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Abstract

Traditional cost-effectiveness analysis (CEA) assumes that program costs and benefits scale
linearly with investment—an unrealistic assumption for epidemic control programs. This paper
combines epidemic modeling with optimization techniques to determine the optimal allocation of
a limited resource for epidemic control among multiple noninteracting populations. We show that
the optimal resource allocation depends on many factors including the size of each population, the
state of the epidemic in each population before resources are allocated (e.g. infection prevalence
and incidence), the length of the time horizon, and prevention program characteristics. We establish
conditions that characterize the optimal solution in certain cases.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Epidemics of infectious diseases afflict millions of people worldwide. For instance, more
than 40 million people worldwide are infected with human immunodeficiency virus (HIV)
(World Health Organization, 20010ver 300 million cases of infection with sexually trans-
mitted diseases other than HIV occur worldwide each y&@érld Health Organization,
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1996. Some 8 million people become sick with tuberculosis each year, and 2 million peo-
ple die World Health Organization, 2000f resources are unlimited, then the optimal way

to allocate prevention funds is to spend enough money to reduce the disease transmission
rate to its lowest possible value. When resources are constrained, however, the solution is
no longer obvious. How should limited prevention funds be allocated in order to minimize
the growth of an epidemic?

This paper combines epidemic modeling with optimization techniques to determine the
optimal allocation of a limited resource for epidemic control. We consider a set of nonin-
teracting populations, each described by a simple (susceptible/infected) epidemic model.
Resources are to be spent to control transmission of the disease—in particular, to reduce
the rate of sufficient contacts between susceptible and infected individuals. (The sufficient
contact rate is defined as the average number of infecting contacts per infected person per
unit time.) We assume that the relationship between the reduction in the sufficient contact
rate in each population and the associated cost is described by a general cost function. The
goal is to minimize the total number of people who become newly infected over the time
horizon or to maximize the number of quality-adjusted life years gained, subject to a budget
constraint and limits on attainable sufficient contact rates in each population.

Resource allocation has been studied by economists and operations researchers for many
years (see for exampléi{llier and Lieberman, 1993; Varian, 19))8and much work has
been done analyzing mathematical epidemic modelsAederson and May, 1991; Bailey,

1979. However, only limited work on optimal resource allocation for epidemic control has
been done.

Cost-effectiveness analysis (CEA), a technique widely used to determine the worth of
individual health care interventions, is often used for health care resource allocation. An in-
cremental cost-effectiveness ratio (defined as the totalincremental cost associated with an in-
tervention divided by the total incremental benefits of the intervention) is calculated for each
possible health care intervention. Benefits are usually measured in terms of quality-adjusted
life years of survival so as to allow benefits for different medical conditions to be compared
in a single unit of measure. Under the assumptions that interventions are mutually indepen-
dent with no fixed start-up costs and with costs and health benefits that scale linearly, the
optimal allocation of resources is achieved by selecting interventions in increasing order of
their incremental cost-effectiveness rativgefnstein, 199h However, epidemics tend to
follow nonlinear growth curves, and incremental investment in an epidemic control program
may not yield constant reductions in the chance of disease transmission, so the assumption
of linear scaling of costs and health benefits may not be applicable to resource allocation
problems involving infectious diseases. League tables allow decision makers to compare the
cost-effectiveness ratios of several interventions. However, league tables frequently show
only one level of program expansion, and therefore may be inappropriate for considering
different levels of investment in competing epidemic control programs.

Stinnett and Paltiel (199&)resented several linear programming models that overcome
these limitations (e.g. they allow for piecewise linear cost functions and linear scaling of
cost functions following a fixed start-up cost). The goal is to maximize the sum of health
benefits subject to a budget constraint. Such a framework has several drawbacks. The mixed
integer-linear programming framework may not be applicable to epidemics with nonlinear,
time-varying growth rates. Integer programming models are NP-lzaicefy and Johnson,
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1979 and thus may be computationally intractable. In addition, such models offer little
chance for developing insights regarding the optimal allocation of resources. Other linear
and integer programming models for health care resource allocation problems have also been
proposed (e.gChen and Bush, 1976; Gafni and Birch, 1993; van Zon and Kommer)1999

Anumber of researchers have applied control theory to simple epidemic models, assuming
a single population (e.dglount et al., 1997; Greenhalgh, 1986; Greenhalgh, 1988; Muller,
1998; Sethi, 1974; Sethi, 1978; Sethi and Staats, 1978; Wickwire,) 1&kamples of
controlstypically considered include vaccination of susceptilides€nhalgh, 1986; Muller,

1998, treatment or removal of infectious persot@éenhalgh, 1988; Sethi, 197&nd
reduction in the sufficient contact rate between susceptibles and infectious p&teamd (

etal., 1997; Sethi, 1974; Sethi and Staats, 1978; Wickwire, 19hé goal is to determine

the optimal control (for example, the optimal vaccination rate) over time. For analytical
tractability, most analyses assume a single type of control (thus only one parameter is
affected by the control). A typical objective might be to minimize the cost of control (e.g.
immunization cost plus the fixed cost of establishing the immunization program) plus the
cost associated with the number of individuals who become infected. With the exception of
the fixed cost of establishing a control program, costs are usually assumed to be linear: the
cost of control is a constant multiplied by the affected parameter, and the cost of disease is
a constant multiplied by the number of individuals who become infected. Our work differs
in two key ways: we consider multiple population subgroups, and we assume a general
relationship between level of control and cost of control.

Another type of analysis considers allocation of resources among different population
subgroups with the goal of disease eradication (reducing the disease equilibrium in each
population to zero) (e.dvlay and Anderson, 1984r optimization of some function of the
equilibrium state of the epidemic (e.gethcote and Van Ark, 1987; May and Anderson,
1984). Our work assumes a finite time horizon, with the objective of minimizing the number
of new infections that occur or maximizing the number of quality-adjusted life years gained.

