The Profit Curve for Budgeted Learning: Properties and

Computation

Brad Null * Ashish Goel
Stanford University Stanford University

June 30, 2008

Abstract

In the budgeted learning problem we experiment on a set of alternatives (given a fixed experimenta-
tion budget) with the goal of picking a single alternative with the largest possible expected payoff. The
ratio index, introduced by Goel et al. [5], leads to an index-based constant factor approximation algo-
rithm for this problem. Index-based policies have the advantage that a single number (i.e. the index)
can be computed for each alternative irrespective of all other alternatives, and the alternative with the
highest index is experimented upon. This value has been highlighted by the famous Gittins index for the
discounted multi-armed bandit problem.

In this paper, we define the profit curve for budgeted learning, which is critical to calculating the
ratio index. In the process, we derive several structural properties for the profit curve with significant
consequences. Among these properties, we show that the profit curve is concave and piecewise linear,
which, among other things, makes calculation of the ratio index using the profit curve elementary. We
also show that the policies which induce the profit curve possess a certain monotonicity property critical
to the proof that a greedy algorithm for budgeted learning with respect to the ratio index is a constant
factor approximation algorithm. This monotonicity property also leads directly to a proof that the profit
curve and the ratio index can be computed in strongly polynomial time. Thus, the greedy algorithm can
be executed in strongly polynomial time, as can an index-based approximation algorithm for a discount
oblivious version of the multi-armed bandit problem. Further, the techniques we develop may also be
useful for deriving strongly polynomial algorithms for other Markov Decision Problems. We conclude

with a detailed algorithm for computing the profit curve.
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1 Introduction

The classical multi-armed bandit problem provides an invaluable model to study the tradeoff between col-
lecting rewards in the present based on the current state of knowledge (exploitation) versus deferring rewards
to the future in favor of gaining more knowledge (exploration'). Specifically, in this model, a user has a
choice of bandit-arms to play, and at each time step, it must decide which arm to play. The expected reward
from playing a bandit-arm depends on the state of the bandit-arm where the state represents a “prior” belief
on the bandit-arm. Each time a bandit-arm is played, this prior gets updated according to some transition
matrix defined on the state space. The user wishes to maximize the total expected discounted reward over
time.

This problem was first considered by Bellman (1956) [1] and became especially popular after the presen-
tation of the Gittins index in the 1970’s, which provides an elegant and often easily implementable optimal
index-based approach to this problem ([2], [3], [4]).

One typical assumption on the bandit-arms is that they have («, 3)-priors: the success probability of
an (o, 3)-bandit-arm is o/ (o + (3); in case of a success a reward of 1 is obtained and « gets incremented,
whereas in case of a failure no reward is obtained and 3 gets incremented. This simple setting effectively
models many applications. A canonical example is exploring the effectiveness of different treatments in
clinical trials while maximizing the benefit received by patients.

The discount factor in a multi-armed bandit problem may be viewed as modulating the horizon over
which the strategy explores to identify the bandit-arm with maximum expected reward, before switching to
exploitation. This facet of the multi-armed bandit problem is explicitly captured by the budgeted learning
problem. The input to the budgeted learning problem is the same as for the multi-armed bandit problem,
except the discount factor is replaced by a horizon h. The goal is to identify the bandit-arm with maximum
expected reward using at most h steps of exploration. Although the classical multi-armed bandit problem
has received significantly more attention (likely due in large part to the attractiveness of the Gittins index and
the NP-hardness of the budgeted learning problem [6]); in many applications the budgeted learning problem
is often the more appropriate model. For example, Madani et al ([9], [7]) model the selection of treatments

in clinical trials under a fixed $2 million budget as a budgeted learning problem.

"We will use the terms experimentation and exploration interchangeably in this paper, depending on the context.



Further, it has been shown that a constant factor approximation algorithm for the budgeted learning
problem can be modified to yield constant factor approximation algorithms for a wide range of interesting
and non-trivial variations of the multi-armed bandit problem, including the finite horizon multi-armed ban-
dit problem and the discount oblivious multi-armed bandit problem [5]. In the latter of these problems, the
input is as in the classical multi-armed bandit problem, except that the discount rate need not be constant
and additionally the user is oblivious to this discount rate term structure. For this problem, the approxima-
tion algorithm is not only constant factor competitive to any other oblivious algorithm, but constant-factor
competitive to optimal strategies that are fully aware of this term structure as well. We also believe that this
line of research will yield constant factor approximation algorithms for several other useful variants of the
multi-armed bandit problem.

Goel et al. [5] introduced the ratio index for this problem and an associated greedy index-based pol-
icy, which leads to such a constant factor approximation for the budgeted learning problem.? Index-based
policies have the advantage that a single number (i.e. the index) can be computed for each alternative irre-
spective of all other alternatives, and the alternative with the highest index is experimented upon. This is
analogous to the famous Gittins index for the discounted multi-armed bandit problem, and it has been shown

that the ratio index and the Gittins index are in fact constant factor approximations of each other [5].

