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We develop a dynamic resource allocation model in which a limited budget for epidemic
control is allocated over multiple time periods to interventions that affect multiple
populations. For certain special cases with two time periods, multiple independent
populations, and a linear relationship between investment in a prevention programme and
the resulting change in risky behaviour, we demonstrate that the optimal solution involves
investing in each period as much as possible in some of the populations and nothing in all
the other populations. We present heuristic algorithms for solving the general problem, and
present numerical results. Our computational analyses suggest that good allocations can be
made based on some fairly simple heuristics. Our analyses also suggest that allowing for
some reallocation of resources over the time horizon of the problem, rather than allocating
resources just once at the beginning of the time horizon, can lead to significant increases in
health benefits. Allowing for reallocation of funds may generate more health benefits than
use of a sophisticated model for one-time allocation of resources.
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1. Introduction

To control epidemics, policy makers must allocate limited budgets among competing
prevention and treatment programs. Often, budgets may be only available for limited time
horizons, such as for the next fiscal year. However, for endemic diseases such as human
immunodeficiency virus/acquired immunodeficiency syndrome (HIV/AIDS), malaria or
tuberculosis, it is unlikely that the disease will be eradicated through a short-term control
effort. For example, smallpox eradication occurred due to long-term efforts of the World
Health Organization from 1967 to 1980 (World Health Organization, 1998b). Similar
efforts are currently underway for polio and leprosy (World Health Organization, 1998a).
When policy makers have a budget to allocate to epidemic control efforts over multiple
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time periods, they can incorporate information about future allocation decisions into
the resource allocation decision of the current period, and thus allocate resources more
effectively.

A number of researchers have considered the one-time allocation of resources for
epidemic control at the beginning of a time horizon. Some researchers have proposed
mixed integer–linear programming models (Chen & Bush, 1976; Stinnett & Paltiel,
1996; Weinstein & Zeckhauser, 1973). These models typically assume that interventions
are independent and that all interventions are divisible (if investment is made) with
constant returns to scale. Other approaches include numerical simulation to choose the
best allocation from among a limited set of alternatives (Bernsteinet al., 1998; Hethcote,
1982; Kahn, 1996; Robinsonet al., 1995), other numerical procedures (Longiniet al.,
1978; Richteret al., 1999; ReVelleet al., 1969) and equilibrium analysis to optimize some
function of the equilibrium state of an epidemic, when it exists (Hethcote & Van Ark, 1987;
May & Anderson, 1984).

Richter (1996), Richteret al. (1999) and Brandeauet al. (in press) considered the
problem of allocating resources at the beginning of aT -year time horizon to minimize the
number of new infections that occur in multiple independent populations. The epidemic
in each population was modelled by a susceptible–infected (SI) epidemic model with
replacement. For each population, one intervention that reduces sufficient contact rates in
that population was assumed to be available. The relationship between investment in each
intervention and the reduction in the sufficient contact rate was assumed to be described by
a non-increasing ‘production function’ of arbitrary shape. Zaric & Brandeau (2001a,b)
extended the work of (Richter, 1996) and Brandeauet al. (in press) to more general
epidemic models with interacting populations and interventions that affect more than one
population. They considered as objectives maximizing the number of quality-adjusted life
years (QALYs) gained or minimizing the number of new infections that occur over aT -year
time horizon.

Many researchers have considered the problem of allocating epidemic control
resources to a single population over multiple time periods. Control theory techniques have
been used to determine the timing and intensity of interventions to optimize a function
related to the spread of an epidemic (Sethi, 1974, 1978; Greenhalgh, 1986, 1988; Muller,
1998; Sethi & Staats, 1978; Blountet al., 1997; Wickwire, 1977). A typical analysis
(Blountet al., 1997) uses a simple epidemic model and finds an optimal control sequence to
minimize the sum overT periods of the cost of an epidemic (the cost associated with new
infections plus the cost of treating those already infected) subject to a budget constraint that
limits the number of periods in which the control can be applied. Control theory approaches
are summarized by Wickwire (1977).

In this paper we develop a dynamic resource allocation model in which a limited budget
for epidemic control is allocated over multiple time periods to interventions that affect
multiple populations. For certain special cases with two time periods, multiple independent
populations, and a linear relationship between investment in a prevention programme and
the resulting change in risky behaviour, we demonstrate that the optimal solution involves
investing in each period as much as possible in some of the populations and nothing in all
the other populations. We present heuristic algorithms for solving the general problem, and
present numerical results. Our computational analyses suggest that good allocations can be
made based on some fairly simple heuristics. Our analyses also suggest that allowing for
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some reallocation of resources over the time horizon of the problem, rather than allocating
resources just once at the beginning of the time horizon, can lead to significant increases
in health benefits. In fact, allowing for reallocation of funds may generate more health
benefits than use of a sophisticated model for one-time allocation of resources.

2. Dynamic resource allocation model

We extend the model of Zaric & Brandeau (2001b) to problems in which resource
allocation decisions are made inτ different time periods. All notation is summarized in
Table 1. LetT1 = 0, let T2, T3, . . . , Tτ be the starting times of periods 1, . . . , τ , and let
Tτ+1 be the ending time of periodτ . Thus, periodk is defined as[Tk, Tk+1), k = 1, . . . , τ .
We assume that the decision maker may allocate resources ton different interventions
in each period. A resource allocation decision is made at the beginning of periodk
(k = 1, . . . , τ ) and cannot be changed until the beginning of periodk + 1. We consider
two possible objectives: maximizing the number of QALYs gained and maximizing the
number of infections averted. QALYs gained is the recommended measure of benefit for
cost effectiveness analysis in health and medicine (Goldet al., 1996). We also consider
infections averted because it is frequently used in evaluations of epidemic control programs
(e.g. Richteret al., 1999; Kaplan & Pollack, 1998; Zaric & Brandeau, 2001b).

We assume that the epidemic is modelled by a compartmental epidemic model, a
common assumption for models of infectious diseases (e.g. Capasso, 1993; Bailey, 1975;
Hethcote, 1976; Zaricet al., 1998, 2000). The population is divided intom compartments.
A set ofp parameters (e.g. sufficient contact rates, death rates, replacement rates, migration
rates, etc.) describes the epidemic.

