corresponding estimators as in Ait-Sahalia, Fan
& Peng (2009), Bandi & Nguyen (2003) and others, and simulation based inference for
state-dependent jump-diffusion models. The feasibility of exact sampling eliminates the
need to analyze the implications of discretization errors for the inference process. More-
over, our method facilitates the exact treatment of the jump-diffusion default intensity
models proposed in a substantial literature on single-name and portfolio credit risk, which
includes Arnsdorf & Halperin (2008), Ding, Giesecke & Tomecek (2009), Duffie & Single-
ton (1999), Madan & Unal (1998) and many others. It also facilitates the exact treatment
of first-passage credit models, in which the firm value follows a jump-diffusion and default
occurs when that value hits a barrier, as in Zhou (2001).

The existing jump-diffusion algorithms require additional restrictions on the coeffi-
cient or jump intensity functions. If the intensity is not state-dependent as in the models
of Merton (1976), Kou (2002) and Kou & Wang (2004), then the jumps arrive according to
a Poisson process. In this case the jump times can be generated exactly, independently of
the diffusion component. The schemes of Beskos & Roberts (2005) or Chen (2009) provide
exact samples of a skeleton of the diffusion component between the jump times, even if
the diffusion has a state-dependent drift or volatility. Broadie & Kaya (2006) develop an
alternative exact scheme for the two-dimensional Heston model with constant intensity
jumps in volatility and price. Ruf & Scherer (2011) consider the exact sampling of the
hitting time of a constant intensity jump-diffusion.

If the jump intensity is state-dependent, then the jump times cannot be generated
independently of the diffusion component. Casella & Roberts (2011) treat the case of
a uniformly bounded jump intensity. They combine the diffusion scheme of Beskos &
Roberts (2005) with the state-dependent thinning scheme of Glasserman & Merener (2003)



for the jump times. Our approach extends the localization approach of Chen (2009), and
does not require the jump intensity to be bounded. The jump-diffusion is decomposed
into bounded segments between the jump times and an acceptance/rejection mechanism
is sequentially applied to each of these segments.

Giesecke, Kakavand & Mousavi (2010) develop an exact scheme for a point process
with a general state-dependent intensity. If the intensity is driven by a jump-diffusion
whose jump times are those of the point process, then this scheme also provides exact
samples of a skeleton of the jump-diffusion. However, this scheme imposes some structure
on the coefficient and jump intensity functions. The method proposed here does not
require such structure, but may be slower than the method of Giesecke et al. (2010) for
certain functionals and parameter configurations.

The rest of this paper is organized as follows. Section 2 introduces the jump-diffusion,
states the assumptions, and performs a transformation. Section 3 develops the exact
scheme, Section 4 discusses extensions and Section 5 explains the implementation. Sections
6 and 7 provide numerical results. Section 8 concludes. An appendix details a proof.

2 Preliminaries

2.1 Jump-diffusion process

Fix a complete probability space (£, F,P) and a right-continuous and complete informa-
tion filtration F = (F;);>0. Consider a process X in a state space Dy, a connected subset
of R. Up to the hitting time of the boundary of Dy, X is the unique weak solution to the
stochastic differential equation (SDE)

where the initial value Xy € Iy = Int Dy, the drift function u : Ix — R, the volatility
function o : Ix — (0,00), W is a standard Brownian motion and J is a jump process

Jt = i A(XTH,, Zn)' (2>

The process N is a non-explosive counting process with event times (7},),>1 and intensity
A = A(X;_), where A : Ix — [0,00). Further, (Z,),>1 is a sequence of mark variables
valued in F C R. A variable Z,, encodes additional information revealed at a jump time
T, and is drawn from a fixed distribution II. The function A : Ix x E — R specifies the
jump magnitude at 7;, as a function of Z,, and the state just before T,.

We do not impose a specific structure on (u, o, A, A, II). In order for the SDE (1)
to have a unique weak solution up to the hitting time of the boundary of Dy, there are
technical restrictions on (u, o, A, A, II). See, e.g., Ikeda & Watanabe (1989).



The jump-diffusion process (1) permits the volatility coefficient o(X) to be a function
of the state; it constitutes a “local” volatility model with jumps. The jump process (2) is
self-affecting, because the jump intensity A is a function of the state and therefore depends
on the timing and size of past jumps. Thus, a jump has an impact on the current and
future jump frequency. Moreover, there is an intricate dependence structure between the
state, the jump frequency, and the jump magnitude. The jump magnitude depends on
the state prior to the jump and also influences the future evolution of the state, which in
turn has an impact on the jump intensity.

The formulation (1)—(2) can be extended to time-dependent jump intensity and jump
size functions, and to include the dependency of these functions on (J;_, N;_). The time-
dependency can be useful in the context of model calibration. The jump-dependency can
be used to control the jump behavior as a function of the jump state. These generalizations
merely involve notational changes.

2.2 Objective

Our primary objective is to generate exact samples of
(Xe)tes, (Ne, Je)e<r, & Xe) (3)
where T' > 0 is a fixed horizon, S is a finite set of fixed times t € [0, T,
E=inf{t <T:X, </(} (4)

is the hitting time of X to a level £ < X, and X is the value at the hitting time.
Exact samples of (3) generate an unbiased Monte Carlo estimator of the expectation
V =E[v((Xt)tes, (N, Ji)i<r, &, X¢)] for a suitable function v. In statistical applications, if
X models the price of an underlying asset or rate under the empirical measure P, V' could
represent the distribution or some statistic of (X;);es. In derivatives pricing applications,
P is a risk-neutral measure and V' could represent the price of a derivative with payoff
depending on (3). Examples include European, discretely monitored Asian, and barrier
options. In first-passage structural models of default, X represents the value of a firm and
V' could represent the probability of default or the values of corporate securities such as eq-
uity or bonds. In a reduced-form setting, N counts defaults in a portfolio of firms, the jump
sizes A model position losses, and J represents the portfolio loss. Here V' could represent
the value of a credit derivative referenced on the portfolio. The ability to treat a func-
tional v depending on the path { Ny, J; : 0 <t < T} is convenient in this context, because
the discounted cash flows of standard portfolio derivatives can be represented as Stieltjes
integrals against that path. See Errais, Giesecke & Goldberg (2010) for examples. Aside
from V', we are also interested in the expectation E[exp(— fOT Xeds)u((Xe)tes, (Nt Jt)i<r)]
for suitable u, which could represent the value of a fixed-income security such as a bond
when X models the short-term rate of interest.



2.3 Assumptions

Our method for generating exact samples of (3) requires the following assumptions. These
assumptions define the scope of the method.

Assumption 2.1. On Ix = Int Dx, p is continuously differentiable, o is twice continu-
ously differentiable, and A is locally bounded.

Many standard jump-diffusion models have smooth coefficient functions and a locally
bounded intensity function. Examples include the affine jump-diffusions of Duffie et al.
(2000), the non-linear jump-diffusions with power intensity of Carr & Linetsky (2006),
Carr & Madan (2010), Linetsky (2006) and Mendoza et al. (2010), and the pure jump
models of Arnsdorf & Halperin (2008), Ding et al. (2009), Duffie & Singleton (1999),
Madan & Unal (1998) and many others. In these formulations, the jump intensity is
locally bounded but not uniformly bounded.

Assumption 2.2. The boundary of Dx is either unattainable or attainable only through
a jump. In the latter case the boundary is absorbing.

This assumption primarily addresses the non-linear jump-diffusion processes of Carr
& Linetsky (2006), Carr & Madan (2010), Linetsky (2006), Mendoza et al. (2010) and
others. In these models, X is strictly positive until its first jump, at which time it drops
to 0 and does not recover. Here Dx = [0, 00), where 0 is an absorbing boundary that can
be attained only through a jump.

2.4 Unit-volatility jump-diffusion

It is convenient to transform X into a jump-diffusion with unit volatility. Consider the
Lamperti transform

|
F(w):/Xomdu, x € Ix, (5)

which is monotone and finite for all € Ix. The inverse of F' exists on [y and is denoted
by F~!. Consider the transformed variable Y; = F'(X;). If the boundary 0Dx = {z}U{Z}
of Dy is unattainable, then Y does not attain the boundary 0Dy = {y} U {y} of its
domain Dy C R either. However, if X can reach 0Dy through a jump, we extend the
transform (5) to the boundary:

F(z) =y, F@)=7. (6)
By It6’s formula, Y; = F/(X}) solves the SDE

aY, = py (Yi)dt + dW, + dJ} (7)



up to the hitting time of dDy. Here, Yy = F(X() = 0 and the drift function

pvly) = B — S (F ) )

is continuous on Int Dy. The jump process J¥ in the SDE (7) has the same jump times
as the jump process J in the SDE (1); only the jump sizes are different. We have

Ny
Jy = Z Ay (Yr, -, Zn) (9)
n=1

where, for y € Int Dy and z € E, the jump size function
Ay(y,2) = F(F7'(y) + A(F(y),2)) — v. (10)

If X can reach 0Dy through a jump, then Y can reach 0Dy through a jump. The
boundary of X is absorbing, and so is the boundary of Y.
We illustrate with an example.

