
Stat 324 – Multivariate Analysis Solutions to Homework Set #1
Winter Quarter 2008 Posted on Friday, February 8, 2008

Problem A1.4. The vector space L 2(Ω,B,P) is endowed with the inner product 〈Z,Y 〉P = ΣZY .
To be explicit, let’s adopt the Euclidean heuristic and suppose our sample space Ω = {ω1, ω2, . . . , ω|Ω|}
is finite, with corresponding probabilities given by the vector P = {p1, p2, . . . , p|Ω|}. (Yes, this is sort of an
abuse of notation.)

Then we can think of the random variables Z = (Z1, Z2, . . . , ZpZ )T and Y = (Y1, Y2, . . . , YpY )T as
pZ × |Ω| and pY × |Ω| matrices, respectively:

Z = (Z(ω1), Z(ω2), . . . ,Z(ω|Ω|)) =




Z1(ω1) Z1(ω2) · · · Z1(ω|Ω|)
Z2(ω1) Z2(ω2) · · · Z2(ω|Ω|)

...
...

...
...

ZpZ (ω1) ZpZ (ω2) · · · ZpZ (ω|Ω|)




Y = (Y (ω1), Y (ω2), . . . ,Y (ω|Ω|)) =




Y1(ω1) Y1(ω2) · · · Y1(ω|Ω|)
Y2(ω1) Y2(ω2) · · · Y2(ω|Ω|)

...
...

...
...

YpY (ω1) YpY (ω2) · · · YpY (ω|Ω|)




Consider the “covariance inner product” given by:

〈Z, Y 〉P = Z diag(P) Y T

=
∑

ωi∈Ω

pi Z(ωi) Y (ωi)T

=




Z1(ω1) Z1(ω2) · · · Z1(ω|Ω|)
Z2(ω1) Z2(ω2) · · · Z2(ω|Ω|)

...
...

...
...

ZpZ
(ω1) ZpZ

(ω2) · · · ZpZ
(ω|Ω|)







p1 0 0 0
0 p2 0 0

0 0
. . . 0

0 0 0 p|Ω|







Y1(ω1) Y2(ω1) · · · YpY (ω1)
Y1(ω2) Y2(ω2) · · · YpY (ω2)

...
...

...
...

Y1(ω|Ω|) Y2(ω|Ω|) · · · YpY (ω|Ω|)




= ΣZY ,

which, of course, is itself a pZ × pY matrix. Then, ΣZY = 0 if and only if Z is uncorrelated with Y . With
this interpretation, we have that L⊥(Z) = {X : 〈Z,X〉P) = 0} is the set of all random variables that are
uncorrelated with Z.

Important Remark: Note that 〈·, ·〉P satisfies all of the usual axioms of an inner product (i.e., bilinearity)
when pZ = pY , with the generalization that º 0 means positive semi-definite. In particular, the “squared
norm” of any Z ∈ L 2(Ω,B,P) is non-negative, since 〈Z, Z〉P º 0. ¨
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Problem A2.3. Let P̃I denote the “identity” projection in the transformed space. That is:

P̃I = Ṽ (Ṽ T Ṽ )−1Ṽ T

= A1/2V [(V T A1/2)(A1/2V )]−1V T A1/2

= A1/2V [(V T AV )]−1V T A1/2.

Then for any ỹ = A1/2y in the new space:

P̃I(ỹ) = A1/2V [(V T AV )]−1V T A1/2(A1/2y)
= A1/2[V (V T AV )−1V T Ay]
= A1/2PA(y)

= P̃A(y),

which gives the coordinates of the projection PA(y) = ŷ in terms of the new space. ¨

Problem A2.7. Define Y ⊥
2 = Y 2 −Σ21Σ−1

11 Y 1. In this problem, we assume that Y 1 and Y 2 are mean
zero. So E(Y ⊥

2 ) = 0.

(i.) The covariance of Y ⊥
2 is then:

Σ⊥
22 = E{[Y 2 −Σ21Σ−1

11 Y 1][Y 2 −Σ21Σ−1
11 Y 1]T }

= E{Y 2Y
T
2 − Y 2Y

T
1 (Σ21Σ−1

11 )T −Σ21Σ−1
11 Y 1Y

T
2 (−Σ21Σ−1

11 Y 1)(−Σ21Σ−1
11 Y 1)T }

= E{Y 2Y
T
2 − Y 2Y

T
1 (Σ−1

11 )TΣ12 −Σ21Σ−1
11 Y 1Y

T
2 + (Σ21Σ−1

11 Y 1)Y T
1 (Σ−1

11 )TΣT
21}

= Σ22 −Σ21(Σ−1
11 )TΣ12 −Σ21Σ−1

11 Σ12 + (Σ21Σ−1
11 )Σ11(Σ−1

11 )TΣT
21

(∗)
= Σ22 −Σ21Σ−1

11 Σ12,

where the identity in (∗) follows from the fact that Σ−1
11 is symmetric and that Σ12 = ΣT

21.