Let vk
h be the amount of money invested in interventionh(h = 1, . . . , n) in period

k(k = 1, . . . , τ ). The investmentvk
h is made at timet = Tk . Let vk = (vk

1, vk
2, . . . , vk

n) be
the vector of investment decisions in periodk, andlet v = (v1, v2, . . . , vτ ). Let Vk = (V k

1 ,
V k

2 , . . . , V k
n ) be the vector of upper bounds on investment in periodk. We assume that 0�

vk
h � V k

h for all h, k. The decision maker’s budget in periodk is denoted byBk . Weassume
that the budget for each time period is known at timet = 0. We assume thatV k

i � Bk for

all i, k. This is not a restrictive assumption: ifV k
i > Bk , wecan replaceV k

i with V k
′

i = Bk .
Let wk

g(v
k) be the value of parameterg(g = 1, . . . , p) associated with investment

decisionvk in periodk(k = 1, . . . , τ ). The functionwk
g(·) is a ‘production function’ that

describes the relationship between the amount invested in interventions in periodk and the
value of parameterg in the epidemic model during periodk. We assume that allocations
take effect instantaneously at the beginning of each period, and that the effects expire
instantaneously at the end of each period if no additional funds are invested. Thus,w1

g(0) =
w2

g(0) = · · · = wτ
g(0), g = 1, . . . , p.

Let yi (t, v) denote the number of individuals in compartmenti(i = 1, . . . , m) at time
t (0 � t � Tτ+1), given investment vectorv. We assume that the values ofyi (0, 0) are
known for all i . Let 0 � qi � 1 be the quality adjustment for years of life lived in
compartmenti(i = 1, . . . , m) and letr be the discount rate(r � 0). The (discounted)
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TABLE 1 Summary of notation

Indices
k index over time periods,k = 1, . . . , τ

g index over epidemic model parameters,g = 1, . . . , p
i index over epidemic model compartments,i = 1, . . . , m
h index over interventions,h = 1, . . . , n
t time index, 0� t � Tτ+1

Decision variables
vk

h amount invested in interventionh at the beginning of periodk, h =
1, . . . , n, k = 1, . . . , τ

vk vector of investments in periodk = (vk
1, vk

2, . . . , vk
n), k = 1, . . . , τ

v vector of investment decisions= (v1, v2, . . . , vτ )

Parameters
τ number of time periods
p number of parameters in epidemic model
m number of epidemic model compartments
n number of interventions
Tk starting time of periodk, k = 1, . . . , τ

Tτ+1 ending time of periodτ
Vk vector of upper bounds on investment in periodk = (V k

1 , V k
2 , . . . , V k

n ), k =
1, . . . , τ

Bk budget in periodk, k = 1, . . . , τ

qi quality adjustment for years of life lived in compartmenti , i = 1, . . . , m
r discount rate
T length of each time period in the model RA′-τ -n
Ni number of individuals in populationi , i = 1, . . . , n, in the model RA′-τ -n
δi replacement rate in populationi , i = 1, . . . , n, in the model RA′-τ -n

Calculated quantities
wk

g(vk) value of parameterg given investment decisionvk in period k, g =
1, . . . , p, k = 1, . . . , τ

λi j (t, v) rate of contacts sufficient to cause disease transmission between an individual
in compartmenti and an individual in compartmentj at timet given investment
v, i , j = 1, . . . , m, 0 � t � Tτ+1

yi (t, v) number of individuals in compartmenti at time t given investmentv, i =
1, . . . , m, 0 � t � Tτ+1

xi (t, v) fraction of individuals in populationi who are uninfected at timet in the model
RA′-τ -n given investmentv, i = 1, . . . , n, 0 � t � Tτ+1

xi+n(t, v) fraction of individuals in populationi who are infected at timet in the model
RA′-τ -n given investmentv, i = 1, . . . , n, 0 � t � Tτ+1

QALY(v) total number of QALYs experienced overτ time periods given investmentv
INF(v) total number of new infections that occur overτ time periods given investment

v
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total number of QALYs experienced overτ periods given investmentv is

QALY(v) = QALY(v1, . . . , vτ ) =
τ∑

k=1

∫ Tk+1

Tk

m∑
i=1

qi yi (t, v)e−r t dt . (1)

The number of QALYs gained as a result of allocationv equals QALY(v) – QALY(0).
Since QALY(0) is constant, we use QALY(v) as the objective function. Whenqi = 1 for
all i , QALY(v) represents (discounted) life years gained.

Let λi j (t, v) be the rate of contacts sufficient to cause disease transmission between an
individual in compartmenti and an individual in compartmentj (i, j = 1, . . . , m) at time
t (0 � t � Tτ+1) given investmentv. The (discounted) total number of new infections that
occur overτ periods given investmentv is

INF(v) = INF(v1, . . . , vτ ) =
τ∑

k=1

∫ Tk+1

Tk

[ m∑
i=1

yi (t, v)

m∑
j=1

λi j (t, v)y j (t, v)

]
e−r t dt . (2)

The number of infections averted as a result of investmentv is INF(0)-INF(v). Since
INF(0) is a constant, maximizing the number of infections averted is equivalent to
minimizing INF(v).

The multi-period resource allocation problem is

RA-τ : maximize QALY(v) or minimize INF(v) (3)

s.t.
n∑

h=1

vk
h � Bk k = 1, . . . , τ (4)

0 � vk
h � V k

h k = 1, . . . , τ ; h = 1, . . . , n. (5)

3. Analysis of RA-τ

Solving RA-τ presents several challenges. Closed-form solutions for the compartment
size functions are not known for many epidemic models, so it is often not possible to
derive an analytic expression for the objective function. In instances where closed-form
solutions for the compartment size functions are known (for example, for the SI model
and closely related variants Bailey, 1975), the objective function of RA-τ may be neither
convex nor concave (Brandeauet al., in press), allowing for little theoretical insight.
When the populations do not interact (i.e. no migration or cross-infection occurs), and
each intervention affects only a single population, and the epidemic in each population is
modelled by an SI model, then RA-1 is a knapsack problem (Hillier & Lieberman, 1993)
that can be solved numerically to any degree of accuracy using dynamic programming
(Kaplan, 1998; Zaric & Brandeau, 2001b).

For τ > 1, the problem RA-τ does not have a knapsack structure even when
the populations are independent and each intervention only affects a single population.
Allocation decisions in periodk determine the initial conditions in period(k+1), and these
new initial conditions are non-linear functions of allocations in previous periods (because
of the non-linear nature of the infection transmission process). The objective functions of
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RA-τ contain terms made up of the product of variables from multiple time periods, so
the objective functions are in general not separable across time periods. Thus, dynamic
programming cannot always be used to solve RA-τ .