Example 2.3. For constants 1, A > 0 and o, Xo,c > 0, consider the specification
p(x) =px, o(x)=ocx, A@z)=Az, A(z,z)=z(z—-1)Ac (11)

If A =0, then X is a geometric Brownian motion. If A > 0, then X jumps at an intensity
proportional to X. The transform (5) takes the form

F(z) = élog (i) .z € (0,00). (12)

Xo

First, suppose the marks Z, have support (0,00). Then Dx = (0,00). The boundary
0Dx is unattainable, even if X jumps. The transform (12) takes Dx into Dy = (—00,00).
The boundary 0Dy is unattainable. The process Y = F(X) has drift uy(y) = pu/o —o/2
and jump size Ay (y, z) = (log z)/o.

Next, suppose the marks Z,, = 0. Then Dx = [0, 00). The boundary oo is unattainable.
The boundary 0 is attainable only through a jump, which occurs at Ty. The transform (12)
is extended to F(0) = —oo and takes Dx into Dy = [—o0,00). The boundary —oo is
attainable only through a jump; the jump size Ay (Yr,—,0) = —o0.

We focus on the problem of sampling the values and jump times of Y in the interval
[0,7]. A sample of X; can be recovered from a sample of Y; by applying the inverse
transformation F~!(Y;). The jump times T}, of X are those of Y, and the associated jump
magnitudes of X are given by A(F~Y(Yr, ), Z,).



3 Exact method

This section describes an exact method for sampling the unit-volatility jump-diffusion
Y. The method uses an acceptance/rejection mechanism, and we begin by discussing the
basic idea and its application to sampling a diffusion.

3.1 Acceptance/rejection

Suppose we want to sample from a density f(y). If there is another density ¢g(y) and a
constant ¢ > 0 such that ¢f(y) < g(y), then we can proceed as follows. We draw a sample
Y from g and a Bernoulli variable I with success probability cf(Y)/g(Y'), and then accept
Y as a sample from f if I = 1. This procedure is particularly advantageous whenever it
is easier to sample from the proposal density g than from the target density f.

Beskos & Roberts (2005) use the acceptance/rejection method to draw an exact
sample of Yr when Y is a diffusion satisfying dY; = py (Y;)dt + dW,, i.e. when the jump
intensity function A = 0 on Ix. To explain the procedure, let

Aw) = [ ) (13)

and assume that the drift yy of Y is such that C' = [, exp(A(y) — y*/(2T))dy is finite.
Consider the proposal density g(y) = exp(A(y) —y*/(2T))/C. Assuming that uy satisfies
Novikov’s condition, Beskos & Roberts (2005) show that the density ratio

J;Y?_Z(/)y) : E{exp (— /OT ¢(Ws)d8) ‘WT = y] =: H(y) (14)

where

8y) = 51 () + 1 0)). (15)

For the acceptance test, one needs to generate a Bernoulli indicator I with success
probability H(Y'), where Y is drawn from g. To this end, note that H(y) = P(Vr =
0| Wz = y) where V is a doubly-stochastic Poisson process with intensity ¢(W), provided
that ¢ > 0. Thus, the required indicator can be generated by sampling the jump times
of V during [0,T] given W = Y. If no jump occurs, then I = 1 and the proposal Y
is accepted as a sample from fy,. Otherwise the proposal is rejected and one starts all
over. The jump times of V' can be generated exactly if 0 < ¢(z) < 7 for some m > 0.
In this case, the jump times are obtained by thinning a Poisson process with intensity .
A candidate Poisson arrival time ¢ is accepted as an arrival time of V' with probability
o(Wy)/m, where W is sampled from a Brownian bridge given the end point W =Y.

The scope of the scheme is limited to those diffusions Y for which ¢ is bounded and
(y satisfies the required boundedness and Novikov conditions. To treat a wider class of



diffusion processes, Chen (2009) decomposes Y into bounded segments, and applies the
acceptance/rejection mechanism to each of these segments. Our sampling scheme for a
jump-diffusion builds on this localization approach. To detail the idea for the first segment
of Y, select > 0 such that —f >y and 6 <y and consider ¢ = inf{t > 0 : [V;| > 0}, the
exit time of Y from [—6,6]. The acceptance/rejection mechanism is used to sample the
pair (¢, Y;). The proposal pair is (7, W), where 7 = inf{t > 0 : [IW;| > 6} is the exit time
of a standard Brownian motion from [—6,60]. The proposal pair is easy to generate: Burq
& Jones (2008) show how to sample 7 using an acceptance/rejection mechanism, and W
is either —@ or 6, with equal probability. The likelihood ratio (LR) between the law of
target pair and the law of the proposal pair is proportional to

exp(A(WT))E{eXp <— /0 ' ng(WS)ds) ‘T, WT} (16)

where A is given by (13) and ¢ is given by (15). Assuming that ¢(WW) > 0, the expectation
in the LR (16) is equal to the conditional probability that no arrivals occur during the
interval [0, 7] in a doubly-stochastic Poisson process V' with intensity ¢(W), given (7, W).
Assumption 2.1 suffices to guarantee continuity of py, and hence boundedness of ¢(Wy)
for s € [0,7]. Thus the event times of V' can be generated by thinning a dominating
Poisson process. This now involves the sampling of values of W, from a Brownian meander
given (7, W..). Moreover, the function exp(A(y)) is bounded by a constant K because jiy is
continuous. This, together with the boundedness of ¢(W5), facilitates the generation of the
Bernoulli indicator required for the acceptance test of the proposal pair (7, W..). A proposal
is accepted as (¢, Y) if V' has no arrivals in the interval [0, 7] and U < exp(A(W;))/K,
where U is a random variable with uniform distribution on [0, 1]. If the proposal is rejected,
one iterates. If the proposal is accepted, another level 4 is selected and the next segment
of Y is generated. This procedure is repeated until the simulation horizon T is reached.
Note that if the sampled 7 exceeds T', then the proposal pair is taken to be (7, Wr) and
the target pair is (¢, Yr). The LR for the corresponding acceptance test is given by (16)
with integration range [0, 7] and W, replaced by Wi.

3.2 Introducing jumps

We extend the acceptance/rejection scheme described above to a jump-diffusion process
Y = F(X) solving (7), generated by a jump-diffusion process X satisfying Assumptions
2.1 and 2.2. Before stating the general algorithm, we explain the procedure for the first
segment of Y. Thus, the goal is to draw a sample of Y7, .

Consider a process Y solving the SDE

dY, = py (V;)dt + dW, (17)

with initial condition Yy = Y. Clearly, if T} is the first jump time of the process Y, then



Y, £, for 0 < ¢ < Ty. Define ¢ = inf{t > 0:|Y;| > 0} for some level §, and observe that
we can obtain a sample of Y7, ¢ by sampling YTl ac- Indeed, if T} > ¢, then Y} < Y, for all
t< (. IT, <, then Y, < Y, for t < 7. Thus, we can sample Yr, by sampling YTl_ and
adding the jump Ay (Y7, _, Z1), where Z; is a sample of the mark at 77.

We start by generating a pair (7,W,) for some level 6, as in the diffusion case.
Suppose 7 < T. Next we determine whether Y jumps during the interval [0, 7]. To this
end, we sample candidate jump times v, ..., v, < 7 from a Poisson process with intensity
7, where 7 > A(F~!(y)) for y € [—0,0]. In view of Assumption 2.1, a finite 7 exists
because Y; does not leave the interval [—6,0] for t € [0,¢]. A candidate jump time v,
is accepted as a jump time of Y with probability A(F~*(W,,))/x, where W, is drawn
from a Brownian meander given (7,W.). We distinguish two cases: either none of the
candidate jump times is accepted, or we accept at least one jump time. In the former
case, we test the proposal skeleton (7, W,,,..., W, , W,). Otherwise, we test the proposal
skeleton (7, W,,, ..., W,,), where v, is the first candidate time that was accepted. Letting
n = 7 A vy, with the convention that 1, = oo if no candidate time was accepted, we will
prove in Proposition A.1 that the LR required for the acceptance test is proportional to

exp(A(W,))E {exp (— /0 nd)(Ws)ds) ‘T, W,,l,...,wn} (18)

where A is given by (13) and ¢ is given by (15). Given the LR (18), the test is anal-
ogous to that in the diffusion case. If the proposal pair passes the test, it is a sample
of (¢,Y,,,....Y,,.Ye) or ((,Y,,,...,Y,, ,,Y,,—), respectively. In the case that ¥ jumps
at vy, we draw a mark Z; from the appropriate distribution and evaluate Y, =Y,,_ +
Ay (Y,,—, Z1). We then proceed to generate the next segment of Y, starting from Y or

Y7, respectively. Figure 1 illustrates the method.

