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ABSTRACT. Bias formulae are derived for ecological regression estima-
tors. These formulae are useful for determining the direction and mag-
nitude of bias in estimation. It is shown that when group cohesion is
higher in areas with higher concentrations of group members and when
polarization is higher in more homogeneous areas, ecological regression
estimates of polarization will tend to be biased upward. Both minority
and majority cohesion rates will be overestimated, but the magnitude of
the bias will be greater for the estimate of minority cohesion. Ecologi-
cal regression estimators are also compared to alternative neighborhood
estimation techniques.

1. INTRODUCTION

Ecological regression analysis is often used to estimate the voting behav-
ior of different groups when survey data are unavailable. A typical appli-
cation of ecological regression involves an election between two candidates
of different races where the goal is to estimate the rate at which voters of
each race voted for the minority candidate. In the absence of a survey, the
only available data are usually precinct or district level voting returns along
with corresponding data on the racial composition of voters (alternatively,
registrants or eligible voters) in those precincts or districts.

Another frequent application of ecological regression is estimating the
rate of party switching between pairs of elections without a panel survey of
voters. In both cases, one attempts to infer group voting rates from the pat-
tern of district level election returns. If districts were homogeneous (e.g.,
if districts were either all white or all black), inferences from district level
election returns would be straightforward. Insofar as districts are mixed
or heterogeneous, there is some ambiguity in inferring how individuals be-
longing to different groups behaved from district level voting returns.
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Lately, particularly in connection with voting rights litigation, there has
been some controversy about the reliability of ecological regression esti-
mates (see, for example, the exchanges between Wildgen (1988, 1990) and
Loewen (1990) inThe Urban Lawyer, between Freedmanet al. (1991)
and Grofman (1991) and Lichtman (1991) inEvaluation Review, and be-
tween Bullock (1991) and Grofman (1991) inSocial Science Quarterly; see
Achen and Shively (1995), King (forthcoming), and Rivers (forthcoming),
for a detailed surveys).

We take no position on the general applicability of ecological regression
analysis; it provides satisfactory estimates in some contexts and misleading
estimates in others. Rather, it is important to understand what causes er-
rors in ecological regression estimates and to determine the likely direction
and magnitude of bias in specific applications. Toward this end, we derive
several useful results on the bias of ecological regression estimates in this
paper. Although a general aggregation bias result appears frequently in the
literature on ecological regression (see, e.g., Duncan, Cuzzort, and Duncan,
1961, p. 66; Alker, 1966, p. 76, n. 6; and Langbein and Lichtman, 1978, p.
63, n. 2), the condition is difficult to interpret and little use has been made of
it. Our main result (Proposition 2) follows from this more general bias for-
mula, but specializes it to the case of primary interest in the voting context
(two groups with a dichotomous vote choice).

In discussing voting by different racial groups, we adopt some terminol-
ogy common in the voting rights literature (seeThornburgv. Gingles, 478
U.S. 30 (1986)). We call the rate at which minority voters vote for the mi-
nority candidate “minority cohesion.” Similarly, the rate at which majority
voters vote for the majority candidate is called “majority cohesion,” while
the rate at which majority voters vote for the minority candidate is called
“majority defection.” The difference between the rate at which minority
and majority voters vote for the minority candidate is referred to as “polar-
ization.”

The results derived here identify three factors as causes of bias in eco-
logical regression estimates. None of these factors can be assessed from
aggregated election return data; each requires additional information about
the pattern of group voting rates in the particular empirical situation, but
the general methodology proposed here should be applicable under a wide
variety of factual circumstances. The first factor is the relationship between
majority defection rates and the racial composition of districts. Without a
survey, there is rarely any direct evidence on how majority defection varies
across precincts or districts. Nonetheless, there is good reason to suspect
systematic variation in defection rates across districts. For example, it might
be argued that predominantly minority areas tend to be poorer and, hence,
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more liberal and Democratic than predominantly majority areas. If so, ma-
jority defection rates will be higher in districts populated by higher fractions
of minority voters than in areas with high concentrations of majority voters.
Of course, the opposite pattern could hold as well. Wright (1975), for ex-
ample, demonstrates that whites living in counties with high proportions of
African Americans were more likely to vote for Wallace in 1968 than whites
living in predominantly white areas. Nonetheless, it should be possible for
courts to determine through expert testimony the plausible direction of the
relationship between majority defection and district racial composition.

The second factor is the relationship between minority cohesion and dis-
trict racial composition. Again, it might be argued that minority voters
living in areas with high concentrations of minorities would exhibit higher
levels of cohesion. Blacks living in white neighborhoods might be atypical
of most blacks and exhibit ususual voting behavior.

The third factor is how the degree of polarization—the difference be-
tween minority and majority support for the minority candidate—varies
with the heterogeneity of districts. Specifically, we require information
about whether mixed or heterogeneous districts (that is, districts with roughly
equal numbers of minority and majority voters) have higher or lower levels
of polarization than homogeneous minority or majority districts. If prej-
udiced voters tend to live in more homogeneous areas, then polarization
would be lower in the more heterogeneous areas.

With information about these three factors, we show how it is possible to
determine the direction and (sometimes) the magnitude of the bias in eco-
logical regression estimates. To summarize our results:When a group’s
cohesion tends to be higher in areas with higher concentrations of group
members and when polarization tends to be higher in more homogeneous
areas, ecological regression estimates of polarization will tend to be biased
upward. Under these conditions, both minority and majority cohesion will
be overestimated, but the magnitude of the bias will be greater for the esti-
mate of minority cohesion.

