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Likelihood for a dichotomous choice

Standard parameterizations for k-vector of covariates xi ,

1. Probit:
1.1 a(x , β) = xβ

1.2 F (xβ) =
∫ xβ

−∞
1√
2π

exp{− z2

2 } =
∫ xβ

−∞ φ(z) = Φ(xβ)

1.3 Li = y log(Φ(xiβ)) + 1 − y log(1 − Φ(xiβ))

2. Logit
2.1 a(x , γ) = xγ
2.2 F (xγ) = 1

1+exp{−xγ} = Λ(xγ)

2.3 Li = y log(Λ(xiγ)) + 1 − y log(1 − Λ(xiγ))
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Particularly important concepts from last lecture

1. How to derive binary choice from models using normal and
extreme value distributions

2. How to interpret the meaning of the coefficients: what is
identified by reduced form parameters?

3. The (log)likelihood and score of a Bernoulli process

4. How to parametrize a logit and probit (log) likelihood, and
derivation of score

5. How the logit and probit differ (i) in motivation (2) in tail
behavior
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Interpretation of parametric model

How should we interpret β?

In OLS, straightforward interpretation

∂y
∂x

=
∂xβ

∂x
= β

However,

∂P(y = 1|x)

∂x
=

∂F (xβ)

∂x
= f (xβ)β

is more complicated; effect of β will depend on xi



Interpretation Generalized choice Summary References

−5 0 5

0.
0

0.
4

0.
8

alpha=0, beta=1

x

p

−5 0 5

0.
0

0.
4

0.
8

alpha=−1, beta=1

x

p

−5 0 5

0.
0

0.
4

0.
8

alpha=0, beta=2

x

p

−5 0 5

0.
0

0.
4

0.
8

alpha=0, beta=1/2

x

p



Interpretation Generalized choice Summary References

Partial versus finite differences
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Londregan, Bienen, and van de Walle (1995)
Londregan, Bienen; and van de Walle. 1995. Ethnicity and
Leadership Succession in Africa. ISQ.

Question: What is the effect of leader’s own ethnic population
share on non-constitutional replacement of leader?

Shows larger share increase probability of non-constitutional
replacement (but often replaced from within own ethnic group).

Key measure is (E)thnic (S)ize (D)ominance.
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Case study: Londregan et al
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Case study: Londregan et al
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Case study: Londregan et al
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Case study: Londregan et al
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Case study: Fearon and Laitin (2003)

Fearon, James D. and David D. Laitin. 2003. Ethnicity,
nsurgency, and Civil War. American Political Science Review

Question: Is ethnic diversity associated with risk of civil war?
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Case study: Fearon and Laitin
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Case study: Fearon and Laitin
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Interpretation of parametric model

Partial change

1. Case study (slope at a given point x∗i )

δ1 =
∂P(y = 1 | x = x∗)

∂x
= F ′(a(x∗, β))

∂a(x∗, β)

∂x

For Logit with a(x , β), we have Λ(x∗β)[1 − Λ(x∗β)]β.

2. Average/expected value of case study derivative by
integrating over values of x ,

δ2 =

∫
g(x∗)F ′(a(x∗, β))

∂a(x∗, β)

∂x
=

1
N

∑
δ1(x)

where g() is the density of x .
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Interpretation of parametric model

Discrete difference
Partition x = (x1, x2), e.g., x1 ∈ {0, 1}.

1. Case study, change between two sets of values, fixed x2.

δ4(x1) = P(y = 1 | x = {1, x2})− P(y = 1 | x = {0, x2})
= F [a({1, x2})]− F [a({0, x2})]

2. Average, aggregate finite difference with respect to
distribution of x2

δ5 =

∫
x2

{P(y = 1 | x = {1, x2})− P(y = 1 | x = {0, x2})}

=
1
N

∑
δ4(x1)
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Interpretation of parametric model

Comments

• Choose substantively interesting case studies

• Don’t use average of a variable where average does not
exist as observed value (e.g,. dichotomous explanatory
variables)

• Asking “What happens on average?” and “What happens
in the middle?” are not he same

• Partial differences may take you out of range of (0,1)

• Reflect on assumptions that you use when setting fixed
other variables (case study) or integrating over values
(expected values)—consider covariance between variable
of interest and other variables.
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Generalized Choice: multinomial