1.1 Our contribution

In this paper, we present the profit curve, a function which is critical to calculating the ratio index. We
develop two formulations by which a point on the profit curve can be computed (a dynamic program and a
linear program), and upon analyzing these formulations, we derive several interesting structural properties
for the profit curve. Among these properties, we show that the profit curve is concave and piecewise linear,
which, among other things, makes calculation of the ratio index using the profit curve elementary. We
also show that the profit curve possesses a certain monotonicity property which enables us to show that a
greedy algorithm for budgeted learning with respect to the ratio index is a constant factor approximation
algorithm. This monotonicity property also proves that both the profit curve and the ratio index can be

computed in time which is strongly polynomial in the size of the state space (independent of h) of each arm

21t should be noted that Guha and Munagala [6] also present a (non-index based) constant factor approximation for this problem.



if the state space is acyclic, and strongly polynomial in the size of the state space and A if the state space is
general. Thus, not only can a greedy index-based constant factor approximation algorithm for the budgeted
learning problem be implemented in strongly polynomial time, but so can an index-based constant factor
approximation algorithm for the discount oblivious multi-armed bandit problem (see [5] for details of this
algorithm).

Our proofs of several of these properties involve recursively analyzing the basic feasible solutions of
the underlying linear program for computing points on the profit curve and using the structure of the basic
feasible solutions to prove that these strategies have a simple form. These LPs can be viewed as modeling a
Markov decision process. It is conceivable that the techniques we use may offer insight towards obtaining
strongly polynomial algorithms for more general classes of Markov Decision Problems (see [10] for a
description; the algorithm in [10] is not strongly polynomial in the discount factor so the problem is still
open when discount factors are arbitrarily close to 1). We conclude with a detailed algorithm for computing

the profit curve.

1.2 Organization

In section 2, we define the budgeted learning problem, the profit curve, and the ratio index. Section 3 then
lays out the main properties of the profit curve and their implications, and section 4 presents detailed proofs
of these properties. In section 5, we present a strongly polynomial algorithm to compute the profit curve

and the ratio index.

2 The Budgeted Learning Problem, the Profit Curve and the Ratio Index

2.1 The Budgeted Learning Problem

We are given n arms. Arm 1 has state space T;, with initial state p;. Experimenting on an arm 1 in state
u € T; results in the arm entering state v € T; with known probability P,,. The payoff of state u is given
as ((u). Given an experimentation budget h, we are interested in finding the optimal policy, 7*, so that
Er+[max;eq1 .y ((vi)] is maximum among all policies, where v; is the state of arm i after the policy has

been executed (the number of experiments cannot exceed h).



We will use T to denote U;T;. For convenience, we will assume that the 7; are disjoint and that P,,, = 0
if 4 and v are in the state spaces of different bandit-arms; this can be easily enforced by duplicating any
shared states. The initial states represent a prior belief on the payoff from the bandit-arms. We will assume
that the expected payoff is a martingale, i.e., ((u) = >, o7 Puw((v); the martingale assumption is crucial
to our results. We will also assume without loss of generality that the state space of any arm is acyclic and
truncated at depth h.

The martingale property has some useful and easy consequences which we will use repeatedly:

1. For an arbitrary policy let p(¢) denote its expected payoff if it is terminated after ¢ experiment steps.

Then, p(t) is non-decreasing in ¢. In other words, extra experiments can never hurt.

2. Given a single arm, no policy can have a higher expected payoff than the one which does no explo-
ration and simply chooses the initial state as the winner; in other words, extra experiments can never

help given just one arm.

At any given time, the current state of the system is denoted by S = {u1,u2, ..., u,,d}, which captures
the current states of all the arms, and the budget left (i.e. the number of experimentation steps that are still
remaining), §. The initial state of the system has all the arms in their initial states, and § = h. Since we use
the term state for both the system and an arm, we will disambiguate where necessary by referring to these
as “system-state” and “arm-state” respectively. A policy 7 is a function which takes as input a system-state
S and either returns an arm ¢ for experimentation (i.e. explores the arm-state u;), or chooses an arm ¢ as a
winner and terminates (i.e. exploits the arm-state w;), or simply terminates (abandons). If 6 = 0 then the
only options are to abandon or exploit. The martingale property (see the comment at the end of section 2.1)
implies that there always exists an optimal policy which explores some arm iff 4 > 0 and exploits some
arm iff 6 = 0. Observe that our definition of policy is an adaptive one; the decisions made in step j > 1
depend on the entire system-state at time j and hence on the outcome of previous experimentation steps. A
single arm policy is one which makes all its decisions based only on the state of a single pre-determined arm
1, ignoring all other arms. Though, it is easy to see that randomized strategies can not do any better than
deterministic strategies, for our purposes, we require the use of randomized single arm policies. Whereas

a deterministic single arm policy (corresponding to arm-state ) will always either explore u, exploit u, or



abandon with probability 1, a randomized policy, 7, selects ey, py @ €y, Py > 0,6y + Py < 1 where e,

represents the probability 7 explores in this state, p,, represents the probability 7 exploits in this state, and

1 — e, — p, represents the probability 7 abandons in this state.

2.2 The profit curve and the ratio index

We now introduce two vectors =™ and 2™ corresponding to a randomized single arm policy 7 (on any given
arm 7). The probability that arm-state u (€ T;) is the final exploited state by policy  is given by z7. The

probability that arm-state w is explored by policy 7 is given by z7. We define the cost of policy 7 as

Z’TI'
C(r) = ZuehT“ + Z ar.

ueT;

Observe that C() < 2, for any policy 7. The profit of policy 7 is defined as

P(r) = ai¢(w).

u€eT;

We are now ready to define the profit curve and ratio index for arm 7 at state u.