The following section sets forth the notation employed in the remainder
of the paper. Section 3 reviews a non-parametric procedure—the method of
bounds—for determining the range of possible parameter values. Section 4
describes the ecological regression methodology and presents several em-
pirical examples. Section 5 presents the main theoretical results, including
an explicit bias formula for ecological regression estimates. Section 6 adds
an additional assumption—linear contextual effects—to obtain somewhat
sharper bias results. In the final section, an alternative estimation method—
the neighborhood estimator proposed by Kleinet al. (1991)—is compared
to the more conventional ecological regression estimator.
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2. NOTATION

For concreteness, consider an election between black and white candi-
dates conducted inN districts withni voters in districti (i = 1, . . . , N ).
Let yi denote the proportion of the vote in districti received by the black
candidate and letxi denote the proportion of voters in districti who were
black. Bothxi andyi are observable, but we do not know what proportions
of blacks and whites in the district voted for each candidate. Letpi denote
the proportion of blacks who voted for the black candidate and letqi denote
the proportion of whites who voted for the black candidate, so that

(1) yi = pixi + qi(1− xi).

The fraction of vote received by the black candidate in allN districts com-
bined is a weighted average of the vote for that candidate in theN districts,

ȳ =
N∑

i=1

ni

n
yi,

wheren =
∑N

i=1 ni is the total number of voters in theN districts. Simi-
larly, the proportion of blacks in the combined electorate is

x̄ =
N∑

i=1

ni

n
xi.

We shall adopt the convention thatx̄ < 1/2 so that blacks are assumed to
be in the minority in the combined electorate.

Let p andq denote the proportion of blacks and whites, respectively, in
the combined electorate who voted for the black candidate. We will refer
to p as “minority cohesion” and toq as the “majority defection.” Then it
follows, as a matter of accounting, that

(2) ȳ = px̄ + q(1− x̄).

The aggregate voting ratesp andq are weighted averages of the district
level voting ratespi andqi. For example,nipixi of thenixi blacks in district
i voted for the black candidate, so

p =

∑N
i=1 nipixi∑N
i=1 nixi

.

Similarly,

q =

∑N
i=1 niqi(1− xi)∑N
i=1 ni(1− xi)

.

Note, however, that the weights used in computingp andq are different:p
is obtained by weighting by the proportion of all black voters who voted in
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district i, while q is obtained by weighting by the proportion of all white
voters who voted in districti. The average proportion of blacks who voted
for the black candidate is

p̄ =
N∑

i=1

ni

n
pi,

while the average proportion of whites voting for the black candidate is

q̄ =
N∑

i=1

ni

n
qi.

In general,̄p will differ from p andq̄ will differ from q.
The difference in voting rates between the two groups,

βi ≡ pi − qi,

will be called thepolarization in district i. The aggregate polarization is
β = p − q and the average polarization is̄β = p̄ − q̄. Again, β̄ andβ may
differ because of the different weights used in computingp andq.

A measure of the heterogeneity of districts is provided byhi = xi(1 −
xi). It varies between0 and1/4 and takes its maximum value only when
the number of minority group members in a district equals the number of
majority group members.

The notationC(xi, yi) will be used for the covariance betweenxi andyi.
In computing covariances, we shall always weight districts by the number
of voters, so

C(xi, yi) =
N∑

i=1

ni

n
(xi − x̄)(yi − ȳ).

The notationxi ⊥ yi will be used to indicate thatC(xi, yi) = 0.
The variance ofxi is V (xi) = C(xi, xi) and will usually be denoted by

σ2
x. It will be assumed thatσ2

x > 0 to avoid degenerate situations. We will
also have occasion to use the skewness ofxi,

γx =
N∑

i=1

ni

n

(
xi − x̄

σx

)3

.

Finally, byx will denote the slope of a (weighted) least squares regression of
yi onxi,

byx = C(xi, yi)/V (xi)

Similarly, bpx = C(xi, pi)/V (xi) will denote the slope of a (weighted) least
squares regression ofpi on xi. The former slope can be computed from
the observable data, but the latter generally cannot be computed sincepi is
usually unobservable.
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3. THE METHOD OFBOUNDS

The marginal proportionsxi andyi may impose some restrictions upon
the voting ratespi and qi through themethod of bounds(Duncanet al.,
1952). These bounds are, in fact, a simple consequence of Frechet’s (1951)
bounds on joint probability distributions. They are easy to derive and can
be useful for assessing bias in the model-based procedures described below.

For any probability distribution, Bonferroni’s inequality implies that

P (X = x, Y = y) ≥ max{P (X = x) + P (Y = y)− 1, 0}.
Obviously, we also have

P (X = x, Y = y) ≤ min{P (X = x), P (Y = y)},
which gives a version of Frechet’s (1951) bound

max{P (X = x) + P (Y = y)− 1, 0}
≤ P (X = x, Y = y) ≤ min{P (X = x), P (Y = y)}.

Dividing by P (X = x) gives

max

{
P (X = x) + P (Y = y)− 1

P (X = x)
, 0

}
≤ P (Y = y|X = x) ≤ min

{
P (Y = y)

P (X = x)
, 1

}
,

which implies that

p−i ≤ pi ≤ p+
i and q−i ≤ qi ≤ q+

i ,

where

p−i = max{(xi + yi − 1)/xi, 0}
p+

i = min{yi/xi, 1}
q−i = max{(yi − xi)/(1− xi), 0}
q+
i = min{yi/(1− xi), 1}.

The bounds are tight in the sense that both(p+
i , q−i ) and(p−i , q+

i ) are feasible
(i.e., both satisfy equation (1)). This means that we also have a tight bound
for the level of polarization,viz.

β−
i ≤ βi ≤ β+

i ,

whereβ−
i = p−i − q+

i andβ+
i = p+

i − q−i .
These bounds can be aggregated to obtain a bound for the combined vot-

ing ratesp andq as well as the aggregate level of polarizationβ. The ag-
gregated bounds are

p− ≤ p ≤ p+ q− ≤ q ≤ q+ β− ≤ β ≤ β+,
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whereβ− = p− − q+, β+ = p+ − q−, and, for example,

p− =

∑N
i=1 nixip

−
i∑N

i=1 nixi

.