Wenow consider a restricted version of RA-τ which we denote by RA′-τ -n: weassume
τ time periods, each of lengthT , and n non-interacting populations, each modelled by
an SI model with replacement and approximated by first-order approximations (Zaric &
Brandeau, 2001b). To simplify notation we drop the argumentv from yi (t, v) unless we
wish to emphasize the dependence on the investment decisions.

Let Ni be the (constant) size of populationi, i = 1, . . . , n. Let xi (t) = yi (t)/Ni and
xi+n(t) = yi+n(t)/Ni be the proportion of individuals in populationi(i = 1, . . . , n) who
are uninfected and infected, respectively, at timet (0 � t � Tτ+1). Let δi , 0 < δi < 1, be
the (constant) replacement rate in populationi(i = 1, . . . , n). We assume thatT < 1/δi

for all i . Using the notation introduced in the previous section, the sufficient contact rate
in populationi is λi,i+n(t, v); for simplicity we write this asλi (t, v), and we exclude the
argumentst andv unless we wish to emphasize the dependence ont andv. The equations
of the SI model in populationi(i = 1, . . . , n) are

x ′
i (t) = δi − δi xi (t) − λi xi (t)xi+n(t) (6)

x ′
i+n(t) = λi xi (t)xi+n(t) − δi xi+n(t) (7)

xi (t) + xi+n(t) = 1. (8)

We assume thatn interventions are available, one to reduce the rate of sufficient
contacts in each population. We assume that investment in the intervention targeted to a
given population has no effect on the rate of sufficient contacts in the other populations,
and that the production function for each interventioni has the same form in all periods.
Thus, we write the production function for interventioni(i = 1, . . . , n) aswi (v

k
i ). We

assume linear production functions of the following form:

wi (v
k
i ) = λi (t, v

k
i ) = ai − biv

k
i i = 1, . . . , n; k = 1, . . . , τ ; Tk < t < Tk+1. (9)

We assume that sufficient contact rates are always non-negative (i.e.ai − bi V k
i �

0, i = 1, . . . , n). We also assume that infection reduces quality of life; thus,qi > qi+n ,
i = 1, . . . , n.

We approximate the compartment size functions using the following first-order
approximation (Zaric & Brandeau, 2001b):

xi (t) ≈ xi (Tk) + x ′
i (Tk)(t − Tk) i = 1, . . . , n; t ∈ [Tk, Tk+1). (10)

We use (10) in (1) and (2) to create the objective functions of RA′-τ -n, which we
denote by QALY′(v) and INF′(v). The above first-order approximation has been shown to
be accurate for time horizons up to ten years (Zaric & Brandeau, 2001b); thus, as long
as the length (T ) of each of theτ time periods in RA′-τ -n is ten years or less, (10) will
provide a good approximation of the compartment size functions and objective functions
in each of the time periods.

We now develop some analytical results characterizing the optimal solution to certain
instances of RA′-τ -n. We use an asterisk to denote optimal values. All proofs are in the
appendix. We first consider the case of two populations and two time periods:
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RA′-2-2: max QALY′(v) or min INF′(v)

s.t. v1
1 + v1

2 � B1

v2
1 + v2

2 � B2

0 � vk
i � V k

i i = 1, 2; k = 1, 2.

PROPOSITION 1 ForRA′-2-2 with the QALYs objective function, the optimal solution is

(v1∗
1 , v1∗

2 ) = (V 1
1 , B1 − V 1

1 ) or (B1 − V 1
2 , V 1

2 )

(v2∗
1 , v2∗

2 ) = (V 2
1 , B2 − V 2

1 ) or (B2 − V 2
2 , V 2

2 ).

The optimal solution to RA′-2-2 is to allocate as much as possible to one population
in each period. The allocation in the second period is made by comparing the product of
the number of infections averted and the number of QALYs gained per infection averted
for each population given the proportion infected at the start of the period; the population
for which this quantity is largest is allocated as much of the resource as possible. The
proportion infected at the start of the second period is determined by the decision made in
the first period. Thus, the optimal decision in the first period is made on the basis of the
number of QALYs gained in the first period and the potential number of QALYs gained in
the second period as a result of the first-period decision. While the form of the solution is
the same as if the corresponding single-period problem had been solved in each period, the
first-period decision in the two-period problem may not be the same as the single-period
knapsack solution.

In the optimal solution to RA′-2-2 with the QALYs objective, the majority of resources
are not necessarily allocated to the high-risk population nor to the same population in both
periods. To illustrate, we constructed four examples, shown in Table 2. In these examples,
resources are allocated between a low-risk population(i = 1) and a smaller, high-risk
population(i = 2). We assumed that there is a quality-of-life reduction associated with
infection and a quality-of-life reduction associated with being in the high-risk group. We
assumedλi (0, 0) > δi for i = 1, 2 ineach example. There are two interventions that reduce
the sufficient contact rate in each population, respectively. We assumed thatBk = 1000
and V k

i = 0·8Bk for i = 1, 2, andk = 1, 2. For the production functions (9) we set
ai = λi (0, 0) andbi = [(0·5)(λi (0, 0) − δi )/1000]. Thus, investment of the entire budget
in either population reduces risk by 50% of the difference between the initial sufficient
contact rate in that population in the absence of investment and the replacement rate in that
population (i.e.λi (t, 1000) = λi (0, 0)−(0·5)(λi (0, 0)−δi )) for 0 � t � T . Table 2 shows
that all four extreme point allocations are possible, depending on problem parameters.
Thus, simple rules that advocate always targeting resources (e.g. based on relative risk,
population size, or infection status of individuals (Kahn, 1996; King-Spooner, 1999)) may
lead to sub-optimal allocations.

Wenow consider RA′-2-2 with the infections-averted objective function.

PROPOSITION 2 ForRA′-2-2 with the infections-averted objective function, the objective
function may be strictly convex, strictly concave, or neither.