Profit Curve. The profit curve Py () of a bandit-arm (say arm i) in initial state u and with experimentation

budget h, is defined as a function over all C,, > 0 where

Pu(Cy) = max P(m)

s
where the max is over all randomized single arm policies ™ which have initial arm-state u, budget h, state

space T;, and cost C(m) < Cy,.

Ratio Index. The ratio index r(u, h) of a bandit-arm (say arm i) in initial state w and with experimentation

budget h, is defined as

max P(ﬂ-)

= C(r)’

where the max is over all randomized single arm policies m which have initial arm-state u, budget h, state



space T;, and cost C(m) > 0.
It is easy to see then that the ratio index will be equivalent to the maximum slope on the profit curve.

We refer to a policy which yields the ratio index as a ratio index policy for state u, denoted 7, (u, h).

3 Main Properties of the Profit Curve and their Implications

In section 4 we derive several properties of the profit curve and ratio index. As this section can become quite

technical, we present the more notable implications here.

The profit curve is concave and piecewise linear, with each “corner” solution representing a deterministic
policy. In Lemmas 4.1 and 4.4 we show that the profit curve for a state v is concave and piecewise linear
(with P, (0) = 0), thus implying that the ratio index is simply the slope of the first line segment of the profit
curve. Further, lemma 4.4 characterizes the intersection of line segments of the profit curve as “corner”
solutions and show that at these points p,, € {0,1} and e, € {0, 1} for all states in T;. Thus, these points of
the curve are induced by deterministic policies. Thus, the policy which induces the “corner’ solution at

the end of the first segment of the profit curve is a deterministic ratio index policy.

The ratio index policy for an arm-state will not abandon any descendant arm-state with higher ratio index,
nor will it explore or exploit any descendant arm-state with lower ratio index. The central proof of [5]
shows that the following persistent algorithm (G”) is constant factor (.22) optimal for the budgeted learning

problem.

The persistent algorithm G’: Given a system state S, let i be the arm with the highest ratio index r(u;, h)
where u; denotes the current state of arm ¢. Play arm 7 in accordance with the policy 7, (u;, h) until
the policy chooses to exploit or abandon. If 7,.(u;, h) abandons, let S’ be the resulting system state.
Repeat the process starting with S’. If at any time, the system state is such that § = 0, immediately

exploit the arm that has the currently highest ratio index.

Corollary 4.6 shows that a ratio index policy for arm-state u, 7, (u, h), does not abandon any arm-state

v with (v, h) > r(u, h) and does not explore or exploit any arm-state v with (v, h) < r(u, h). Using this



structural result on the ratio index, we can deduce that the series of experiments in G’ is a prefix of that in

the Greedy algorithm (G) below (see [5] for proof details).

The Greedy Algorithm G: Suppose the initial experimentation budget is h, and the current system-state
is given by S = {uy,ug,...,un,0}. If § > 0, the greedy algorithm explores the arm ¢ with the
maximum ratio index, r(u;, h), with ties broken arbitrarily but consistently. If § = 0 the greedy

algorithm exploits the arm ¢ with maximum current expected reward {(u;).

Thus, since additional experimentation cannot hurt (by the Martingale property), the greedy algorithm

is constant factor (.22) optimal for the budgeted learning problem.

As the budget increases along the profit curve for u, for every state v € T;, both p, and e, + p, are non-
decreasing. We show in lemma 4.7 that as the budget increases along the profit curve for u, a monotonicity
property holds that for every state v € T;, both p, and e, + p, are non-decreasing. This result directly
implies theorem 4.8, which shows that the profit curve for state u can have at most 23, segments. This
implies (as we will see in section 5) that the profit curve can be computed in strongly polynomial time.
As mentioned in section 1.1 this further implies that the greedy algorithm above is strongly polynomial, as

is an index-based approximation algorithm for the discount oblivious multi-armed bandit problem.

4 Derivation of the Properties of the Profit Curve

In what follows, we will only be concerned with a single bandit-arm ¢, an initial state p for ¢, an exploration
budget of h, and a state space T; truncated to depth h, we view T; as a layered DAG of depth h, which is to
say that for any arm-state, u, in layer 7, if P,, > 0, then v must be in layer j + 1. As explained later, this is
without loss of generality. We let 3 be the number of nodes in the layered DAG. Additionally, for any state
win T3, we use T} to denote the sub-DAG of T; with root u; thus Tf =1T,.

We begin by considering two methods of calculating P, (C,,) that will be used in our discussions. The
first is a recursive equation (RE,,(C,)) that can be used to calculate P, (C,) for a given state u and budget

C, provided that we have the entire profit curves of all successor states. This equation is



PU(CM) - purgi}éu puC(u) + ey eg( )Puvpv(Ev)

the constraints are:

Pute, <1
vED(u)

Pus Eu, E*>0

D(u) is the set of immediate descendants of u. The decision variables p,, and e,, represent the probability
of exploiting and exploring in u respectively (as in the definition of a randomized policy). The vector £
represents the budgets we would allocate to each of the immediate descendants of v should we visit them.
Recall that P, is the probability of transitioning to state v given we are experimenting in state u. We assume
EY=0ifv ¢ D(u).

Alternatively, the following LP (L P,(C,)) (similar to the one in [6]) for a given state u of bandit-arm ¢

reveals a policy (w, x, z), which induces P, (C,,) for a given C,.

maXy, g,z ZUETZ-“ l‘UC(’U)

S.t.