Unlike the model-based procedures discussed in the remainder of the paper,
the method of bounds requires no assumptions about voting rates. Unfortu-
nately, however, the bounds are rarely narrow enough to yield much usable
information. Nonetheless, the bounds can be useful in diagnosing the likely
magnitude of bias in conjunction with the results obtained in sections 5 and
6.

4. ECOLOGICAL REGRESSIONANALYSIS

The ecological regression method for estimatingp andq relies upon a re-
gression ofyi onxi. Polarization is estimated by the slope of this regression
and majority defection is estimated by the intercept, and minority cohesion
is obtained by addition,

β̂ = byx, q̂ = ȳ − byxx̄, p̂ = β̂ + q̂.

We illustrate the method with four examples.

Example 1. Loewen and Grofman (1987) present data from twenty-four
precincts in the 1982 election for Auditor of Lee County, South Carolina.
Hereni is the number of persons who voted in theith precinct,yi is the
proportion of vote received by the black candidate, andxi is the proportion
of voters who were black. A weighted least squares regression ofyi on xi

produced the estimates (with standard errors in parentheses),

ŷi = 0.019 + 0.650 xi R2 = 0.737
(0.062) (0.114)

Thus, the estimated minority cohesion rate isp̂ = 0.019 + 0.650 = 0.669,
the estimated majority cohesion rate is1 − q̂ = 0.981, and the estimated
polarization rate iŝβ = 0.650. The bounds are0.17 ≤ p ≤ 0.68 and
0.01 ≤ q ≤ 0.51 which provide essentially no information about the degree
of polarization (−0.34 ≤ β ≤ 0.68).

Example 2. Loewen and Grofman (1987) also provide data on the number
of registrants in each precinct of each race as well as the number of voters
of each race. This suggests a different ecological regression whereni is the
number of registrants (instead of voters) in theith precinct,yi is the turnout
rate (the proportion of registrants who voted), andxi is the proportion of
registrants who were black.

ŷi = 0.563 − 0.027 xi R2 = 0.819
(0.049) (0.085)
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Thus, we obtain the estimatesp̂ = 0.536, q̂ = 0.563, andβ̂ = −0.027. In
this example (unlike the preceding one), we can compare these estimates to
the actual turnout rates since the identify of voters, but not how they voted,
is public information. Here,p = 0.505, q = 0.601, andβ = −0.096,
so the ecological regression method overestimates black turnout and un-
derestimates (by a smaller amount) white turnout. Again, the bounds are
uninformative:0.26 ≤ p ≤ 0.84, 0.21 ≤ q ≤ 0.89, and−0.63 ≤ β ≤ 0.63.

Example 3.A very well known example is provided by Robinson’s (1950)
paper on the “ecological fallacy.” Robinson calculated the correlation be-
tween the percentage of each state’s population that is foreign born with
illiteracy rates using data from the 1930 U.S. Census. Hereni is the num-
ber of persons ten years old and over andxi andyi are the proportions of
these persons who are foreign-born white and illiterate, respectively.1 The
fitted equation was

ŷi = 0.066 − 0.167 xi R2 = 0.379
(0.007) (0.041)

Here the ecological regression produces an impossible estimate forp of
−0.101 (in fact, p = 0.099), q̂ = 0.066 underestimatesq = 0.035, and
β̂ = −0.167 has the wrong sign (β = 0.064). Because illiteracy rates are
relatively low, the bounds forp andq are narrow (0.00 ≤ p ≤ 0.17 and
0.02 ≤ q ≤ 0.05), but they are not very helpful in determining the level of
polarization (−0.05 ≤ β ≤ 0.15)

Example 4. Robinson (1950) also discusses the correlation between illit-
eracy rates (yi) and the percentage of blacks (xi) in each state.2 The corre-
sponding regression equation is

ŷi = 0.020 + 0.248 xi R2 = 0.842
(0.003) (0.017)

1We were not able to exactly replicate Robinson’s state level (as opposed to regional)
estimates. It appears that he used illiteracy rates for the population ten years old and over
from Table 10 of U.S. Bureau of the Census (1933b, p. 1229) with the percentage of
total population foreign born from Table 11 of U.S. Bureau of the Census (1933a, p. 35).
Hanushek, Jackson, and Kain (1974), whose results we were able to replicate exactly, used
these data series for forty-eight states and the District of Columbia. We computed the
number of foreign born whites ten years old and over as a percentage all persons ten years
old and over for forty-eight states and the District of Columbia.

2Robinson apparently used the black percentage of total population from Table 14 of
U.S. Bureau of the Census (1933a, p. 38). We computed the percentage of persons ten
years old and over who were black from Table 10 of U.S. Bureau of the Census (1933b, p.
1229).
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TABLE 1. Cohesion and Defection Rates in Example Datasets

Cohesion Defection Polarization
Example p q β

1930 U.S. Census (Robinson, 1950)
Race-Illiteracy

Ecological Regression 0.27 0.02 0.25
Neighborhood Model 0.08 0.04 0.04
Actual 0.16 0.03 0.14

Foreign Born-Illiteracy
Ecological Regression -0.09 0.06 -0.15
Neighborhood Model 0.03 0.04 -0.01
Actual 0.10 0.03 0.07

1982 Lee County (S.C.) Auditor Election
(Loewen and Grofman, 1987)
Race-Turnout

Ecological Regression 0.54 0.56 -0.03
Neighborhood Model 0.55 0.55 -0.00
Actual 0.50 0.60 -0.10

Race-Vote
Ecological Regression 0.67 0.02 0.65
Neighborhood Model 0.40 0.28 0.12
Actual NA NA NA

The bounds are0.00 ≤ p ≤ 0.41, 0.00 ≤ q ≤ 0.05, and−0.05 ≤ β ≤ 0.37.
These estimates are only a little better than those in Example 3, as can be
seen from Table 1 which summarizes all four examples.

