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Credit risk

• The distribution of financial loss due to a broken financial

agreement, for example

– Agency downgrade

– Chapter 11

– Failure to pay according to schedule

• Pervades virtually all financial transactions

• A credit derivative is a security that facilitates the distribution of

credit risk

Kay Giesecke
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Outline

1. Motivating Example: Credit Default Swap (CDS)

2. Point processes

(a) Transform

(b) Simulation

3. Corporate Bonds and CDS

4. Index Swaps and Tranches
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References

• We will closely follow my 2009 article “An Overview of Credit

Derivatives,” which is available on my website

www.stanford.edu/∼giesecke along with these slides

• We will provide detailed references

Kay Giesecke
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Credit default swap
Mechanics
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Credit default swap

Swap legs

• A CDS is a bilateral over-the-counter transaction

– Default leg

The protection seller compensates the protection buyer for the

loss if the reference entity experiences a credit event before the

maturity of the contract

– Premium leg

The protection buyer pays a quarterly fee, called the CDS

spread and stated as a fraction of the notional per annum,

until the credit event or maturity, whichever is first

• The fair spread equates the values of the two legs

Kay Giesecke
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Credit default swap

Transfer of credit risk

• Position of parties

– The protection buyer is short credit without the risk of short

squeezes or repo specials

– The protection seller is long credit

• Similar to an insurance contract, with the difference that the

protection buyer often has no relation to the reference entity

– New regulation is underway regarding naked positions

• No upfront notional is exchanged–the transaction is unfunded and

therefore off-balance sheet

Kay Giesecke
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Credit default swap

Applications

• Hedging

– A bank may obtain regulatory capital relief by buying

protection on a loan it has made

• Speculation

– A fixed-income investor can assume credit exposure by selling

protection without having to fund a cash bond purchase

– An investor buying protection bets that the credit risk of the

reference name increases

– Off-balance sheet

Kay Giesecke
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Credit default swap

Example

• A protection buyer purchases 5yr protection on a corporate name

with notional $10m at an annual spread of 300bp

• After 3 months, the protection buyer makes the first payment,

roughly equal to $10m× 0.03× 0.25 = $75, 000

• The reference name defaults 1 month after the first payment and

the reference obligation has a recovery rate of 45%

– The protection seller compensates the protection buyer for the

loss by paying $10m× (100%− 45%) = $5.5m at default

– The protection buyer pays the accrued premium, roughly equal

to $10m× 0.03× 1/12 = $25, 000, at default

• The contract expires

Kay Giesecke
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Credit default swap

Cash flows to the protection buyer

Kay Giesecke
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Credit default swap

Reverse engineering

• Spreads for various maturities between 0.5 and 10 years are

quoted for a growing universe of reference names

• From market spreads we can infer a name’s risk-neutral probability

of default over future horizons

– Mark-to-market of credit swap positions

– Construction of forward spread curve

– Design of credit trading strategies

• Need a model for default timing and the loss at default

Kay Giesecke
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Point process

Basic setting

• Probability space (Ω,F ,P) with filtration F = (Ft)t≥0

• Consider a sequence of default stopping times (T k)k≥0

– 0 = T 0 < T 1 < T 2 < . . .

– limk→∞ T k =∞

• The stopping times generate the default process N by

Nt =
∑
k≥1

1{Tk≤t}

– N is non-explosive: Nt <∞ almost surely so an infinite

number of defaults cannot accumulate at a finite time

– N has the same information as (T k)

Kay Giesecke
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Point process

The sample paths of N are right continuous with left limits

Kay Giesecke
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Point process
Compensator and intensity

• The default process N is a submartingale:

Nt = E(Nt | Ft) ≤ E(Ns | Ft) t ≤ s

• The Doob-Meyer theorem guarantees that N = A+M where A

is a nondecreasing, right continuous predictable process called the

compensator and M is a (local) martingale

• The intensity process λ ≥ 0 generates A:

At =
∫ t

0

λs ds

• The intensity represents the mean arrival rate: for small ∆

λt∆ ≈ E(Nt+∆ −Nt | Ft)

Kay Giesecke
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Point process

The characteristic martingale

• Let ψ(u) = 1− e−u and define

Zt(u) = exp(ψ(u)At − uNt), u ≥ 0

• By Stieltjes integration by parts, Z(u) is a (local) martingale since

M = N −A is (local) martingale:

Zt(u) = 1− ψ(u)
∫ t

0

Zs−(u)dMs

• If E(exp(AT )) <∞, then (Zt(u))t≤T is a martingale

Kay Giesecke
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Point process

Poisson and doubly-stochastic Poisson process

• Suppose λ is deterministic: Then, by the martingale property of Z

E(e−u(NT−Nt) | Ft) = e−ψ(u)(AT−At)

Thus N has independent increments, NT −Nt ∼ Poi(AT −At),

so N is a Poisson process (one direction of Watanabe’s theorem)

• Suppose λ is allowed to be random, but such that conditional on a

path of λ, N is a Poisson process with rate function λ (two-step

randomization: doubly-stochastic Poisson process): Then

E(e−u(NT−Nt) | Ft) = E(E{e−u(NT−Nt) | Ft, (λs)t≤s≤T } |Ft)

= E(e−ψ(u)(AT−At) | Ft)

Kay Giesecke
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Point process transform
Measure change

• Since Z0(u) = 1, can use ZT (u) to define Pu ≈ P via

Pu(B) = E(ZT (u)1B), B ∈ FT

• Each Pu corresponds to a Laplace transform of A:

Lu(v, t, T ) = Eu(e−v(AT−At) | Ft), u, v ≥ 0

• Obtain the P-Laplace transform of N as

E(e−u(NT−Nt) | Ft) = E(e−ψ(u)(AT−At)e−u(NT−Nt)eψ(u)(AT−At) | Ft)

= E(e−ψ(u)(AT−At)ZT (u)/Zt(u) | Ft)

= Eu(e−ψ(u)(AT−At) | Ft)
= Lu(ψ(u), t, T )

Kay Giesecke
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Point process transform
Discussion

• The transform of N is given by the Pu-transform of A evaluated

at the characteristic exponent ψ(u) of the Poisson process

– The measure change absorbs any correlation between λ and N ,

and is therefore called the correlation-neutral measure

– It is redundant in the doubly-stochastic case

• Can be extended to a vector of correlated point processes and to

include a stochastic discount factor and random future cash flows,

see Giesecke & Zhu (2010)

• Transform of A is analogous to the price at time t of a security

that pays 1 at T when the risk-free interest rate is vλ:

Lu(v, t, T ) = Eu(e−
R T

t
vλsds | Ft)

Kay Giesecke
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Point process transform

Laplace transform

• Adopt models for λ from default-free security valuation

– Affine models, Duffie, Pan & Singleton (2000)

– Quadratic models, Leippold & Wu (2002)

– Linear-quadratic models, Cheng & Scaillet (2007)

• Girsanov’s theorem implies that

– The dynamics of any process that does not have jumps in

common with N are not adjusted

– The intensity of N under Pu is e−uλ

Kay Giesecke
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Affine point process

• Take λ = Λ(X) for Λ affine

• Under P, the risk factor X solves the SDE

dXt = µ(Xt) dt+ σ(Xt) dWt + δ dLt (1)

where µ, σ2 are affine functions

• Lt =
∑Nt

k=1 L
k is a (loss) point process whose jump times T k are

those of N ; random jump sizes Lk are iid with transform θ

– Self-exciting model

• From Duffie et al. (2000), know that for R affine

E(e−
R T

t
R(Xs)ds+zXT | Ft) = ea(t)+b(t)Xt

where b(t) = b(z, t, T ) and a(t) = a(z, t, T ) satisfy ODEs

Kay Giesecke
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Affine point process
Sample path of λ and L
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Affine point process

• Under Pu, the intensity is λe−u = Λe−u

• Applying the previous result,

Lu(v, t, T ) = Eu(e−v
R T

t
Λ(Xs)ds | Ft) = eα(t)+β(t)Xt

where β(t) = β(u, v, t, T ) and α(t) = α(u, v, t, T ) satisfy

∂tβ(t) = vΛ1 −K1β(t)− 1
2
H1β(t)2 − e−uΛ1(θ(δβ(t))− 1)

∂tα(t) = vΛ0 −K0β(t)− 1
2
H0β(t)2 − e−uΛ0(θ(δβ(t))− 1)

• The transform of N satisfies

E(e−u(NT−Nt) | Ft) = Lu(ψ(u), t, T )

= exp(α(u, ψ(u), t, T ) + β(u, ψ(u), t, T )Xt)

Kay Giesecke
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Point process simulation

Time change

• Meyer’s (1971) time change theorem asserts that the variables

Sk = ATk =
∫ Tk

0

λsds, k = 1, 2, . . . , n

are the arrival times of a standard Poisson process in the

time-scaled filtration defined by FAt

• Conversely, the kth default time is the hitting time of A to the

random level Sk

T k = A−1
Sk = inf

{
t :
∫ t

0

λsds ≥ Sk
}

• Implementation: discretization of λ

Kay Giesecke
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Point process simulation
Paths of λt, At =

∫ t
0
λsds and arrivals for the affine model (1)
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Point process simulation
Discussion

• Due to discretization of λ, simulation estimators are biased

– Magnitude of bias is hard to quantify

– Difficult to obtain valid confidence intervals

– Difficult to determine optimal allocation of computational

budget

• Exact methods eliminate the need to discretize λ

– Thinning scheme: Lewis & Shedler (1979), Glasserman &

Merener (2003) for bounded λ and Giesecke, Kim & Zhu

(2010) for general case

– Projection method: Giesecke, Kakavand & Mousavi (2010)

– Mimicking Markov chain method: Giesecke, Kakavand,

Mousavi & Takada (2010)

Kay Giesecke
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Valuation

Alternative formulations of the pricing problem

• Model the point process N under the actual measure that

represents the empirical likelihood of events, and then specify the

change of measure to a risk-neutral measure

– Pricing and empirical time series applications that require risk

premia specifications (as in Berndt, Douglas, Duffie, Ferguson

& Schranz (2005), Eckner (2007), and Azizpour, Giesecke &

Kim (2011))

• Model the point process N under a risk-neutral measure

– Pricing applications

Kay Giesecke
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Single-name valuation

• Let P be a pricing measure relative to a constant risk-free rate r

• The issuer’s default time is the first jump time T 1 of N ; the

corresponding default process is N1 = min(N, 1)

• The financial loss at default is modeled by an FT 1-measurable

random variable `1, which is independent of T 1 and has ` = E(`1)

• At any time t < min(T, T 1), the firm’s risk-neutral conditional

survival probability satisfies

P(T 1 > T | Ft) = P(NT = 0 | Ft) = lim
u↑∞
Lu(ψ(u), t, T )

= E∞(e−(AT−At))

where P∞(T 1 > T ) = 1

Kay Giesecke
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Corporate zero bond
A zero coupon bond with unit face value and maturity T pays

• The face value 1 at T < T 1

This has value F (t, T )P(T 1 > T | Ft), where F (t, T ) is the price

of a unit face value, T -maturity zero coupon government bond

• The recovery (1− `1) of face value at T 1 ≤ T
This has value

E(F (t, T 1)(1− `1)N1
T | Ft) = (1− `)Rt(T )

where Rt(T ) is the pre-default value of a unit recovery payment at

T 1 ≤ T . By Stieltjes integration by parts

Rt(T ) = E
(∫ T

t

F (t, s)dN1
s

∣∣∣Ft)
= F (t, T )P(T 1 ≤ T | Ft) + r

∫ T

t

F (t, s)P(T 1 ≤ s | Ft)ds

Kay Giesecke
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Corporate coupon bond
A corporate coupon bond with unit face value, annualized coupon rate

c, coupon dates (tm) and maturity T pays

• The coupon cCm at each tm < T 1 where Cm is the day count

fraction for period m (= portfolio of zero-recovery zero bonds)

• The face value 1 at T < T 1 (= zero-recovery zero bond)

• The recovery (1− `1) of face value at T 1 ≤ T

• The accrued coupon T 1−tm−1
∆m

cCm at T 1 if tm−1 < T 1 ≤ tm,

where ∆m = tm − tm−1

Its pre-default value is given by

F (t, T )P(T 1 > T | Ft) + cVt(T ) + (1− `)Rt(T )

where Vt(T ) is the risky DV01, the pre-default value of a unit stream

at coupon times (tm) until min(T 1, T ) plus any accruals

Kay Giesecke
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Credit swap

A credit swap with unit notional, annualized swap spread S, premium

payment dates (tm) and maturity T is a bilateral contract in which

• The protection seller pays the default loss `1 at T 1 ≤ T
This has pre-default value Dt = `Rt(T )

• The protection buyer pays the swap spread SCm at each

tm < T 1 plus any accruals

This has pre-default value Pt(S) = SVt(T )

The fair spread S equates the values of the default and premium legs.

Since there is no cash flow at inception, the fair swap spread at

inception date t is the solution S = St(T ) to the equation Dt = Pt(S):

St(T ) = `Rt(T )/Vt(T )

Kay Giesecke
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Credit swap

Notes

• St(T ) can be expressed in terms of P(T 1 > s | Ft) for various

s ≤ T , and the expected loss `

• Often traded in terms of points upfront

• We have ignored counterparty risk, the risk that the protection

seller fails with the reference entity

• Consider an investor who buys protection at t = 0 for the period

[0, T ] at a swap spread of S0(T ). The mark-to-market value of

the position at time t ≥ 0, when the market spread is St(T ), is

Vt(T )(St(T )− S0(T )) = Dt − Pt(S0(T ))

• Forward CDS and swaption: contracts on the mark-to-market

Kay Giesecke
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Credit swap

Market spreads on 9/8/2008 and implied P(T 1 > T ) for two firms,

assuming piece-wise constant intensity λ and ` = 0.6
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Credit swap
Bloomberg CDSW

Kay Giesecke
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Corporate defaults cluster
Value-weighted default rate 1865–2008, US nonfinancial (Source:

Giesecke, Longstaff, Strebulaev & Schaefer (2011))
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Sources of default clustering

• First, firms are exposed to common or correlated risk factors.

The movements of these factors cause correlated changes in firms’

conditional default rates (Duffie, Saita & Wang (2006))

• Second, some of the risk factors may be unobservable frailties.

The uncertainty regarding the values of these factors has an

influence on the conditional default rates of the firms that depend

on the same frailties (Duffie, Eckner, Horel & Saita (2009))

• Third, a default may be contagious, and have a direct impact on

the conditional default rates of other firms (Azizpour, Giesecke &

Schwenkler (2009))

Kay Giesecke
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Portfolio derivatives

• They facilitate the transfer of the correlated default risk in a

portfolio of names

– There are multiple families of standard reference portfolios,

called indices, including the CDX family (North American

issuers) and the iTraxx family (European and Asian names)

• They are contingent claims on the portfolio loss point process

L =
∑N
k=1 `

k where `k is the loss at the kth default

• The reference pool often consists of single-name CDS with

common notional that we normalize to 1, common maturity date

T and common premium payment dates (tm).

• We pursue a top-down approach, modeling the intensity λ of N

without reference to the n portfolio constituents

Kay Giesecke
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Index swap
In an index swap with swap spread S and maturity T ,

• The protection seller covers portfolio losses as they occur, i.e.

the increments of L; this leg has value

Dt = E
(∫ T

t

F (t, s)dLs
∣∣∣Ft)

= F (t, T )E(LT | Ft)− Lt + r

∫ T

t

F (t, s)E(Ls | Ft) ds

• The protection buyer pays SCm(n−Ntm) at each date tm; this

leg has value

Pt(S) = S
∑
tm≥t

F (t, tm)Cm(n− E(Ntm | Ft))

The fair index swap spread at time t is the solution S = St(T ) to the

equation Dt = Pt(S)

Kay Giesecke
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Index swap default leg

Kay Giesecke
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Tranche swap default leg

Kay Giesecke



An Overview of Credit Derivatives 40

Tranche loss = call spread on portfolio loss

Kay Giesecke
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Tranche swap
In a tranche with lower attachment point K ∈ [0, 1], upper

attachment point K ∈ (K, 1], upfront rate G, and swap spread S,

• The protection seller covers tranche losses

Ut = (Lt −Kn)+ − (Lt −Kn)+ as they occur; this has value

Dt(K,K) = F (t, T )E(UT | Ft)− Ut + r

∫ T

t

F (t, s)E(Us | Ft) ds

• The protection buyer pays GKn at inception and

SCm(Kn− Utm) at each date tm (assuming K < 1)

Pt(K,K,G, S) = GKn+ S
∑
tm≥t

F (t, tm)Cm(Kn− E(Utm | Ft))

For fixed G, the fair spread S is the solution S = St(K,K,G, T ) to

Dt(K,K) = Pt(K,K,G, S). For fixed S, the fair upfront rate G is

the solution G = Gt(K,K, S, T ) to Dt(K,K) = Pt(K,K,G, S).

Kay Giesecke
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Market calibration

Calibrating the affine model (1) to the CDX.HY on 5/11/2007, with

λ = X, where dXt = κ(c−Xt)dt+ σ
√
XtdWt + δdLt, the `k iid

uniform on {a, b} with E(`k) = 0.6

Contract MarketBid MarketAsk Model

0-10% 70.50% 70.75% 71.11%

10-15% 34.25% 34.50% 32.85%

15-25% 316.00 319.00 316.80

25-35% 79.00 81.00 81.47

Index 262.85 263.10 263.46

AAPE 1.47%

Kay Giesecke
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Market implied loss surface
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