3.3 Basic jump-diffusion algorithm

We state the exact algorithm for sampling a value Y7 of the jump-diffusion Y solving (7).
The domain of Y is Dy = (y,¥). The initial conditions are: n = 1, y = ¥y = 0 and sy = 0.
Figure 2 provides a flow chart. Section 5 discusses the implementation.

1. Select 6,, > 0 such that y +6,, <y <7y — 6,. See Section 5.4.
Sample 7 = inf{t > 0: [W;| > 6,,}. See Section 5.1.
Select ™ > 0 such that 7 > A(F~1(Y;)) for t € [s,_1,(,]). Here, ¢, = inf{t > s,_; :
Y; € [y — 0,,y + 0,]} where Y; solves the SDE (17) for t > s, ; with Y,, |, =v.

2. Sample event times vy < -+ < v, < 7A (T — s,_1) of a Poisson process with rate .

Sample event times k1 < --- < Kk, < 7 A (T — s,_1) of a Poisson process with rate
M — m, where M is the max and m is the min of ¢(y + z) over z € [—0,,6,].

10



1

Yo+6,

Vi Vo V3 Va ¢ b
(rejected) (rejected) (accepted)

Figure 1: Generating the first jump time 7} and value Y7, of the jump-diffusion Y.

3. Sample (Wy,, ..., Wy, Wir, ... , Wy, , We, Wonr—s,_,))- See Section 5.2.

4. Set i = 1. Loop:

Draw U; ~ U(0,1)

If U < A(F~XY,,_, + W,,))/m, then exit loop, set £ =i and go to Step 6
If ©+ = a, then exit loop and go to Step 5

Set i =141

. Accept/reject the proposal skeleton (s,—1 +7,y+ Wy, ..., y+ W, ,y+Wirr—s, 1))
as a sample of the skeleton (Cn, Yy, 4v1s -+ Yo 14vas Y(sn_1+7)ar) Using the Poisson
arrival times x; generated at Step 2. See Section 5.3.

If the proposal is accepted and T < s,,_1 + 7, return Yy and stop. If the proposal is
accepted and T" > 5,1 + T, set y =Y, 47, 8, =C =8,-1+7,n=n+1. Go to
Step 1.

If the proposal is rejected, go to Step 1.
. Accept/reject the proposal skeleton (s,—1 +7,y+W,,,...,y+W,,) as a sample of

the skeleton (Gu, Y, 1401y - -s Yapo14ve 1> Y(sn_14v,)—) Using the Poisson arrival times
r; generated at Step 2. See Section 5.3.

If the proposal is accepted, draw a variable Z from the mark distribution II. Set
Sp = Sn1+ VY=Y, = Y 140 + Ay (Yisp_14v—» Z), n =n+ 1. Go to Step 1.

11



Stop Set n=1,

and 50=0,
return y y=Yo=0
|
YES Draw mark Z, set s, =s, ,+V;, Set s, =s, +T\T-s,,4),
y:y+in+AV(y+WVT,Z), n=n+1 y=y+ WTA(T-Sn.ﬂ' n=n+1
NO

Select 8, ; sample t; i=1.
Find bounding intensities T and M-m.
Sample arrivals v,...v, with intensity nt
and arrivals k..., with intensity M-m.
Sample (in ..... W K,...,W(,W(”T,SITI)).

)

| Draw U;~U(0,1
| i:=i+l |L

Figure 2: The basic jump-diffusion algorithm.

If the proposal is rejected, go to Step 1.

Note that a bound 7 in Step 1 exists because A is locally bounded, and because Y;
is bounded for ¢ € [s,_1,¢,] and so is F~1(Y;). For Step 2, note that ¢(y + z) is bounded
in z € [—0,,0,] due to Assumption 2.1.

Not all the samples of (v, W,

7

) generated at Steps 2 and 3 may actually be used in the
subsequent steps. If, for example, the first candidate time v, is accepted as a jump time of
Y at Step 4, we exit the loop with ¢ = 1 and proceed to Step 6. The values (v;, W,,)2<i<a
are no longer needed. To avoid the generation of excess samples, we could integrate Steps
2 to 4 into a loop. This would involve the sequential sampling of pairs (v;, W,,) until a
candidate jump time v; is accepted or the time 7 A (T — s,,_1) is reached. We settle on a
non-sequential formulation because the sampling of a Brownian meander value W, given
the previous values (W,,);<; and the exit time pair (7,W;) is more expensive than the
sampling of the entire vector of values of W,, in a single step.

The algorithm returns exact samples of the jump times T1,...,Tn,

along with the
values (Y, _, Y7,), ..., (YTNT_, YTNT) and Yr. By applying the inverse Lamperti transform
F~1, we obtain the corresponding values (Xr,—, Xz,), ..., (X1, -, X7, ) and Xr. These
samples are exact whenever F~! can be evaluated exactly. The jump magnitudes of X
are given by A(Xr,_, Z,) = X1, — Xr,_, and these values along with the 7,, lead to an
exact sample of a complete path (J;);<r of the jump process (2).

12



4 Extensions

This section discusses several extensions of the basic jump-diffusion algorithm.

4.1 Sampling a jump-diffusion skeleton

The exact algorithm developed in Section 3.3 generates a sample of X1 for a fixed horizon
T. Tt is straightforward to extend the algorithm to generate a skeleton of X, i.e., the
values (Xi)ies for a discrete set S of fixed times ¢ € [0,7]. This extension facilitates
the treatment of certain path-dependent payoff functionals, such as those associated with
discretely monitored Asian options.

It suffices to generate the values (Y;)ics and apply the inverse transform F~!. To this
end, we sample the values (W;)cs along with the values (W,,) and (W,,) at Step 3. The
proposal skeleton tested at Steps 5 or 6 then includes the values (W;);cs. The acceptance
test itself remains unchanged, and is still based on the values W, only, see Section 5.3.
The additional computational effort associated with generating a skeleton rather than a
single value of X is minor, and consists only of the effort required to sample the (W;)cs.

4.2 Sampling a jump-diffusion hitting time and value

The exact algorithm can also be used to generate exact samples of a hitting time £ of X
to a fixed level and the corresponding value X,. This extension facilitates the treatment
of payoff functionals involving the hitting time, such as those associated with barrier
options. It also allows us to address a range of other hitting time problems, for example
the computation of default probabilities and corporate security values in a first-passage
structural model with jump-diffusion firm value X. The ability to generate the value X¢
facilitates the treatment of a model formulation with random recovery given by a fraction
of the firm value at default.

To sample a hitting time, we only need to select the value of the level 6,, appropriately.
To illustrate, suppose we wish to generate a sample of £ = &(x) = inf{t < T : X; < z}
for a level x < Xj. Let 6, = 0,,(y) be the value of the level #,, in the algorithm stated in
Section 3.3. Then, to generate £ along with the other variables, instead of taking 6,(y) as
the level at Step 1 of the algorithm, we take 6, (y) A (y — F'(z)).

The process X can hit the level z either by a jump or by drift. If it jumps through
x at, say, time T,,, we know that {(z) = T,,. The value Y,y = Y7, + Ay (Yp,—, Z,,) is
generated at Step 6 of the algorithm along with all other variables. If the process hits
x by drift, then ¢ is the first time ¢; such that Y, = F(z), and the corresponding value
Ye) = Y, is generated at Step 5 of the algorithm as the process value at the exit time.
The inverse Lamperti transform finally gives X = F~1(Y;).
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4.3 Exponential of time-integrated jump-diffusion

A modification of the exact algorithm developed in Section 3.3 can be used to obtain an
unbiased estimator of the expectation

B(1) & e (- | ' Xads )l (s, (e (19

where u is an integrable function and S is a discrete set of fixed times in [0, 7. Taking
the jump-diffusion X as a model of the short-term interest rate, B(T") could represent the
value of a fixed-income security such as a bond.

