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Lecture #9
Redfield theory: Examples

• Topics
– Hyperpolarized 13C-urea
– Hyperpolarized 13C-pyruvate

• Handouts and Reading assignments
– Shang, et al., “Handheld Electromagnet Carrier for Transfer of 

Hyperpolarized Carbon-13 Samples”, MRM, early view, 2015.
– Lau, et al,. “A calibration-based approach to real-time

in vivo monitoring of pyruvate C1 and C2 polarization using 
the JCC spectral asymmetry”, NMR Biomed., 2013; 26.
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Hyperpolarized 13C MRS

Key technology: A polarizer that magnetically prepares the 
substrate to boost its MR visibility by >10,000 fold.

FDG-PET

Hyperpolarized 
13C MRS

• Images metabolism by performing an in vivo tissue assay.
• Key idea: inject a biological substrate and image both the substrate and 

its downstream metabolic products.



Signal decays by relaxation and dilution

In Vivo Imaging Requirements
• Low toxicity (mM conc.)

• Long NMR relaxation times

• Chemical shift separation

• Rapid cellular uptake

• Rapid metabolism

Focus on low molecular weight endogenous compounds.

Polarization

T1 decay

Example: [1-13C]pyruvate 25% polarization ~ 30,000 fold signal gain!
In vivo T1 = 30 s 



Hyperpolarized Carbon-13 Experiment

Scan 

1-2 minutes

Run/walk and inject  

~30 seconds

Hyperpolarization  

1.5 - 3 hours
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Example 1
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Hyperpolarized 13C MRS

• “Some HP 13C substrates can lose polarization extremely quickly 
in low magnetic field when they are transferred between the 
polarizer and the MR scanner, reducing the SNR.” – Shang, et al.

• Which substrates?

• Why is this a “low magnetic field” effect?

• How low is “low”?
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[13C]urea

• Scalar coupling between fast-relaxing spin 1 quadrupolar-
coupled 14N and spin ½ 13C nuclei results in rapid loss of 
polarization at low field.

• Hyperpolarized [13C]urea of interest for measuring perfusion

13C
spin = ½ 

NN
spin = 1 



Scalar relaxation of the 2nd kind
• From the homework, we derived: 1

T1,SC2
=
2 2π J( )2 S S +1)( )

3
T2,S

1+ ω I −ωs( )2 T2,S2

• For hyperpolarized [13C-14N2]urea:

S =1
J =14.5 Hz
T1,0 = 78 s

T2,N = 2x10−4  s

γN =19.331x106  rad/s/Tesla
γC = 67.262x106  rad/s/Tesla

1
T1
=
1
T1,0

+
2 ⋅8π 2J 2S S +1( )

3
T2,N

1+ γCB0 −γNB0( )2 T2,N2
=
1
T1,0

+
32π 2J 2

3
T2,N

1+B0
2 γC −γN( )2 T2,N2

Extra factor of 2 due to two 14N nuclei.

Relaxation from other mechanisms

• Some numbers…
[13C-14N2]urea

B0 (Gauss)

T 1
(s

)

Compare to Shang, et al. Eqn [1].

What would this 
curve look like for 

[13C-15N2]urea?

8

Definitely a           
field effect!
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Hyperpolarized 13C-urea

Shang, et al., “Handheld Electromagnet Carrier for Transfer of Hyperpolarized Carbon-13 
Samples”, MRM, early view, 2015

13C-urea
with

carrier
1H MRI

Rat
13C-urea
without
carrier



Lucas PET/MR Metabolic Service Center

GE Spinlab

PET/MR + Hyperpolarized MRS

GE PET/MR



Lucas PET/MR Metabolic Service Center

GE Spinlab

PET/MR + Hyperpolarized MRS

GE PET/MR

Approximate fringe fields

Magnetic field in 
equipment room is 

~ 1G
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Ex 2: Hyperpolarized [1,2-13C]Pyr
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[1-13C]Pyruvate
• 1% of [1-13C]Pyr is actually doubly labeled [1,2-13C]Pyr due to the natural 

abundance of 13C. 

• At standard temperatures, doublets are symmetric

• Carbon-carbon J-coupling of [1,2-13C]Pyr leads to doublet resonances

ppm172208
C1 PyrC2 Pyr

13C MRS spectrum

Which carbon will have 
the longest T1?

**2

1

* = 13C
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Doublet Asymmetry
• Hamiltonian:

• Defining an asymmetry parameter ac = (upper peak – lower 
peak)/(upper peak + lower peak), one can show that at t = 0, ac is 
given by:

Ĥ0 = −ω I Îz −ωsŜz + 2π J
!̂
I ⋅
!̂
S( )

σ̂ 0 ≈
1
4
Ê + 1

2
PCÎz +

1
2
PCŜz +

1
2
PC
2 2 ÎzŜz PC = carbon polarization• Spin density operator:

• Consider an experiment where the initial carbon polarization is Pc and the flip 
angle for the C1- and C2-carbons of [1,2-13C]Pyr is f.