Some researchers have used numerical analysis of sophisticated epidemic models to ad-
dress resource allocation questions, but have not developed analytical results characterizing
the optimal allocation of resources. One common approach applies simulation to com-
pare a limited set of resource allocation alternatives @egnstein et al., 1998; Hethcote,
1982; Hethcote and Yorke, 1984; Robinson et al., }98%other approach applies simu-
lation and numerical analysis to consider all possible resource allocation alternatives (e.g.
Longini et al., 1978; ReVelle et al., 1969; ReVelle and Male, 1970; Richter et al.)1999

Many approaches to the resource allocation problem assume alinear relationship between
funds expended and transmission reduction. For exanifabn (1996)considered the
impact of targeting HIV prevention resources to noninteracting populations. The analysis
implicitly assumed linear cost functions, and considered only “all-or-nothing” solutions.
Our analysis allows for a general relationship between funds expended and transmission
reduction, and is not limited to all-or-nothing solutions.

Recent studies of resource allocation for epidemic control in multiple populations have in-
corporated more general cost functions for prevention progrdapgan (1998 andKaplan
and Pollack (1998¥iscussed a dynamic programming method for resource allocation.
Richter et al. (19993eveloped a model for allocating resources between two independent
populations (injection drug users and nonusers) based on a framework develdtiedtby
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(1996) andZaric and Brandeau (2001d¢veloped a model for allocating resources among
several HIV prevention programs in a population of injection drug users and nonusers. Both
models were solved numericalaric and Brandeau (2001B&)rmulated a general model

for allocating epidemic control resources among interacting populations and interventions
over short time horizons. The problem is intractable even for small problem instances, so
the authors developed approximations to the problem. They also developed some analyti-
cal results and approximation algorithms for a version of the problem in which epidemic
control resources can be reallocated dynamicalbric and Brandeau, 20D3

In this work we shall use a simplified epidemic model and concentrate on developing
theoretical results concerning the structure of optimal resource allocation policies. Previ-
ous work provided methodology for solving specific problem instances; the present work
provides more general guidance on the resource allocation problem.

The remainder of this paper is organized as follows: we formulate the resource allocation
problem inSection 2 In Section 3we analyze the problem. We show that, in general, the
problem is neither convex nor concave in the allocation variables. Moreover, the optimal
resource allocation cannot always be simply stated as a function of a few problem parame-
ters. Rather, the optimal resource allocation depends on the length of the time horizon, the
size of each population, characteristics of the epidemic in each population before resources
are expended, the cost functions for the prevention programs, and limits on attainable trans-
mission rates. We present general results that characterize the optimal resource allocation
in certain cases. We conclude with discussioSéction 4

2. Problem statement

Consider an epidemic that existshMhdistinct populations. These populations can also
be considered a4 distinct, noninteracting subgroups of a larger population. The epidemic
within each population is described by a basic susceptible/infective (SI) epidemic model
with two disease stages (susceptible and infected) and a constant population size (the rate
of entry into the population equals the rate of exit from the population). The disease has no
incubation period and, once infected, a person can transmit the disease continuously. There
is no recovery from the disease. To specify the model, let

A; = sufficient contact rate in population A; > 0

8; = replacementrate in populatiogn §; > 0

Si(t, ;) = fraction of populatiori thatis susceptible at time
given sufficient contact ratg

I;(t, A;) = fraction of populatiori thatis infected attime
given sufficient contact rate

fori =1,...,M,t > 0. We assume thal;(s, »;) € [0,1) and [;(z, ;) € (0,1]. The
sufficient contact ratg; is defined as the average number of infecting contacts per infected
person per unit time. That is, each infected individual will have on averagentacts per
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unit time that may lead to infection. Assuming that the population is homogeneous and
mixing uniformly, a proportiors;(z, A;) of those contacts will be with individuals who are

not infected. Since there argt, A;) infected individuals in the population at timehe rate

of infections per unittime equals!;(-)S(-) (Bailey, 1979. The replacement raté,, is the

same for both infected and susceptible individuals and is assumed to be constant. Assuming
the same exit rate for both infected and susceptible individuals is reasonable when either
the probability of death due to the disease is small, or death due to infection is inevitable
but occurs reasonably far into the future. The assumption of a constant replacement rate
may be reasonable when the time horizon is relatively short, on the order of years rather
than decades. The population size is constant, so

Li(t, ) + Si(t, A) = 1. 1)

The differential equations that describe this model Bagléy, 1979:
ds;
—— (6, Ai) = =A@, A) Si (8, M) + i — 8iSi(, 1)
dr @)

dr;
E(L Ai) = AL, A)Si(E, ) — 81 (2, )

We definely; = I;(0, ;), and we assume thas; € (0, 1). The solution tdeq. (2)is (Bailey,
1975:

(i — 8;) loi €% 7%

for A; #£6;
Toiri(€%i=801 — 1) + (A — &; L
L:(t, 1) = 0i Iz( ) + (A i) (3)
0i
—_— for &; = §;.
Igidit +1 ! !

The quantityrg; = 1;/8; corresponds to the reproductive rate of infection in population
it is the eventual number of new infections caused by one infected person. Ay/herl,
the steady-state (equilibrium) infection prevalence in populati@s: — oo) is given by
1— (1/rg); whenrg; < 1, the prevalence goes to zeroras co.

Resources spent combating the epidemic are assumed to affect only the sufficient contact
rate of the disease, and we assume that money spent on lowering the sufficient contact
rate in one population does not affect the sufficient contact rate in another population. This
latter assumption may not always be realistic: for example, television commercials aimed
at one target population can also affect another population, and the correlation can be either
positive or negative. However, due to the complexity of the correlations and the difficulty
of establishing their values in a real situation, the assumption of independence is made.