While we cannot generate the complete path of X between 0 and T in order to
evaluate exp(— fOT Xds) exactly, we can nevertheless obtain an unbiased estimator of
B(T) by taking advantage of its special structure. To see this, take u = 1. Then B(T)
can be regarded as the probability that no arrivals occur during the interval [0,7] in a
doubly-stochastic Poisson process with intensity X, provided that X > 0. Now suppose X
is bounded on [0, T']. Then this probability can be estimated using the thinning procedure.
For upper and lower bounds H and h on X, we sample arrival times (g4) on [0,7] of a

Poisson process with rate H — h, and obtain the exact estimator e " TT}'_ (1 — XH’C—:hh)

of exp(— fOT X,ds), where n is the number of Poisson arrivals, and the X, are the exact
samples of X at the Poisson arrival times.

We state the general algorithm, taking u = 1 for ease of exposition. We emphasize that
X is not required to be uniformly bounded. The initial conditions are n =1, y = Yy = 0,
so = 0 and g = 1. The estimator is denoted g.

1. Select 6,, > 0 such that g+9n <y <7Y—0,. See Section 5.4. Let (,, = inf{t > s,,_1 :
Y; € [y — 0,,y + 0,]} where Y; solves the SDE (17) for t > s, ; with Y,, |, =v.

Select 7 > 0 such that = > A(F~Y(Y;)) for t € [s,_1, -
Sample 7 = inf{¢t > 0: [W;| > 6,,}. See Section 5.1.

2. Sample event times vy < -+ < v, < TA(T —s,_1) of a Poisson process with rate .

Sample event times k1 < --+ < K, < 7 A (T — s,_1) of a Poisson process with rate
M — m, where M is the max and m is the min of ¢(y + 2) over z € [—6,,,6,,].

Sample event times g1 < -+ < e, < 7 A (T — s,_1) of a Poisson process with rate
H — h, where H is the max and h is the min of F'~'(y + 2) over z € [—0,,0,].
3. Sample (W, ... Wy, ., Wy, .. Wi, Wy, oo, Wo , W, Wonr—s,_1)). See Section 5.2.

4. Set i = 1. Loop:

Draw U; ~ U(0,1)

If U; < A(F~XY,,_, + W,,))/m, then exit loop, set ¢ =i and go to Step 6
If 7 = a, then exit loop and go to Step 5

Set i =i+ 1

14



5. Accept/reject the proposal skeleton (s,—1+7,y+ Wy, ...,y + Wy, y+Wir@r—s, )
as a sample of the skeleton (Cn, Ys,4v1s -+ Yo 14vas Y(sn_1+7)ar) Using the Poisson
arrival times x; generated at Step 2. See Section 5.3.

If the proposal is accepted and T < s,_1 + 7, set g = g - e MT=sn-1) Il (1 —

1 _
M), return ¢g and stop. If the proposal is accepted and T" > s,,_1 + 7, set

H—h
—1 _
g=9- e " H;:I(l - %) Sety=Y, ir$n=C =8, 1+7,n=n+1
Go to Step 1.

If the proposal is rejected, go to Step 1.

6. Accept/reject the proposal skeleton (s,—1 + 7,y + W, ...,y + W,,) as a sample of
the skeleton (Gu, Y, 1401y -5 Yap 14ve 1> Y(sn_141,)—) Using the Poisson arrival times
r; generated at Step 2. See Section 5.3.
If the proposal is accepted, find ¢y = sup{k : &, < v} and set g = g-e ™ ]2, (1—
IH(‘?—_Y}?“HL) Draw a variable Z from the mark distribution II. Set s,, = s,_1 + vy,
y=Ys, =Y 14— + Ay Y 140)- Z), n=n+ 1. Go to Step 1.

If the proposal is rejected, go to Step 1.

4.4 Other extensions

The exact algorithms extend to the case of a more general jump intensity specification
A = AMXy, Ji_, Ny, t) where A : Dy x Dx x N x [0,00) — [0,00). This formulation
allows for an explicit dependence of the intensity on the jump component of X, and the
modeling of a seasonal behavior of the jump frequency. The explicit time dependence may
also be useful in model calibration, where it generates additional fitting flexibility. The
dependence on the jump component allows one to control the jump behavior as a function
of the jump state. For example, the jump intensity may be set to 0 after a specified number
of jumps. The algorithm in Section 3.3 remains valid as stated under this more general
formulation, because it proceeds sequentially between the jump times of X and the point
process (J, N) is constant between these jump times.

Moreover, the algorithms extend to the case of a jump size function of the form
A(Xt, ., Jr,—, Zn, T,) where A : D3 x E x [0,00) — Dx. This formulation allows for an
explicit dependence of the size of the jump of X at T, on the value of T},, as well as the
dependence on the value of the jump process just before the jump. The algorithm remains
valid as stated under this generalization.

5 Implementation

This section discusses the implementation of each of the non-trivial steps of the exact
algorithm described in Section 3.3. We begin by explaining the generation of a Brownian
exit time 7 and end by discussing the selection of the level 6,,.
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5.1 Sampling Brownian exit times

The sampling of an exit time 7 at Step 1 follows Burq & Jones (2008), and is based on the
self-similarity property of W. Since 0W, gy 2 W;, we have 7 < 0?7y, where 7, = inf{t >
0 : [W;| = 1}. The probability density function h(t) of 7 takes the form

\/%e_;t + 2 \(/_2% {(2;’ + 1) exp (-W) — (25 — 1) exp (-%)} .

We can sample from h by acceptance/rejection. The density can be bounded from above by
a Gamma density: h(t) < ag(t;b;y) = ay’t*"te ™7 /T'(b), where I is the Gamma function,
a =1.243707, b = 1.088870 and v = 1.233701. We generate a sample v from g(¢; b; ) and
accept v as a sample of 7y if aUg(v;b;7y) < h(v) for U ~ U(0,1).

The density h cannot be computed exactly. However, following Burq & Jones (2008),
the acceptance test can still be performed by exploiting a special (oscillating) structure of
the infinite sum. It suffices to find an integer n such that aUg(v; b;y) < h"*(v) < h"(v) to
ensure that aUg(v;b;7) < h(v), where h' represents the ith partial sum in the expansion
of h. Similarly, if aUg(v;b;~) > h"(v) > h™(v) then aUg(v;b;y) > h(v). Burq & Jones
(2008) prove that the number of operations required to find this n is finite.

5.2 Sampling Brownian meanders

Given 7, we need to generate W,. This is trivial because P(W, = 0) = P(W, = —0) = 1/2.
Next, given (7,W;), we generate (Wi,,..., Wy, ,Winr—s)) for t; < 7. We consider the
problem of generating W; given (71, W,,) for 0 <t < 7, since the self-similarity property
of W implies that for 0 < ¢, < --- < t, <7 = 1102,

Wy o Wa | 7 W) L 0(Way g2, Wa g2 | 71, Wiy ). (20)

It is shown by Williams (1970) that given (7, W, ), the process (W;);<,, evolves as
a time-reversed Brownian meander. According to Imhof (1984), a Brownian meander can
be decomposed into three independent Brownian bridges B?, each evolving from 0 to 0
during the interval [0, 71]. Chen (2009) exploits this decomposition to sample the values
of W; given the pair (7, W,,). Define

1—Woy, W,=1
_ 21
! { 1+ Wy, Wy =—1 (21)
By = ((t/m + BL_,)* + (B4 _)* + (BL_)")"?. (22)

16



According to Theorem 4.3 in Chen (2009),

n

oc [ [ plts, wis tivn, v )a(t ) Loy () (23)
=1

P(Vy, € dyr,..., Vi, € dy, | T, W)
P(By, € dyy,..., By, € dy,)

for y; € R, where

1—- Z;il(ej(sa xit,y) — V(s z5t,y))

pls,aity) = T~ exp(—20y/(i — )
. (24)
Q(Sax) = 1= 5 Z(pj(37x> - Qj(s7x))

and where

0;(s,7;t,y) = exp (_2(2j —)(2) — y)) +exp <_2(2(j 1) +2)2(G -1+ y)>

0,(5,551, ) = oxp (_2;’(4]' Z;(:fﬂ - y))) +exp <_ 2j(4j ;E(;c t—_y;))

45(2) — ff))

pi(s,x) = (4j — x) exp (— ;

S

0(s,x) = (4j + x) exp GM) :

The expression for the likelihood ratio (23) facilitates an acceptance/rejection sampling
strategy using a proposal skeleton (By,,..., B, ). While the expression (23) cannot be
evaluated exactly, Chen (2009) shows that the infinite sums in (24) satisfy an oscillating
property that allows one to perform the acceptance test based on a finite number of
summands. We summarize the steps required to generate (Wi, ..., Wy, |7):

1. Sample W, using that P(W, = 1) =P(W, = —1) = 1/2.
2. Sample the values (B, ..., B} )i=123 of Brownian bridges from 0 to 0 on [0, 7].
3. Transform these samples into a sample of (B, _¢,, ..., By, —t,) using (22).