If the goal in allocating resources over two time periods and between two populations
is to maximize QALYs, an extreme point solution is always optimal, as established by
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TABLE 2 Examples of RA′-2-2 with the QALYs objective function showing different optimal allocation
patterns

Example Parameters Describing
Low-Risk Population*

Parameters
Describing
High-Risk
Population*

Population
receiving
maximum
investment in
period 1

Population
receiving
maximum
investment in
period 2

1 N1 = 1000 000
x3(0) = 0·09246
δ1 = 0·04987
λ1 = 0·07061
q1 = 1, q3 = 0·81

N2 = 376 424
x4(0) = 0·12643
δ2 = 0·12258
λ2 = 0·13510
q2 = 0·62,q4 = 0·50

Low risk Low risk

2 N1 = 1000 000
x3(0) = 0·02529
δ1 = 0·04879
λ1 = 0·06283
q1 = 1, q3 = 0·96

N2 = 255 705
x4(0) = 0·05041
δ2 = 0·11011
λ2 = 0·14797
q2 = 0·74,q4 = 0·71

Low risk High risk

3 N1 = 1000 000
x3(0) = 0·01476
δ1 = 0·05944
λ1 = 0·0669
q1 = 1, q3 = 0·57

N2 = 879 459
x4(0) = 0·08688
δ2 = 0·10947
λ2 = 0·12582
q2 = 0·88,q4 = 0·50

High risk High risk

4 N1 = 1000 000
x3(0) = 0·03933
δ1 = 0·06112
λ1 = 0·07577
q1 = 1, q3 = 0·61

N2 = 631 474
x4(0) = 0·29544
δ2 = 0·22817
λ2 = 0·23402
q2 = 0·76,q4 = 0·46

High risk Low risk

* x1(0) = 1 − x3(0); x2(0) = 1 − x4(0).

Proposition 1. If the goal is to minimize the number of new infections, an extreme point
solution is not always optimal.

Wenow consider the case of more than two populations.

PROPOSITION 3 ForRA′-2-n with the QALYs objective function, the optimal solution in
each time period is an extreme point of the feasible region.

Thus, for RA′-2-n with the QALYs objective function it is optimal to allocate in each
period as much of the resource as possible to certain of the populations, and nothing to
other populations. In the optimal solution, for each time periodk there will be at most one
populationi ′ with an allocation 0< vk∗

i ′ < V k
i ′ ; for all other populations i�= i ′, vk∗

i = 0 or
V k

i .
Although we can characterize the form of the optimal solution to RA′-2-n with the

QALYs objective function, solving the problem may be very challenging. The number
of possible solutions in the second period may grow exponentially in the number of
decision variables. Hence the number of solutions to evaluate in the first period may
grow exponentially, since the optimal first-period decision is determined by comparing
the optimal solution for each of the possible solutions for the second period. Additionally,
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the functions that must be maximized in the first period are convex, and thus the problem is
NP-hard (Horst & Tuy, 1996). In the two-population case, the feasible region has only four
extreme points, so it is relatively easy to state the solution. For more than two populations
it may not be practical to enumerate all extreme points of the feasible region. For RA′-2-
n with the infections-averted objective function, the objective function may be convex or
concave in certain cases, but will not be so in general.

For RA′-τ -2 with the QALYs objective function, we can derive expressions for
xi (T2,v), xi (T3, v), . . . , xi (Tτ , v) similar to the expressions forxi (T2, v) developed in
(A.1)–(A.4). We showed in the proof of Proposition 1 that the first-period objective
function for RA′-2-2 is a quadratic function ofv1

1. By substituting values ofxi (Tk−1, v)
into the formulae forxi (Tk , v) in theτ -period problem, it is easily seen that the first-period
problem is a 2(τ−1)-degree polynomial inv1, which will not, in general, be convex or
concave over the entire feasible region. Similarly, for RA′-τ -2 with the infections-averted
objective function, it is easy to construct examples in which the objective function is not
necessarily convex nor concave. Thus, forτ > 2 an extreme point solution to RA′-τ -2 is
not guaranteed to be optimal.

4. Numerical Analysis of RA

For more general instances of RA-τ than those considered in Propositions 1–3, such as
those based on an epidemic model other than the SI model, or those with non-linear
production functions or second- or higher-order compartment size approximations, the
optimization problem in each stage of the dynamic programme may be neither convex nor
concave, and in general may be much harder to solve than simple enumeration of extreme
points of the feasible region. Thus, we developed four heuristics for solving RA-τ .

• HDE: Exhaustive search over discretized feasible region. ConsiderN + 1 values for
each variablevk

h : 0, 1/N × V k
h , 2/N × V k

h , . . . , (N − 1)/N × V k
h , V k

h . For all feasible
combinations of thevk

hs’ (those that do not violate the budget constraint), evaluate
the objective function by dividing the time horizonT into SD equal time steps and
simulating the discrete-time version of the system of differential equations (e.g. Zaric
et al., 1998). Select the best solution found.

• HLP: Single-period linear programming (LP) solution in each period. Approximate
the production functionswk

g(v
k) with linear functions for allg, k. Construct first-order

compartment size approximations. Starting with the first time period, substitute in
the coefficients from the linearized production functions, sort the resulting objective
function coefficients, and determine the (greedy) solution to the resulting linear
program (Zaric & Brandeau, 2001b). Use that solution to forecast the population sizes
at the beginning of the next time period. Repeat the solution process for all remaining
time periods.

• HPF:Penalty function heuristic. In each period, search over variablesvk
1, vk

2, . . . , vk
n−1.

Let vk
n = Bk − (vk

1 + vk
2 + · · · + vk

n−1). Randomly chooseM feasible initial starting
points. Then follow a penalty function approach for each starting point: choose a search
direction; find the optimal step size; evaluate the objective function using second-order
approximations and quadratic penalty functions; iterate over several search directions;
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gradually increase the penalty coefficient; select the best solution from the M solutions
found.

• HSD: Steepest descent heuristic. Select a random starting point. Approximate the
gradient of the objective function at the starting point using a secant method. The
partial derivative in directioni is estimated as{F(x1, x2, . . . , xi + M, . . . , xn) −
F(x1, x2, . . . , xi , . . . , xn)}/M , where F is the objective function andM is a large
number (such as the total budgetB). Determine the maximum distance that the solution
can be changed in each direction without violating either the upper bounds or the
budget constraint, then find the optimal step size in the direction of the gradient. At
each step, update the current solution accordingly. Repeat the process until a limit on
the number of iterations has been reached.

Heuristic HDE exhaustively searches over the feasible region. Results obtained by
HDE can be made arbitrarily accurate by increasingN and SD. The computation time
of HDE grows linearly withSD, polynomially with N , and exponentially with the number
of time periods and interventions. We used HDE as a reference for evaluating the other
heuristics. We usedN = 20 andSD = 10 in our computational tests.