5. GENERAL BIAS RESULTS

The customary justification for the ecological regression method is to
rewrite equation (1) as

(3) yi = q + (p− q)xi + εi

whereεi = (pi − p)xi + (qi − q)(1 − xi). It is then somewhat loosely
argued that least squares can be applied to equation (3) to obtain unbiased
estimates of the interceptq and the slopep− q.

Because the errors in equation (3) depend onxi, several problems may
arise. First, the errors may be correlated with the regressorxi, which will
bias the estimated cohesion, defection, and polarization rates. Second, the
variance ofεi is unlikely to be constant, so the errors are probably het-
eroskedastic. Third, there is no sampling model for the data so the standard
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sampling theory is inapplicable. The first problem is the most serious and is
the focus of this paper. The second and third problems bear on the efficiency
of the estimates and the precision of the inferences. A brief comment about
the error variances is in order before presenting the bias results.

Usually, the ecological regression is weighted by the number of voters in
each district. Weighting byni has the advantage of producing a regression
line that goes through the point(x̄, ȳ) which is consistent with the actual
proportion of votes received by each candidate. (This property is exploited
in Proposition 1 below.) The usual justification offered for this weighting
scheme is that it reduces heteroskedasticity (Prais and Aitchison, 1954).
It does not, however, eliminate the problem. Ifpi and qi are treated as
random variables that are independent ofxi, weighting by the precision of
εi gives efficient estimates. There is no reason, however, to believe that the
precision is proportional toni. In any event, the method of weighting seems
to make little difference to the estimates of the slope and intercept in most
ecological regression applications, and we shall adopt the standard practice
of weighting the observations byni.

The critical issue with ecological regression concerns possible bias in the
procedure due to correlation betweenxi andεi. Conditions for these estima-
tors to be unbiased are rarely stated with any precision, nor is it altogether
clear what unbiasedness means in the absence of a sampling model for the
data. If the data are thought to be sampled randomly from some theoretical
population, then it is easy to give conditions for unbiasedness ofp̂ andq̂ as
estimators ofp andq. For example, ifpi andqi are independent ofxi and
xi, thenE(p̂− p) = E(q̂ − q) = 0.

For the most part, however, we are interested in making inferences about
the actual, unobserved voting ratesp andq in a particular election, not about
some pseudo-population from whichxi andyi could be imagined to have
been drawn. To avoid such theoretical contortions, we define the bias in
estimation to be just the error in estimation,

Bias(p̂) = p̂− p, Bias(q̂) = q̂ − q.

Polarization will be estimated usinĝβ = p̂ − q̂, so Bias(β) = β̂ − β =
Bias(p)− Bias(q).3

3Alternatively, if we adopt the more conventional definition of bias, Bias(β̂) = E(β̂)−
β, then the subsequent results hold with slight modification, treatingxi as fixed andpi and
qi as random variables withE(pi) = p̄ andE(qi) = q̄. For example, Proposition 2 below
becomes

Bias(β̂) =
h̄

x̄(1− x̄)
((1− x̄)E(bpx) + x̄E(bqx)− σ2

h

σ2
x

E(bβh).

with theb’s denoting weighted least squares regression coefficients.
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A simple, but important, observation is that the biases, if any, in ecolog-
ical regression estimates of minority cohesion and majority defection rates
are in opposite directions and the absolute bias is always larger in estimating
the minority group’s cohesion rate than in estimating the majority group’s
defection rate. This result follows directly from the numerical properties of
(weighted) least squares estimates.4

Proposition 1.

Bias(q̂) = − x̄

1− x̄
Bias(p̂),

where0 < x̄/(1− x̄) < 1.

Proof. Since the (weighted) least squares regression passes through the point
(x̄, ȳ),

ȳ = p̂x̄ + q̂(1− x̄).

Also from equation (2) we know that

ȳ = px̄ + q(1− x̄),

so

(p̂− p)x̄ + (q̂ − q)(1− x̄) = 0.

Upon rearranging we obtain

Bias(q̂) = − x̄

1− x̄
Bias(p̂).

In addition,0 < x̄ < 1/2 implies0 < x̄/(1− x̄) < 1. �

Proposition 1 has important practical implications for the analyis of racially
polarized voting. If ecological regression is biased at all, the estimate of
minority group voting behavior will be more biased than the estimate of
majority group voting behavior. That is, ecological regression may not be
suitable for estimates of minority bloc voting. Furthermore, if the bias in es-
timating minority cohesion is upward (as often must be the case—minority
cohesion estimates in excess of 100 percent are not unusual), the cohesion
of bothgroups will be overestimated, causing ecological regression to ex-
aggerate the degree of racial polarization as well as the level of racial bloc
voting.

4If a different weighting scheme is employed, then a different weighted average of the
residuals will equal zero, but the results below depend upon districts being weighted by the
number of voters. This is, we surmise, the motivation behind the conventional weighting
scheme, though its implications appear to be lost on some practitioners, e.g. Loewen and
Grofman, 1989, p. 599.
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Proposition 1 also implies that the ecological regression estimates of the
group voting rates will be unbiased if and only if the ecological regression
estimate of polarization (̂β) is unbiased since

Bias(p̂) = (1− x̄)Bias(β̂) Bias(q̂) = −x̄Bias(β̂).

Consequently, we shall focus on bias in estimatingβ; in many applications,
β is the primary parameter of interest anyway.