Z'UGT.“‘ v
— 5t Lvern To < Cy

Zy:veD(y) ZyPyU = Wy Vv € T’zu \ {’LL}

Wy = 1
Ty + 20 < Wy Yoe Ty
Ty, 2y >0 Yo e T

For any state v € T}, w, represents the probability the bandit-arm enters v, x,, represents the uncondi-
tional probability of exploiting in v, and z, represents the unconditional probability of experimenting in v.
Given the stochastic nature of the P matrix and the fact that all of the 2 values are less than or equal to their
corresponding w values, we can see that each element of w will be bounded between 0 and 1. Thus, z and

z will also be automatically bounded above by 1. Thus, we do not need further constraints bounding these



variables.

4.1 Some basic properties of the profit curve

Using both the recursive equation and the LP, we can show the following.
Lemma 4.1 P,() is a concave, nondecreasing function and if C,, > 1, Py, (Cy) = Pu(1) = ((u).

Proof: Given any C,, and associated policy {p, e,, E"} for RE,(C,,) that realizes P,(C,,), observe first
that this policy is also feasible for any cost greater than or equal to C,. Thus, P,(C,) is a nondecreasing
function.

We prove the remainder of the lemma by induction. Looking at P, (C,,) for a state u that is at depth
h it is easy to see that, P, (Cy) = Cy * ((u) if C, < 1 and ((u) if C,, > 1. Thus, at depth h if C, > 1,
Pu(Cy) = Pu(1) = {(u) and P, () is concave.

Now assume these properties hold for all states at depth ¢ + 1 and look at a state u at depth ¢. Our
profit is obviously non-decreasing in each of the decision variables {p,,, e,,, E*}. Set E! = 1Yv € D(u).
From the induction hypothesis, ) D(u) PuwPu(l) = > ¢ D) Puv (v) and by the martingale property,
> ven(u) Puv(v) = ((u), so our objective becomes max p,((u) + €4 (u) or equivalently max(p, +
en)C(u). Since (py, + €,) < 1, this can be no larger that ((u). But clearly {(u) can be achieved with a cost
of 1 by setting p,, = 1 and e,, = 0. Henceforth, P,(C,) = ((u) VC, > 1.

With respect to concavity, for any two points on the profit curve of u, P, (C (1)) and P, (C (2)), corre-

sponding to C1) < C) et <w(1),$(1), z(1)> and <w(2),$(2), 2(2)) be associated policies respectively as

defined on LP,(C,). Consider the policy <w<1)—5w(2)’ 2W42® z<1>_52<2) ). This policy is feasible for the

2
. . . 1 2 1 2 (1, (2
problem of finding the profit associated with budget %, S0 Pu(%) > ) vers T2 ((v) =

Pu(CO)+Pu(
2

(2) .
") Thus the profit curve for u is concave.

|
With respect to LP,(C,), we define the vectors e and p where e,, = z,/w, and p, = x, /w, if w, > 0.
Otherwise, we require only that e,,, p, > 0 and e,, + p, < 1. Thus e, and p, are the conditional probability

of exploring and exploiting, respectively, given that we are in state v. Thus, the two vectors (e, p) define

a randomized policy that induces a point on P, (). Alternatively, we could define the same policy with the



three vectors (w, x, z). In what follows, we will freely interchange between the two notations. Note that the
one thing we must be careful to observe is that for any policy and state where w, = 0, there are infinitely
many equivalent assignments of e, and p,,.

We will now appeal to linear programming theory with respect to LP,(C,,) to derive several important

properties of the profit curve. We begin with the following:

Lemma 4.2 ForanyC, € [0, 1] there exists an optimal policy with respect to LP,(C,,) such that p,, € {0,1}

and e, € {0,1} for all but at most one state in T}".

Proof: Let’s consider a basic feasible optimal solution to LFP,(C,), (w*,z*,2*). We know such a
solution exists since the LP is bounded and a basic feasible solution to the LP exists (for instance the solution

that corresponds to setting x,, = 2z, = 0 Vv). Let us create TZ“ by removing all states v from 7" for which

*

v = z; = 0. (Note: Since we may be removing some children of states remaining in Ti“, the martingale

x
property may no longer hold with respect to Ti“.) Let us create LIDu(Cu) by replacing T in LP,(C,) with
T*. LP,(C,) will have the same optimal objective value as LP,(C,) and an optimal solution (w*, z*, 2*)
such that w? = w, ¥ = x* and z* = z* for every state v € TZ“

Let us define the number of states in Tl“ as X, LPU(CU) has 3%, variables, 25, non-negativity con-
straints, and 22% + 1 other constraints. Thus LPU (C.) has a basic feasible optimal solution, which will have
at least ¥, — 1 variables equal to zero. (For discussion of LP theory and the role of basic feasible solutions,
see [8] or a similar resource.)

If exactly Y, — 1 variables are equal to zero, all constraints of the type x,, + z,, < w, must be tight. By
virtue of how we created Ti“, we know that each of these zero variables must correspond to a distinct state.
Thus, for these ¥, — 1 states either xr = w} > 0orz; = w’ > 0, and for the only remaining state, (call it
y). 2 > Oand 2 > 0.

Alternatively there could be 3, variables equal to zero (but no more since for all states z* + z* > 0), in
which case, for at least 3, — 1 states either xr=wr > 0orzk =w} > 0.

