Stat 324 — Multivariate Analysis Solutions to Homework Set #2
Winter Quarter 2008 Posted on Wednesday, March 5, 2008

Problem BL5| Let X ,up = (X1,..., X)) ~ Npxn(pl], 2 © I,). Since X and S = Y71 (X;
X)(X; — X)T are complete, sufficient statistics for (i, =), we simply need to find an unbiased estimator
(if it exists) of the parameter ¢(p, 3):

(a) Note that:

X % o2 r r
¢ E[(X — p)T(X —p)) = =7 = "3 _ (nt(f)n)
o E[(X - )" (X - )] = EIX" X — 24" X + p"ps) = B(X"X) — " s,

and so the estimator §; = X

2n=T) is unbiased, and so therefore, UMVU for u” p.

(b) Similarly, notice:

o B[(X — (X )] = 2 =E (r2y)
< S o o T T o T
o E[(X —p)(X — )| =E[XX" —2uX" +pp"|" =E(XX") - pp’,
and so the estimator dy = xx' - n(n ) is UMVU for u” p.

(c) Let X ~ N, (,X). Then we can write X = p + 2/2Z, where Z ~ N, (0, I)). Thus
e X — M+ 21/22
e E{(Z-2)(Z-Z)"]"'} = cI,, and so:
E(S™) = E{[(X X)(X X)T]fl}

- E{z7(z -

_ I/QE{ ( )( o Z)T]—l} 2—1/2

= 1/2(CI)

2

which proves unbiasedness. This estimator is of course UMV U because it is a function of the sufficient
statistic S. ¢

Problem B1.7| Let X ., = (X1,...,X,) ~ prn(ulg, ¥ ®I,). Then Z,.; = X B, where

B =1,,//n. Applying Theorem 1 on the bottom of page B1.13 gives:

Z ~Np <(u15)1n/\/ﬁ, E® 711£1n> = N,(Vnu, %),

indicating that the covariance of Z is 3. But since we assumed diag(3) = 1, to begin with, then X is also
the correlation matrix. ¢



1 L
Problem B1.9| Let P =1, — 1,1} /nand Q = I, —1,11/p.

1
(a) Note that P1,, = (I,, — 1,11 /n)1,, = 0. So:

n
Zj:l Yy, L
: =Y ,xnly = QXP1, =0,.
Z;‘L:I Y,

Moreover,

p p n n
(Z Yii,. .. ZYn> =17y =17QXP =0,
=1 =1

80 Z?:1 Yij = Zf:l Yi; =0 Vi, j.

(b) From Theorem 1 on the bottom of page B1.13, we have Y ~ Npx (pty, 2¥ @ AY), where

1 1 1l 1 1 1 1 L
Y = QxQ7 = Q2Q; AY = PTAP = PAP

Thus:
=Y = (I, — lplg/p)E(Ip - 1p1§/p)
T T T T

_ g bl 1L LY L1

p p D p
1,17 117

= ¥- 22y -3"P 45 1,17

D p

. d
Now for 1 < i, < p, we have for ¥, = (E¥);;:

v 1,17 1,15 T
O = i — Z » Eji’ — Z Zij » + U..(lplp )ii’
i it

J J
1 1
= O — *ZUJ‘@'/ - *ZUz‘j to.
p = p =
J J
= Oj — 04 — 04 +0,,
as desired. The algebra for A};, is the essentially the same.

(c) For1 <i<p:

Dok = dow =) ow=) oit) 0.

POt — POt — PO.. + po.
= 0.

Similar algebra shows A};, =0. ¢



Problem B1.11| By definition, we have:

t =sign(z)vn —1

The one-sided ¢-test at level o = .05 rejects for ¢ > t( 1),

on n — 1 degrees of freedom. So

> n <- c(10, 20, 40, 80)
> £.95 <= gt (.95, n-1)
> print (t.95)

[1] 1.8331 1.7291 1.6849 1.6644
> AO05.rad <- atan(sqrt(n-1)/t.95)

> print (A05.rad)

[1] 1.0223 1.1931 1.3073 1.3857

> AO05.deg <- AO05.rad=* (180/pi)
> print (A05.deq)

[1] 58.573 68.362 74.901 79.394

|||

2351) == \/n—lcotA>t$Lg) o

These values are summarized in the following table:

||

where £,/

95) .