Proposition 2 provides necessary and sufficient conditions for bias in
ecological regression. Specifically, we show that the bias inβ̂ is a func-
tion of three parameters,bpx, bqx, andbβh, which we refer to as “contex-
tual effects.”5 Each of the contextual effects is the slope from an auxiliary
(weighted) least squares regression of district-level cohesion (pi) or defec-
tion (qi) on the minority group’s size (xi) or of polarization on district het-
erogeneity (hi).

Proposition 2.

Bias(β̂) =
h̄

x̄(1− x̄)
((1− x̄)bpx + x̄bqx)−

σ2
h

σ2
x

bβh.

Proof. Since

C(xi, yi) = C(xi, qi) + C(xi, βixi)

= C(xi, qi) + C(x2
i , βi) + β̄V (xi)− x̄C(xi, βi),

it follows that

β̂ − β̄ = (1− x̄)bpx + x̄bqx −
σ2

h

σ2
x

bβh.

Also,

β̄ − β = (p̄− p)− (q̄ − q)

= −C(xi, pi)

x̄
− C(xi, qi)

1− x̄

= − σ2
x

x̄(1− x̄)
((1− x̄)bpx + x̄bqx) ,

so we conclude

Bias(β̂) = (β̂ − β̄) + (β̄ − β)

=

(
1− σ2

x

x̄(1− x̄)

)
((1− x̄)bpx + x̄bqx)−

σ2
h

σ2
x

bβh,

5The ecological regression literature in the 1960’s and early 1970’s spun off a literature
on contextual effects. Our meaning is akin to those contextual effects, but we clarify the
particular form of the contextual effect (see Przeworski, 1974).
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which proves the result sincēh = x̄(1− x̄)− σ2
x. �

Proposition 2 implies a sufficient condition for unbiasedness of the eco-
logical regression estimate of polarization (and of the group cohesion rates):
the cohesion and defection rates (pi andqi) must be uncorrelated with (xi)
and the polarization rate (βi) must be uncorrelated with heterogeneity (hi).
Neither one of these assumptions alone is sufficient.

Corollary 1. If pi ⊥ xi, qi ⊥ xi, andβi ⊥ hi, thenBias(β̂) = 0.

This condition would, of course, be satisfied if the group voting rates were
constant (the so-called “constancy assumption”), but in many applications
it is possible to reject constancy via the method of bounds.

The assumptions in Corollary 1 are very strong and usually untenable.
Thus, it is useful to consider the sources of bias in ecological regression
esimtates. Note that the bias is the difference of two components. The first
term in Bias(β̂) is a weighted average ofbpx andbqx times a positive co-
efficient (̄h/x̄(1 − x̄)). The second term enters with a negative sign and is
proportional tobβh. All of the weights in this expression can be calculated
from the within and between district variances ofx andh. Since district-
level group voting rates are unobservable, it is usually not possible to esti-
mate these auxiliary regression coefficients,bpx, bqx, andbβh. Nonetheless,
information from other sources may be available about their signs and mag-
nitudes, which, in combination with Proposition 2, may allow us to say
something about the bias in ecological regression estimates.

The slopesbpx and bqx measure the relationship between district-level
minority cohesion and majority defection rates, respectively, and minority
group population size. If members of both groups who live in predomi-
nantly minority areas vote at higher rates for minority candidates than their
counterparts in predominantly majority areas, thenbpx andbqx will be posi-
tive. This is quite plausible in most applications since neighborhood racial
composition is usually correlated with other social and economic character-
istics that influence voting. For example, whites who live in predominantly
black areas tend to have lower incomes than whites who live in predomi-
nantly white areas. If lower income voters of both races are more likely to
vote for the minority candidate, then the contextual effect will tend to cause
an upward bias in the ecological regression estimate of polarization.

The slopebβh measures the relationship between polarization and dis-
trict heterogeneity. If polarization is greater in heterogeneous districts (i.e.,
districts withxi close to1/2) than in homogeneous districts (i.e., districts
with xi near zero or one), thenbβh will be positive. A positive correlation
between polarization and district heterogeneity will tend to cause a down-
ward bias in the ecological regression estimate of polarization, while the
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TABLE 2. Auxiliary Regression Statistics in Example Datasets

Size- Size- Heterogeneity-
Cohesion Defection Polarization

Example bpx bqx bβh

1930 U.S. Census (Robinson, 1950)
Race-Illiteracy 0.53 0.06 0.76
Foreign Born-Illiteracy 0.11 -0.26 0.53

1982 Lee County (S.C.) Auditor Election
(Loewen and Grofman, 1987)
Race-Turnout 0.22 0.02 0.76
Race-Vote NA NA NA

reverse would be true of a negative correlation. Unfortunately, less is usu-
ally known about the relationship between polarization and heterogeneity
than the other contextual effects. In the next section, we consider some re-
strictions upon the contextual effects that permit bias to be assessed without
any independent information aboutbβh.

In three of the four examples considered above, it is possible to calcu-
late the contextual effects coefficients, which are shown in Table 2 below.
For instance, in Example 2 turnout rates are higher for blacks living in pre-
dominantly black areas, which, by itself, would tend to bias the estimate of
polarization upward. There is almost no correlation between white turnout
and district racial composition, but there is a large positive correlation be-
tween district polarization and heterogeneity which will tend to lower the
estimate of total polarization.

The coefficients for each contextual effect in the bias formula of Proposi-
tion 2 are shown in Table 3. The bias weights, unlike the contextual effects,
can always be computed since they depend only upon thexi’s (which are
observable). Returning to Example 2, we see that the coefficients ofbpx, bqx,
andbβh in the bias formula are 0.41, 0.40, and 0.05, respectively. Thus, the
presence of a substantial correlation between district heterogeneity and po-
larization is not enough to offset the upward bias caused by the correlation
between minority cohesion and minority population size.