We consider two possible objectives for the resource allocation problem: that of minimiz-
ing the number of new infections, and that of maximizing the number of quality-adjusted
life years (QALYs) gained. Minimizing the number of new infections that occur is a nat-
ural objective for an epidemic control program; we also consider the objective of max-
imizing QALYs gained, as it is the recommended measure of benefit in applications of
cost-effectiveness analysis to health and medidBad et al., 1995 These quantities are
measured over a given time horizon, from now, time zero, dntiine units in the future
(T > 0).
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For each population the number of new infections that occur (calculated as the ratio of
the number of new infections to the total population size) can be written as:

T Td7. . T
NI; (&) = / AiLi(t, A) Si(e, &) df = / %dl + 5i/ Iz, 2) dt 4)
0 0 0

The first term in (4) can be rewritten as:
T dr;(z, A;
f A2 4y — 11, 20) - T 5)
0 dr
wherel; (T,A;) is given by (3). Let

T
Gi(x) = 3i/ Ii(t, A7) dt
0

8i Ai — 8;) + Ioiri(e*i—00T — 1
_lln (1 z)+ 0i z(e ) forki;é8i
=1 Ai Ai — 6 . (6)
In[8;Io; T + 1] for A; = §;
Substituting (5) and (6) into (4) yields the following expressionNbi(A;):
NI;(Ai) = (T, i) — Toi + Gi(Ai) (1)
Toi(hi — 8;) @907 I
Ailoi €T )+ (=)
8i | i —8i) + loiri(€H 5T — 1)
= —In for A; # §; 8
+o [ - i # 8 (8)
L — o +In(8; I, T + 1) for A; = §;
8iloiT + 1
We definel. = (A1, ..., Apy) and we lelN; denote the size of populatidnThe total number
of newly infected people up to tiniein theM populations is
M
INF(2) = > NN (%) (9)
i=1

The number of QALYs gained equals the number of QALYs experienced in the population
when resources have been allocated to reduce the sufficient contact rates minus the number
that would have been experienced with no resources allocated. The latter quantity is a
constant, so the objective of maximizing the number of QALYs gained is equivalent to
maximizing the number of QALYs experienced up to timeWe letg;1 € (0, 1) denote

the quality adjustment for life years lived by susceptible individuals in populatiol let

gi2 € (0, gi1) denote the quality adjustment for life years lived by infected individuals in
populationi. We assume that quality of life is higher for susceptible individuals than for
infected individuals; thug;1 > ¢;2. The number of QALYs experienced in population
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over the time horizon (calculated as the ratio of the number of QALYs experienced to the
total population size) is

T
0,(\) = ./o [gi1Si(t, X)) + qi2Ii (¢, A)] dt (10)

Substituting (1) into (10), we can rewri€ (1;) as

o — g
0ik) = gnT + 2212601, (12)

13
Eq. (11)is analogous to the expression fdt;(A;) in (7). The total number of QALYs
experienced up to tim&in theM populations is

M
Q@) =) NiQi(h). (12)
i=1

The goal of the resource allocation problem is to minimize (9) or maximize (12) subject
to constraints on the attainable sufficient contact rates in each population and subject to
a budget constraint. We assume that both upper and lower limits on the attainable suffi-
cient contact rates exist. We lgg; denote the sufficient contact rate in populatiat time
0, given no investment in the prevention programs. We assume that the lowest attainable
sufficient contact rate in populatians a;, where 0< a; < Ag; (improvement is possible
in every population). This lower limit could arise through resource constraints, considera-
tions of epidemic virulence and modes of infection transmission, life spans of the infected,
relative successfulness of interventions, and/or human behavior modification concerns and
feasibilities.

We assume that it costs(};) to attain sufficient contact ragg in populationi, and the
total amount of available funds & Transient effects are not considered: in effect, the cost
function c;(2;) is the net present cost of immediately achieving sufficient contact\fate
and maintaining that rate until timé. We assume that for eadhthe functionc;(1;) is
continuous and differentiable faf < A; < Ag; and thatc;(Lg;) = 0. The functions;(A;)
are assumed to be strictly decreasing,in

Examples of possible cost functions are showifrig. 1. The function inFig. 1acor-
responds to a prevention program with constant returns to scale: each incremental dollar
spent on prevention yields the same incremental reduction in the sufficient contact rate.
The function inFig. 1bcorresponds to a prevention program with decreasing returns to
scale: for each incremental dollar spent on prevention, the corresponding reduction in the
sufficient contact rate decreases. This may occur, for example, if individuals reached as a
program expands are increasingly less likely to reduce their risky behavior. The function in
Fig. 1lccorresponds to a prevention program with increasing returns to scale: incremental
investment in the prevention program leads to increasingly larger reductions in the suffi-
cient contact rate. This may occur when a critical level of investment must be reached before
significant levels of behavior change begin to accrue, or in situations where peer pressure
plays a role in causing individuals to change their behavior. The cost cuig.ofdin-
corporates both of these properties: the prevention program has increasing returns to scale
for low levels of investment, but then for a large enough investment the program begins to
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ci(A) A ci(Ai) A

» A » A
@ 0 a Aoi by 0 a Aoi
c(A) A ci(A) A

» A > i
© 0 a Aoi d 0 a Aoi

Fig. 1. Examples of possible cost functiané:;).

have decreasing returns to scale. Such a cost curve may be appropriate for many types of
prevention programs. Other cost functions are also possible.
The budget constraint is written as:

M

Zci (Ai) < B. (13)

i=1

When (13) holds as an equality, we say that the budget constraint is binding. We assume

that "™, c;(a;) > B; the budget is not sufficient to reduce all transmission rates to their
lowest achievable level.

With the above definitions, the resource allocation problem can be written as:

M
RA: Mmi’rlM INF(L) = ;Nim,-(x,-) (9)
or
M

RA: =) NiQi 12
,nax 0@ ; Qi(h) (12)
M

st. Y ci(h) < B (13)
i=1

a <M =<hiy i=1....M (14)
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3. Analysis of theresource allocation problem

We now analyze the probleRA. All proofs are inAppendix A We first establish prop-
erties of the objective functions.

Lemma 1.

(i) INF(») and Q(a) are continuousin A and strlctly posmve
(i) INF () isstrictlyincreasingini;fori=1,..., M;
(i) Q(u) isstrictlydecreasingini; fori=1,..., M;
(iv) INF(2) and Q(2) arein general neither convex nor concavein A.