4. Generate n + 1 random variables U; ~ U(0, 1).
Accept (Br—4, - .- Br—t,) as a sample of (V¢ ...V ) if

U_] Sp(Tl _tn7B‘r17tn;7—1 _tn+laBT17tn+1)7 1 SJ S n
Un-l—l S q<7-1 - tna Bﬁ—tn)'
5. Transform V,, _; into W; using (21).
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6. Scale W; using (20).

5.3 Acceptance test

We detail the acceptance test performed at Steps 5 and 6. Let 7 = min(7, vy, T — s). Here,
vy is the first jump time candidate for Y accepted in Step 4, with the convention that
vy = oo if no candidate jump time is accepted. By Proposition A.1 in the Appendix, the
LR between the conditional law of the target skeleton

(Cn — Sp—1, Y;nfl‘i‘l’l - stfu s ’}/(sn_ﬁ-n)— - )/Snfl) (25)
given (s,_1,Ys, ) and the law of the proposal skeleton
(1, Wiy, W) (26)

is proportional to

L = exp(A(Y,, , + W,)E [exp (— / (Ve + Wu)du) \T, W,,,... ,WW} L@
0

To ensure that the integrand in the expectation is non-negative, we let m be the lower
bound min,ce ¢(Ys, , + 2) for © = [—0,,, 6, and we rewrite L as

L = exp(A(Y,, , + W,)) exp(—mn)
x E {exp (— /Onw(st_l +W,) — m]du) )T, W, .., Wn] . (28)

The conditional expectation in (28) is equal to the conditional probability that no
arrivals occur during the interval [0,7] in a doubly-stochastic Poisson process H with
intensity ¢(Y;, , + W,) —m, given (7, W,,,...,W,). The intensity is bounded above by
M —m where M = max,co ¢(Ys, , + 2), allowing us to simulate the event times of H
by thinning a Poisson process with intensity M — m. Moreover, the first term of L is
bounded above by K = max,cg exp(A(Y;, , + 2)) and the second term is bounded above
by S = exp(—m(T — s,_1)) V 1. These properties facilitate the generation of the Bernoulli
indicator for the acceptance test of a proposal skeleton (26).

From Step 2, we have arrival times x; < --- < Kk < 1 of a Poisson process with rate
M —m. From Step 3, we also have the corresponding values W, for ¢ = 1,...,b. Now the
acceptance test for a proposal skeleton proceeds as follows:

1. Draw U; ~ U(0,1) for 1 <i < b+ 2,
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2. Accept a proposal skeleton (26) as a sample of (25) if

(M —m)U; > ¢(Ys, , + W) —m, 1<i<b,

KUy < exp(A(Ys,_, +Wy)),

SUpya < exp(—mn).

5.4 Level selection

We explain the selection of 6,,. During the nth iteration, we generate
n =min(r, vy, T — s),

+ 6,,], the first jump time of Y and
the remaining time to the horizon 7. Then we generate a proposal skeleton at a collection

the minimum of the exit time from [Y;,_, —6,,Y; |
of times ¢; such that 0 < t; < t3 < --- < 7. The pair of the proposal skeleton and 7 is
tested subsequently, as explained in Section 5.3. If it is accepted, we iterate, starting from
Sn = Sp_1 + 1. Assuming that the computational effort required to generate a proposal
skeleton does not vary greatly with n, we wish to maximize both the time increment 7
and the probability of accepting the proposal skeleton. In other words, we wish to reach
the horizon T as quickly as possible, while rejecting as few proposal skeletons as possible.
Thus, letting P4 be the conditional probability of accepting a proposal skeleton (26) given
the vector (Y, ,,7, v, W,,,...,W,), we propose to select § = 6,, so as to maximize

M(97 }/Snfl) - E[T]PA(X/SHA,T, Ve, WVI’ SRR Wn) ‘ }/Snfl] (29)

Since it is difficult to compute the conditional expectation (29), we first develop a
lower bound on (29) and then approximate this bound. The level § = 0, is selected as
the maximizer of the estimator of the bound. Our numerical experiments in Section 6
indicate that this level selection procedure leads to an efficient algorithm. We also remark
that the approximations introduced for the purpose of selecting # do not introduce bias
into the simulation estimators.

Fix s = s,,_1. From the analysis in Section 5.3, for any proposed Brownian exit time
7, the conditional acceptance probability satisfies

Pa(Ys, T,v0, Wy s ..., W)
= P(KU; < exp(A(Ys + W) | Yy, W,))P(SUy < exp(—mn) | T, vg)
x P(H, — Hy = 0| Yy, 7,00, W, ..., W,)
= exp(A(Ys + W,)) K exp(—mn)S™'P(H, — Hy = 0| Y, 7,00, W,y ..., W)

where the U; are independent standard uniform variables, K" and S are as in Section 5.3,
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and H is a doubly-stochastic Poisson process with intensity ¢(Y; + W;) — m at t. Since
H is dominated by a Poisson process with intensity M — m, a function of Y;, we have

PAYa, 7,00 Wi, - Wa) 2 exp(A(Y, + Wy)) K~ exp(—mn)S~ exp(—(M — m)n)
=exp(A(Y, +W,) — Mn)/(KS),
where the lower bound is a function of (Yj,n, W,,). Thus we have
M(6,Y) > Elyexp(A(Y, + W,) — Mn)/(KS)| Y (30)

1 :
= K—S/min(t, 2, T — §)eAVetw)=Mmin(taeT=p(r ¢ qt v, € do, W, € dw|Ys).

We approximate this lower bound on M(0,Y;) by approximating the joint conditional
density of (7,1, W,)). It is clear that

P(r e dt,vy € de, W, € dw|Y;) =P(W, € dw|T =t, 1y = 2, Y,)P(T € dt, vy € dz|Y5)
=P(W, edw|T =t 1y =2)P(v, € du|Y,)h(t)dt

where h is the density of 7 given in Section 5.1 above. The exact computation of the
probability P(v, € dx|Yj) is difficult. We approximate it by supposing that the jumps of
Y occur according to a Poisson process with intensity ¢ = ¢(Y;) = max,ce A(F1((Y; +
z))). This gives P(v, € dx|Y;) ~ cexp(—czx)dz. It remains to compute the conditional
distribution of W,. If min(¢,z,T — s) = t, then the conditional distribution is known
because P(W, = 0) = P(W, = —0) = 1/2. If min(¢,z,T — s) is equal to either = or
T — s, then the conditional distribution takes a more complicated form. In that case, we
approximate it by a distribution that has unit mass at 0, the mean of the true distribution.
More precisely, we take

1
P(W, edw|T=tv,=1)= 5(5(w —0)+6(w+0))dw, min(t,x, T —s)=t
~§(w)dw, min(t,z, T —s)=x or T —s,

where § is the delta function. Thus, our estimator M £(0,Ys) of the lower bound (30) of
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M(0,Y5) takes the form

N T—s t
Mi(6.Y) = 7o /O ( /0 xeAWs)M“mdx) h(t)dt
T—s 00 1
T / ( / = (A0 4 A0 ec‘”d:v> e Mteh(t)dt
S J .2
C

00 T—s
v A(Ys)fMa:fcmd h(t)dt
+_}(5' T—s (/g e I) <)

N KLS (/T eA(YS)M(Ts)Cde) (T — S)h(t)dt.

T—s -5

The numerical calculation of the estimator M £(0,Ys) is straightforward. We choose
0 so as to maximize M £(0,Y5). Instead of performing this optimization at the beginning
of each iteration of the algorithm, we can build a table of optimal values 8 = 6*(y) for
a range of values of y = Y, € Dy before running the algorithm, and then take some
interpolation between table values when running the algorithm.

6 Numerical tests for the JDCEV model

This section illustrates the behavior of the exact sampling scheme for the jump-to-default
extended CEV (JDCEV) model of Carr & Linetsky (2006).

6.1 Specification

Suppose the jump-diffusion X describes the time evolution of the price of a share of stock
under a risk-neutral measure P. The SDE (1) takes the form

dX, = (r + A(X,)) X,dt + a X AW, + dJ, (31)

where Xy > 0 is the initial stock price, r > 0 is the risk-free rate, a > 0 and § < 0 are
parameters, and the jump intensity and jump size functions are given by

A(x) = b+ ca’z* (32)
Alz,z) = —x (33)

for parameters b > 0 and ¢ > 1/2. The term A(X;)X, appearing in the drift compen-
sates the jump process J, and ensures that the discounted stock price process defined by
exp(—rt)X; is a martingale. The issuer of the stock defaults at 77, the first jump time
of X. The default intensity A = A(X_) is inversely related to the stock price, and grows
without bound as the stock price decreases toward 0. At 77, the stock price drops to 0
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and remains there forever.