What the race-turnout example demonstrates is that it is not necessary
to have information about all of the contextual effects to be able to char-
acterize the bias of ecological regression estimates. When the coefficient
of a contextual effect is small, as in the case ofbβh in Example 2, even a
substantial contextual effect will result in relatively little bias.

The other examples further illustrate this point. Although there are sub-
stantial heterogeneity-polarzation contextual effects in every example, only
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TABLE 3. Coefficients of Contextual Effects in General
Bias Formula for Examples

Coefficient of
Example bpx bqx bβh

1930 U.S. Census (Robinson, 1950)
Race-Illiteracy 0.75 0.08 -0.01
Foreign Born-Illiteracy 0.79 0.12 -0.51

1982 Lee County (S.C.) Auditor Election
(Loewen and Grofman, 1987)
Race-Turnout 0.39 0.46 -0.03
Race-Vote 0.41 0.40 -0.05

in the foreign born-illiteracy example does this contextual effect receive a
substantial weight in the bias formula. In the race-illiteracy example, for
instance, it is apparent that serious bias could only arise from a correlation
between the percentage of blacks in a state’s population and black illiteracy
rates. It was, of course, well-known that black illiteracy rates in 1930 were
much higher in southern states, which also had higher proportions of blacks
in their populations. Thus, the substantial upward bias of the estimated
polarization rate (0.11) in this example was entirely predictable.

6. LINEAR CONTEXTUAL EFFECTS

Somewhat sharper results about the bias in ecological regression can be
obtained if voting rates are assumed to be linear functions of the district
racial compostion plus errors uncorrelated withxi andhi. We say thatlinear
contextual effectshold if pi andqi obey

pi = λ0 + λ1xi + ui(4)

qi = η0 + η1xi + vi,(5)

whereū = v̄ = 0, ui ⊥ xi, ui ⊥ hi, vi ⊥ xi, andvi ⊥ hi.6

The assumption of linear contextual effects amounts to assuming that the
errorsui andvi in equations (4) and (5), instead ofpi andqi, are uncorrelated
with xi andhi. These assumptions would hold, for example, if the micro-
level voting model is a multiple linear regression and that the conditional
expectation of the excluded macro-level regressors (conditional onxi) were
assumed to be linear inxi This setup is considerably less restrictive than

6Langbein and Lichtman (1978: p. 59) discuss the special case whereβi is a linear
function ofxi without error.
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that assumed in Corollary 1 and is suggestive of what happens when the
relationship betweenpi, qi, andxi is not too nonlinear.

Linear contextual effects suggest a generalization of the ecological re-
gression equation (3). Imposing linear contextual effects on equation (1)
yields

(6) yi = η0 + (λ0 + λ1 − η1)xi + (λ1 − η1)hi + error.

Some writers (see, for example, Alt, 1994) have proposed an equation like
(6), but it is evident that the four linear contextual effects parameters are
not identified from the three regression coefficients in (6). The multiple
regression may still be useful as a specification test. For example, if the as-
sumptions of Corrollary 1 hold, thenλ1− η1 = 0, so the coefficientbyh·x of
hi in a multiple regression ofyi onxi andhi might be used as an estimator
of λ1 − η1. In two of the four examples (including the race-vote example
by Loewen and Grofman (1987) as a model of ecological regression analy-
sis, wherebyh = −0.32, as well as Robinson’s foreign born-illiteracy data,
wherebyh = −2.18), the coefficient ofh is not close to zero.

The limitations of this test are obvious. First, there can be substantial
bias in the ecological regression estimate ifλ1 = η1 that the test will have
no power against. Second, even under the assumptions of linear contextual
effects,byh·x will be a biased estimate ofλ1−η1 if ui− vi is correlated with
x3

i . Third, no sampling theory has been proposed for the test statistic.
Assuming linear contextual effects allows us to obtain a simpler expres-

sion for the bias in the ecological regression estimate of polarization that
does not depend on the heterogeneity-polarization contextual effect. We
will show that the bias derived under the assumption of linear contextual
effects in Proposition 3 below provides a satisfactory approximation for the
bias in the examples considered above.

Proposition 3. Under the assumption of linear contextual effects,

Bias(β̂) = Abpx + Bbqx,

whereA = x̄− σ2
x/x̄ + σxγx andB = (1− x̄)− σ2

x/(1− x̄)− σxγx.

Proof. Since

C(xi, hi) = V (xi)− C(xi, x
2
i ) = σ2

x (1− 2x̄− σxγx) ,

λ1 = bpx, andη1 = bqx,

σ2
h

σ2
x

bβh = −(bpx − bqx)

(
2(x̄− 1

2
) + σxγx

)
.

The result then follows from Proposition 2. �
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TABLE 4. Exact and Approximate Bias Estimates for Eco-
logical Regression Examples

Exact Linear
Example Bias Approximation

1930 U.S. Census (Robinson, 1950)
Race-Illiteracy 0.11 0.12
Foreign Born-Illiteracy -0.22 -0.20

1982 Lee County (S.C.) Auditor Election
(Loewen and Grofman, 1987)
Race-Turnout 0.07 0.11
Race-Vote NA NA

The advantage of Proposition 3 over Proposition 2 is that the bias in
the ecological regression estimate of polarization no longer depends on the
heterogeneity-polarization contextual effectbβh. The weightsA andB for
bpx andbqx can be readily computed from the observable data.

Returning to the examples of section 3, we can compare the exact bias
in the ecological regression estimate of polarization (using the formula of
Proposition 2) with the linear approximation (of Proposition 3). The results
are displayed in Table 4. In both of the examples from the 1930 U.S. Cen-
sus, the linear approximation is very accurate. The linear approximation
performs somewhat less well in the race-turnout example from the 1982
Lee County Auditor’s election, though the error is not so large as to render
it useless.