(ii.) The Grammian in an L 2(Ω,B,P) space is the covariance matrix. So in terms of the Theorem A.2
(the Extended Pythagorean Theorem), Σ⊥

22 is the residual variance/unexplained part/Grammian of Y 2

after regressing on Y 1 (“Lcol(Y 1)”). ¨

Problem A3.2. Let a1 and a2 be vectors in R2. Then from the property (iv) of determinants found on
page A3.1, we have:

∣∣∣∣a1, a1 + a2

∣∣∣∣ =
∣∣∣∣a1, a1

∣∣∣∣+
∣∣∣∣a1, a2

∣∣∣∣ =
∣∣∣∣a1, a2

∣∣∣∣.

Geometrically, this says that the area of the parallelogram in R2 formed by {a1,a2} is the same as the area
formed by the vectors {a1, a1 + a2}. This can be visualized by noting that the resultant vector a1 + a2

bisects the parallelogram formed by {a1,a2}.

Furthermore, note that for any c ∈ R, this is the same as the area formed by {a1, ca1 + a2}. ¨
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Problem A3.5. Suppose that the given matrix is n × n and define 1n = (1, 1, · · · , 1)T to be a column

vector of n ones. So 1n1T
n =




1 1 1 1
1 1 1 1

1 1
. . . 1

1 1 1 1


 is an n× n matrix consisting of all 1’s.

∣∣∣∣∣∣∣∣∣

1 ρ ρ ρ
ρ 1 ρ ρ

ρ ρ
. . . ρ

ρ ρ ρ 1

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣(1− ρ)In + (1− ρ)
ρ

(1− ρ)
1n1T

n

∣∣∣∣

[since |cA|=cn|A|]
= (1− ρ)n

∣∣∣∣In +
ρ

(1− ρ)
1n1T

n

∣∣∣∣
[Fact(ix)]

= (1− ρ)n

∣∣∣∣I1 +
ρ

(1− ρ)
1T

n1n

∣∣∣∣
[since 1T

n1n=n]
= (1− ρ)n

(
1 +

nρ

1− ρ

)
. ¨

Problem A3.6. We are asked to show that J(x → ρ, θ1, . . . , θn−1) = ρn−1(sin θ1)n−2(sin θ2)n−3 · · · (sin θn−2).
This result can be proved inductively or by directly exploiting the almost triangular structure of the Jacobian
(i.e, expand the determinant along the last column).

The surface area of the unit sphere is then found by setting ρ = 1 and integrating out the angles:

∫

0≤θ1≤π

∫

0≤θ2≤π
· · ·

∫

0≤θn−2≤π

∫

0≤θn−1≤2π
(sin θ1)n−2 · · · (sin θn−2)dθ1dθ2, · · · dθn−2dθn−1

= 2π︸︷︷︸
from θn−1

n−2∏

i=1

2
∫ π/2

0
sini θ dθ = (2π)

n−2∏

i=1

2
[√

π

2
Γ

(
i + 1

2

)/
Γ

(
i + 2

2

)]
= 2πn/2

/
Γ

(n

2

)
¨

Problem A3.10. Let ΩX = Rn and S =
∑n

i=1 |Xi|. To compute the integral Jacobian J(x → s), it
suffices to find any situation such that probability distribution for S can be expressed as a product of the
joint distribution of X = (X1, X2, . . . , Xn)T .

Motivated by the given example, let’s suppose that the Xi’s are i.i.d.Laplacian. That is, Xi
i.i.d.∼ fXi(xi) =

1
2e−|xi|. Then the joint distribution of the X vector is:

fX(x1, x2, . . . , xn) =
n∏

i=1

1
2
e−|xi| = 2−ne−

P |xi| = 2−ne−s
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But since the |Xi|’s are exponential, the sum S =
∑n

i=1 |Xi| follows a Gamma distribution with density

fS(s) =
sn−1e−s

Γ(n)
,

and so the integral Jacobian J(x → s) can be computed by noting:

J(x → s) =
fS(s)

fX(x1, x2, . . . , xn)
=

sn−1e−s/Γ(n)
2−ne−s

=
2nsn−1

Γ(n)
. ¨

Problem A4.3. Let
⊥
Y = (Y − Ŷ ) = [(Y − µY )−M(X − µX)]. Note that E(

⊥
Y ) = 0.