HLP solves the LP knapsack problem that results in any single time period when linear
production functions and first-order approximations for the compartment size functions are
used, and when a first-order approximation is used for the new-infections function if the
objective is infections averted. Details of the resulting LP formulation and its solution can
be found in Zaric & Brandeau (2001b); details of the LP knapsack problem can be found
in Hillier & Lieberman (1993). The LP in each period has a ‘greedy’ solution that depends
only on the ordering of the objective function coefficients (for each time period, funds
are allocated sequentially to the interventions according to decreasing order of objective
function coefficients, until all the funds are allocated). Thus, HLP can be applied without
knowledge of optimization theory. The proof of Proposition 1 established some conditions
under which HLP will yield an optimal solution.

HPF is a standard penalty search procedure. Details of such a procedure used to solve
the single-period resource allocation problem can be found in Zaric & Brandeau (2001b).
HSD is a straightforward steepest descent heuristic. In our computational tests, we applied
HPF and HSD with second-order approximations for the compartment size functions.

Wefirst considered a problem with two populations, each with two disease stages, that
allows for migration and cross-infection, as illustrated in Fig. 1. We considered the QALYs
objective, and time horizons of 2, 6, 10 and 12 years. We assumed that two interventions
were available. Intervention 1 (Intervention 2) reducesλ13 andλ14(λ23 andλ24) according
to exponential production functions. A multiplier approach was used for the production
functions: we setλi j (t, v) = λi j (t, 0) × ξ(vk

i ) for i = 1, 2, and j = 3, 4, where the

functionξ(vk
i ) is an exponential function of the formξ(vk

i ) = ai + bi eci v
k
i . The function

ξ(vk
i ) was setso thatξ(0) = 1 (i.e. no change),ξ(0·5B) = 0·6, andξ(∞) = 0·5. For HLP,

ξ(vk
i ) was linearized by fitting a line betweenξ(0) andξ(B).
For each computational test we randomly generated 100 problem instances. For the

initial sufficient contact rates, we assumedλi j (0, 0) ∼ U (0·04, 0·13) for i = 1, 2 and
j = 3, 4; λi j (0, 0) = 0 otherwise. The entry and exit rates were chosen asρi ∼ U (0, 0·04)
andδi ∼ U (0, 0·1) for i = 1, . . . , 4. We set the inter-population transition ratesφ12, φ21,
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Susceptible Infected

Population 1
ρ1

ρ2 λ23, λ24

λ13, λ14

Population 2

1

2

3

4

δ3δ1

δ2 δ4

ρ3

ρ4

φ12  φ21 φ34 φ43

FIG. 1. Four-compartment model used in numerical examples.

φ34, andφ43 asφi j ∼ U (0·01, 0·03). For the quality multipliers we assumedq1, q2 ∼
U (0·6, 1), Q I ∼ U (0·6, 1), q3 = q1 × Q I , andq4 = q2 × Q I . For initial compartment
sizes, we setyi (0) ∼ U (1000, 100 000), i = 1, . . . , 4. The sizes of the two populations for
each problem instance at any timet are found by adding the appropriate values ofyi (t):
thus,N1(t) = y1(t) + y3(t), andN2(t) = y2(t) + y4(t) for 0 � t � Tτ+1.

Table 3 shows the average and maximum percentage difference in the objective
function value for the solutions obtained by the heuristics HLP, HPF and HSD compared
to the solution found by exhaustive search (HDE). In all cases we assumed that the time
horizon (2, 6, 10 or 12 years) was divided into two time periods (τ = 2); thus, investment
was made at the beginning of the time horizon and halfway through the time horizon.
All three heuristics found good solutions compared to the solution obtained by exhaustive
search (HDE). The heuristics performed worse on average as the time horizon increased,
although the differences were modest even at 12 years. The solutions obtained by HSD
were furthest from those found by HDE, but even for a 12-year time horizon the average
difference in solution value between HSD and HDE was only about 1%.

Table 4 shows the effect of considering different numbers of times at which the
portfolio can be adjusted during the time horizon; this is represented by the valueτ in
the resource allocation model. We applied the heuristics assuming that investment could
be made two, three or four times(τ = 2, 3 or 4) during the time horizon (6 or 12 years).
Table 4 shows that, even when investment was made only twice during the time horizon,
the heuristics HLP, HPF and HSD all provided good solutions compared to those obtained
by exhaustive search, with the average percentage difference being less than 1·1% in all
cases. Increasing the number of time periods(τ ) to three or four slightly improved the
solutions relative to the solution obtained using exhaustive search. The quality of solutions
found by all three heuristics became slightly worse as the time horizon increased, given a
fixed number of time periods. The solutions found by HSD were slightly worse than those
found by HLP and HPF.



246 G. S. ZARIC AND M . L. BRANDEAU

TABLE 3 Average and maximum differences between heuristic solutions versus HDE for a 4-
compartment model (illustrated in Fig. 1) with the QALYs objective; each result is based on 100
randomly generated problem instances

Heuristic compared to HDE:
percentage difference in objective function value

Length of Number of HLP HPF HSD
time periods (τ)

horizon (years) Avg Max. Avg Max. Avg Max.
2 2 −0·01% −0·03% −0·00% −0·00% −0·16% −0·26%

6 2 −0·03% −0·12% −0·00% −0·06% −0·50% −1·17%

10 2 −0·06% −0·35% −0·02% −0·38% −0·76% −3·71%

12 2 −0·08% −0·35% −0·04% −0·39% −1·07% −4·17%

TABLE 4 Average difference between heuristic solutions versus HDE for a 4-compartment
model (illustrated in Fig. 1) with the QALYs objective for different values of τ ; each result
is based on 100 randomly generated problem instances

Heuristic compared to HDE:
average percentage difference
in objective function value.

Length of time Number of periods(τ )

Heuristic horizon (years) 2‡ 3 4
HLP 6 −0·03% −0·03% −0·02%

12 −0·08% −0·09% −0·08%
HPF 6 −0·00% −0·00% −0·00%

12 −0·04% −0·03% −0·03%
HSD 6 −0·50% −0·41% −0·31%

12 −1·07% −0·88% −0·80%
‡ For τ = 2, the data used were the same as for the problems used to generate Table 3.

The required computation time for HSD and HLP was minimal. HPF required
significantly more computation time. For a problem withτ = 4, for example, HSD and
HLP required less than one CPU second, whereas HPF required 30 CPU seconds. For the
same problem, HDE required 4 CPU seconds; however, the computation time for HDE
increases exponentially withτ , making it impractical to use for larger numbers of time
periods.