Looking at this in terms of p and é, in at least 3, — 1 states either pr = 1orer = 1. For all states v in

T/ TZ“ we could arbitrarily assign p,, and e, so this property holds with respect to LP,(C,,) as well.

10



From the analysis above, we can see that for a given C,,, L P,,(C,,) has an optimal basic feasible solution

(w*, x*, z*) that takes one of the following three forms:

1. For every state v where z7, + z;; > 0, z, + z;; = wy,, and in exactly one state y, z; > 0 and z; > 0.

In this case exactly 332, constraints of LP, (Cy) are binding (including the cost constraint).

2. For every state v where z + 2, > 0, either z;; = 0 or z;; = 0, and in exactly one state y, z;, + 2z, < w,.

In this case exactly 33, constraints of LP, (Cy) are binding (including the cost constraint).

3. For every state v where x;, + 2z > 0, either z}, = 0 or z;; = 0, and z}, + z;; = w;,. In this case either
3%, + 1 constraints of LPU(CU) are binding, or else the cost constraint is not binding which implies

the slope of the profit curve at this point is zero.

In the first two types of policies, we will call the state y for which it does not hold that pj, e}, € {0,1}
the transitional state. Note that policy type 3 does not have a transitional state, and thus corresponds to a
deterministic policy.

Further leveraging our understanding of the basic feasible solutions of LP,() and linear programming

theory, we establish the following pair of lemmas.

Lemma 4.3 Let (e*,p*) be a basic feasible optimal policy for LP,(C,). If (e*,p*) has a transitional
state, then there exists an € > 0 such that there exists an optimal policy (e*(l), p*(1)> for LPu(Cle)) where

C&l) € [Cu — €,Cy + €] that has the same transitional state y and for all states v # y ejj(l) = e} and

pV =p;.

Proof: This result follows directly from linear programming theory. Given that we have a transitional
state, we have a non-degenerate solution to LPU() (with exactly 3%, constraints at equality). Thus, small
changes in the budget will result in a solution that has the same set of binding constraints. These results carry
over to LP,(). (We again refer the reader to [8] or another suitable optimization text for more discussion of
linear programming theory and sensitivity analysis.)

With respect to our problem, this implies that for every non-transitional state v, if x}, = 0, a:jj(l) =0,

if 2 = 0,220 = 0, if 2* = whar® = W and if 2¢ = w2V = w*®. Or equivalently,

11



This leads naturally to the following result:

Lemma 4.4 The profit curve is piecewise linear. Further, each “corner” solution or point connecting two

segments of the curve can be achieved by a deterministic policy.

Proof: Again by linear programming theory, beginning at a non-degenerate solution to LPU() and
making incremental changes to the budget will change the optimal objective value at a constant rate (the
shadow price of the budget constraint) until a new constraint becomes binding. With respect to LP,(C,,)
this implies that if the optimal solution to this LP has a transitional state, then there exist some C'!) < C,
and C(® > C, such that the segment of the profit curve from P, (C(1)) to P, (C?) is linear.

Furthermore, since we know that each end of this line segment must have an additional binding con-
straint, the optimal policy associated with these points on the curve must be of type 3 above (i.e. a deter-
ministic policy).

]

This result, combined with the fact that profit curves are concave, implies that for any state, u, the ratio
index can always be calculated with infinitesimal cost, i.e. 7(u,h) = P’ ,(0), where P/, (C,) denotes
the right-sided derivative of the profit curve evaluated at C,,. Further, the policy at the end of the first line

segment of P, () is a deterministic ratio index policy.

4.2 Monotonicity properties of the profit curve

We are now ready to begin establishing the monotonic properties of the profit curve. We begin by establish-
ing the following four properties. In the following, recall that P’ (C,) represents the right-sided derivative
of P, () evaluated at C,,. Correspondingly, P’ (C,,) represents the left-sided derivative of P, () evaluated at

Cu.
Lemma 4.5 There exists an optimal solution (e*, p*) to LP,,(C), such that for any state v where w}; > 0:

1 Afpy > 0,PL,(1) = PL,(C)

12



2. If et > 0, P, (C) > P (1)

3. Ifel > 0,r(v,h) > P, (C)
4. If1 —e€; —py > 0,P\(C) >r(v,h)

Proof: First, consider the set of all optimal solutions to LP,(C). Arbitrarily observe one optimal
solution (€, p). Use S to denote the set of all optimal solutions (e, p) to LP,,(C') such that w,, = w,. Select
(e*,p*) € S such that p}; = maxsp,,p, + €, = maxsp, + €,. We now prove the first of these four

properties. The remaining proofs are similar and can be found in appendix A.

1. If pf > 0,P (1) > P",(C): Given v such that w} > 0 and p} > 0 assume P’ (1) < P’ (C).
Denote by E;; the amount of budget devoted to v and its descendants. Thus, we know that total profit
garnered from v and its descendants is P, (E}). Let (€, p), be the policy that induces P, (E; — €) on
T?. Let (€, p) be a policy that follows (€, p),, in the subtree of v and follows (e*, p*) otherwise. The
policy (€, p) is a feasible solution to the problem of finding the point on the profit curve of u with cost
C —wje. This policy has profit P, (C') —wjeP’, (EZ). Further, as p; > 0, we know that either p}, = 1
(in which case E}; = 1) or else v is the transitional state for LP,(E}). In the latter case, one end of
the line segment of P, () which contains P, (E;) must have p}; = 1. This obviously corresponds to
P,(1). Thus, P,(E;) must be on the last segment of the profit curve of v, so P’ (E}) = P, (1).
Thus,

Pu(C —wie) > Py(C) — wyeP. (1)

> Pu(C) — wieP" ,(C)

Thus, P, (C) — Py (C — wie) < wieP,, (C). By concavity, this cannot be true, so it must be true that

PL,(1) = PL,(C).