=+v/n—1cotA

_7 is the .95 quantile of the ¢-distribution

A < arctan (

\/n—1> A
—— | = Anos |

t(.95)

n—1

10

20

40

80

An 05

58.6°

68.4°

74.9°

79.4°

Problem B2.3| Let T be a p x p upper triangular matrix, and define § = TTT. As suggested by the
hint, we prove the lemma by induction. The case 7 = 1 is trivial, so we also consider the case j = 2 to be

thorough.

e Case j = 1 (immediately follows):
implying

J(T — S)=

Then T' = t17 is a scalar, with S = t%l. Then g—qs, = 2t11,

/(S — 1)

and so the identity holds for the case 7 = 1.

> . Then:

o Case j =2: LetT = < t(l)l ?2
E— 22

s — 7T — < t11
t12

Because S = T'T is symmetric, it has

0
too

)5

p(p+1) _

2

= [det(

t12 )
too

2(241)
2

7))

(

= (2t11) 71,

2 t11t12 >
tiitie 3y + 13,

= 3 distinct parameters that can be indexed

by the upper triangular part of the matrix. So let S have coordinates



s s
S — 11 S12
T 522

oS 0s11/0t11  0s12/0t11  Osaa/0t1:
T (Vsi11,Vsi12,Vsa) = | 0s11/0t1a 0s12/0t1a 0s22/0t12
0s11/0taa  Os12/0tas  Osa/0tas

Now consider the derivative matrix:

Note the order of the coordinates in which the derivatives are taken. (Start with element s,; and
proceed down the column until the main diagonal is reached.)

Therefore:
87,1_' == 0 tll 2t12
0 0 299

Then J(S — T) = det(33) = 4t3,to, implying J(T — S) = J(S — T)~! = (4t3,t0) ",
which verifies the lemma for the case 5 = 2.

Case j = (p+ 1): Now suppose the lemma holds for j = 1, - ,p. Consider the (p + 1) x (p + 1)
upper triangular matrix T4 1:

t1r tiz -0ty tipr
0 tog -+ top lopi1
A T, t;. 1
T .= : : 2 p  “(lp)p+
p+1 0 0 . . ( OT tp+1,p+1 ’
0 0 0 Ty tppt
0 0 0 0 tpp1pst
where £(1.,) 41 = (t1pt1,t2p41, -+ stppt1)isap x 1 column vector. Now:
Spr1 = TZ+1Tp+1
T
(T 0 ( Ty L) pen )
t(l;p),p+1 tp+1,p+1 0" tpt1p+1
T T
— ,T Typtap)pr
7 T, t- tp)pet + 1
(1:p),p+17 P “(1:p),p+1°(1:p),p+ p+1,p+1

T p+1 .2
t(lzp),pHTP Zj:l tip+1

N <5p S(l:p>,p+1>
b
© Sptlptl

_ T
where $(1.) p1 = (S1p+1>82p+1s -+ Sppt1) -
Now consider the derivative matrix, where the order of differentiation is described above in induction
step j = 2:

T T
( Tp T Tp t(%!p),pﬂ )

9Spt1

T, (Vs11,Vsi2,Vsa, Vi3, -+, Vs, Vsap, - V85, V1 pi1, Vsapit, o+, Vspit prt)
p+



Note that the submatrix S, consists of terms s;;, for 1 < ¢ < j < p, which are not functions of

p(p+1) 95p+41 4 .
tkp+1- So the first =5—= columns of 77"~ is of the form:

)