Because of. emma 1(ii) and (iii) and our assumption that the budget is not sufficient
to reduce all transmission rates to their lowest value, the budget constraint is binding in
an optimal solution tdRA. Thus, for the remainder of this paper, we will assume that the
budget constraint is binding. We will refer to valuesiofs the solution to the resource
allocation problem, with the understanding that gi%grthe associated level of expenditure
on population (the resource allocation) can be calculated from the funa}ipn).

In general INKX) andQ () may be convex, concave or neither. Examples for(NFor
the case of two populations (assuming linear cost functions, and assuming that the entire
budget is spent) are shownhiig. 2; examples forQ (1) are shown irFig. 3. Below we will
establish conditions under which convexity (concavity) of the two objective functions and
the overall probleniRA do hold.

To characterize the optimal solution®#, we define Lagrange multipliets g;, andy;,
i=1,..., M, and form the Lagrangian:

M M
Lo B,y) = ZNiJi()\i) +a |:B - Zci()\i)j|
i—1

i=1
M M

+ Y [Bi(—ai + )] + Y _[yiChoi — )]
i=1 i=1

whereJ;(1;) denotes the objective function elem&it(;) or Q;(A;). The first-order nec-
essary conditions (FONCSs) for optimality BA are

aJi(Ai) o dci(Ai)
oA oA

M
o [B - Zci(m} =0
i=1

Bi(—ai+x1)=0 i=1,....M
vilhoi —A) =0 i=1...,.M
05,/3,7/1‘20 l=l,,M

+B8i—yi=0 i=1....M
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Fig. 2. Examples of INR(), assuming two populations and linear cost functigngr;,) = (0.1 — 1;)/
(N;/0.010227), with A = cgl (B — c1(*1)) andB set so that1(0.049) = B, and withN; = 1000,N, = 1010,
81 = 82 = 0.04, 101 = Ao2 = 0.1, Iog = Ip2 = 0.1. ForFig. 23 T = 10; ForFig. 2b T = 78; for Fig. 2¢g
T = 300.

The optimal solution t&RA satisfies these FONCs. However, finding the valués of{; }
and{y;} that satisfy these conditions may be computationally difficult. One can use nu-
merical methods to find local optima.

Although RA is based on one of the simplest possible types of epidemic models, the
behavior of the objective functions as a functionaas complex. In general, the optimal
solution toRA cannot be characterized intuitively: the optimal solution depends on the length
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Fig. 3. Examples of Q(), assuming two populations and linear cost functi@ps.;) = (0.1—2;)/(N;/0.010227),
with Ao = Cgl (B — Cl()\.l)) andB set so that1(0.049) = B, and WithN]_ = 1000,N> = 1010,61 = 82 = 0.04,
ro1=Xro2=0.1, 101 = Io2 = 0.1,q11 = g21 = 1,q12 = q22 = 0.7. ForFig. 33 T = 10; forFig. 3b T = 95;
for Fig. 3¢ T = 300.

of the time horizon; the relative sizes of the populations; the initial infection prevalence,
sufficient contact rate and replacement rate in each population; the cost functions; and limits
on attainable transmission rates. For instance, in the example shévg 2@ the minimum

value of INH(A) occursakq = 0.075. Ifa; = 0.075 (i.e»1 cannot be reduced below 0.075),
then it is optimal to invest as much of the budget as possible in Population 1, whereas if
a1 < 0.075, it is not optimal to invest as much as possible in Population 1. The example



586 M.L. Brandeau et al./ Journal of Health Economics 22 (2003) 575-598

of Fig. 2aassumeg’ = 10. When the time horizon is longer (e.g. asig. 2b and §, it is
optimal to invest less in the program targeted to Population 1; the minimum value GEYNF
occurs at a value larger than = 0.075. For a long enough time horizon, it is optimal to
invest as much as possible in the program targeted to Population 2. One can readily develop
examples showing that it is not necessarily optimal to invest the most amount of money in
the largest population, nor in the population with the largest initial sufficient contact rate,
nor in the population with the highest initial infection prevalence. The examplegef 2
and 3assume specific linear cost functions. If the prevention program cost functions are
different from those, the optimal allocations will also change.

We now present some results that characterize the optimal solutiBA-tefor both
objective functions—when the time horizdnis sufficiently long. The following lemma
provides the foundation for Theorems 1-3 below.

Lemma 2. For T sufficiently large:

() NI;(%;) isconcavein A; and Q;(%;) isconvexin A; for A; > 6;;
(i) NI;(A;) isconvexin A; and Q;(;) isconcavein A; for A; € (max(R1, a;), Min(R2, §;))

where
32— Ip) — /912 — 4Ip + 4
R1 =36
8(1— Io)
32— Ip) + /912 — 4Ip + 4
Ry =46 .
2 8(1— Io)

Lemma 2(i) says that over regions af for which the reproductive rate of infection in
populationi is greater than one, the total number of new infections in populationT
sufficiently large is a concave functionof, and the total number of QALYs experienced is
a convex function of;. Lemma 2(ii) establishes a region af for which, forT sufficiently
large,NI;(%;) is convex inA; andQ;();) is concave im;. We suspect, but were unable to
prove analytically, that fof sufficiently largeNI;(1;) is convex iny; andQ;(%;) is concave
in A; for all values ofi; < §;; however, we were unable to generate examples faor §;
for which convexity ofNI;(A;) and concavity of);(1;) did not occur fofT sufficiently large.

The objective of maximizing QALYs (mag (1)) can be equivalently written as one of
minimizing the negative of the QALY function (minQ (4)). With this transformation, and
the properties establishedliemma 2 it is clear that the convexity and concavity properties
of the overall problenRA will be the same for the two objectives. Theorems 1-4 establish
properties oRA and its optimal solution, for both objectives. The results are summarized
in Table 1 We say that a point is an extreme point of the feasible region of solutions if it is
not a linear combination of any two other points in the region.