This result directly implies the following.

13



Corollary 4.6 A ratio index policy for arm-state u, m,(u,h), does not abandon any arm-state v with

r(v, h) > r(u, h) and does not explore or exploit any arm-state v with r(v, h) < r(u, h).

Proof: With respect to lemma 4.5, select C such that 0 < C' < C(m,-(u, h). Thus, P_,(C) = P/, (C) =
r(u, h). since P_,(1) < r(v,h), the first, third and fourth properties proved in lemma 4.5 respectively
imply that for the optimal randomized policy corresponding to this point on the profit curve: (1) if r(u, h) >
r(v,h), then p} = 0; 3)if r(u, h) > r(v, h), then e} = 0; and (4) if (v, h) > r(u, h), then 1 —e;—p¥ = 0.
As v cannot be a transitional state under any of these conditions, then by the argument in lemma 4.4 these
properties must hold for the ratio index policy as well. [ ]

As mentioned in section 3, this result proves that the persistent algorithm G’ is a prefix of the greedy
algorithm G, and thus the greedy algorithm is a constant factor approximation algorithm for the budgeted
learning problem as well. We are now ready to prove the following monotonicity result, which follows from

the concavity of the profit curve.

Lemma 4.7 For any state u and CY and 0(2)’ where 0 < cl) <« 0@ < 1, there exist optimal solutions
(W pMY and (e?,p?) to LP,(CMV) and LP,(C?) respectively such thatpg,l) < p1(,2) and es,l) +pq(J1) <

61(,2) + pq(;2) forallvinT}.

Proof: Given the four properties from lemma 4.5, we can see that for any state v, as the slope of P, (C)
decreases with increasing C, there will be up to three regions where we would first abandon at v, then we
would explore at v, then we would exploit. The only remaining technical issue that remains is if the slope
of the profit curve of u exactly equals P’ (1) or 7(v). In these cases, we are of necessity on a line segment
of P,() where v is the transitional state. In these cases, at the two endpoints of the segment we must have

one of the three following pairs of values for v:
L. pp=e,=0;p, =1
2. pp=¢€,=0;¢e,=1
3.ep=1;p, =1

For the first two of these cases, it is obvious that the state on the right corresponds to higher cost. Thus, our

monotonicity property holds. For the third case, we know by the martingale property that setting p, = 1
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yields maximum possible profit at the node. Thus, the monotonicity property must hold in this case as well.
]

We index the B, “corner” solutions on P, (C,) as s;, ..., sp, corresponding to the budget associated
with their rightmost end point. The above lemma further implies that if for every state v € T} and every
“corner” solution, s; on P,(C,,) we apply alabel L;,(v) € {A, E, P} where A corresponds to “abandoning”
at v (p, = e, = 0), E corresponds to “exploring” (e, = 1), and P corresponds to “exploiting” (p, = 1),
then for any v and any 4, j such that i < j, if Ly, (v) = P, then Ls;(v) = P, and if Ly, (v) = E, then
Ls,(v) # A. Thus, we can find a set of solutions such that as we increase the budget, once a state is labeled
“P” it will always remain a “P” and once it becomes an “E” it will never become an“A”. Thus, each state
can only change labels at most twice. As every successive “corner’” solution must involve changing the label
of at least one state, the profit curve for a state can have at most 2X,, segments (where Y, represents the

number of states in 77*). This establishes our main theorem.

Theorem 4.8 The profit curve P, (C,,) for any state u can have at most 2%, segments, where ¥, is the

number of states in T}".

In section 5 we present an algorithm that computes the profit curve of u given the profit curves of all
successor states which is polynomial in the number of segments of successor profit curves. Thus, as we have
established that the number of segments of the profit curve of any state v is bounded by ¥, then P, () can

be computed in strongly polynomial time, as can P, ().

5 A Strongly Polynomial Algorithm for Computing the Profit Curve

The algorithm for computing the profit curve (and hence the ratio index) involves recursively calculating
the profit curve for a state u given the profit curves for all of its successor states. We begin by constructing
an exploration profit curve for u, X, (), which denotes the optimal profit for any given cost conditioned
on the fact that we are exploring at u (i.e. e, = 1). We then take the concave envelope over this curve
combined with the abandonment policy and the exploitation policy. Figure 1 shows a typical example of the

relationship between these two curves.
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Profit Curve as Concave Envelope (h=5)

—— Exploration Profit Curve
- - & - - Profit Curve

A Exploit Policy

X  Abandon Policy

Profit

0.2 0.4 0.6 0.8 1 1.2 1.4
Cost

o

Figure 1: The relation between the profit and the exploration-profit curves

Under these conditions (i.e. e,, = 1), we can modify the recursive equation we introduced earlier to
calculate the profit curve for u (P,()) into a simpler equation to calculate the exploration profit curve
Xy (Cy) = max P.,Py(EY)

EU/
veD(u)

such that:

1/h+ Y PuwEY<Cy
veD(u)

E*“>0

Recall that £ is the budget allocated to v should we visit it immediately after u, and E* is the vector
of these budgets for each of the immediate descendants of .
For each v € D(u), let B, represent the number of “corner” solutions on P, () and denote the cost of

the ith such “corner” solution as s} (where sg = 0 and s%v = 1). We can then create the following modified

recursive equation to calculate the exploration profit curve.
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maXeu ZueD(u) Puy Zf:vl [Pu(s}) — Pv(sg—l)]eg,i

S.t.