The domain of X is Dx = [0,00), where 0 is an absorbing boundary. While the
coefficient and intensity functions of X violate the usual Lipschitz and linear growth
conditions, Carr & Linetsky (2006) prove that for ¢ > 1/2; the SDE (31) has a unique
strong solution, which cannot reach 0 or oo with a drift, and can reach 0 only by a jump.
Assumptions 2.1 and 2.2 are satisfied.

The model (31) provides some degree of analytical tractability. Carr & Linetsky
(2006) develop closed formulas for the prices of European options written on X, default
probabilities, and corporate bond values. Simulation can be used to analyze exotic options
and other quantities for which analytical solutions are unavailable. The model is, however,
a challenge for simulation. The SDE (31) falls outside the scope of the exact scheme of
Casella & Roberts (2011) because the jump intensity is unbounded. It also falls outside
the scope of the exact scheme of Giesecke et al. (2010) because the intensity and volatility
functions are non-linear. However, the exact method of Section 3.3 and a discretization
method apply. We contrast these methods. Unless noted otherwise, the model parameters
values used are Xo = 50, 8 = —1, r = 0.05, a = 50/4, b = 0, and ¢ = 1/2; these values
are taken from Carr & Linetsky (2006).

6.2 Exact method

The exact scheme requires the computation of the Lamperti transform (5). For the spec-
ification (31), the Lamperti transform takes the form

(Xo" = 27%)/(ap), € (0,00)
F(z) = . (34)
XO /(a6>7 r = 0.

It maps Dx = [0,00) into Dy = [X;”/(aB),00). The drift function (8) of the unit-
volatility jump-diffusion Y = F(X) satisfying the SDE (7) is given by

() = (4 D)X = yag) + o J T D2

a X7 g’ V€ T/ @) ) (3)

The jump size function (10) of Y takes the form

Ay(y,2) = F(0) =y = Xg"/(aB) =y, y € [X;"/(aB),o0). (36)

Note that the boundary X s /(af) of Dy is absorbing, and can be attained only through
a jump at 77. The boundary oo is unattainable. This mirrors the behavior of X.
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6.3 Discretization method

A conventional discretization scheme approximates X on a discrete-time grid. Consider
a partition of [0, 7] into I segments of equal length h = T'/I. The discretization X of X
prior to its first jump time T} is Xg = Xy and, fori=0,...,1 — 1,

where (N;) is a sequence of independent random variables, each of which has a normal
distribution with mean 0 and variance h. The jump time 7} is taken as the minimum
of inf{ih : i > O,JA(iJrl < 0} and inf{ih : i > 0,@“ > £}, where £ is an independent
standard exponential random variable and C is a discretization of the compensator C' =
Jo A(X,)ds to the jump counting process N given by Co = 0 and

Cinn=hY AXy), i=0,....]—1 (38)

k=0

This time-scaling scheme for sampling 7} is based on a result of Meyer (1971), which
implies that N can be transformed into a standard Poisson process by a change of time
given by C'. This, in turn, implies that T} L inf {t>0:C, > E&}.

6.4 FEuropean option

We begin by estimating the price of a European put option with strike price K and
expiration date T" written on X, given by

exp (—rT)E[(K — Xp)*]. (39)

Table 1 reports the simulation results for K = 5 and 7' = 1 year. The root mean square
error (RMSE) is given by \/SE? + Bias®. The standard error (SE) is estimated as the
sample standard deviation of the simulation output divided by the square root of the
number of trials. The bias is given by the difference between the expectation of the
estimator and the true value of the option. The bias of the estimator generated by the
exact method is 0. The bias of the estimator generated by the discretization scheme is
estimated using 10 million trials to estimate the expectation of the estimator, and then
taking the difference with the true value, which is computed using the closed formulas
developed by Carr & Linetsky (2006). Motivated by the results of Duffie & Glynn (1995),
the number of discretization time steps [ is set equal to the square-root of the number of
simulation trials. Here and in other parts of the paper, the simulations were performed
on a server with an Intel Core Duo 3.16 GHz processor and 4GB RAM. The codes were
written in MATLAB Version 7.9.0.529 (R2009b).

Figure 3 shows the convergence of the RMSEs graphically. The exact method achieves
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Method Trials | Steps | Value | Bias SE | RMSE | Time (sec)
10K | N/A | 0.1398 0 0.0080 | 0.0080 34.4
20K | N/A | 0.1417 0 0.0057 | 0.0057 73.53
Exact 40K | N/A | 0.1449 0 0.0041 | 0.0041 141.96
100K | N/A | 0.1469 0 0.0026 | 0.0026 350.31
500K | N/A | 0.1495 0 0.0012 | 0.0012 | 1806.74
10K | 100 | 0.1417 | 0.0019 | 0.0081 | 0.0083 26.72
20K | 140 | 0.1496 | 0.0018 | 0.0059 | 0.0062 75.19
Discretization | 40K | 200 | 0.1422 | 0.0008 | 0.0042 | 0.0041 215.75
100K | 310 | 0.1531 | 0.0005 | 0.0027 | 0.0027 822.07
500K | 707 | 0.1478 | 0.0004 | 0.0012 | 0.0013 | 9373.81

Table 1: Simulation results under the model (31) for a European put option with strike
price K = 5 and expiration date T' = 1 year. The parameter values are Xy = 50, § = —1,
r=0.05, a =50/4, b =0, and ¢ = 1/2. The true value of the option is 0.1491.

the optimal square-root convergence: the error of the estimator decreases at the rate
O(1/+/t), where t is the computational budget. The convergence rate of the discretization
scheme is slower, indicating that the discretization bias is significant. The exact method
also outperforms the discretization scheme in terms of absolute errors: it generates the
smallest RMSE for almost any computational budget considered.

We evaluate the performance of the methods for different parameter configurations.
Figure 4 shows the error convergence rates for each of several parameter sets. Neither
an increase in the CEV volatility parameter § from —1 to —1/2 nor an increase in the
jump intensity sensitivity ¢ from 1/2 to 1 has a material effect on the performance of the
methods. A reduction of the initial value Xy from 50 to 25 as well as an increase of the
intensity parameter b from 0 to 0.2 slows the exact algorithm down.

To understand the behavior of the algorithm for different parameter sets, consider
the likelihood ratio (28). This ratio depends on the choice of localizing constant 6, the
drift 1y (Y;) of the unit-volatility process Y, and the function ¢ = pu? (Y;) + u4-(Y;). Since
the likelihood ratio depends on exp(—¢), the likelihood ratio is lower for the subsets of
Dy corresponding to higher values of ¢. For example, the performance degrades when the
starting value X is lowered because in this case the paths of the process more often hit the
values close to zero, where puy is very large and acceptance rates are very low. It is, however,
difficult to generally state how the drift, volatility, or jump intensity influence acceptance
rates, because py depends in a rather non-trivial way on u, o and their derivatives. The
jump intensity does not affect the algorithm’s acceptance ratios, but it still affects its
performance. The more uniform the intensity is, the faster algorithm. In the opposite
case, if the maximum and minimum of A(y) for y € (Y; — 6,Y; + 0) differ significantly,
many candidate arrival times will be wasted.
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Figure 3: Convergence of the RMSEs for the European put option in Table 1.

6.5 Exotic options

While analytical solutions for the prices of European options written on the jump-diffusion
(31) are available, analytical solutions for the prices of exotic options are not. The exact
simulation method can be used to value many exotic options. To illustrate, we consider a
discretely monitored Asian put option on (31). The price of this option is

exp (—rT)E { (K - % 2:; th.) T (40)

where K is the strike price, T" is the expiration date, and (t;);=1,., is a sequence of
monitoring dates. When evaluating (40), we exploit the ability of our method to generate
an exact sample of a skeleton (X, );—1 . Table 2 reports the results for semi-annual
monitoring, K = 5 and T = 1 year. Figure 5 shows the convergence of the RMSEs.
(The true value of the option needed for the computation of the bias of the discretization
estimator was estimated using the exact method and 10 million trials.) The exact method
achieves the optimal square-root convergence, while the convergence of the discretization
scheme is slower. When the computational budget is relatively small, the discretization
method achieves a somewhat smaller RMSE than the exact method. As the frequency of
monitoring grows, the line representing the exact scheme is shifted further to the right
while the line representing the discretization method remains fixed. This is because the
run time of the exact scheme is increasing with the number of skeleton values that need
to be sampled, while that of the discretization scheme remains roughly constant.
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Figure 4: Convergence of the RMSEs for the European put option, for different parameter
sets. The base parameters are Xy = 50, f = —1, r = 0.05, a = 50/4, b =0, and ¢ = 1/2.
Only one parameter is perturbed for each plot, as indicated.