Consider the vote choice of Australians in recent Parliamentary
elections:

Individuals at election time are faced with a number of choices,
including

1. vote Australian Labor Party

2. vote Liberal Party

3. vote Australian Greens

4. vote National Party

NOTE: voting is mandatory (plausible to ignore abstention as
choice).
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Generalized Choice: multinomial

Let’s just focus on choice between three parties for ease,

1. party 1 utility u1 = µ1 + ε1

2. party 2 utility u2 = µ2 + ε2

3. party 3 utility u3 = µ3 + ε3

and let y ∈ {1, 2, 3} be an index of the selected choice.
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Generalized Choice: multinomial

So we have three decision rules,

1. vote party 1 , y = 1, if u1 > u2 and u1 > u3

2. vote party 2 , y = 2, if u2 > u1 and u2 > u3

3. vote party 3 , y = 3, if u3 > u2 and u3 > u1

... and three probabilities

1. prob of voting for party 1, P(y = 1) = P(u1 > u2 & u1 > u3)

2. prob of voting for party 2, P(y = 2) = P(u2 > u1 & u2 > u3)

3. prob of voting for party 3, P(y = 3) = P(u3 > u2 & u3 > u1)
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Generalized Choice: multinomial

P(y = 1) =

∞∫
−∞

λ(ε1)

µ1+ε1−µ2∫
−∞

λ(ε2)

µ1+ε1−µ3∫
−∞

λ(ε3)∂ε1∂ε2∂ε3

=

∞∫
−∞

λ(ε1)Λ(µ1 + ε1 − µ2)Λ(µ1 + ε1 − µ3)∂ε1

=

∞∫
−∞

e−ε1e−e−ε1 e−e−(µ1+ε1−µ2)

e−e−(µ1+ε1−µ3)

∂ε1

=

∞∫
−∞

e−ε1e−e−ε1 e−e−ε1 eµ2−µ1 e−e−ε1 eµ3−µ1
∂ε1
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Generalized Choice: multinomial

P(y = 1) =

∞∫
−∞

e−ε1e−e−ε1 e−e−ε1 (1+eµ2−µ1+eµ3−µ1 )∂ε1

=
1 + eµ2−µ1 + eµ3−µ1

1 + eµ2−µ1 + eµ3−µ1

∞∫
−∞

e−ε1e−e−ε1 (1+eµ2−µ1+eµ3−µ1 )∂ε1

=
1

1 + eµ2−µ1 + eµ3−µ1

P(y = 2) =
1

1 + eµ1−µ2 + eµ3−µ2

P(y = 3) =
1

1 + eµ1−µ3 + eµ2−µ3
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Generalized Choice: multinomial

Since,

1 = P(y = 1) + P(y = 2) + P(y = 3)

by rearrangement,

P(y = 3) = 1 − P(y = 1)− P(y = 2)

which can also be seen by,

eµ3

eµ1 + eµ2 + eµ3
= 1 − eµ1

eµ1 + eµ2 + eµ3
− eµ2

eµ1 + eµ2 + eµ3

What can be identified? What if µ∗i = µi + η for all i?
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Generalized Choice: multinomial

If µ∗i = µi + η for all i , same probability: MNL only identifies
differences in utilities:

P(y = 1) =
1

1 + eµ2−µ1 + eµ3−µ1
=

1

1 + eµ∗2−µ∗1 + eµ∗3−µ∗1

P(y = 2) =
1

1 + eµ1−µ2 + eµ3−µ2
=

1

1 + eµ∗1−µ∗2 + eµ∗3−µ∗2

P(y = 3) =
1

1 + eµ1−µ3 + eµ2−µ3
=

1

1 + eµ∗1−µ∗3 + eµ∗2−µ∗3

Identification acheived by setting one utility to a constant.
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Generalized Choice: multinomial

Handy to use zero as the constant, since e0 = 1. Consider
µj = xβj , then set βj = 0 for a single category j .