Theorem 1. For both objective functions, if the cost functions c;(%;) are convexin A; and
ifa; > 6;fori =1,..., M, then for T sufficiently large, the optimal solution to RA is an
extreme point of the feasible region where the budget constraint is binding.
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Table 1
Summary of analytical resufts

Cost function characteristics

Epidemic characteristics

a; > §; for alli

Reproductive rate of infection
greater than one in all
populations

Epidemic in each population has
increasing returns to scale with
respect to;

R1 < a; < Ao < Min(R2, §;) for
all i

Reproductive rate of infection
less than one in all populations

Epidemic in each population has
decreasing returns to scale
with respect to\;

a; > &; for somei;
R1 < a; < Agi < mMin(Rz, §;)
for otheri®

Reproductive rate of infection
greater than one in some
populations, less than one in
other populations

Epidemic in each population has
increasing returns to scale with
respect to,; in some
populations, and decreasing
returns to scale with respect to
A; in other populations

Convex cost function
(constant or decreasing
returns to scale of; with
respect ta;)

Minimize a concave function
over a convex region
Theorem 1optimal

allocation is an extreme point
of the feasible region; may
involve sharing resources
among populations

Minimize a convex function
over a convex region
Theorem 3optimal

allocation is an extreme point
of the feasible region; may
involve sharing resources
among populations

Concave cost function
(constant or increasing
returns to scale of; with
respect ta;)

Minimize a concave function
over a nonconvex region
Theorem 2optimal
allocation is an all-or-nothing
type of solution (invest as
much as possible in certain
populations)

Minimize a convex function
over a nonconvex region
Optimal allocation cannot be
easily characterized

Theorem 4allocate as much as possible to those populations
with reproductive rate of infection greater than one; if funds
remain, allocate to the other populations

aAll results assume a sufficiently long time horizon, and hold for both objective functions (minimizing the
number of new infections or maximizing the number of quality-adjusted life years gained). An extreme point of
the feasible region of solutions is a point that is not a linear combination of any two other points in the region.
PR, andR; are as defined ihemma 2(ii).

When Theorem lapplies, one could solvBA by applying specialized algorithms for
finding the minimum of a concave function over a convex region (dayst and Tuy,
1996. The result ofTheorem 1can be interpreted as follows: for a sufficiently long time
horizon, when the number of new infections in any populati@r the number of QALYS
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experienced) exhibits increasing returns to scale with reductioks(imhich occurs when

the reproductive rate of infection is greater than one), and the prevention programs have
constant or decreasing returns to scale (i.e. convex cost functions), then the resource alloca-
tion problem is complex and depends on the specifics of the cost functions and the growth
of the epidemic in each population. The optimal solution may be a greedy solution, but

it may also involve sharing of resources among populations. A general intuitive statement
of the optimal allocation of resources is difficult wh&€heorem lapplies. Only in special

cases will a greedy algorithm yield the optimal allocation of resources.

Theorem 2. For both objective functions, if the cost functions c;(A;) are concavein ; and
ifa; > §;fori =1,..., M, then for T sufficiently large, the optimal solution to RA, A*,
occurs at an extreme point of the feasible region where the budget constraint is binding,
and satisfiesA* € (a;, Ag;) for at most one population i; for all other populationsi, 1 = a;
or io;.

To find the optimal resource allocation wh&heorem 2applies, we can compare the
values of INFL) (or O (1)) evaluated at the finite number of points of the feasible regian of
that satisfy the theorem statement and select as the solution the point that yields the smallest
INF(2) (or largestQ(2)). An intuitive way of thinking about this result is as follows: for a
sufficiently long time horizon, when the number of new infections in any populafmrihe
number of QALYS experienced) exhibits increasing returns to scale with reductians in
(which occurs when the reproductive rate of infection is greater than one) and the prevention
programs have constant or increasing returns to scale (i.e. concave cost functions), then an
“all-or-nothing” type of solution is optimal: it is best to concentrate as much of the resource
as possible in certain of the populations. It is straightforward to show, however, that the
optimal solution toRA when Theorem Zholds does not necessarily give as much of the
resource as possible to the largest population; rather, the optimal solution depends on the
growth of the epidemic in each population over the time horizon, the size of each population,
and the cost functions.

Theorem 3. For both objective functions, if the cost functions c;(1;) are convexin A; and if
R1 <a; < oi <min(R2, §;)fori =1, ..., M whereR; and Ry areasdefinedin Lemma 2
(ii), then for T sufficiently large, RA is a convex optimization problem (that of minimizing a
convex objective function over a convex feasible region).

When Theorem 3applies, the FONCs are sufficient for optimality. An intuitive way
of thinking about this result is as follows: for a sufficiently long time horizon, when the
number of new infections in any populatior(or the number of QALYS experienced)
exhibits decreasing returns to scale with reductions;ifwhich occurs when IN&) is
convex inx; and Q(a) is concave iny;), and the prevention programs have constant or
decreasing returns to scale (i.e. convex cost functions), then an “all-or-nothing” type of
solution may not be optimal; rather, an interior point solution, where resources are shared
across populations, may be optimal.
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Theorem 4. For both objectivefunctions, and for any type of continuous, strictly decreasing
cost functionsc;(2;),i = 1,...,M,ifa; > §;fori =1,...,my,andif Aoy < §; for i =
m1+1, ..., M, thenfor T sufficiently large, the optimal solution to RA satisfies the budget
constraint as an equality and allocates no resources to populationsi = m1 + 1,..., M
unless ); isreducedtoa; forall i = 1, ..., m1.

Theorem 4says that, for sufficiently long time horizons, if some of the populations
(i = 1,...,m1) have reproductive rate of infection greater than one, and some of the
populations(i = m1 + 1, ..., M) have reproductive rate of infection less than one, then
it is optimal to invest in those populations with reproductive rate of infection less than
one only if the maximum possible amount of money is first invested in the populations
for which the reproductive rate of infection is greater than one. Intuitively, this occurs
because the epidemic eventually dies out in populations for which the reproductive rate
of infection is less than one, even when no resources are allocated to them, whereas in
populations for which the reproductive rate of infection is greater than one, the epidemic
continues indefinitely. Note that this is a long-term result; for shorter time horizons the
optimal solution may involve sharing resources.