• The C2 doublet (as well as the C1 doublet) is asymmetric primarily due to the         
term generating an anti-phase signal (with a minor contribution from residual 
strong coupling effects).

2 ÎzŜz

aC 0( ) ≈   PC cosφ + sinθ

Residual strong coupling parameter = 0.056 
for [1,2-13C]Pyr at 3 T.
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Doublet Asymmetry
• Given that Pc decays with the T1 of C2 pyruvate peak (~50 s in vitro at 3T ), 

one would expect ac to exponentially decay with time constant T1 towards a 
thermal equilibrium value of 0.056.

• However, we observe something quite different!

Thermal 
equilibrium values

Hurd RE, Chen A, et al., Scalar Coupling Patterns In Hyperpolarized Spin Systems: 
JCC Spectral Pattern In Hyperpolarized 1,2-[13C]-Pyruvate, ENC, 2009.

x2

[1,2-13C]Pyr

aC 0( ) ≈   PC cosφ + sinθ aC t( ) ≈  PCe
−t T1 cosφ + sinθ ?

aC t( ) ≠   PCe
−t T1 cosφ + sinθ
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Hyperpolarized [1,2-13C]Pyr
Lau, et al.:

Data doesn’t fit proposed analytic model.
aC t( ) ≠   PCe

−t T1 cosφ + sinθ
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[1,2-13C]Pyruvate

• What are the possible relaxation mechanisms?

**2

1

* = 13C

aC2
(t) =  

2 ÎzŜz (t)

Ŝz (t)
cosφ + 1

2

Îz (t)+ Ŝz (t)( )
Ŝz (t)

sinθ.

• If we write in terms of the coherences, we get…aC t( )



Time Evolution of Doublet Asymmetry

• In general…

d
dt

Îz (t)

Ŝz (t)

2 ÎzŜz (t)
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• Relaxation mechanisms to consider:
1. C1-C2 dipolar 
2. C1-H, C2-H dipolar
3. CSA of C1 and C2
4. Combination of all of the above

• Let’s use Redfield relaxation theory to find analytic expressions for the Rijs.

Note we’ll use literature values for any unknown parameters such as τC=3ps, 
r=1.1Å, T1,DDCH=70s, T1,CSA=200s. 



C1-C2 Dipolar Coupling
• Not a dominant source of relaxation
• Experimental T1 values of C1 in 

[1,2-13C]Pyr similar to [1-13C]Pyr

H H
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Asymmetry vs time



add C-H Dipolar Coupling
• A major source of relaxation for Pyr
• 1H is a stronger magnet than 13C
• 2IzSz coherence decays at twice the rate 

of Iz, Sz coherences
• No field dependence for small molecules

H H

R11 R12 R13

R21 R22 R23

R31 R32 R33

!

"

#
#
#
#

$

%

&
&
&
&

RELAXATION MATRIX
! "### $###

Asymmetry vs time



add Chemical Shift Anisotropy
• A moderate effect at 3T
• Effect is field dependent:  C1,2 T1 values 

of [1,2-13C]Pyr both decrease with ñB0

H H
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Interference Effects
• When we consider the various relaxation mechanisms occurring 

simultaneously, some new terms can emerge…

• Consider the case of X = protons dipolar coupled to C1 and Y=protons 
dipolar coupled to C2

ĤDIX
= −

γCγH!
rIX
3 Fq

q=−2

2

∑ Âq

€ 

ˆ A 0 = 1
6 2ˆ I z ˆ X z − 1

2
ˆ I + ˆ X − − 1

2
ˆ I − ˆ X +( )

ˆ A ±1 = 1
2

ˆ I ± ˆ X z + ˆ I z ˆ X ±( )
ˆ A ±2 = 1

2
ˆ I ± ˆ X ±   

€ 

F0 = 3
2 3cos

2θ −1( )
F±1 = ±3sinθ cosθe∓ iφ

F±2 = ± 3
2 sin

2θe∓2iφ

ĤDSY
= −

γCγH!
rSY
3 Fq

q=−2

2

∑ B̂q

€ 

ˆ B 0 = 1
6 2 ˆ S z ˆ Y z − 1

2
ˆ S + ˆ Y − − 1

2
ˆ S − ˆ Y +( )

ˆ B ±1 = 1
2

ˆ S ± ˆ Y z + ˆ S z ˆ Y ±( )
ˆ B ±2 = 1

2
ˆ S ± ˆ Y ±

€ 

ˆ ˆ Γ = ˆ ˆ Γ A + ˆ ˆ Γ B = Jq ω q( )
q
∑ ˆ ˆ A −q

ˆ ˆ A q + Jq ω q( )
q
∑ ˆ ˆ B −q

ˆ ˆ B q

€ 

ˆ ˆ Γ = Jq ω q( )
q
∑ ˆ ˆ A −q + ˆ ˆ B −q

& 
' 
( ) 

* 
+ ˆ ˆ A q + ˆ ˆ B q
& 
' 
( ) 

* 
+ 

€ 

ˆ A q , ˆ B q[ ] = 0   ∀qthen        , but hence

and we can just independently sum the resulting relaxation rates.
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Interference Effects
• But what about CSA and C1-C2 dipolar coupling?