P(y = 1) =
1

1 + exβ2 + exβ3

P(y = 2) =
exβ1

1 + exβ2 + exβ3

P(y = 3) =
exβ1

1 + exβ2 + exβ3
= 1 − P(y = 1)− P(y = 2)
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Axiomatic Foundations of Choice Models
Luce Lemma 3 (Independence from irrelevant alternatives):
For x , y ∈ S,

P(x , y)

P(y , x)
=

PS(x)

PS(y)

Proof:
By Axiom we have

PS(x) = P(x , y)[PS(x) + PS(y)]

So

PS(x) = P(x , y)[PS(x) + PS(y)]

PS(x) = P(x , y)PS(x) + P(x , y)PS(y)

(1 − P(x , y))PS(x) = P(x , y)PS(y)

P(y , x)PS(x) = P(x , y)PS(y)

P(x , y)

P(y , x)
=

PS(x)

PS(y)
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Axiomatic Foundations of Choice Models

Note that,

P(y = 1) =
1

1 + eµ2−µ1 + eµ3−µ1
=

eµ1

eµ1 + eµ2 + eµ3

P(y = 2) =
1

1 + eµ1−µ2 + eµ3−µ2
=

eµ2

eµ1 + eµ2 + eµ3

P(y = 3) =
1

1 + eµ1−µ3 + eµ2−µ3
=

eµ3

eµ1 + eµ2 + eµ3

So,

P(y = 1)

P(y = 2)
=

eµ1

eµ2
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Axiomatic Foundations of Choice Models

And recall from logit,

P(y = 1) =
1

1 + eµ2−µ1
=

eµ1

eµ1 + eµ2

P(y = 2) =
1

1 + eµ1−µ2
=

eµ2

eµ2 + eµ2

So,

P(y = 1)

P(y = 2)
=

eµ1

eµ2



Interpretation Generalized choice Summary References

Axiomatic Foundations of Choice Models

Putting this together, let S ∈ {1, 2, 3}, then

P(1, 2)

P(2, 1)
=

eµ1

eµ2
=

PS(1)

PS(2)

MNL conforms to Choice Axiom/IIA.

See Yellot (1977) and McFadden (1973) for details of these and
related results.
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Axiomatic Foundations of Choice Models
Luce Lemma 3 (Independence from irrelevant alternatives):

• Most famous implication: restriction that the relative
probability of choosing two alternatives is invariant to the
composition of the larger set of alternatives.

• Again, only ratio that is invariant not probabilities
themselves

• Might also hear that log-odds of two choices are constant:
log(PS(x))− log(PS(y)) = c.

• Neither holds in general for models of choice (by design)
nor is it plausible that it in general holds empirically.

• Benefit: can estimate parameters defining utility of choices
even with only a subset. Not generally possible if IIA does
not hold (e.g., correlation between utilities of
choices)—then to estimate any choice must model all
choices.
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Generalized Choice: Absention due to indifference

Consider the vote choice in many parts of the US:
Individuals at election time are faced with three choices:

1. vote Democratic

2. vote Republican

3. or Abstain

Unlike other models of this fundamental choice process,
Sanders (1999) builds on a spatial theory of voting which posits
that abstention is result of indifference between parties.

Note: For easy introduction to this and more theory relating to
spatial model choices, see Munger and Hinich, Analytical
Politics.
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Generalized Choice: Absention due to indifference

For some T ≥ 0,

1. vote D if UD − UR > T

2. vote R if UR − UD > T

3. abstain if −T < UD − UR < T

Same general framework as for logit or multinomial logit,

P(D) = P[(µD + εD)− (µR + εR) > T ]

= P[(µD + εD)− µR − T > εR]

=

∫ ∞

−∞
λ(εD)

∫ µD+εD−µR−T

λ(εR)∂εR∂εD

=
1

1 + exp{−(µD − µR)}eT

Similarly, we could calculate P(R).
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Generalized Choice: Absention due to indifference

Given P(D) and P(R), P(A) what is left over,

P(D) =
1

1 + exp{−(µD − µR)}eT

P(R) =
1

1 + exp{−(µR − µD)}eT

P(A) = 1 − P(D)− P(R)

Additional extensions: Could also incorporate upper bound on
absolute distance (for alienation).
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Particularly important ideas from this lecture

1. How to interpret/present the effect of (reduced form)
coefficients in a logit or probit model

2. Approach for deriving generalizations of choice models
based on discriminal process

3. IIA concept and implications
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