Theorems 1-3 provide insight into the optimal allocation of resources when the epidemic
either has a nonzero equilibrium in all populations or when the epidemic eventually dies
out in all populations. Note that when the reproductive rate of infection is less than one
in all populations, and the cost functions have constant or increasing returns to scale, the
optimal solution cannot be readily characterized, even for the case of a sufficiently long time
horizon (se€Table J). Theorem 4suggests that a reasonable heuristic for instances when
some populations have a nonzero epidemic equilibrium and others have an epidemic that
will eventually die out is to ignore the populations in which the epidemic will eventually die
out and focus only on those populations for which the epidemic has a nonzero equilibrium.

Although the objective functions INE) and Q(A) have similar convexity and con-
cavity properties, the optimal allocations in general will be different for the two objec-
tives. Theorem Sestablishes a condition under which an optimal solutioRAawith the
infections-averted objective function also maximizes the number of QALYs gained.

Theorem 5. For any type of continuous, strictly decreasing cost functions ¢;(4;), i =
1,...,M,if§; =86andgi1 —qipo =g fori =1,..., M, then for a sufficiently long time
horizon T, the optimal solution to RA with the infections-averted objective is the same as
the optimal solution with the QALYs gained objective.

We note that when the conditions ©heorem 5on c¢;(%;), §;, g;1, andg;2 do not hold,

the optimal solutions t&A for the two objectives are not necessarily the same, even for a
sufficiently long time horizon.

4. Discussion

We have considered a problem of resource allocation for epidemic control among mul-
tiple independent populations where the objective is to minimize the total number of new
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infections that occur in the populations over a given time horizon or to maximize the to-
tal number of QALYs experienced. We have shown that the objective functions are not
necessarily convex nor concave in the allocation variables and that the optimal resource
allocation depends on many factors including the size of each population, the state of the
epidemic in each population before resources are allocated, the length of the time horizon,
and prevention program characteristics. We have also shown that both objective functions
have similar convexity and concavity properties as a function of the sufficient contact rate.

We showed that the resource allocation problem has an all-or-nothing type of solution
when the prevention programs have constant or increasing returns to scale (in reducing
the sufficient contact rate), each population has nonzero epidemic equilibrium, and the
time horizon is sufficiently long. The resource allocation problem is convex—Ileading to
a readily found solution that may involve sharing the resource among the populations—
when the prevention programs have constant or decreasing returns to scale (in reducing the
sufficient contact rate), the epidemic equilibrium in each population is zero, and the time
horizon is sufficiently long.

We have considered the allocation of resources to control an epidemic in multiple inde-
pendent populations. Our model could also be used to allocate resources to control multiple
epidemics in the same population, as long as the epidemics are independent. Not all epi-
demics of infectious disease are independent of one another: for example, some infectious
diseases are related through similar risky behavior and exposure categories (e.g. hepatitis
and HIV can both be spread through needle shatiogéz-Zetina et al., 20Q}%; and some
infectious diseases are thought to be co-factors for other infectious diseases (e.g. some
sexually transmitted diseases may be co-factors for HId¥rénromp et al., 200). For
epidemics that are not independent, a more sophisticated model would be needed to capture
the interdependence among the epidemics.

Guidelines for interpreting cost-effectiveness ratios call for resources to be allocated in
increasing order of cost-effectiveness ratid&e{nstein, 199h However, the optimality of
this solution relies on certain assumptions that do not hold for epidemics of infectious dis-
eases, such as the assumption that costs and benefits scale linearly as a function of investment
in a program. Such nonlinearities could be incorporated into a traditional cost-effectiveness
analysis framework by performing CEA on small incremental expenditures. However, the
results of such CEAs would represent piecewise linear approximations to the underlying
nonlinear problem, and these approximations would probably need to be derived by consid-
ering the original nonlinear model. Furthermore, the common resource allocation algorithm
of selecting interventions in increasing order of cost-effectiveness ratios would yield the
best allocation only if all interventions had decreasing returns to scale (i.e. an investment of
US$ 1000 after US$ 5000 has been invested is less cost effective than an investment of US$
1000 when only US$ 2000 has been invested) over the entire feasible range of investments.
If some interventions had increasing returns to scale, then the algorithm would not be valid.
Results in this paper and elsewhere suggest that epidemic control programs may not exhibit
strictly decreasing returns to scale. Nonetheless, CEA may be able to provide a reasonable
approximation to the underlying nonlinear optimization problem, and its relative ease of use
and interpretation may make CEA more appealing to decision makers than the formulation
described in this paper. This motivates the development of similarly easy-to-use guidelines
based on the formulation presented in this paper.
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Our results (Theorems 1-4) show that the allocation of resources that minimizes the
growth of an infectious disease epidemic is not necessarily a greedy solution. In some sit-
uations the optimal allocation may be “all-or-nothing”. However, even in such situations,
the optimal solution is not necessarily greedy in cost-effectiveness ratios. League tables al-
low policy makers to compare the relative cost-effectiveness of different interventions. The
usefulness of league tables as a tool for determining the appropriate allocation of epidemic
control resources is seriously questioned by the results in this paper. A recent report by the
Institute of Medicine has advocated the use of a cost-effectiveness framework for allocating
HIV prevention resource(iz et al., 2001 Our work has shown that the nonlinear struc-
ture of epidemic models and cost functions leads to optimal solution properties that may
differ from those found through in&e cost-effectiveness analysis or inspection of league
tables. Given the magnitude of the impact that epidemics of infectious diseases have on the
health and costs of health care for millions of people, it is crucial that policy makers use
appropriate models for determining how to allocate resources to control infectious diseases.
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Appendix A

Proof of Lemma 1.

(i) ClearlyNI;(2;)is continuousirk; for &; # §;. Itis straightforward to show by applying
L’'Hopital’s rule to (7) thatNI;(%;) is continuous ak; = §;. Since INK2) is the sum
of continuous functions, itis continuous. A similar argument holdg¥ax). It is well
known for the SI model that(z, A) € (0, 1) for Iy € (0, 1). Thus, for alli, S;(z, A;) =
1—I;(t, A;) > 0s0A;S;(t, A1) (¢, A;) > 0, and the integral (4) is also strictly positive.
All terms in (10) are positive, s@;(;) and thusQ () are also strictly positive.