88,
(Vsi11,Vsi2,Vs29,Vsis, -+, Vsiy, Vsap, -+, Vspp,) = ( 85” )

where

95y p(p+D) o plp+1)
2

. . . p(p+1)
T, 1 of dimension 5 X 53—

and O is matrix of zeros having dimension (p+1) x

Therefore, our overall derivative matrix has the form:

08y _ ( o B )

8Crlp—ﬁ—l 0 C,
where
Os1py1/Otipr1 Osapy1/Otiprr -+ Osppi1/Otiprr Ospr1p1/Otpia
081 p+1/0t2 ps1 0s2p11/0tapi1 +++ Osppi1/Otapia O8p+1,p+1/0t2 pi1
¢ = : : : : :
9s1,p+1/0tppi1 Ospp+1/Olppr1 -+ Osppi1/Otppia Ospt1,p+1/0tppi1
Os1,p41/Otpy1pr1 Os2p41/Otpriprr -+ Osppy1/Otpriprr Ospr1pi1/Olpripe

consists of the derivatives of the last column of S, 1 with respect to the last column of T', 1. Now
note the following:

(a) The bottom row (except for the last term of 0,41 pt+1/0tp+1,p+1) is O, since the terms of
8(1:p),p+1 from the last column of .S, are not functions of ¢;11 p41.

(b) The upperleft p x p corner of C' (that is, eliminating the last row and column of C) is exactly:

0s1p41/0t1pr1 O52p11/Otipr1 o+ Osppi1/Otipia
881’p+1/8t27p+1 8327p+1/8t27p+1 s 88p7p+1/8t2’p+1 T

. . . . = D>
081p+1/0tppi1 Osppi1/Otppi1 - Osppi1/0tppia

. . . N 0T Tty
since this portion of the matrix is simply —zz—:222tL

9t(1:p),p+1
I 2 ) o Ospripin _
(c) Wehave 5,11 p11 = ijl t5 p+1- Thus, the last column of Cis Teiyriy ot — 2t (1pt1) pr1 =
T
2(t1,p+17 L2pt1s -5 tpptts tp+1,p+1)
Hence,

C — ( lej 2t (1:p) p11 )
0" 2tpripn



Then since gqsqipﬂ and C are both upper triangular, we have:
P

J(S —T) = det (gff’i)
p
oS
= det< TTz B )
C,
B

p
(induction hypothesis) » p—j+1
= 2 H tij det(T'y)(2tp41,p+1)
j=1
. P P
(Tp upper triangular) opt1 tp,jJrl -
= 9j Jj | ‘p+1lp+1
j=1 j=1
P+l

1 pH1—j4+1
- op+ H P
JJ ?
j=1

and taking inverses gives J(T' — S), as desired. This completes the proof. ¢

Problem B3.8: | Suppose S ~ W(I;n,p). From the change of variables formula, we then have:

f(D,R) f5(8)J(S — D,R)
= f5(8)2"|DPP

(csls1™¥ o425 271y

—~
N

—~
N
~

where equality (1) follows from the lemma on the top of page B3.14 and equality (2) uses the Wishart
density (Theorem 2, page B3.1)

f5(5) = esls|E Tz =TSz
with 3 = I,,. Moreover, since S = DRD:

n—1—p n—p—1

o [S| 2 =|D|"PTHR|

o t1(S) = tr(DRD) = tr(D’R) = 5, Ej(DQ)inij =Y, D%, since D is diagonal and the corre-
lation matrix has diagonal elements R;; = 1. Continuing equality (2), we have:
n
f(D,R) = e2’|RI"5 [[ [Drte3P%
i=1
which factors as separable functions of Dj1,...,D,, and R, and so these terms are independent. If

¥ # I, then we would have to worry about the exponential term =2 "(27'S) from the Wishart distribution.
In this case, we cannot reduce tr(3~1S) to separable functions of D and R. ¢



’ Problem B4.6: ‘ The R code for computing Hotelling’s 72 test is found below (thanks to Bokyung Choi
for his code).

(a) Hotelling’s two-sample T2 statistic for the first 10 genes is 25.8753, with a p-value of .016.
(b) After removing the second gene, we have T2 = 11.5817, with a p-value of .3147.

(¢) The p-values from the individual ¢-tests are found in the R code below. The list indicates that Gene 2
is significant, which explains why Hotelling’s test gives markedly different results between parts (a)
and (b).

source ("prostdata.r")
TSQtest = function (data)
{

X = as.matrix(data[, colnames (prostdata) == "0"])

Y = as.matrix(data[, colnames (prostdata) == "1"])

Xmean = as.matrix (rowMeans (X))

Ymean = as.matrix (rowMeans (Y))

nl = ncol (X)

n2 = ncol (Y)

n = nl + n2

p = nrow (X)

S1 = matrix (0, p, p)

S2 = matrix (0, p, p)

for(i in 1:nl)

S1 = S1 + (X[, i, drop = F] - Xmean) %*% t(X[, i, drop = F] - Xmean)
for(i in 1:n2)

S2 = S2 + (Y[, i, drop = F] - Ymean) %x% t(Y[, i, drop = F] - Ymean)

2
Tsq = t(Ymean - Xmean)$*%solve((n/nl/n2 % (S1+S2)/(n-2)), diag(p))%*%(Ymean — Xmean)
pvalue = 1 - pf(Tsq * (n-p-1)/p/(n-2), p, n-p-1)
return (pvalue)

;SQtest(prostdata[lzlo, 1)

} 0.01597193
;SQtest(prostdata[c(l, 3:10), 1)
i 0.3146653

or (i in 1:10) print(t.test(prostdatal[i, 1:50], prostdatali,
1:1021) [[311)
.1409327
.0003652258
.9778594
.2579435
.8884974
.3377298
.2854839
.1968688
.2198858

O O O O OO o oo



[1] 0.2396724

Problem B4.8: | Here, we assume n = n; + no. Hotelling’s two-sample 7"2-statistic is given by:

r g (1S g )

nine n — 2

We know that &, y, S and S are all statistically independent of each other. Therefore:

(a) Since & ~ N,(p1,X/n1) and g ~ N (pq, X/n2), we have:

y—x ~ Np(“2 — 133 /ny+ 3 /nq) :Np(ﬂz — M1,

),
ninz

(b) Furthermore, S; ~ W(3;n; — 1,p) and S ~ W(3;ny — 1, p), and so:
S1+ 82 ~ W(Z;n1 +n2—2,p) = W(E;n —2,p)

Applying the theorem on the top of page B4.18 to (§ — ), (S1 + S2), ¢ = ;.1~, and m = n — 2, we then
have:

o n S1+S\"", n—2)p
= oo (500F) e T @)

where S
52 — (g — py)" 27 (g — py)n1no ¢
n

Problem B4.9:| Let X ~ N, (u1y,X) and Y ~ N, (py, ). We can write the Kullback-Leibler (K L)
divergence as:

X, X
KLX|[Y) = [ f¥(z)log feyéz;dz = Byx {logiiviﬁi} v

The exponential term of fX (z) is

1 _ 1 _ _ _
—5E-m) BT o) = gl T2 - 22T e B ), )
and likewise, the exponential of ¥ (2) is
1 Ty—1 L g1 Ty—1 Ty—1
—§(Z—H2) N _§[z ST 2223 py+pa BT po) 3)



Subtracting Eqn. (3) from Eqn. (2) then yields:

Thus,

f%(z)
f¥(2)

log

KLX|[Y) =

1
= Sz STz — o

1 1
= 2’5 2T e, - §M1Tz_1lh + 5#%2_“@

_ 1 _
2Nip2 Yy + 5“52 "pay

o i |

. IR B 1 e
E;x {uipE 'Z -y Z - oy S 1u2}

2 2

P Sy - py S ey — %ulTE‘lul + éugﬁ‘luz}
%M?E‘lm S e+ %ugTE‘luz

%(“’1 — )" B (1 — o)

1

A% ¢