Next consider a down-and-out call option with value

exp (=rT)E[(X7 — K) ™ Lfinfoe er x:>8)] (41)

where K is the strike price, B < Xy is the barrier, and T is the expiration date. To evaluate
(41), we exploit the ability of our method to generate exact samples of the hitting time
of X to B. Table 3 reports the results for K = 65, B =5 and T' = 1 year. Figure 6 shows
the convergence of the RMSEs. (The true value of the option needed for the computation
of the bias of the discretization estimator was estimated using the exact method and 10
million trials.) The exact method achieves the optimal square-root convergence, while the
convergence of the discretization scheme is slower. The exact method also achieves the
smallest RMSE for any computational budget considered.
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Method Trials | Steps | Value | Bias SE | RMSE | Time (sec)
10K | N/A | 0.0728 0 0.0058 | 0.0058 46.71
20K | N/A | 0.0723 0 0.0041 | 0.0041 93.24
Exact 40K | N/A | 0.0809 0 0.0031 | 0.0031 188.88
100K | N/A | 0.0779 0 0.0019 | 0.0019 483.57
500K | N/A | 0.0738 0 0.0008 | 0.0008 2739.71
10K 100 | 0.0837 | 0.0014 | 0.0063 | 0.0065 28.20
20K 140 | 0.0725 | 0.0008 | 0.0041 | 0.0042 77.37
Discretization | 40K | 200 | 0.0754 | 0.0005 | 0.0030 | 0.0030 221.06
100K | 310 | 0.0740 | 0.0004 | 0.0019 | 0.0019 846.42
500K | 707 | 0.0747 | 0.0002 | 0.0008 | 0.0008 | 9664.92

Table 2: Simulation results under the model (31) for a semi-annually monitored Asian put

option with strike price K = 5 and expiration date 7' = 1 year. The parameter values are
Xo=50,0=—-1,r=0.05,a =50/4, b =0, and ¢ = 1/2. The true value is 0.0745.

7 Numerical tests for an AJD model

This section illustrates the behavior of the exact sampling scheme for a model in the affine
jump-diffusion (AJD) class of Duffie et al. (2000).

7.1 Specification

The process X describes the time evolution of the short-term rate of interest under a
risk-neutral measure P. The SDE (1) takes the form

dXt = KJ(Q — Xt>dt + o/ Xtth + th (42)

where Xy > 0 is the initial short rate, x,0 > 0 are mean-reversion speed and level
parameters, and o > 0 is the diffusive volatility. For parameters Ay, A; > 0, the jump
intensity and jump size functions are given by

Az) =N+ Mz (43)

Az, z) = z. (44)

Taking 2x0 > 02, the domain of X is Dx = (0,00). The parameter values used in the
numerical tests are Xy = 0 = 0.0422, x = 0.0117, 0 = 0.0130, Ag = 0.0110, A; = 0.1000,
and a mark variable Z,, is drawn from a uniform distribution U(0.0113,0.0312). With the

exception of Ay, these values are taken from Zhou (2001) (who takes A; = 0). They were
estimated from weekly observations of the Federal Funds rate between 1954 and 1999.
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Figure 5: Convergence of the RMSEs for the Asian put in Table 2.

7.2 Exact method
For the specification (42), the Lamperti transform takes the form

Fla) = 2Y2 V&0,

g

(45)

It maps Dy = (0,00) into Dy = (—2v/Xy/0,00). The drift function (8) of the unit-
volatility jump-diffusion Y = F(X) satisfying the SDE (7), is given by

4k0 — o? K VX,
o) = g =5 (14250 ) e (2VE/m). (@)

The jump size function (10) of Y takes the form

o)2 4 L \1/2 _ ;
Av(y,2) = FF\(y) +2) —y = 20+ BV 0 )

g

The lower boundary of Dy is unattainable due to the Feller property 2x6 > o2. Also the
boundary +o0 in unattainable.
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Method Trials | Steps | Value | Bias SE | RMSE | Time (sec)
10K | N/A | 1.2573 0 0.1430 | 0.1430 33.06
20K | N/A | 1.2783 0 0.1005 | 0.1005 68.24
Exact 40K | N/A | 1.2914 0 0.0717 | 0.0717 140.05
100K | N/A | 1.2597 0 0.0453 | 0.0453 383.67
500K | N/A | 1.2778 0 0.0202 | 0.0202 | 1681.31
10K | 100 | 1.3519 | 0.0221 | 0.1433 | 0.1450 26.50
20K | 140 | 1.2586 | 0.0144 | 0.1014 | 0.1024 75.20
Discretization | 40K | 200 | 1.2736 | 0.0094 | 0.0718 | 0.0724 220.73
100K | 310 | 1.2836 | 0.0058 | 0.0454 | 0.0458 836.57
500K | 707 | 1.2792 | 0.0013 | 0.0203 | 0.0203 | 9384.41

Table 3: Simulation results under the model (31) for a down-and-out call option with
strike price K = 65, barrier B = 5 and expiration date 7' = 1 year. The parameter values
are Xo =50, 8 =—1,7r=0.05,a=50/4, b =0, and ¢ = 1/2. The true value is 1.2794.

7.3 Discretization method

The process X follows a Feller diffusion between two jump times. For time steps of length
h = T/I, the discretization X of X between jump times is

Xip1 = X + #(0 — )A(:r) + U()?;L)l/zj\/’iv (48)

where t = max(0,z). Lord, Koekkoek & Van Dijk (2010) find that, when used in the
discretization of the Heston model, the scheme (48) produces the smallest discretization
error among several alternative truncation and reflection schemes. They also prove strong
convergence of this scheme. A disadvantage of (48) is that )A(Z-H may become negative with
positive probability. We address this issue by taking A(x) = Ag + Ajz™ when evaluating
the intensity on the discretization grid. An alternative first order scheme that guarantees
positivity and also strongly converges is proposed by Alfonsi (2005):

Xip = {(1 — Kkh)2)(X)V2 + 2(1i—j:h/2)} + (K0 — o2/4)h. (49)

This scheme is valid if kh # 2 and 4kf > o2. Also the second order scheme of Alfonsi
(2010, Proposition 2.1) guarantees positivity. It is valid if 46 > o

R 1— —kh/2 R 1/2 f 2
X = e“hﬂ{ ((6,‘1 7} e”h/QXi> + 0/2\/ }
K

1 — e—Kh/Q
+ (k0 — 0% /4) ———r. (50)

R

A time-scaling scheme similar to the one described in Section 5.3 above is used to
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Figure 6: Convergence of the RMSEs for the down-and-out call in Table 3.

generate the jump times T,.

7.4 Zero bond and cap

We estimate E(exp(— fOT X,ds)), the price of a zero-coupon bond with unit face value and
maturity 7 = 3 years, and E(37_ exp(— fot Xds)(X;— K)T), the price of a “cap” struck
at K = 0.05 with maturity 7' = 3 years. We use the exact algorithm described in Section
4.3, the discretization scheme (48), denoted “Discretization 1”7, the scheme (49), denoted
“Discretization I1,” and the scheme (50), denoted “Discretization IT1.”! The discretization
schemes approximate fOT Xds using the trapezoidal rule. The number of discretization
time steps is set equal to the square-root of the number of simulation trials.

Tables 4 and 5 report the results for the exact and discretization methods. The true
values of the securities were computed using the transform results of Duffie et al. (2000).
Figures 7 and 8 show the convergence of the RMSEs. The exact method achieves the opti-
mal square-root convergence. The convergence rate of the discretization schemes is slower,
indicating the significance of the bias. The second order method slightly outperforms the
two first order methods.