(ii)y For ease of notation, we drop the subscripi/e first show that &z, 1) /dA» > 0, and
then show thatNI(1)/dA > 0. From (3) we obtain

di(t, ) Ip =91 2 (h—d)1
G = i@ - D10 5))2[@ — 8)%t + Io8(€ —1)
—Io (A —8)t], A #S6 (A.1)

The first term in (A.1) (the ratio) is strictly positive, so we examine the second term.
We denote the bracketed term Aft). A(t) can be written as:

A(D) = A1(t) + Aa(t) = [108€X"D] +[t(h — ) (A — 8 — Ioh) — I08]  (A.2)
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(iii)

(iv)
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We observe thati1(r) > 0 for all ¢+ > 0, butAx(t) is not necessarily positive for all
t > 0. The derivatives o\(t) are:

VO _ l1opt— 91 4 (6~ 0)6. — 5~ o] (A-3)
2
d d’?z(t) = Iop8(x — 8)2e*D" = 0 forallz> 0 (A.4)

Thus,A(t) is convex int. We observe from (A.2) that (0) = 0, and observe tha#(t)
is strictly increasing at = 0 since

df;t(t) =[I080. — 8] +[(A = O — 8§ — Ioh)] = (1 — Ip)(A — §)* > 0.
=0

Thus, d(z, A)/dA > 0. The derivative NIl (1) /dA is

T
dNI(™) _ i (I(l‘, ) — [0_|_3/ I(t, \) dt)
0

da di

di¢¢,») dip d r
= 0 + @ <6/0 I(t, ) dt) (A.5)
We showed above that the first term in (A.5) is positive. The second term is zero
becausdg is a constant. The third term is positive because it contains a positive
integrand (d(z, A)/d)) over the range of integration. Thud\dA)/dx > 0, and thus
INF(2) is strictly increasing irk; fori =1, ..., M.

For ease of notation, we drop the subsciigérom (11), we have

do()  g2—q1 [dG()
. 8 dx

We proved in part (i) that (1)/d1 > 0. The term(q2 — ¢1)/3 is negative since

g2 < q1, SO the derivative (A.6) is strictly negative.

Examples for INFE) for the case of two populations (assuming identical linear cost
functions for the two populations) are shownFig. 2, examples folQ(1) are shown

in Fig. 3. O

(A.6)

Proof of Lemma2. Forease of notation, we drop the subsdribemma Jelow establishes
thatG(A) is concave irk for A > § and convex irk for A € (max(R1, a), min(R2, §8)).

(i)

A > & We first examineN(A), as expressed in (7). The termis a constant, and
by Lemma 3 G(A) is concave. We examine the remaining tetT,A). Taking its
derivative, we have

RIT 2 ko€l 4 kg 70-0) 4 2‘318 e37(—5)
daz (8 — A + Ioh — IpreT?=9))3
wherekg andk; are terms that do not depend ®nAs T becomes large, the dom-

inating terms in (A.7) are those with exponedt'€~9: thus, asT becomes large,
d21(T, »)/dr2 — —28/23, which is negative. Hencd (1) is convex for largel when

(A7)
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A > 8. We now examind)(1), as expressed in (11). The teuT is strictly positive
and linear inT. The term [g2 — ¢1)/8]G()) is convex for larg€el because it consists
of a negative constant multiplied by a concave function. TQ(g is convex for large
Twheni > 6.

(i) 2 € (max(Ri1, a), min(Rz, §)): We first examineN(1), as expressed in (7). The term
lp is a constant. A — oo, I(T, A) — 0 sincer < §. By Lemma 3 G(1) is convex
for large T over the indicated region of. Thus,N(1) is convex for largel over the
indicated region of. We now examiné)(1), as expressed in (11). The teauT is
strictly positive and linear ifT. The term [¢2 — ¢1)/8]G(\) is concave for largel
because it consists of a negative constant multiplied by a convex function Xhyus
is convex for largel over the indicated region &f. O

Lemma 3. For T sufficiently large:

(i) Gi(r;)isconcavein A; for A; > §;;
(i) Gj(r;) isconvex in A; ford; € (max(Ry, a;), min(R2,§;)) where Ry and Ry are as
defined in Lemma 2

Proof of Lemma 3. For ease of notation, we drop the subscrifithe derivatives 06G(1)
are:

dG(A) 8 1+ o€’ — 1) + Jo)T(e!*~ — 1)

da A Tor(eTO=0) 1y 4 1 -6
F) n Ton(eT*=9 —_ 1) 4+ 1 -5 B
A2 A—36 AL —6)

d2 a3 A—8
8 [1+ o€~ — 1) 4 IpAT '*—9)2
A [Toh(€T*=8 — 1) + 1 — §]2

N § —2+2Ig — 2Ipe"*=9 4 [g2272 =9 N 8(3n — 26)
A2 Tor(eTG=8 — 1) 4+ 1 -6 A2\ — 8)2

PG 2, (10)\(em—3> S 5)

(i) » > 8 AsT — oo, the first term in dG(1)/dA2 is proportional toT, the second and
third terms are each proportionalt, and the fourth is constant. Thus, we concentrate
on the second and third terms. We find a common denominator and concentrate on the
dominant terms, which are those containing the teFAe"":

§ —2+42Ip — 2Ipe"*=9 4 [oa2T2 el =9
22 Ioh(€10=0) — 1) + A — 6
8 [1+ Io(e"*=9 — 1) + AT eT?*—9]2
A [IoA(€T0-=0) — 1) + A — §]2
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8 IoA2T2 eT0=IIor (e’ — 1) + 1 —§]

~

A2 [Ioh(eT*=® — 1) + 1 — §]2
A [IoAT =912
)2 [Ioh (€709 — 1) + 1 — §]2
8 152372 2709 8 132372 10—

o

_ =0
A2 [Ioh(eT-=0) — 1) + 1 — 812 A2 [Ioh(eT*—D) — 1) + 1 —§)2

Since the coefficient of terms containif§e?” is zero, we now examine the term con-
tainingT €7, which is found only in the second term of the expression ¥ (d)/dx2.
This term is:
8 212).T 109
A [T (€T — 1) + A — §]2

which is clearly negative. Thu§(1) is concave for largd.
(i) A € (max(Ry, a), min(Ro, 8)): As T — oo, all terms of the form *~9 — 0 since
A < 8. Thus, for largeT,

d?G() 28, (A—8— Ioh § [1—1Io)?
a2 3 A—3d Ak — 8 — IoA]2
§ —2+42I 5(3x — 26)
o A.8
+A2—10x+/\—5+A2(A—5)2 (A-8)