By
1/h+ ZUGD(u) Py 3224 (87 — 35—1)63,2' <Cu
0<e,;<1 Vv € D(u),i € {1,..., By}

u
,8°

This is a linear program where each decision variable, €% ., selects some fraction of the ith segment of

the profit curve of v. €“ represents the collection of all such variables. As the profit curve is concave (by
Po(s7)=Po(si_1) o Pols7)—Pul(si 1)

v __ = V_qU
S; —Si—1 S5 7851

lemma 4.1), Vi > j. Thus, there exists an optimal solution which only
assigns €, ; > Oif ey, y =1foranyi> 1.

Further, through inspection we can see that the optimal solution for any C,, is to select the segments in
order of decreasing slope until all budget is exhausted. By ordering segments thus, we can easily construct

Xy (). The algorithm below orders the segments of the elements of D(u) and builds X, (), storing the costs

(¢;) and budgets allocated to all descendants (E;f =) . e%) for each “corner” solution of X, ().

Algorithm: COMPUTEEXPLORATIONPROFITCURVE

1) For all ve D(u),i€{l,.., By}
/+*Compute profit, cost, and slope for each line segment of PU()*/
Set w) =Py(sY) — Pu(si_q)
Set ¢} =sy —s] 4
Set M} =mn}/c}
2) Sort the ZveD(u) B, elements of the form M from largest to smallest
Let d(j) index the node for the jth largest element in the list
Let t(j) indicate which segment of V; this is
/*M:é%): slope of the jth line segment in the ordered list.x/
3) Set 5’0:% /+xfixed cost=*/, X():O /+xinitial profitx/, é'U,o:O Vv € D(u)
/+*initial budgets for descendantsx*/
4) For 1=1 to ZveD(u)BU
/+*Add next segment to the curvex/
/+*Compute current total profit (X,) and cost (S'i)*/

Let XZ = Xifl + Pu,d(z)wf((;))

17



ret 8 =81+ Puawcy
/+Compute budgets allocated to descendants (é’m;) at the endx/
/+x0f each segment (needed to represent the policy) */
Let éd(z‘),z' = éd(i),i—l + Cf((;))
Let & =& i1 Vv #d(i)
5) Set n=1, k=1
6) For i=2 to X cp(w) Bv

/*Find changes in slope on the exploration profit curvex/

Xi—Xi_1 Xi—l—Xi—Q
I 56, 7 525

n +

k,=1

7) For m=1 to n
/+*Merge together segments of the exploration profitx/
/+*curve with the same slopex/
Sim = Stos Xulem) = Xier % = Euon

8) BY =n

Algorithm COMPUTEEXPLORATIONPROFITCURVE represents the exploration profit curve for state u
by returning the number of line segments of the curve (not including the zero slope segment from cost of 0 to
So = 1/h), B, as well as the cost (S;), profit (X,,(.5;)), and vector of budgets to allocate to all immediate
descendants (£;) corresponding to the endpoint of each segment.

Given that the profit curves of all descendants are concave, the sorting of line segments in step 2) equates
to simply interleaving the segments of the different states and can be performed in O(dX,, log 3,,) time using
a simple min-heap, where d is the maximum number of immediate descendants for a node. After sorting
these segments, steps 3) and 4) then determine the cost and profit associated with adding each segment to
the exploration profit curve. Finally, as there may and likely will be duplicates in the sorted list of slopes,
steps 5) through 7) merge all segments of the curve with the same slope.

Given the exploration profit curve, it is much easier to calculate the profit curve for a state. From

lemma 4.1, we know that P, (1) = ((u). Further, this must be the only “corner” solution corresponding
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to exploiting at u (p, = 1). All other ”corner” solutions must thus correspond to exploring at u (e,, = 1)
and thus must correspond to points on X, (). As we know P, () is concave, we can simply take the concave
envelope of the points (0,P,(0) = 0), (S;, X, (S;))Vi € {1,...,BX}, and (1,P,(1) = ((u)). The

algorithm below does this.

Algorithm: COMPUTEPROFITCURVE

1) Find ]* = arg mane{l,...,B{f} Rj where R] = %JS])

2a) If Rj <({(u) /xThe ratio index policy exploits immediatelyx/
Set r(u) =((u),s} =1,Pu(s}) =C(u), E¥(1) =0 Yv € D(u),B, =1
2b) Else /+«The ratio index policy exploresx*/

Set r(u) = Rje, st = Sje, Pu(s¥) = Xy (Sj+), Eu(1) = Ev..

7]
Set i=1,j=j"+1.