!Because the intensity is unbounded, the model (42) falls outside the scope of the exact scheme of
Casella & Roberts (2011). The exact scheme of Giesecke et al. (2010) produces exact samples of a skeleton
of X; these do, however, not suffice to obtain an unbiased estimator of the bond price.
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Method Trials | Steps | Value Bias SE RMSE | Time (sec)
10K | N/A | 0.880506 0 7.672E-04 | 7.672E-04 15.98

20K | N/A | 0.880233 0 0.381E-04 | 5.381E-04 31.42

Exact 40K | N/A | 0.880077 0 3.814E-04 | 3.814E-04 63.73
100K | N/A | 0.880239 0 2.430E-04 | 2.430E-04 170.06

500K | N/A | 0.879786 0 1.086E-04 | 1.086E-04 | 787.16

10K 100 | 0.878598 | 1.137E-03 | 1.011E-04 | 1.142E-03 30.06

20K | 140 | 0.879160 | 8.080E-04 | 6.845E-05 | 8.109E-04 83.65

Discretization | 40K 200 | 0.879244 | 5.637E-04 | 4.924E-05 | 5.659E-04 235.91
I 100K | 310 | 0.879535 | 3.659E-04 | 3.103E-05 | 3.672E-04 920.84
00K | 707 | 0.879721 | 1.677E-04 | 1.393E-05 | 1.683E-04 | 10424.40

10K 100 | 0.878690 | 1.141E-03 | 9.952E-05 | 1.146E-03 30.65

20K 140 | 0.879160 | 8.056E-04 | 6.954E-05 | 8.086E-04 82.24

Discretization | 40K 200 | 0.879386 | 5.673E-04 | 4.924E-05 | 5.694E-04 234.27
IT 100K | 310 | 0.879494 | 3.661E-04 | 3.111E-05 | 3.675E-04 912.30
00K | 707 | 0.879697 | 1.652E-04 | 1.396E-05 | 1.658E-04 | 10240.42

10K | 100 | 0.878723 | 1.137E-03 | 9.881E-05 | 1.141E-03 29.16

20K 140 | 0.879076 | 8.096E-04 | 7.052E-05 | 8.126E-04 82.27

Discretization | 40K 200 | 0.879278 | 5.674E-04 | 4.996E-05 | 5.652E-04 237.06
III 100K | 310 | 0.879505 | 3.661E-04 | 3.121E-05 | 3.650E-04 916.99
500K | 707 | 0.879716 | 1.652E-04 | 1.391E-05 | 1.658E-04 | 9733.03

Table 4: Simulation results under the model (42) for a bond with maturity 7" = 3 years.
The parameter values are Xy = 0 = 0.0422, k = 0.0117, 0 = 0.013, Ay = 0.011, A; = 0.1,
a = 0.0113, 8 = 0.0312. The true value of the bond is 0.879872.

8 Conclusion

This paper develops and evaluates an acceptance/rejection algorithm for the exact sam-
pling of a one-dimensional jump-diffusion with state-dependent drift, volatility, jump in-
tensity, and jump size. The algorithm requires the drift function to be C1, the volatility
function to be C?, and the jump intensity function to be locally bounded. It can be used
to treat functionals depending on a skeleton of the jump-diffusion, the complete path of
the jump component, a hitting time, the value of the jump-diffusion at the hitting time,
and the exponential of the integrated jump-diffusion. The exact method leads to unbi-
ased simulation estimators of security prices, transition densities, hitting probabilities and
other quantities. Numerical results illustrate the behavior of the exact method.

A Likelihood ratio formula

We provide a formula for the likelihood ratio required in the acceptance test described
in Section 5.3. Recall that the transformed process Y solves the SDE (7), and that the
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Figure 7: Convergence of the RMSEs for the bond in Table 4.

unit-diffusion Y solves the SDE (17). Let (F;);>0 be the filtration generated by Y. For
some s > 0, fixing Y; = y, we are interested in sampling the values Y; from ¢ = s up to
the first exit time of Y from the interval [y — 0,y + 6], where 6 > 0.

Without loss of generality, we take Dy = [y,00). Fix § > 0 such that —0 > y.
Consider the exit time ¢ = inf{t > s : |Y; — y| > 6}. Let P = P, be the P-law
on the o-field Fire of the path {Yyre,s < u < t A (). We provide a formula for the
likelihood ratio between P and an equivalent measure Q = Qyss,t) 00 ﬁmg under which

{Yure, s <u < tA(}is apath of a standard Brownian motion stopped at .

Proposition A.1. Suppose the jump-diffusion X satisfies Assumptions 2.1 and 2.2. Then
for any event B € Fine we have the formula
P(B
(B) J
Q(B)

where WQ is a Q-Brownian motion starting at W& = 0 and 7 = inf{t > 0: |W,| > 6}.

— 5 [oxp (A4 W) — A0 - [ oty + W

Proof. Consider the supermartingale Z = (Z;);>, defined by

tAC 3 1 tAC 3
Zy = exp (—/ py (Y)dW,, — 5/ uyz(Yu)du> ) (51)

From Assumption 2.1 it follows that py is continuous on the interior of Dy. Since by
definition of ¢ and the choice of 6, Y, € Int Dy for all u < ¢, uy?(Y,) is bounded from

below and from above for u < (, and so is uy(Y,). If we define My to be the max of
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Method Trials | Steps | Value Bias SE RMSE | Time (sec)
10K | N/A | 0.001202 0 6.225E-05 | 6.225E-05 16.17
20K | N/A | 0.001234 0 4.490E-05 | 4.490E-05 33.71
Exact 40K | N/A | 0.001257 0 3.170E-05 | 3.170E-05 64.02
100K | N/A | 0.001202 0 1.989E-05 | 1.989E-05 155.01
500K | N/A | 0.001203 0 8.844E-06 | 8.844E-06 | 773.53
10K 100 | 0.001171 | 2.301E-05 | 6.176E-05 | 6.591E-05 28.39
20K 140 | 0.001134 | 1.223E-05 | 4.173E-05 | 4.349E-05 7773
Discretization | 40K 200 | 0.001234 | 7.181E-06 | 3.151E-05 | 3.231E-05 221.58
I 100K | 310 | 0.001201 | 5.544E-06 | 1.948E-05 | 2.025E-05 918.79
500K | 707 | 0.001205 | 4.765E-06 | 8.762E-06 | 9.974E-06 | 9690.47
10K 100 | 0.001221 | 2.121E-05 | 6.225E-05 | 6.577E-05 28.65
20K 140 | 0.001207 | 1.452E-05 | 4.375E-05 | 4.610E-05 79.14
Discretization | 40K 200 | 0.001139 | 1.151E-05 | 2.996E-05 | 3.209E-05 224.72
I1 100K | 310 | 0.001229 | 7.445E-06 | 1.999E-05 | 2.133E-05 | 884.63
00K | 707 | 0.001217 | 7.473E-07 | 8.837E-06 | 8.869E-06 | 9823.68
10K | 100 | 0.001198 | 2.335E-05 | 6.103E-05 | 6.534E-05 30.63
20K 140 | 0.001180 | 7.036E-06 | 4.258E-05 | 4.316E-05 85.04
Discretization | 40K 200 | 0.001179 | 6.606E-06 | 3.055E-05 | 3.126E-05 243.78
III 100K | 310 | 0.001196 | 6.437E-06 | 1.955E-05 | 2.059E-05 968.95
500K | 707 | 0.001197 | 2.045E-07 | 8.744E-06 | 8.746E-06 | 9893.69

Table 5: Simulation results under the model (42) for a cap with maturity 7" = 3 years,
strike K = 0.05 and annual payments. The parameter values are Xy = 6 = 0.0422,
k =0.0117, 0 = 0.013, Ag = 0.011, A; = 0.1, « = 0.0113, # = 0.0312. The true value of
the cap is 0.001196.

|y (2)| over z € [y — 0,y + 0], then

L[, 1
E [exp (5/ uf/(YuAC)du)} < exp <§M32,t> < 00
0

for any t. Thus Novikov’s condition holds, guaranteeing that Z is a martingale. Moreover,

since py (Yune) < My < oo almost surely, Z; > 0 almost surely, so the process 1/7 is
well-defined.
Take dQ = Z,dP. By Girsanov’s theorem, under Q, the process

B tAC B B
W2, = Win + / iy (V)du = Vine, £ 5

is a standard Brownian motion started at W2 = Y, = y and stopped at time 7 = inf{t >
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Figure 8: Convergence of the RMSEs for the cap in Table 5.

s:|W2 —y| >0} =¢. Thus

1 tAC _ B B 1 tAC _
e ([ Rt - B + 5 [ ()
t s S

Applying It6’s formula to 1/Z we obtain

tAT _ 1 tAT
AWE) = AW + [ i (WRE 5 [ ()

so that, for ¢ = (uy? + p1y") /2,

7= e (4075 a0v) - [ sovian).

t

By the translation property, VVtQ = WtQ — gy is a Q-Brownian motion starting at
W2 = 0. Moreover, 7 = inf{t > s : [W;| > 0} = 7 almost surely. Thus

dP 1 Q n Q
A (A(y + Wir,) — Aly) — / oy + W, )dU) ~
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Finally, for any set B € Fi¢, we get

P(B) = E%(1351/Z,)
= E%(1/Z,| B)Q(B)

~ 5 e (A + W8 - A - [ o0+ W) | 5] o

This proves the likelihood ratio formula. m
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