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’Problem A1.4.‘ The vector space .#2(), B, P) is endowed with the inner product (Z,Y)p = Zzy.
To be explicit, let’s adopt the Euclidean heuristic and suppose our sample space 2 = {wi,wo,... ,w|Q|}
is finite, with corresponding probabilities given by the vector P = {p1,pa, ..., pjq}. (Yes, this is sort of an
abuse of notation.)

Then we can think of the random variables Z = (Z1, Za,...,Z,,)T and Y = (Y1,Y2,...,Y,, )7 as
pz % |Q] and py x || matrices, respectively:
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Consider the “covariance inner product” given by:
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which, of course, is itself a pz X py matrix. Then, ¥ zy = 0 if and only if Z is uncorrelated with Y. With
this interpretation, we have that £+ (Z) = {X : (Z, X)p) = 0} is the set of all random variables that are
uncorrelated with Z.

Important Remark: Note that (-, -)p satisfies all of the usual axioms of an inner product (i.e., bilinearity)
when pz = py, with the generalization that > 0 means positive semi-definite. In particular, the “squared
norm” of any Z € .£?(§2, B, P) is non-negative, since (Z, Z)p = 0. ¢
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Problem A2.3.| Let P; denote the “identity” projection in the transformed space. That is:
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Then for any § = A'/2y in the new space:

Pr(g) = AVPV[(VTAV)TIVTAVE(AVZy)
= AV2v(vTAV)"VT Ay

= AVPA(y)

= Pa(y),

which gives the coordinates of the projection P4 (y) = g in terms of the new space. ¢

’Problem A2.7.‘ Define Y2L =Y, — 22121_11Y1. In this problem, we assume that Y'; and Y5 are mean
zero. SO E(Y5) = 0.

(i.) The covariance of Y%‘ is then:
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where the identity in (x) follows from the fact that ;" is symmetric and that 315 = 37,

(ii.) The Grammian in an .#?(Q2, B, P) space is the covariance matrix. So in terms of the Theorem A.2
(the Extended Pythagorean Theorem), EQLZ is the residual variance/unexplained part/Grammian of Y o
after regressingon Y1 (“Leoi(Y1)”). ¢

Problem A3.2.| Let a; and as be vectors in R?. Then from the property (iv) of determinants found on
page A3.1, we have:

ai, a; +az| = \|ay, aj|t+|a, a2l = |ai, a

Geometrically, this says that the area of the parallelogram in R? formed by {a1, as} is the same as the area
formed by the vectors {a1,a; + ag}. This can be visualized by noting that the resultant vector a; + as
bisects the parallelogram formed by {a1, as}.

Furthermore, note that for any ¢ € R, this is the same as the area formed by {a1,ca; + az}. ¢



Problem A3.5.| Suppose that the given matrix is n x n and define 1,, = (1,1,---,1)% to be a column
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vector of n ones. So 1n1£ = {1 - . is an n X n matrix consisting of all 1’s.
11 1 1

1 p p »p
Z : P Z - ‘(1—p)1n+(1_p)(1fp)1n1£
pp p 1
inee feAl=e"lAll - alp 4 ¢ L P 1,17
[Fac;(ix)] (1 —p)" I, + a f ) lgln
fince iLu=n) () n <1 N 1n_pp> e

| Problem A3.6.| We are asked to show that .J (z — p,01,...,0,_1) = p" ' (sin ;)" 2(sin 6)" 3 - - - (sin 6, o).
This result can be proved inductively or by directly exploiting the almost triangular structure of the Jacobian
(i.e, expand the determinant along the last column).

The surface area of the unit sphere is then found by setting p = 1 and integrating out the angles:
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Problem A3.10.‘ Let Qx = R"and S = > | |X;|. To compute the integral Jacobian J(x — s), it
suffices to find any situation such that probability distribution for .S can be expressed as a product of the
joint distribution of X = (X1, Xo,..., X,,)7.

Motivated by the given example, let’s suppose that the X;’s are i.i.d.Laplacian. That is, X; i fXi(xy) =
%e*|1i|. Then the joint distribution of the X vector is:
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But since the | X;|’s are exponential, the sum S = )" | | X;| follows a Gamma distribution with density

and so the integral Jacobian J(x — s) can be computed by noting:
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Problem A4.3.| LetY =(Y —Y) =[(Y — py) — M(X — px)]. Note that E(Y') = 0.

1
Let X+ denote the covariance matrix of Y; that is,

»nl df E[??T]
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+ B MO i) (X - )M

= Yyvy—-SyxM!' —MIxy + MExxM?”.

Now take derivatives of the trace w.r.t. M and set it to 0.
(The site http://www.ee.ic.ac.uk/hp/staff/dmb/matrix/calculus.html provides a reference on
matrix calculus.)

dtrace(X) o) T T
aT = mtrace[Eyy—EYXM — M3 xy + MXYXxxM ]

= —Syx - ZTky + M(Zxx + Zkx)

= Yyx —Yyx+2MXIxx

= 0.
Solving the equjltion gives M = Xy XE;X. This is the unique solution, since taking the second derivative
92 trace(X+)

oMoM™
predictor in the sense of minimizing trace(31). ¢

gives — N xx > 0. This proves that ¥ = Py + Sy xSk (X — px) is the best linear



Problem A4.3.5| Suppose rank(X) = randlet X, ., = UnXTDTXTVF;FX p be the singular value decom-
position of X.

Then:

(i) X =UDV" = XV =(UDV")V = |XV =UD = Cioul
That is, Cow gives the mapping X — X V. Let &; for 1 < j < n denote the jth row vector of X
(the “&;” arrow notation is used to emphasize that it is a row vector). We can then write:
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which shows that Cow gives the coordinates of X’s rows in terms of the orthogonal basis V.

(i) X =UDVT — UT™X = UNUDVT — |U'X =DVT =C¢,| Now let z;, for
1 < k < p denote the kth column of X (no arrow notation (“—”) this time). We can then write:
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which gives the coordinates of X ’s columns in the orthogonal basis U. 4

Problem A4.10.| Assume that rank(X) = p so that G = X7 X is invertible. Now let X5, =
UspDpx pVT be the singular value decomposition of X. Then by our definition of the pseudo-inverse,

PXp
X, =vD 'U”.

pXn

To prove the identity G~ = X (X )7, we show that G[X (X )T] = I,.
Noting that G = (X7 X) = VD?VT, we have:

G X (x) = vp*vl(vD'uhWwD'v)] = vvT =1,
which proves the identity.

Remark. Remember that it is nor always true that VV? = I. But since V is itself a p x p matrix in this
problem, we do have that VV7 =T,

Property (vii) can be verified by noting that:

i P = X (0 55 = (615 = (XTX5) = 11851