We next considered a larger, more realistic problem with four populations and three
disease stages, illustrated in Fig. 2. This epidemic model allows for migration between
populations, cross-infection, and disease progression. We considered the QALYs objective,
and we assumed a 12-year time horizon. For each computational test we randomly
generated 100 problem instances. For initial compartment sizes, we setyi (0) + yi+4(0) +
yi+8(0) ∼ U (10 000, 100 000), i = 1, . . . , 4. We set initial prevalence in each population
as previ ∼ U (0·01, 0·1), i = 1, 2, 3; prev4 ∼ U (0·1, 0·3) , and we set

yi+4(0) + yi+8(0)

yi (0) + yi+4(0) + yi+8(0)
= previ , i = 1, 2, 3.
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FIG. 2. Twelve-compartment model used in numerical examples. The interclass (vertical) transition rate from
compartmenti to compartmentj is given byφi j .

We assumed that the division of individuals between early and late-stage infection was
given by spliti ∼ U (0·5, 1), i = 1, . . . , 4, and we set

yi+4(0)

yi+4(0) + yi+8(0)
= spliti , i = 1, . . . , 4.

Entry rates wereρi ∼ U (0·01, 0·1) for i = 1, . . . , 4. We assumed that incremental death
rates associated with infection wereαi = 0 for i = 1, . . . , 4, αi ∼ U (0·05, 0·2) for
i = 5, . . . , 8, andαi ∼ αi−4 + U (0·05, 0·2) for i = 9, . . . , 12. Exit rates were set as
δi ∼ U (0·0001, 0·01) + αi for i = 1, . . . , 12. Inter-population transition rates were set
at φi j ∼ U (0·01, 0·1) for i , j in the same disease stage, and 0 otherwise. We set the
disease progression ratesθ59, θ6,10, θ7,11, andθ8,12 asθi j ∼ U (0·05, 0·3). We calculated
the initial sufficient contact rates as follows: For each population(i = 1, . . . , 4) we set
riski ∼ U (1, (3 + i)/4). Then for eachi = 1, . . . , 4 we setλi j (0, 0) = γ j × riski , where
γ j ∼ U (0·05, 0·15) for j = 5, . . . , 12. Quality multipliers were set asqi ∼ U (0·8, 1)

for i = 1, . . . , 4; qi = qi−4 × Q I for i = 5, . . . , 8, whereQ I ∼ U (0·8, 1); andqi =
qi−8 × Q I × Q I2 for i = 9, . . . , 12, whereQ I2 ∼ U (0·8, 1).

We assumed that four interventions were available, one to reduce the sufficient
contact rates in each of the four populations. Thus, interventioni(i = 1, . . . , 4) reduced
the sufficient contact ratesλi5, . . . , λi,12. Similar to the four-compartment example, we
assumed production functions of the formλi j (t, v) = λi j (t, 0) × ξ(vk

i ) for i = 1, . . . , 4
and j = 5, . . . , 12, where the functionξ(vk

i ) is an exponential function of the form
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FIG. 3. Comparison of HLP withτ time periods versus HDE withτ = 1 for 12-compartment model (illustrated
in Fig. 2) with a 12-year time horizon. The same 100 randomly generated problems were used for all values ofτ .

ξ(vk
i ) = ai + bi eci v

k
i . The functionξ(vk

i ) was set so thatξ(0) = 1, ξ(0·5B) = 0·6, and
ξ(∞) = 0·5. For HLP,ξ(vk

i ) was linearized by fitting a line betweenξ(0) andξ(B).
For this problem we compared HLP and HSD with different values ofτ to HDE with

τ = 1; HPF required too much computation time, so we did not apply it. Table 5 shows
results forτ = 1, 2, 3, 4, 6 and 12, and Fig. 3 shows results forτ = 1, . . . , 50. As shown
in Table 5, when HLP and HSD were applied withτ = 1, the solutions they found were
only slightly worse on average than those found by HDE withτ = 1. As the value ofτ
increased, the solutions obtained by HLP and HSD became increasingly better than the
solution found using exhaustive search and a single time period. For example, when 12
time periods were considered, HLP and HSD both found solutions with average value 15%
higher (i.e. 15% more QALYs gained) than the solution found using HDE withτ = 1. In
some cases, the gains from reallocation were substantial, as indicated by the ‘Maximum’
(improvement) line in Fig. 3: for example, in one case the solution value found using HLP
with τ = 12 was 45% higher than the solution found using HDE withτ = 1. HLP and
HSD each required less than 2 CPU seconds to solve these problems, even when 12 time
periods were considered. For each value ofτ , the average value of solutions found by HLP
was about the same as the average value of solutions found by HSD.

For 100 instances of the 12-compartment problem, we compared the solution obtained
by HLP with τ = 1 (i.e. no reallocation of funds allowed over the time horizon) to the
solution obtained by HLP withτ = 12 (which allows for reallocation of funds in each year
of the time horizon). For all 100 problems, the first-period allocations generated by HLP
were the same whether or not reallocation was allowed. However, when reallocation was
allowed (the caseτ = 12), it occurred in 85 of the problems. In half of the instances,
reallocation involved dropping an intervention and adding a new intervention to the
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TABLE 5 Average difference between HLP and HSD for different values
of τ versus HDE with τ = 1 for a 12-compartment model (illustrated in
Fig. 2) with the QALYs objective; each result is based on a common set of
100 randomly generated problem instances

Heuristic compared to HDE withτ = 1:
average percentage difference

in objective function value
Length of time Number of
horizon (years) periods (τ) HLP HSD

12 1 −0·04% −0·02%
12 2 7·05% 7·07%
12 3 9·99% 10·01%
12 4 11·59% 11·61%
12 6 13·30% 13·45%
12 12 15·11% 15·14%

investment portfolio. In one-third of the instances, reallocation involved funding the same
set of interventions that was funded in the previous period but changing the relative levels
of funding. When reallocation occurred, it occurred one to four times over the 12-year time
horizon.

As shown in Table 5, allowing for the possibility of reallocation once each year
(τ = 12) improved the average solution by 15%. Allowing for just one reallocation (τ = 2)
improved the average solution by 7%. The results in Fig. 3 and Table 5 suggest that
significant improvement in the solution to the resource allocation problem can be achieved
by allowing at least one or two times at which resources can be reallocated over the time
horizon of the problem (i.e. by allowingτ = 2 or 3). As shown in Fig. 3, increases inτ
eventually led to little improvement in the solution.

5. Discussion

We have formulated a model of resource allocation for epidemic control in multiple
populations over multiple time periods. Our computational analyses suggest that good
allocations can be made based on some fairly simple heuristics. For example, using linear
production functions (or linear approximations for the production functions) and first-order
approximations for the compartment size functions, and applying the heuristic HLP—
which requires no knowledge of optimization—yielded good solutions for the problems
we tested.