The coefficient of the first term of (A.8) is positive. Moreover,

8 — A+ o
|n<¢
5— X

S§—A+Ioh 8—A
> =1
55—\ 5§— A

> > 0 since

which follows from the fact that 6< Ip < 1. Thus, the first term in (A.8) is positive. We
now examine the remaining terms in (A.8). We have:

§ [1—1Ig)? § —2+42I 831 — 29)
CA[=doA+A—082  AZ—Ioh+A—5 A2 —0)2
82I0[4(1 — I)A2 + 308(Ip — 2) + 282]
- A2(h — 8)2(8 — A + Ioh)2

(A.9)

The denominator of (A.9) is clearly positive. The term in square brackets in the numerator
of (A.9) is a quadratic equation ih. The quadratic equation has two distinct real roots,
since the discriminant is positive. The discriminant is given by:

[38(1o — 2)]? — 4[4(1 — 10)][26%] = §°[913 — 4lp+ 4] > 0 since O< Ip < 1.

The two roots of the quadratic equatiéh,andRy, are specified in the statement&mma 2
(notethatR; < Rosince 2-Ip > 0and 1-Io > 0). The coefficient of2in (A.9) is positive.
Thus, the term in square brackets in the numerator of (A.9) is negativigifer A < R»
and positive otherwise. Since the entire expression is multiplied by a negative number, these
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terms are positive foR1 < A < R». Thus (A.8) is positive folR1 < A < Rp, and thus
G()) is convex. O

Proof of Theorem 1. The budget constraint is binding in an optimal solutiofRfe Since

a; > 8; by assumption, we have > §; everywhere in the feasible regionafBy Lemma 2
NI;(2;) and—Q;(%;) are concave in; over; > §; for T sufficiently large. Since positive
multiples and sums of concave functions are concave, AN&f(d —Q(A) are concave in

Ai. The two objective functions are separable.inso INF@) and—Q(L) are concave in.
Convex cost functions and the linear constrainta.dead to a convex feasible region. The
minimum of a concave function over a convex feasible region is an extreme point of the
feasible regionKlorst and Tuy, 1996 O

Proof of Theorem 2. The budget constraint is binding in an optimal solutionRéA.
Following the argument in the proof dfheorem 1 INF(1) and —Q() are concave in
A. Let R denote the feasible region &A. The cost function constraint is concave, so
R is not necessarily convex. L& denote the expansion & in which the constraint
c1(A1) +c2(A2) +-- -+ cy(Ay) < Bhas been replaced by its convex hull H. Cledlys
convex, and every extreme point&fis in the seR. Let RA’ denote the relaxation d?A

in which R has been replaced I®. Following the argument in the proof @heorem 1the
solution toRA' is an extreme point dR. Since extreme points & are also extreme points
of R, the optimal solution t&RA is an extreme point dr. O

Proof of Theorem 3. By Lemma 2(ii), NI;(x;) and —Q;(%;) are convex im; for A; €
(max(R1, a;), min(R2, §;)) for T sufficiently large. Since positive multiples and sums of
convex functions are convex, INB(and —Q() are convex in;. INF(1) andQ(1) are
separable in;, so INF@) and—Q(4) are convex ir. Convex cost functions and the linear
constraints ord._lead to a convex feasible region, so over the indicated regianRA is a
problem of minimizing a convex objective function over a convex feasible region. O

Proof of Theorem 4. The budget constraint is binding in an optimal solutiorRta We
consider the limit ofNI;(%;) (given by (7)) asT gets large. For populations with growing

epidemics (populations= 1, ..., m1) we have
. A — 6 A — &
lim NI;(A) = =—L — Ioi + 8 ——T (A.10)
T—00 Ai i
and for populations with shrinking epidemics (populatioasm1 + 1, ..., M) we have
. 8 (L= 1o) — &
lim Nl;(A)) = —Ipi + —In| ——— A1l
Tooo 1( 1) oi + )\i < A _Bi ) ( )

Consider a solutioi’ with a binding budget constraintin whiGJf) > a;forsome population
j € {1 ....m1}, andi;, < Ao for some populatiokk € {m1 + 1,..., M}. There exists
another feasible solutiol’, also with a binding budget constraint, that is the samg as
exceptthak; = Ao andk’j’ = NJ.—A, whereA > Osatisfiesj(/\’j—A)—cj(A’j) = cr(Ap)-
We have

INF(2)) — INF(X") = N;NIi(Vp) — NN — A) + NeNI() — NeNIg (o)
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Itis clear from (A.10) and (A.11) that, for a large enougHNF (1)) — INF(1”) > 0, sod/
cannot be an optimal solution. O

Proof of Theorem 5. Substituting ing;1 — g2 = ¢ ands; = §, we can write (12) as

M
= S W g7 + L6100
0w =3 41T + 36120 (A.12)

Sinceg/$ < 0, itis clear from (A.12) that for a large enou@han allocation that maximizes
Q) minimizeszi"ilNiGi(Ai). We now examine INRE(), using (7) and (8):

M
INF() = Y NilIi(T, &) — Toi + 8Gi(3)]
i=1
where
Li(T, %) — loi +8Gi(Ai)

Ioi(h; — 8;) 4T I
Ao (€T =) + Gy =)
Si Ai — 8;) + Ioih; €T 1 8
— +_z|n (A i) + oA fOI’)\i;é&' ()
Ai Ai — 6
L — Io; +In(S; I T + 1) for x; = 6;
8iloiT +1
It is clear from (8) that the terr®;();) dominates for a large enoudh Thus, for a large
enoughT, an allocation that minimizes INEJ minimizeszi"ilNiG,»(A,-). O
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