Let Σ⊥ denote the covariance matrix of
⊥
Y ; that is,

Σ⊥ def= E[
⊥
Y

⊥
Y T ]

= E
{

[(Y − µY )−M(X − µX)][(Y − µY )−M(X − µX)]T
}

= E
{

(Y − µY )(Y − µY )T − (Y − µY )(X − µX)T MT −M(X − µX)(Y − µY )T

}

+ E
{

M(X − µX)(X − µX)T MT

}

= ΣY Y −ΣY XMT −MΣXY + MΣXXMT .

Now take derivatives of the trace w.r.t. M and set it to 0.
(The site http://www.ee.ic.ac.uk/hp/staff/dmb/matrix/calculus.html provides a reference on
matrix calculus.)

∂ trace(Σ⊥)
∂M

=
∂

∂M
trace[ΣY Y −ΣY XMT −MΣXY + MΣXXMT ]

= −ΣY X −ΣT
XY + M(ΣXX + ΣT

XX)

= −ΣY X −ΣY X + 2MΣXX

= 0.

Solving the equation gives M = ΣY XΣ−1
XX . This is the unique solution, since taking the second derivative

gives ∂2 trace(Σ⊥)

∂M∂MT = ΣXX Â 0. This proves that Ŷ = µY + ΣY XΣ−1
XX(X − µX) is the best linear

predictor in the sense of minimizing trace(Σ⊥). ¨
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Problem A4.3.5 Suppose rank(X) = r and let Xn×p = Un×rDr×rV
T
r×p be the singular value decom-

position of X .

Then:

(i.) X = UDV T =⇒ XV = (UDV T )V =⇒ XV = UD = Crow .
That is, Crow gives the mapping X 7→ XV . Let ~xj for 1 ≤ j ≤ n denote the jth row vector of X
(the “~xj” arrow notation is used to emphasize that it is a row vector). We can then write:

Xn×p =




~x1

~x2
...

~xn


 ; V p×r = (v1,v2, · · · ,vr) ; Crow = XV =




~x1v1 ~x1v2 · · · ~x1vr

~x2v1 ~x2v2 · · · ~x2vr
...

...
...

...
~xnv1 ~xnv2 · · · ~xnvr


 ,

which shows that Crow gives the coordinates of X’s rows in terms of the orthogonal basis V .

(ii.) X = UDV T =⇒ UT X = (UT )UDV T =⇒ UT X = DV T = Ccol . Now let xk for
1 ≤ k ≤ p denote the kth column of X (no arrow notation (“→”) this time). We can then write:

UT
r×n =




uT
1

uT
2
...

uT
r


 ; Xn×p = (x1, x2, · · · ,xp) ;

Ccol = UT X =




uT
1 x1 uT

1 x2 · · · uT
1 xp

uT
2 x1 uT

2 x2 · · · uT
2 xp

...
...

...
...

uT
r x1 uT

r x2 · · · uT
r xp


 =




xT
1 u1 xT

2 u1 · · · xT
p u1

xT
1 u2 xT

2 u2 · · · xT
p u2

...
...

...
...

xT
1 ur xT

2 ur · · · xT
p ur


 ,

which gives the coordinates of X’s columns in the orthogonal basis U . ¨

Problem A4.10. Assume that rank(X) = p so that G = XT X is invertible. Now let Xn×p =
Un×pDp×pV

T
p×p be the singular value decomposition of X . Then by our definition of the pseudo-inverse,

X−
p×n = V D−1UT .

To prove the identity G−1 = X−(X−)T , we show that G[X−(X−)T ] = Ip.

Noting that G = (XT X) = V D2V T , we have:

G[X−(X−)T ] = [V D2V T ][(V D−1UT )(UD−1V T )] = V V T = Ip,

which proves the identity.

Remark. Remember that it is not always true that V V T = I . But since V is itself a p × p matrix in this
problem, we do have that V V T = Ip.

Property (vii) can be verified by noting that:

||x−j ||2 = [X−(X−)T ]jj = (G−1)jj = (
⊥
XT

j

⊥
Xj)−1 = 1/||⊥xj ||2. ¨
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