Our analyses also suggest that allowing for some reallocation of resources over the time
horizon of the problem, rather than allocating resources just once at the beginning of the
time horizon, can lead to significant increases in health benefits. This occurs because the
best allocation of resources at one point in an epidemic may not be the best allocation later
in the epidemic. Paltiel (1994) made a similar observation about HIV prevention programs:
via simulation of a simple epidemic model, he showed that early in an epidemic the
greatest number of new infections is averted by targeting prevention programs to infected
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individuals, whereas later in an epidemic the greatest number of new infections is averted
by targeting both infected and susceptible individuals.

Weconsidered the objectives of maximizing QALYs or minimizing new infections. The
QALYs objective includes life years gained as a special case. Other objective functions
are possible, including objectives based on cost or value to society. Details on how to
modify the single-period model to include such concepts can be found in Zaric & Brandeau
(2001b). For the modified multi-period model one could construct new approximations for
the objective function and constraints using methodology similar to that used in this paper,
and then solve the problem using the methodology we have presented.

Our analysis has several limitations. We considered a deterministic model. However,
the size of future budgets may not be known at the time of the initial allocation decision.
Moreover, the effects of allocation decisions on parameter values may be stochastic. Future
work on the dynamic resource allocation problem could include uncertainty in the model.
We assumed that allocations take effect instantaneously at the beginning of each time
period and their effects expire instantaneously at the end of each period if no additional
funds are invested. In reality, interventions may not take effect instantaneously, and benefits
(e.g. reduced risk behaviour) may persist when funds are no longer being invested. Future
work could relax these assumptions about the timing of benefits.

In our computational tests, the use of the heuristic HLP with a limited number of
reallocations yielded solutions that were as good as those obtained using much more
computationally intense procedures such as HDE. Given the high quality of solutions
generated by this simple heuristic, we conclude that allowing for reallocation of funds
in a multi-year resource allocation problem may be more important than developing a
sophisticated model for one-time allocation of resources. An important next step is to
work with policy makers to help improve resource allocation for prevention of endemic
diseases, such as HIV/AIDS, other sexually transmitted diseases, and tuberculosis. Such
work might involve the establishment of longer-term budgets for control of endemic
diseases, consideration of future resource allocation decisions when making the current
allocation decision, and regular review of and possible reallocation of epidemic control
resources over time.
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Appendix

For simplicity in the following proofs we letxk
i denote the size of compartmenti at the

start of periodk given any investmentv (i.e. xk
i ≡ xi (Tk, v)) and we letλk

i denote the value
of the sufficient contact rate in compartmenti during periodk given any investmentv (i.e.
λk

i ≡ λi (t, v) for all t ∈ [Tk, Tk+1)). To distinguish exponents from superscripts we adopt
the following convention: superscripts will be written beside the variable or parameter, and
any term raised to an exponent will be enclosed in parentheses. For example,x2

i represents
xi (T2, v), and(x2

i )2 representsxi (T2, v) squared. Additionally, we introduce the following
notation for discounted polynomials oft over a time period of lengthT :

D( j) =
∫ T

t=0
t j e−r t dt .

Proof of Proposition 1. Substituting (9) and (10) in (6)–(8) yields

x2
1 = x1

1 + δ1x1
3T − (a1 − b1v

1
1)x1

1x1
3T (A.1)

x2
2 = x1

2 + δ2x1
4T − (a2 − b2v

1
2)x1

2x1
4T (A.2)

x2
3 = x1

3 − δ1x1
3T + (a1 − b1v

1
1)x1

1x1
3T (A.3)

x2
4 = x1

4 − δ2x1
4T + (a2 − b2v

1
2)x1

2x1
4T . (A.4)

http://www.who
http://www
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We calculate the objective function using these approximations. The QALYs objective
function is the sum of the total QALYs experienced in periods 1 and 2. The total QALYs
experienced in period 1 is

∫ T

0
{N1[q1x1(t) + q3x3(t)] + N2[q2x2(t) + q4x4(t)]}e−r t dt

=
∫ T

0
{N1[q1{x1(0) + x ′

1(0)t} + q3{x3(0) + x ′
3(0)t}]

+N2[q2{x2(0) + x ′
2(0)t} + q4{x4(0) + x ′

4(0)t}]}e−r t dt

= D(0)[N1(q1x1
1 + q3x1

3) + N2(q2x1
2 + q4x1

4)]
+D(1){N1(q1 − q3)[δ1x1

3 − λ1x1
1x1

3] + N2(q2 − q4)[δ2x1
4 − λ2x1

2x1
4]}. (A.5)

The total QALYs in period 2 are calculated similarly, substitutingx2
i for x1

i , D(0)e−rT for
D(0), andD(1)e−rT for D(1) everywhere. The resulting objective function is

QALY(v) = c0 + N1c1(a1 − b1v
1
1) + N2c2(a2 − b2v

1
2) + e−rT { N1 f1(v1)

+N2 f2(v1) + N1g1(v1)(a1 − b1v
2
1) + N2g2(v1)(a2 − b2v

2
2)}. (A.6)

The termsc0 , c1, andc2 are constants, with

c0 ≡ D(0)[N1(q1x1
1 + q3x1

3) + N2(q2x1
2 + q4x1

4)]
+D(1){N1(q1 − q3)δ1x1

3 + N2(q2 − q4)δ2x1
4}. (A.7)

Wesubstitutex1
1 = 1 − x1

3 andx1
2 = 1 − x1

4 in the first term ofc0. This yields

c0 = D(0)[q1N1(1 − x1
3) + q2N2(1 − x1

4) + q3N1x1
3 + q4N2x1

4]
+D(1){N1(q1 − q3)δ1x1

3 + N2(q2 − q4)δ2x1
4}

= D(0)[q1N1 + q2N2]
+(q3 − q1)N1[D(0) − D(1)δ1]x1

3 + (q4 − q2)N2[D(0) − D(1)δ2]x1
4.