In the last example of Section 4, the contextual effects (and, hence, the
bias) cannot be computed, but the weights on the contextual effects may
help in assessing the bias in the ecological regression estimates. Table 5
presents these weights for all four examples.

Consider, for example, the foreign born-illiteracy ecological regression
based on the 1930 U.S. Census. Since most immigrants settled in northern
urban states, where there were better public school systems and lower il-
literacy rates among non-immigrants,bqx is likely to be negative (and was,
as Table 2 confirms). It is less cleara priori whether foreign born illiter-
acy rates are positively or negatively correlated with the percentage of state
population that is foreign born (in fact, there was a slight positive correla-
tion), but the weight onbpx is small enough (0.08) that this contextual effect
is unlikely to be a substantial source of bias. We would conclude, there-
fore, that the ecological regression estimate of polarization (in this case, the
difference between foreign and native born illiteracy rates) is likely to be
biased downward.
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TABLE 5. Coefficients of Contextual Effects in Linear Ap-
proximation for Bias

Coefficient of
Example bpx bqx

1930 U.S. Census (Robinson, 1950)
Race-Illiteracy 0.15 0.68
Foreign Born-Illiteracy 0.08 0.83

1982 Lee County (S.C.) Auditor Election
(Loewen and Grofman, 1987)
Race-Turnout 0.44 0.41
Race-Vote 0.33 0.48

In the race-vote example, both contextual effects,bpx andbqx, have posi-
tive coefficients in the linear version of the bias formula, though the weight
on bqx is somewhat larger than the weight onbpx. Since whites living in in-
tegrated areas tend to be poorer and more Democratic, they are more likely
to vote for a black candidate than whites living in homogeneous white ar-
eas; if true, this would makebqx positive. It is also likely that blacks living
in predominantly black areas are more likely to vote for a black candidate,
which would mean thatbpx is also positive. Thus, as seems plausible, if
bpx andbqx are positive, the ecological regression estimate is likely to be
biased upwards. Consequently, it follows from Propositions 1 and 3, that
more than 1.9 percent of white voters voted for the black candidate and that
fewer than 66.9 percent of the black voters voted for the black candidate.

Proposition 3 allows us to identify graphically conditions under which
ecological regression either over or underestimates the true degree of po-
larization. Assuming linear contextual effects,β̂ is unbiased if and only if
the contextual effects forp andq are exact linear functions of one another:
bqx = −(A/B)bpx. Although little precise information aboutbpx andbqx

may be available,a priori information may suggest ranges[b−px, b
+
px] and

[b−qx, b
+
qx] of plausible values forbpx andbqx, respectively; these values cor-

respond to points in the shaded rectangle in the figure. The parallel diagonal
lines in the figure show the minimum and maximum level of bias associated
with these values ofbpx andbqx. If A andB are positive, then

Ab−px + Bb−qx = minimum bias

and
Ab+

px + Bb+
qx = maximum bias.

Ecological regression estimates will be unbiased if and only if the point
(bpx, bqx) lies on a diagonal line through the origin with the same slope as
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the lines shown. Points(bpx, bqx) above this line represent situations where
ecological regression will exaggerate the degree of racial polarization, and
points below this line are cases where ecological regression understates the
degree of polarization. Therefore, ifA andB are positive and if we believe
thatbpx andbqx are positive as well, then ecological regression will always
overstate the degree of racial polarization.

The quantitiesA andB need not both be positive. Three other cases
deserve mention. If bothA and B are negative, then the line depicting
unbiasedness of ecological regression remains the same, but points below
the line are situations where ecological regression exaggerates the degree of
polarization and points above the line are cases where ecological regression
understates the polarization. IfA < 0 andB > 0 then the line describing
situations where ecological regression is unbiased has a positive slope. Like
the case whereA andB are both positive, contextual effects above the line
will overstate the degree of polarization, and effects below the line will
understate the polarization. IfA > 0 andB < 0, the line remains upward-
sloping, but points below the line will represent situations where ecological
regression overstates polarization and points above the line are cases where
ecological regression understates the polarization.

In practice, then, the signs of the the quantitiesA andB will be quite
important in determining the direction of the bias in ecological regression
estimates of polarization. Note thatA > 0 if and only if

γx >
σx

x̄
− x̄

σx

,

andB > 0 if and only if

γx <
1− x̄

σx

− σx

1− x̄
.

In other words,A is positive if the skewness ofx exceeds the coefficient
of variation ofx minus the reciprocal of that coefficient. Similarly,B is
positive if the skewness ofx exceeds the reciprocal of the coefficient of
variation of1− x minus that coefficient.

The likely magnitude of the bias in the ecological regression estimate of
the degree of racial polarization in Example 1 depends on the magnitudes
of the auxiliary regression coefficientsbpx andbqx. Different beliefs about
which values of these coefficients are plausible will generate different con-
clusions about the direction and magnitude of bias. Our purpose here is to
show how essentially qualitative information, combined with the precinct-
level bounds, can yield relatively precise quantitative estimates of bias.
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To illustrate how auxiliary information might be utilized, suppose we be-
lieve that the rate at which blacks vote for black candidates is mostly uncor-
related with neighborhood characteristics, but that whites living in predom-
inantly black neighborhoods are more likely to vote for black candidates
than whites living in predominantly white areas.

The precinct level bounds onpi andqi shown in Figures 2 and 3 show
that the data are not inconsistent with these claims. In these figures, the
dots represent the percentage the percentage of vote received by the black
candidate in each precinct, while the bars represent the range of possible
voting rates for each group consistent with the bounds. Ecological regres-
sion fits a line through the scatterplot of dots (which are the same in each
figure).