ĤDIS
= −

γC
2!
rIS
3 Fq

q=2

2

∑ Âq

Â0 = 1
6 2 ÎzŜz − 1

2 Î+Ŝ− − 1
2 Î−Ŝ+( )

Â±1 = 1
2 Î±Ŝz + ÎzŜ±( )

Â±2 = 1
2 Î±Ŝ±

ĤCSA1 = γCB0Δσ Fq
q=−1

1

∑ B̂q

Âq, B̂q, and ĈqIn this case       don’t all commute.

and we get new cross relaxation terms such as:

B̂0 = 1
3

3
2 Îz

B̂±1 = 1
6 Î±

ˆ̂Γ = J ωq( )
q
∑ ˆ̂A−q + ˆ̂B−q + ˆ̂C−q( ) ˆ̂Aq + ˆ̂Bq + ˆ̂Cq( )

R13 = R31 = 〈 Îz | ˆ̂Γ | 2 ÎzŜz 〉 =
2
5
qCC,CSA1J(ωC ) ≡

1
TIz−IzSz−cross

R23 = R32 = 〈Ŝz | ˆ̂Γ | 2 ÎzŜz 〉 =
2
5
qCC,CSA2J(ωC ) ≡

1
TSz−IzSz−cross

qCC,CSA1 =
µ0
4π
!

"
#

$

%
&
γC
4!
rCC
3 B0Δσ1.

qCC,CSA2 =
µ0
4π
!

"
#

$

%
&
γC
4!
rCC
3 B0Δσ 2.

ĤCSA2 = γCB0Δσ Fq
q=−1

1

∑ Ĉq

Ĉ0 = 1
3

3
2 Ŝz

Ĉ±1 = 1
6 Ŝ±

F±2 = ± 3
2 sin

2θe∓2iφF±1 = ±3sinθ cosθe
∓iφF0 = 3

2 3cos
2θ −1( )
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The complete relaxation matrix

• Assuming extreme narrowing…

d
dt
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Ŝz (t)
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R11 =
1

T1,CSA1
+

1
T1,HC1

+
1

T1,CC

R22 =
1

T1,CSA2
+

1
T1,HC2

+
1

T1,CC

R33 ≈
1

T1,CSA1
+

1
T1,CSA2

+
1

T1,HC1
+

1
T1,HC2

+
2

5T1,CC

R12 = R21 ≈
1

2T1,CC

R13 = R31 ≈
6
5

1
T1,CCT1,CSA1

R23 = R32 ≈
6
5

1
T1,CCT1,CSA2

Direct relaxation Cross relaxation



add Dipolar/CSA Interference
• Despite C-C coupling having a negligible 

direct effect, cross relaxation (via CSA 
interference effect) is very important!

• Explains asymmetry beyond equilibrium
• Like CSA, this effect is field dependent.

H H
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Asymmetry vs time



Doublet asymmetry verses time

Initial asymmetry:
depends on 

polarization, flip 
angle, Δt

Δt

Asymmetry vs time



Doublet asymmetry verses time

Initial evolution:
dominated by 
C2-H dipolar 

coupling

Asymmetry vs time



Doublet asymmetry verses time

Later evolution
driven by

C-C dipolar/CSA 
interference effect

Asymmetry vs time



Doublet asymmetry verses time

Thermal equilibrium
asymmetry is not 
reached until ~8 

minutes! By which 
time, decay curve SNR 
is too low to measure.

Parameter estimates (3T):
τc = 3x10-12 s, r = 1.1 Å

T1,CH = 78 s
T1,CSA = 198 s
T1,CC = 263 s

…

Asymmetry vs time
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Doublet asymmetry verses time



Example 2: Conclusions
• Simple experiment, confusing results.
• Explanation required use of three NMR relaxation mechanisms.
• Asymmetry driven by three primary sources.

– 2IzSz direct relaxation
– C-C dipolar coupling/CSA interference effect 
– Residual strong coupling effects

• Use of asymmetry metric to estimate instantaneous polarization 
requires:
– Knowledge of initial polarization
– Time history of the sample in low and high fields
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Next Lecture: Spin lattice relaxation 
in the rotating frame (T1r)