Xu(S5)—Xu(Sj-1) > C(u)—&u(Sj-1)
S;—=85;_1 1-55-1

While
/+*Greater marginal return to explore than exploit=*/
Sit1 = 5j
Pu(siy1) = Xu(S))
E'(i+1)=¢&Y
t=1+1,7=75+1

set s, =1,P(s}) = C(u), B, =i+ 1.

Algorithm COMPUTEPROFITCURVE runs in O(d¥,) time. Step 1) computes the value R; for each
segment of X, (), which represents to slope of the line segment from the origin to the point (¢;, X, (¢;)). In
the event that R;«~ < ((u), the ratio index policy is to exploit immediately and we are done determining
the profit curve for u (step 2a). Otherwise, once we have found the ratio index policy, we continue to look
at higher budget exploration policies to determine subsequent segments of the profit curve (step 2b). The
quantity E*(7) represents the budgets allocated to each of the immediate descendants at the end of the ith
segment of the profit curve. These values are only required to represent the actual policy, not calculate the

ratio index or profit curve of any state. The quantity g(u)%“(clf’l)
i

is the marginal ratio of transitioning from
sy to exploitation at u. Once the slopes of the segments of X, () are no larger than this, it is optimal to

transition to exploitation at w.
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Superficially, it might seem that the number of segments of the profit curves could increase exponentially
as we perform this process up the DAG. However, theorem 4.8 guarantees that the number of segments
remains bounded and the entire curve for u can be computed in time O(d%, logX,,) given the successor
curves, where d represents the maximum number of immediate descendants for any node. Thus, the total
time to compute the profit curves for all states in the layered DAG is O(d%?log ¥), and this algorithm is
strongly polynomial (in X) for computing the entire profit curve of a state in the layered DAG, and hence,
the ratio index. If the underlying state space of the bandit-arm is an unlayered DAG, we can make it layered
by multiplying the number of states by at most X, so the algorithm is still strongly polynomial in 3. If the
underlying state space is not a DAG, we can convert it into a layered DAG by multiplying the number of

states by at most h.
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A Proof of final three parts of Lemma 4.5

Below are the proofs for the final three properties of lemma 4.5.
Proof:

1. If e > 0,P,,(C) > P_,(1): Given v such that w} > 0 and e}, > 0 assume P’ (1) > P’ (C).
Denote by £ the amount of budget devoted to v and its descendants. Observe that it must be the
case that £ < 1. Otherwise there exists some other optimal solution (¢*(1), p*()) to LP,(C) with
p:(l) =1, e:(l) = 0. Thus, we know that total profit garnered from v and its descendants is P, (E}).

Let (€, p), be the policy that induces P,(E; + €) on T}. Let (€, p) be a policy that follows (€, p),

in the subtree of v and follows (e*, p*) otherwise. The policy (€, p) is a feasible solution to the

problem of finding the point on the profit curve of u with cost C' + wje. This policy has profit

Pu(C) + wieP’,,(EZ). Thus,

Pu(C + wie) > Pu(C) + wieP  (Ey)

Further, as E < 1, P/ ,(E}) > P’ (1). Thus,

Pu(C + wie) > Pu(C) +wieP' (1)

= Pu(C + wie) — Pu(C) > wieP, (C)
By concavity, this cannot be true, so it must be true that P/, (C) > P’ (1).

3. If e > 0,7(v,h) > P_,(C): Given v such that w} > 0 and e} > 0 assume r(v,h) < P_,(C).
Denote by E;; the amount of budget devoted to v and its descendants. Thus, we know that total profit
garnered from v and its descendants is P, (E). Let (€, p), be the policy that induces P, (E; — €) on
T?. Let (€, p) be a policy that follows (€, p),, in the subtree of v and follows (e*, p*) otherwise. The
policy (€, p) is a feasible solution to the problem of finding the point on the profit curve of u with cost
C — wje. This policy has profit P, (C) — wieP’ ,(E}). Further, as E}; > 0 (since e}, > 0), we know
that P, (E%) < r(v, h). Thus,

Pu(C — wie) > Pu(C) —wyer(v,h)
> Pu(C) — wieP ,(C)

Thus, P, (C) — Pu(C — wje) < wieP,(C). By concavity, this cannot be true, so it must be true that
PL,(1) > PL,(C).

4. If1 —ef —py > 0,P,(C) > r(v,h): Given v such that w; > 0 and 1 — €} — p;; > 0 assume
r(v,h) > P, (C). Denote by E; the amount of budget devoted to v and its descendants. Thus, we
know that total profit garnered from v and its descendants is P,(E}). Let (€, p), be the policy that
induces P, (E} + ¢) on T?. Let (&, p) be a policy that follows (€, p),, in the subtree of v and follows
(e*,p*) otherwise. The policy (€, p) is a feasible solution to the problem of finding the point on the
profit curve of u with cost C' + wje. This policy has profit P, (C) + w}eP’, ,(E;). Thus,
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Pu(C + wie) > Py(C) + wiePy, (Ey)

Further, as 1 — e}, — p5; > 0, P, (E;) = r(v, h). (Since neither €}, = 1 nor p;; = 1, at least one must
be zero and the other is either zero or the transitional state. Thus, at one end of this segment of P, ()
must be the abandonment policy, so we are on the first segment of the profit curve of v.) Thus,

Pu(C + wie) > Pu(C) + wer(v, h)

= Pu(C + wie) — Pu(C) > wieP, (C)

By concavity, this cannot be true, so it must be true that P/, ,(C) > r(v, h).
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