Figure 2 shows that the data are uninformative about the voting rates
of blacks living in mostly white areas, while there must be considerable
variability in the voting rates of blacks living in mostly black areas. The
correlation betweenpi andxi could be positive, negative, or zero. Values of
bpx in the range of[0.1, 0.2] would be consistent with both our prior beliefs
and the current dataset.

Figure 3 shows that whites living in homogeneous white areas voted at
very low rates for the black candidate, but the data are uninformative about
the behavior of whites living in predominantly black precincts. If we as-
sume that whites never vote for the black candidate at higher rates blacks (so
the upper bound onqi is yi, represented by the dots in the figure), then the
maximum value ofbqx is about one and, more plausibly, somewhat smaller,
say0.8. Neither data nor theory are very helpful in establishing a lower
bound forbqx, but a lower bound of0.2 is reasonable.

Thea priori bounds0.0 ≤ bpx ≤ 0.2 and0.2 ≤ bqx ≤ 0.8 are, in fact, the
values shown by the shaded box in Figure 1. With an assumption of linear
contextual effects, we conclude (using Proposition 3 and the data in Table
5) that the bias in̂β lies in the interval,

0.33× 0.1 + 0.48× 0.2 ≤ Bias(β̂) ≤ 0.33× 0.2 + 0.48.8,

i.e., 0.13 ≤ Bias(β̂) ≤ 0.45, approximately. The implied estimate of polar-
ization, after adjusting for bias, would be between0.20 and0.52, compared
to the original ecological regression estimate of0.65. Values at the upper
end of this range are still consistent with a high level of racially polarized
voting, while values at the lower end would suggest a much more modest
level of racially polarized voting.
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7. NEIGHBORHOODESTIMATES

We briefly consider the properties of an alternative estimator suggested
by Klein, Sacks, and Freedman (1991). In contrast to ecological regres-
sion methods which depend upon a lack of correlation between group cohe-
sion and size, they propose a “neighborhood model” which assumes that all
groups within a single neighborhood or district behave similarly. The basic
idea behind the neighborhood model is to estimate group voting ratespi and
qi by the district voting rateyi. The corresponding estimates ofp andq are

p̃ =

∑N
i=1 nixiyi

nx̄
q̃ =

∑N
i=1 ni(1− xi)yi

n(1− x̄)
.

This procedure will yield exact estimates ofp and q if there is no polar-
ization within each district. The lack of polarization within each district
does not imply that total polarization is zero, but it always yields smaller
estimates of polarization (in absolute value) than ecological regression. Let
β̃ = p̃− q̃ be the estimate of polarization obtained using the neighborhood
model.

Proposition 4. β̃ = θβ̂b, where0 < θ ≤ 1.

Proof. From equation (6),

β̃ =

∑N
i=1 nixiyi∑N
i=1 nixi

−
∑N

i=1 ni(1− xi)yi∑N
i=1 ni(1− xi)

=
(1− x̄)C(xi, yi) + x̄(1− x̄)ȳ

x̄(1− x̄)
− x̄ȳ − C(xi, yi)− x̄(1− x̄)ȳ

x̄(1− x̄)

=
C(xi, yi)

x̄(1− x̄)
=

σ2
x

x̄(1− x̄)
β̂.

�

The assumption of within district constancy is apparently rather strong
(though perhaps no worse than between district constancy), so it is useful
to have a general bias result for the neighborhood model.

Proposition 5.

Bias(β̃) = −σ2
hbβh + β̄h̄

x̄(1− x̄)
.
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Proof. Proposition 4 implies that

β̃ =
C(xi, qi) + C(x2

i , βi) + β̄σ2
x − x̄C(xi, βi)

x̄(1− x̄)

= −C(hi, βi)− β̄σ2
x

x̄(1− x̄)
− C(pi, xi)

x̄
− C(qi, xi)

1− x̄

= β − σ2
xbβh + β̄h̄

x̄(1− x̄)
,

using an argument similar to that in the proof of Proposition 2. �

One implication of Proposition 5 is that if there is some polarization and
it is in the same direction in each district (e.g., pj ≥ qj), then the neigh-
borhood model always underestimates the total amount of polarization. In
general, however, little can be said about the direction and magnitude of the
bias.

The neighborhood model also provides an alternative interpretation for
the ecological regression coefficients. It is straightforward to show that
using the predicted values from the ecological regression,

p̃i = q̃i = q̂ + β̂x̄i,

in place ofyi in (eq. no) yields the same estimatesp̃ and q̃. Klein et al.
(1991) call this the “linear neighborhood model,” and argue that there is no
way to determine whether ecological or neighborhood estimates are closer
to the truth using only the aggregate data.

Table 1 in section 4 presents the neighborhood model estimates for the
four examples considered earlier. In the three cases where the actual result
is known, the neighborhood estimates understate the true degree of polar-
ization. Comparing the neighborhood estimates and ecological regression
estimates ofp, q, andβ in Table 1 suggests that there is no reason to prefer
one set of estimates to the other. In the South Carolina auditor’s election
ecological regression performed better; in the 1930 Census data on Foreign
Born and Illiteracy the neighborhood estimates were closer to the actual re-
sults; and in the 1930 Race and Illiteracy the actual rates of cohesion, defec-
tion, and polarization split the difference between the two models. Which
estimates researchers should use depends on contextual information beyond
that contained in aggregate demographic and electoral data.

The analysis of bias at the end of Section 6 suggested that the true level
of racial polarization is probably between0.20 and0.52. Both the neighbor-
hood ecological regression estimates of polarization lie outside this interval—
but on opposite sides, with the neighborhood estimate at0.12 and the eco-
logical regression estimate at0.65. For many other problems, the pattern
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is likely to be similar. In such cases, careful application of the bias results
derived here may help to narrow the range of plausible estimates.
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