The termsc1 andc2 are defined as

c1 ≡ (q3 − q1)x1
1x1

3 D(1) (A.8)

c2 ≡ (q4 − q2)x1
2x1

4 D(1). (A.9)

The terms f1(v1), f2(v1), g1(v1), and g2(v1) in (A.6) are functions of the resource
allocation decision made in the first period and are defined as

f1(v1) ≡ q1D(0) + (q3 − q1)(D(0) − δ1D(1))x2
3 (A.10)

f2(v1) ≡ q2D(0) + (q4 − q2)(D(0) − δ2D(1))x2
4 (A.11)

g1(v1) ≡ (q3 − q1)x2
1x2

3 D(1) (A.12)

g2(v1) ≡ (q4 − q2)x2
2x2

4 D(1). (A.13)

Wesolve RA′-2-2 using dynamic programming, with the time periods being the stages.
The sufficient contact rates are strictly decreasing functions of the amount invested, so
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QALY(v) is astrictly increasing function of amounts invested, and the budget constraints
will be binding in each time period. We express the first-period variables asv1

2 = B1 − v1
1;

then the first-period problem becomes a single-variable optimization problem. We express
gi (v1) asgi (v

1
1), and fi (v1) as fi (v

1
1). In stage two we determinev2

1 andv2
2. From (A.6),

we see that the problem in stage two is an LP knapsack problem (see Hillier & Lieberman,
1993) with the following solution:

(v2
1, v2

2) =



(V 2
1 , B2 − V 2

1 ) if −b1N1g1(v
1
1) > −b2N2g2(v

1
1)

(B2 − V 2
2 , V 2

2 ) if −b1N1g1(v
1
1) < −b2N2g2(v

1
1).

(A.14)

Sincebi andNi are constants, the solution in stage two depends on the values ofg1(v
1
1)

andg2(v
1
1). However, the solution in the second period involves allocating as much of the

resource as possible to one of the populations, regardless of the allocation in the first period.
DefineR1 andR2 as

R1 ≡ {v1
1|−b1N1g1(v

1
1) > −b2N2g2(v

1
1) } (A.15)

R2 ≡ { v1
1|−b1N1g1(v

1
1) � −b2N2g2(v

1
1)}. (A.16)

Clearly R1 ∪ R2 = [−∞, ∞]. Wedeterminev1
1 by maximizing the following function:

G(v1
1) =




G1(v
1
1)

G2(v
1
1)

v1
1 ∈ R1

v1
1 ∈ R2

(A.17)

subject to 0� v1
1 � B1. G1(v

1
1) andG2(v

1
1) are defined by substituting the two possible

second-period solutions in (A.14) into (A.6). Thus,

G1(v
1
1) = c0 + N1c1(a1 − b1v

1
1) + N2c2(a2 − b2B1 + b2v

1
1) + e−rT {N1 f1(v

1
1)

+N2 f2(v
1
1) + N1g1(v

1
1)(a1 − b1V 2

1 ) + N2g2(v
1
1)(a2 − b2B2 + b2V 2

1 )}
(A.18)

G2(v
1
1) = c0 + N1c1(a1 − b1v

1
1) + N2c2(a2 − b2B1 + b2v

1
1) + e−rT {N1 f1(v

1
1)

+N2 f2(v
1
1) + N1g1(v

1
1)(a1 − b1B2 + b1V 2

2 ) + N2g2(v
1
1)(a2 − b2V 2

2 )}.
(A.19)

WemaximizeG(v1
1) by maximizingG1(v

1
1) andG2(v

1
1), and taking the maximum of these:

max
v1

1

G(v1
1) = max

{
max
v1

1∈R1

G1(v
1
1), max

v1
1∈R2

G2(v
1
1)

}
. (A.20)

By substituting (A.1)–(A.4) into (A.12) and (A.13) we see that both (A.18) and (A.19)
are quadratic inv1

1. Convexity properties ofG1(v
1
1) and G2(v

1
1) are determined by the

coefficients of(v1
1)2. The coefficient of(v1

1)2 in Gi (v
1
1) depends on the sum of the

coefficients of(v1
1)2 in g1(v

1
1) andg2(v

1
1). The coefficient of(v1

1)2 in g1(v
1
1) is given by

k1 = −(q3 − q1)[b1x1
1x1

3T ]2D(1). (A.21)
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Similarly, the coefficient of(v1
1)2 in g2(v

1
1) is given by

k2 = −(q4 − q2)[b2x1
2x1

4T ]2D(1). (A.22)

Sinceqi > qi+2, we havek1, k2 > 0. Thus,G1(v
1
1) and G2(v

1
1) are convex. The

maximum of a convex function over a convex feasible region is an extreme point of the
feasible region (Luenberger, 1984). In this case, the solution is eitherv1

1 = V 1
1 or v1

1 =
B1 − V 1

2 . SinceG = max{G1, G2}, the allocation that maximizesG is of the same form
as the one that maximizesG1 andG2. �
Proof of Proposition 2. Proof by example. LetN1 = N2, δi = 0·05, λ1(0, 0) = 0·1 and
λ2(0, 0) = 0·2. For the production functions (9), letai = λi (0, 0), b1 = 2·5 × 10−8 and
b2 = 5 × 10−8. Let T = 1, r = 0·03, andBk = $1 000 000 fork = 1, 2. Let V k

i = Bk for
i, k = 1, 2. By the assumptions of the model,xi+2(0, 0) = 1 − xi (0, 0), i = 1, 2. When
x1(0, 0) = 0·478 andx2(0, 0) = 0·071, then the infections-averted objective function
is concave for all feasiblev. When x1(0, 0) = 0·383 andx2(0, 0) = 0·585, then the
infections-averted objective function is convex for all feasiblev. Whenx1(0, 0) = 0·333
andx2(0, 0) = 0·429, then the infections-averted objective function is neither convex nor
concave for all feasiblev. �
Proof of Proposition 3. We extend the proof of Proposition 1. In the second period we
have a knapsack LP for which a greedy solution is known to be optimal (for each time
period, funds are allocated sequentially to the interventions according to decreasing order
of objective function coefficients, until all the funds are allocated). In the first period the
problem is to determinev1 = (v1

1, v1
2, . . . , v1

n). This is done by maximizing

G(v1
1, . . . , v1

n) =




G1(v
1
1, . . . , v1

n) (v1
1, . . . , v1

n) ∈ R1

G2(v
1
1, . . . , v1

n) (v1
1, . . . , v1

n) ∈ R2

···
G N (v1

1, . . . , v1
n) (v1

1, . . . , v1
n) ∈ RN

(A.23)

whereR1, . . . , RN are different regions corresponding to different optimal second-period
solutions (as a function of the first-period allocation). As in the two-population case, each
functionGi (v1) is quadratic inv1. Following an argument similar to that used in the proof
of Proposition 1, it is straightforward to show that eachGi (v1) is convex. Thus, the optimal
solution is an extreme point of the feasible region. �


