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Preface

Probability theory, like much of mathematics,is indebted to physicsas
a sourceof problemsand intuition for solving theseproblems. Unfor-
tunately, the level of abstraction of current mathematicsoften makesit
di�cult for anyone but an expert to appreciatethis fact. In this work
we will look at the interplay of physicsand mathematicsin terms of an
examplewhere the mathematics involved is at the collegelevel. The
exampleis the relation betweenelementary electric network theory and
random walks.

Central to the work will bePolya's beautiful theoremthat a random
walker on an in�nite street network in d-dimensionalspaceis bound to
return to the starting point when d = 2, but hasa positive probability
of escapingto in�nit y without returning to the starting point when
d � 3. Our goal will be to interpret this theoremasa statement about
electric networks, and then to prove the theoremusingtechniquesfrom
classicalelectrical theory. The techniquesreferred to go back to Lord
Rayleigh, who introducedthem in connectionwith an investigation of
musical instruments. The analogof Polya's theoremin this connection
is that wind instruments are possiblein our three-dimensionalworld,
but are not possiblein Flatland (Abbott [1]).

The connection between random walks and electric networks has
beenrecognizedfor sometime (seeKakutani [12], Kemeny, Snell, and
Knapp [14], and Kelly [13]). As for Rayleigh's method, the authors
�rst learnedit from Peter's father Bill Doyle, who usedit to explain a
mysteriouscomment in Feller ([5], p. 425,Problem 14). This comment
suggestedthat a random walk in two dimensionsremains recurrent
whensomeof the streetsare blocked, and while this is ticklish to prove
probabilistically, it is an easyconsequenceof Rayleigh's method. The
�rst personto apply Rayleigh's method to random walks seemsto have
beenNash-Williams [24]. Earlier, Royden [30] had applied Rayleigh's
method to an equivalent problem. However, the true importance of
Rayleigh's method for probability theory is only now becomingappre-
ciated. See, for example, Gri�eath and Liggett [9], Lyons [20], and
Kesten [16].

Here's the plan of the work: In Section1 we will restrict ourselves
to the study of random walks on �nite networks. Herewe will establish
the connectionbetween the electrical conceptsof current and voltage
and corresponding descriptive quantities of random walks regardedas
�nite state Markov chains. In Section2 we will considerrandom walks
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on in�nite networks. Polya's theorem will be proved using Rayleigh's
method, and the proof will be comparedwith the classicalproof using
probabilistic methods. We will then discusswalks on more general
in�nite graphs,and useRayleigh's method to derive certain extensions
of Polya's theorem. Certain of the results in Section2 were obtained
by Peter Doyle in work on his Ph.D. thesis.

To readthis work, you shouldhavea knowledgeof the basicconcepts
of probability theory as well as a little electric network theory and
linear algebra. An elementary introduction to �nite Markov chains as
presented by Kemeny, Snell, and Thompson[15] would be helpful.

The work of Snell was carried out while enjoying the hospitality of
Churchill Collegeand the Cambridge Statistical Laboratory supported
by an NSF Faculty Development Fellowship. He thanks Professors
Kendall and Whittle for making this such an enjoyable and rewarding
visit. Peter Doyle thanks his father for teaching him how to think like a
physicist. We both thank Peter Ney for assigningthe problem in Feller
that started all this, David Gri�eath for suggestingthe exampleto be
used in our �rst proof that 3-dimensional random walk is recurrent
(Section 2.2.9), and ReeseProsserfor keepingus going by his friendly
and helpful hectoring. Special thanks are due Marie Slack, our secre-
tary extraordinaire, for typing the original and the excessive number of
revisionsone is led to by computer formatting.

1 Random walks on �nite net works

1.1 Random walks in one dimension

1.1.1 A random walk along Madison Av enue

A random walk, or drunkard's walk, was one of the �rst chance pro-
cessesstudied in probability; this chanceprocesscontinuesto play an
important role in probability theory and its applications. An example
of a random walk may be described as follows:

A man walks along a 5-block stretch of Madison Avenue. He starts
at cornerx and, with probability 1/2, walks oneblock to the right and,
with probability 1/2, walks one block to the left; when he comesto
the next cornerhe again randomly chooseshis direction alongMadison
Avenue. He continues until he reaches corner 5, which is home, or
corner 0, which is a bar. If he reacheseither homeor the bar, he stays
there. (SeeFigure 1.)
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Figure 1: |

The problem we poseis to �nd the probability p(x) that the man,
starting at cornerx, will reach homebeforereaching the bar. In looking
at this problem, we will not be so much concernedwith the particular
form of the solution, which turns out to be p(x) = x=5, as with its
generalproperties,which we will eventually describe by saying \ p(x) is
the unique solution to a certain Dirichlet problem."

1.1.2 The same problem as a penny matc hing game

In another form, the problem is posedin terms of the following game:
Peter and Paul match pennies;they have a total of 5 pennies;on each
match, Peter wins onepenny from Paul with probability 1/2 and loses
onewith probability 1/2; they play until Peter's fortune reaches0 (he
is ruined) or reaches 5 (he wins all Paul's money). Now p(x) is the
probability that Peter wins if he starts with x pennies.

1.1.3 The probabilit y of winning: basic prop erties

Considera random walk on the integers0; 1; 2; : : : ; N . Let p(x) be the
probability, starting at x, of reaching N before 0. We regard p(x) as
a function de�ned on the points x = 0; 1; 2; : : : ; N . The function p(x)
has the following properties:

(a) p(0) = 0.

(b) p(N ) = 1.

(c) p(x) = 1
2p(x � 1) + 1

2p(x + 1) for x = 1; 2; : : : ; N � 1.

Properties (a) and (b) follow from our convention that 0 and N are
traps; if the walker reaches one of these positions, he stops there; in
the gameinterpretation, the gameendswhen oneplayer hasall of the
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pennies.Property (c) statesthat, for an interior point, the probability
p(x) of reaching homefrom x is the averageof the probabilities p(x � 1)
and p(x + 1) of reaching home from the points that the walker may
go to from x. We can derive (c) from the following basic fact about
probability:

Basic Fact. Let E be any event, and F and G be events such that
oneand only oneof the events F or G will occur. Then

P(E) = P(F ) � P(E given F ) + P(G) � P(E given G):

In this case,let E be the event \the walker ends at the bar", F
the event \the �rst step is to the left", and G the event \the �rst
step is to the right". Then, if the walker starts at x, P(E) = p(x),
P(F ) = P(G) = 1

2, P(E given F ) = p(x � 1), P(E given G) = p(x+ 1),
and (c) follows.

1.1.4 An electric net work problem: the same problem?

Let's considera secondapparently very di�erent problem. We connect
equal resistors in seriesand put a unit voltage acrossthe ends as in
Figure 2.

Figure 2: |

Voltagesv(x) will beestablishedat the points x = 0; 1; 2; 3; 4; 5. We
have groundedthe point x = 0 sothat v(0) = 0. We askfor the voltage
v(x) at the points x betweenthe resistors. If we have N resistors,we
make v(0) = 0 and v(N ) = 1, sov(x) satis�es properties (a) and (b) of
Section1.1.3. We now show that v(x) alsosatis�es (c).

By Kirchho� 's Laws, the current 
o wing into x must be equal to
the current 
o wing out. By Ohm's Law, if points x and y areconnected
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by a resistanceof magnitude R, then the current i xy that 
o ws from x
to y is equal to

i xy =
v(x) � v(y)

R
:

Thus for x = 1; 2; : : : ; N � 1,

v(x � 1) � v(x)
R

+
v(x + 1) � v(x)

R
= 0:

Multiplying through by R and solving for v(x) gives

v(x) =
v(x + 1) + v(x � 1)

2

for x = 1; 2; : : : ; N � 1. Therefore,v(x) alsosatis�es property (c).
We have seenthat p(x) and v(x) both satisfy properties (a), (b),

and (c) of Section 1.1.3. This raisesthe question: are p(x) and v(x)
equal? For this simple example,we can easily �nd v(x) using Ohm's
Law, �nd p(x) using elementary probability, and seethat they are the
same.However, we want to illustrate a principle that will work for very
generalcircuits. Soinsteadwe shall prove that thesetwo functions are
the sameby showing that there is only onefunction that satis�es these
properties,and we shall prove this by a method that will apply to more
generalsituations than points connectedtogether in a straight line.

Exercise 1.1.1 Referring to the random walk along Madison Avenue,
let X = p(1), Y = p(2), Z = p(3), and W = p(4). Show that properties
(a), (b), and (c) of Section1.1.3determinea setof four linear equations
with variables X , Y, Z and W. Show that these equations have a
uniquesolution. What doesthis say about p(x) and v(x) for this special
case?

Exercise 1.1.2 Assumethat our walker hasa tendencyto drift in one
direction: more speci�cally, assumethat each step is to the right with
probability p or to the left with probability q = 1 � p. Show that
properties (a), (b), and (c) of Section1.1.3should be replacedby

(a) p(0) = 0.

(b) p(N ) = 1.

(c) p(x) = q � p(x � 1) + p � p(x + 1).
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Exercise 1.1.3 In our electric network problem, assumethat the re-
sistors are not necessarilyequal. Let Rx be the resistancebetween x
and x + 1. Show that

v(x) =
1

Rx � 1

1
Rx � 1

+ 1
Rx

v(x � 1) +
1

Rx
1

Rx � 1
+ 1

Rx

v(x + 1):

How should the resistorsbe chosento correspond to the random walk
of Exercise1.1.2?

1.1.5 Harmonic functions in one dimension; the Uniqueness
Principle

Let S be the set of points S = f 0; 1; 2; : : : ; N g. We call the points of
the set D = f 1; 2; : : : ; N � 1g the interior points of S and those of
B = f 0; N g the boundary points of S. A function f (x) de�ned on S is
harmonic if, at points of D, it satis�es the averagingproperty

f (x) =
f (x � 1) + f (x + 1)

2
:

As we have seen,p(x) and v(x) are harmonic functions on S having
the samevalueson the boundary: p(0) = v(0) = 0; p(N ) = v(N ) =
1. Thus both p(x) and v(x) solve the problem of �nding a harmonic
function having these boundary values. Now the problem of �nding
a harmonic function given its boundary values is called the Dirichlet
problem, and the UniquenessPrinciple for the Dirichlet problemasserts
that there cannot be two di�erent harmonic functions having the same
boundary values. In particular, it follows that p(x) and v(x) are really
the samefunction, and this is what we have beenhoping to show. Thus
the fact that p(x) = v(x) is an aspect of a generalfact about harmonic
functions.

We will approach the UniquenessPrinciple by way of the Maxi-
mum Principle for harmonic functions, which bearsthe samerelation
to the UniquenessPrinciple asRolle'sTheoremdoesto the MeanValue
Theoremof Calculus.

Maxim um Principle . A harmonic function f (x) de�ned on S
takeson its maximum valueM and its minimum valuem on the bound-
ary.

Pro of. Let M be the largest value of f . Then if f (x) = M for x
in D, the samemust be true for f (x � 1) and f (x + 1) since f (x) is
the averageof thesetwo values. If x � 1 is still an interior point, the
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sameargument implies that f (x � 2) = M ; continuing in this way, we
eventually concludethat f (0) = M . That sameargument works for
the minimum value m. }

Uniqueness Principle. If f (x) and g(x) are harmonic functions
on S such that f (x) = g(x) on B, then f (x) = g(x) for all x.

Pro of. Let h(x) = f (x) � g(x). Then if x is any interior point,

h(x � 1) + h(x + 1)
2

=
f (x � 1) + f (x + 1)

2
�

g(x � 1) + g(x + 1)
2

;

and h is harmonic. But h(x) = 0 for x in B, and hence,by the Max-
imum Principle, the maximum and mininium valuesof h are 0. Thus
h(x) = 0 for all x, and f (x) = g(x) for all x. }

Thus we �nally prove that p(x) = v(x); but what doesv(x) equal?
The UniquenessPrinciple shows us a way to �nd a concreteanswer:
just guess.For if we can �nd any harmonic function f (x) having the
right boundary values,the UniquenessPrinciple guaranteesthat

p(x) = v(x) = f (x):

The simplestfunction to try for f (x) would bea linear function; this
leadsto the solution f (x) = x=N . Note that f (0) = 0 and f (N ) = 1
and

f (x � 1) + f (x + 1)
2

=
x � 1 + x + 1

2N
=

x
N

= f (x):

Thereforef (x) = p(x) = v(x) = x=N .
As another application of the UniquenessPrinciple, we prove that

our walker will eventually reach 0 or N . Choosea starting point x with
0 < x < N . Let h(x) be the probability that the walker never reaches
the boundary B = f 0; N g. Then

h(x) =
1
2

h(x + 1) +
1
2

h(x � 1)

and h is harmonic. Also h(0) = h(N ) = 0; thus, by the Maximum
Principle, h(x) = 0 for all x.

Exercise 1.1.4 Show that you can chooseA and B so that the func-
tion f (x) = A(q=p)x + B satis�es the modi�ed properties (a), (b) and
(c) of Exercise1.1.2. Doesthis show that f (x) = p(x)?

Exercise 1.1.5 Let m(x) be the expectednumber of steps,starting at
x, required to reach 0 or N for the �rst time. It can be proven that
m(x) is �nite. Show that m(x) satis�es the conditions
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(a) m(0) = 0.

(b) m(N ) = 0.

(c) m(x) = 1
2m(x + 1) + 1

2m(x � 1) + 1.

Exercise 1.1.6 Show that the conditionsin Exercise1.1.5havea unique
solution. Hint: show that if m and �m aretwo solutions,then f = m� �m
is harmonic with f (0) = f (N ) = 0 and hencef (x) = 0 for all x.

Exercise 1.1.7 Show that you can choose A, B , and C such that
f (x) = A + Bx + Cx2 satis�es all the conditionsof Exercise1.1.5. Does
this show that f (x) = m(x) for this choiceof A, B , and C?

Exercise 1.1.8 Find the expectedduration of the walk down Madison
Avenue as a function of the walker's starting point (1, 2, 3, or 4).

1.1.6 The solution as a fair game (martingale)

Let us return to our interpretation of a random walk asPeter's fortune
in a gameof penny matching with Paul. On each match, Peter wins
one penny with probability 1/2 and losesone penny with probability
1/2. Thus, when Peter has k pennieshis expected fortune after the
next play is

1
2

(k � 1) +
1
2

(k + 1) = k;

so his expected fortune after the next play is equal to his present for-
tune. This says that heis playing a fair game; a chanceprocessthat can
be interpreted asa player's fortune in a fair gameis calleda martingale.

Now assumethat Peter and Paul have a total of N pennies. Let
p(x) be the probability that, when Peter hasx pennies,he will end up
with all N pennies.Then Peter's expected�nal fortune in this gameis

(1 � p(x)) � 0 + p(x) � N = p(x) � N:

If we could be sure that a fair gameremainsfair to the end of the
game, then we could conclude that Peter's expected �nal fortune is
equal to his starting fortune x, i.e., x = p(x) � N . This would give
p(x) = x=N and we would have found the probability that Peter wins
using the fact that a fair gameremainsfair to the end. Note that the
time the gameendsis a random time, namely, the time that the walk
�rst reaches 0 or N for the �rst time. Thus the question is, is the
fairnessof a gamepreserved when we stop at a random time?
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Unfortunately, this is not always the case. To begin with, if Peter
somehow has knowledgeof what the future holds in store for him, he
can decideto quit when he gets to the end of a winning streak. But
even if we restrict ourselves to stopping rules where the decision to
stop or continue is independent of future events, fairnessmay not be
preserved. For example,assumethat Peter is allowed to go into debt
and can play as long as he wants to. He starts with 0 penniesand
decidesto play until his fortune is 1 and then quit. We shall seethat
a random walk on the set of all integers,starting at 0, will reach the
point 1 if we wait long enough. Hence,Peter will end up one penny
aheadby this systemof stopping.

However, there arecertain conditionsunder which we canguarantee
that a fair gameremainsfair when stopped at a random time. For our
purposes,the following standard result of martingale theory will do:

Martingale Stopping Theorem. A fair gamethat is stopped at
a random time will remain fair to the end of the gameif it is assumed
that there is a �nite amount of money in the world and a player must
stop if he wins all this moneyor goesinto debt by this amount.

This theorem would justify the above argument to obtain p(x) =
x=N .

Let's step back and seehow this martingale argument worked. We
began with a harmonic function, the function f (x) = x, and inter-
preted it asthe player's fortune in a fair game. We then consideredthe
player's expected�nal fortune in this game.This wasanotherharmonic
function having the sameboundary valuesand we appealedto the Mar-
tingale StoppingTheoremto arguethat this function must be the same
as the original function. This allowed us to write down an expression
for the probability of winning, which was what we were looking for.

Lurking behind this argument is a generalprinciple: If we are given
boundaryvaluesof a function, wecancomeup with a harmonicfunction
having theseboundary valuesby assigningto each point the player's
expected�nal fortune in a gamewherethe player starts from the given
point and carriesout a random walk until he reachesa boundary point,
where he receives the speci�ed payo�. Furthermore, the Martingale
Stopping Theorern allows us to concludethat there can be no other
harmonicfunction with theseboundary values.Thusmartingale theory
allows us to establishexistenceand uniquenessof solutionsto a Dirich-
let problem. All this isn't very exciting for the caseswe've beencon-
sidering, but the nice thing is that the samearguments carry through
to the more generalsituations that we will be consideringlater on.
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The study of martingales was originated by Levy [19] and Ville
[34]. Kakutani [12] showed the connectionbetweenrandom walks and
harmonic functions. Doob [4] developed martingale stopping theorems
and showed how to exploit the preservation of fairnessto solve a wide
variety of problems in probability theory. An informal discussionof
martingalesmay be found in Snell [32].

Exercise 1.1.9 Considera random walk with a drift; that is, there is
a probability p 6= 1

2 of going one step to the right and a probability
q = 1 � p of going one step to the left. (See Exercise 1.1.2.) Let
w(x) = (q=p)x ; show that, if you interpret w(x) as your fortune when
you are at x, the resulting game is fair. Then use the Martingale
Stopping Theoremto arguethat

w(x) = p(x)w(N ) + (1 � p(x))w(0):

Solve for p(x) to obtain

p(x) =

�
q
p

� x
� 1

�
q
p

� N
� 1

:

Exercise 1.1.10 You aregambling againsta professionalgambler; you
start with A dollars and the gambler with B dollars; you play a game
in which you win onedollar with probability p < 1

2 and loseonedollar
with probability q = 1� p; play continuesuntil you or the gambler runs
out of money. Let RA be the probability that you are ruined. Usethe
result of Exercise1.1.9 to show that

RA =
1 �

�
p
q

� B

1 �
�

p
q

� N

with N = A + B. If you start with 20 dollars and the gambler with 50
dollars and p = :45, �nd the probability of being ruined.

Exercise 1.1.11 The gambler realizesthat the probability of ruining
you is at least 1 � (p=q)B (Why?). The gambler wants to make the
probability at least .999. For this, (p=q)B should be at most .001. If
the gambler o�ers you a gamewith p = :499,how large a stake should
shehave?
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1.2 Random walks in two dimensions

1.2.1 An example

We turn now to the more complicatedproblem of a random walk on a
two-dimensionalarray. In Figure 3 we illustrate such a walk. The large

Figure 3: |

dots represent boundary points; thosemarked E indicate escape routes
and those marked P are police. We wish to �nd the probability p(x)
that our walker, starting at an interior point x, will reach an escape
route beforehe reachesa policeman. The walker movesfrom x = (a;b)
to each of the four neighboring points (a + 1; b), (a � 1; b), (a;b+ 1),
(a;b� 1) with probability 1

4 . If hereachesa boundary point, he remains
at this point.

The corresponding voltage problem is shown in Figure 4. The
boundary points P are groundedand points E are connectedand �xed
at one volt by a one-volt battery. We ask for the voltage v(x) at the
interior points.

1.2.2 Harmonic functions in two dimensions

We now de�ne harmonic functions for setsof lattice points in the plane
(a lattice point is a point with integer coordinates). Let S = D [ B
be a �nite set of lattice points such that (a) D and B have no points
in common,(b) every point of D has its four neighboring points in S,
and (c) every point of B hasat least oneof its four neighboring points
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Figure 4: |

in D. We assumefurther that S hangstogether in a nice way, namely,
that for any two points P and Q in S, there is a sequenceof points
Pj in D such that P; P1; P2; : : : ; Pn ; Q forms a path from P to A. We
call the points of D the interior points of S and the points of B the
boundary points of S.

A function f de�ned on S is harmonic if, for points (a;b) in D, it
has the averagingproperty

f (a;b) =
f (a + 1; b) + f (a � 1; b) + f (a;b+ 1) + f (a;b� 1)

4
:

Note that there is no restriction on the values of f at the boundary
points.

We would like to prove that p(x) = v(x) as we did in the one-
dimensionalcase. That p(x) is harmonic follows again by considering
all four possible �rst steps; that v(x) is harmonic follows again by
Kirchho� 's Laws sincethe current coming into x = (a;b) is

v(a + 1; b) � v(a;b)
R

+
v(a � 1; b) � v(a;b)

R
+

v(a;b+ 1) � v(a;b)
R

+
v(a;b� 1) � v(a;b)

R
= 0:

Multiplying through by R and solving for v(a;b) gives

v(a;b) =
v(a + 1; b) + v(a � 1; b) + v(a;b+ 1) + v(a;b� 1)

4
:
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Thus p(x) and v(x) areharmonic functions with the sameboundary
values. To show from this that they are the same,we must extend the
UniquenessPrinciple to two dimensions.

We �rst prove the Maximum Principle. If M is the maximum value
of f and if f (P) = M for P an interior point, then sincef (P) is the
averageof the valuesof f at its neighbors, thesevaluesmust all equal
M also. By working our way duesouth, say, repeating this argument at
every step, we eventually reach a boundary point Q for which we can
concludethat f (Q) = M . Thus a harmonic function always attains
its maximum (or minimum) on the boundary; this is the Maximum
Principle. The proof of the UniquenessPrinciple goesthrough asbefore
sinceagain the di�erence of two harmonic functions is harmonic.

The fair gameargument, using the Martingale Stopping Theorem,
holds equally well and again givesan alternative proof of the existence
and uniquenessto the solution of the Dirichlet problem.

Exercise 1.2.1 Show that if f and g are harmonic functions so is
h = a � f + b� g for constants a and b. This is called the superposition
principle.

Exercise 1.2.2 Let B1; B2; : : : ; Bn be the boundarypoints for a region
S. Let ej (a;b) be a function that is harmonic in S and has boundary
value1 at B j and 0 at the other boundarypoints. Show that if arbitrary
boundary valuesv1; v2; : : : ; vn are assigned,we can �nd the harmonic
function v with thesevaluesfrom the solutions e1; e2; : : : ; en .

1.2.3 The Mon te Carlo solution

Finding the exact solution to a Dirichlet problem in two dimensionsis
not always a simple matter, so before taking on this problem, we will
consider two methods for generating approximate solutions. In this
section we will present a method using random walks. This method
is known as a Monte Carlo method, since random walks are random,
and gambling involves randomness,and there is a famous gambling
casinoin Monte Carlo. In Section1.2.4,we will describe a much more
e�ective method for �nding approximate solutions, called the method
of relaxations.

We have seenthat the solution to the Dirichlet problem can be
found by �nding the value of a player's �nal winning in the following
game:Starting at x the player carriesout a random walk until reaching
a boundary point. He is then paid an amount f (y) if y is the boundary
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point �rst reached. Thus to �nd f (x), we canstart many randomwalks
at x and �nd the average�nal winnings for thesewalks. By the law of
averages(the law of large numbers in probability theory), the estimate
that we obtain this way will approach the true expected �nal winning
f (x).

Here are someestimatesobtained this way by starting 10,000ran-
dom walks from each of the interior points and, for each x, estimating
f (x) by the averagewinning of the random walkerswho started at this
point.

1 1
1:824 :785 1

1 :876 :503 :317 0
1 0 0

This method is a colorful way to solve the problem, but quite inef-
�cient. We can useprobability theory to estimate how ine�cien t it is.
We considerthe casewith boundary values I or 0 as in our example.
In this case,the expected�nal winning is just the probability that the
walk endsup at a boundary point with value 1. For each point x, as-
sumethat we carry out n random walks; we regard each random walk
to be an experiment and interpret the outcomeof the i th experiment
to be a \success"if the walker endsat a boundary point with a 1 and
a \failure" otherwise. Let p = p(x) be the unknown probability for
successfor a walker starting at x and q = 1 � p. How many walks
should we carry out to get a reasonableestimate for p? We estimatep
to be the fraction �p of the walkers that end at a 1.

We are in the position of a pollster who wishes to estimate the
proportion p of peoplein the country who favor candidate A over B .
The pollster choosesa random sample of n people and estimates p
as the proportion �p of voters in his sample who favor A. (This is a
grossoversimpli�cation of what a pollster does,of course.)To estimate
the number n required, we can use the central limit theorem. This
theoremstatesthat, if Sn , is the number of successesin n independent
experiments, each having probability p for success,then for any k > 0

P

 

� k <
Sn � np
p

npq
< k

!

� A(k);

where A(k) is the area under the normal curve between � k and k.
For k = 2 this area is approximately .95; what does this say about
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�p = Sn=n? Doing a little rearranging,we seethat

P

0

@� 2 <
�p � p
q

pq
n

< 2

1

A � :95

or

P

 

� 2
p

pq
n

< �p � p < 2
p

pq
n

!

� :95:

Since
p

pq � 1
2 ,

P

 

�
1

p
n

< �p � p <
1

p
n

!
>
� :95:

Thus, if wechoose 1p
n = :01,or n = 10; 000,there is a 95percent chance

that our estimate �p = Sn=n will not be o� by more than .01. This is
a large number for rather modest accuracy;in our examplewe carried
out 10,000walks from each point and this required about 5 secondson
the Dartmouth computer. We shall seelater, when we obtain an exact
solution, that we did obtain the accuracypredicted.

Exercise 1.2.3 You play a game in which you start a random walk
at the center in the grid shown in Figure 5. When the walk reaches

Figure 5: |
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the boundary, you receive a payment of +1 or � 1 as indicated at the
boundary points. You wish to simulate this game to see if it is a
favorable gameto play; how many simulations would you needto be
reasonablycertain of the value of this game to an accuracy of .01?
Carry out such a simulation and seeif you feel that it is a favorable
game.

1.2.4 The original Diric hlet problem; the metho d of relax-
ations

The Dirichlet problemwe have beenstudying is not the original Dirich-
let problem, but a discreteversionof it. The original Dirichlet problem
concernsthe distribution of temperature, say, in a continuousmedium;
the following is a representativ e example.

Supposewe have a thin sheetof metal gotten by cutting out a small
squarefrom the center of a large square. The inner boundary is kept
at temperature 0 and the outer boundary is kept at temperature 1 as
indicated in Figure 6. The problem is to �nd the temperature at
points in the rectangle'sinterior. If u(x; y) is the temperature at (x; y),
then u satis�es Laplace'sdi�erential equation

uxx + uyy = 0:

A function that satis�es this di�erential equation is called harmonic.
It hasthe property that the value u(x; y) is equal to the averageof the
valuesover any circle with center (x; y) lying insidethe region. Thus to
determine the temperature u(x; y), we must �nd a harmonic function
de�ned in the rectanglethat takeson the prescribed boundary values.
Wehavea problementirely analogousto our discreteDirichlet problem,
but with continuousdomain.

The method of relaxations was introducedas a way to get approx-
imate solutions to the original Dirichlet problem. This method is ac-
tually more closely connectedto the discrete Dirichlet problem than
to the continuous problem. Why? Because,facedwith the continuous
problem just described, no physicist will hesitate to replaceit with an
analogousdiscreteproblem, approximating the continuous medium by
an array of lattice points such asthat depictedin Figure 7, and search-
ing for a function that is harmonic in our discretesenseand that takes
on the appropriate boundary values. It is this approximating discrete
problem to which the method of relaxationsapplies.

Here'show the method goes. Recall that we are looking for a func-
tion that has speci�ed boundary values, for which the value at any
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Figure 6: |
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Figure 7: |
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interior point is the averageof the valuesat its neighbors. Begin with
any function having the speci�ed boundary values, pick an interior
point, and seewhat is happening there. In general, the value of the
function at the point we are looking at will not be equal to the average
of the valuesat its neighbors. Soadjust the value of the function to be
equal to the averageof the valuesat its neighbors. Now run through
the rest of the interior points, repeating this process.When you have
adjusted the valuesat all of the interior points, the function that re-
sults will not be harmonic,becausemost of the time after adjusting the
value at a point to be the averagevalue at its neighbors, we afterwards
camealong and adjusted the valuesat oneor more of thoseneighbors,
thus destroying the harmony. However, the function that results after
running through all the interior points, if not harmonic, is more nearly
harmonic than the function we started with; if we keeprepeating this
averagingprocess,running through all of the interior points again and
again,the function will approximate moreand morecloselythe solution
to our Dirichlet problem.

We do not yet have the tools to prove that this method works for
a general initial guess;this will have to wait until later (seeExercise
1.3.12). We will start with a special choice of initial values for which
we can prove that the method works (seeExercise1.2.5).

We start with all interior points 0 and keep the boundary points
�xed.

1 1
1 0 0 1

1 0 0 0 0
1 0 0

After one iteration we have:

1 1
1 :547 :648 1

1 :75 :188 :047 0
1 0 0

Note that we go from left to right moving up each column replacing
each value by the averageof the four neighboring values. The compu-
tations for this �rst iteration are

:75 = (1=4)(1 + 1 + 1 + 0)

:1875= (1=4)(:75+ 0 + 0 + 0)

:5469= (1=4)(:1875+ 1 + 1 + 0)
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:0469= (1=4)(:1875+ 0 + 0 + 0)

:64844= (1=4)(:0469+ :5769+ 1 + 1)

We have printed the results to three decimal places. We continue the
iteration until we obtain the sameresults to three decimalplaces.This
occursat iterations 8 and 9. Here'swhat we get:

1 1
1 :823 :787 1

1 :876 :506 :323 0
1 0 0

Weseethat weobtain the sameresult to three placesafter only nine
iterations and this took only a fraction of a secondof computing time.
We shall seethat theseresultsare correct to three placeaccuracy. Our
Monte Carlo method took several secondsof computing time and did
not even give three placeaccuracy.

The classicalreferencefor the method of relaxations as a means
of �nding approximate solutions to continuous problems is Courant,
Friedrichs, and Lewy [3]. For more information on the relationship
between the original Dirichlet problem and the discrete analog, see
Hersh and Griego [10].

Exercise 1.2.4 Apply the method of relaxations to the discreteprob-
lem illustrated in Figure 7.

Exercise 1.2.5 Consider the method of relaxations started with an
initial guesswith the property that the value at each point is � the
averageof the values at the neighbors of this point. Show that the
successive values at a point u are monotone increasing with a limit
f (u) and that theselimits provide a solution to the Dirichlet problem.

1.2.5 Solution by solving linear equations

In this section we will show how to �nd an exact solution to a two-
dimensionalDirichlet problem by solving a systemof linear equations.
As usual, we will illustrate the method in the caseof the example
introduced in Section 1.2.1. This example is shown again in Figure
8; the interior points have been labelled a, b, c, d, and e. By our
averagingproperty, we have

xa =
xb + xd + 2

4
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Figure 8: |

xb =
xa + xc + 2

4

xc =
xd + 3

4

xd =
xa + xc + xe

4

xe =
xb + xd

4
:

We can rewrite theseequationsin matrix form as
0

B
B
B
B
B
@

1 � 1=4 0 � 1=4 0
� 1=4 1 0 0 � 1=4

0 0 1 � 1=4 0
� 1=4 0 � 1=4 1 � 1=4

0 � 1=4 0 � 1=4 1

1

C
C
C
C
C
A

0

B
B
B
B
B
@

xa

xb

xc

xd

xe

1

C
C
C
C
C
A

=

0

B
B
B
B
B
@

1=2
1=2
3=4
0
0

1

C
C
C
C
C
A

:

We can write this in symbols as

Ax = u:

Sincewe know there is a unique solution, A must have an inverseand

x = A � 1u:
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Carrying out this calculation we �nd

Calculated x =

0

B
B
B
B
B
@

:823
:787
:876
:506
:323

1

C
C
C
C
C
A

:

Here, for comparison,are the approximate solutions found earlier:

Monte Carlo x =

0

B
B
B
B
B
@

:824
:785
:876
:503
:317

1

C
C
C
C
C
A

:

Relaxedx =

0

B
B
B
B
B
@

:823
:787
:876
:506
:323

1

C
C
C
C
C
A

:

We seethat our Monte Carlo approximations were fairly good in that
no error of the simulation is greater than .01, and our relaxedapprox-
imations werevery good indeed,in that the error doesnot show up at
all.

Exercise 1.2.6 Consider a random walker on the graph of Figure 9.
Find the probability of reaching the point with a 1 beforeany of the
points with 0's for each starting point a;b;c;d.

Exercise 1.2.7 Solvethe discreteDirichlet problemfor the graphshown
in Figure 10. The interior points are a;b;c;d. (Hint: SeeExercise
1.2.2.)

Exercise 1.2.8 Find the exact value, for each possiblestarting point,
for the gamedescribed in Exercise1.2.3. Is the gamefavorablestarting
in the center?

1.2.6 Solution by the metho d of Mark ov chains

In this section,we describe how the Dirichlet problem can be solved by
the method of Markov chains. This method may be viewed as a more
sophisticatedversionof the method of linear equations.
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Figure 9: |

Figure 10: |

24



A �nite Markov chain is a special type of chanceprocessthat may
be described informally as follows: we have a set S = f s1; s2; : : : ; sr g
of statesand a chanceprocessthat movesaround through thesestates.
When the processis in state si , it moves with probability Pij to the
state sj . The transition probabilities Pij are represented by an r -by-r
matrix P called the transition matrix. To specify the chanceprocess
completelywemust give, in addition to the transition matrix, a method
for starting the process. We do this by specifying a speci�c state in
which the processstarts.

According to Kemeny, Snell, and Thompson [15], in the Land of
Oz, there are three kinds of weather: rain, nice, and snow. There are
never two nice days in a row. When it rains or snows, half the time it
is the samethe next day. If the weatherchanges,the chancesare equal
for a changeto each of the other two typesof weather. We regard the
weather in the Land of Oz as a Markov chain with transition matrix:

P =

0

B
@

R N S
R 1=2 1=4 1=4
N 1=2 0 1=2
S 1=4 1=4 1=2

1

C
A :

When we start in a particular state, it is natural to ask for the
probability that the processis in each of the possiblestates after a
speci�c number of steps. In the study of Markov chains, it is shown
that this information is provided by the powersof the transition matrix.
Speci�cally, if Pn is the matrix P raised to the nth power, the entries
Pn

ij represent the probability that the chain, started in state si , will,
after n steps, be in state sj . For example, the fourth power of the
transition matrix P for the weather in the Land of Oz is

P4 =

0

B
@

R N S
R :402 :199 :398
N :398 :203 :398
S :398 :199 :402

1

C
A :

Thus, if it is raining today in the Land of Oz, the probability that
the weather will be nice four days from now is .199. Note that the
probability of a particular type of weather four days from today is es-
sentially independent of the type of weather today. This Markov chain
is an exampleof a type of chain calleda regular chain. A Markov chain
is a regular chain if somepower of the transition matrix has no zeros.
In the study of regular Markov chains, it is shown that the probability
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of being in a state after a large number of stepsis independent of the
starting state.

As a secondexample,we considera random walk in onedimension.
Let us assumethat the walk is stopped when it reacheseither state 0
or 4. (We could use5 instead of 4, as before,but we want to keepthe
matrices small.) We can regard this random walk as a Markov chain
with states0, 1, 2, 3, 4 and transition matrix given by

P =

0

B
B
B
B
B
B
@

0 1 2 3 4
0 1 0 0 0 0
1 1=2 0 1=2 0 0
2 0 1=2 0 1=2 0
3 0 0 1=2 0 1=2
4 0 0 0 0 1

1

C
C
C
C
C
C
A

:

The states 0 and 4 are traps or absorbingstates. Theseare states
that, onceentered, cannot be left. A Markov chain is called absorbing
if it hasat leastoneabsorbingstate and if, from any state, it is possible
(not necessarilyin onestep) to reach at least oneabsorbingstate. Our
Markov chain has this property and so is an absorbingMarkov chain.
The states of an absorbing chain that are not traps are called non-
absorbing.

When an absorbing Markov chain is started in a non-absorbing
state, it will eventually endup in an absorbingstate. For non-absorbing
state si and absorbingstate sj , we denoteby B ij the probability that
the chain starting in si will end up in state sj . We denote by B the
matrix with entries B ij . This matrix will have as many rows as non-
absorbing states and as many columns as there are absorbing states.
For our random walk example,the entries Bx;4 will give the probability
that our random walker, starting at x, will reach 4 before reaching 0.
Thus, if we can �nd the matrix B by Markov chain techniques,we will
have a way to solve the Dirichlet problem.

We shall show, in fact, that the Dirichlet problem has a natural
generalizationin the context of absorbing Markov chains and can be
solved by Markov chain methods.

Assumenow that P is an absorbingMarkov chain and that thereare
u absorbingstates and v non-absorbingstates. We reorder the states
so that the absorbing states come �rst and the non-absorbingstates
comelast. Then our transition matrix has the canonicalform:

P =
�

I 0
R Q

�

:
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Here I is a u-by-u identit y matrix; 0 is a matrix of dimensionu-by-v
with all entries 0.

For our random walk examplethis canonicalform is:

0

B
B
B
B
B
B
@

0 4 1 2 3
0 1 0 0 0 0
4 0 1 0 0 0
1 1=2 0 0 1=2 0
2 0 0 1=2 0 1=2
3 0 1=2 0 1=2 0

1

C
C
C
C
C
C
A

:

The matrix N = (I � Q) � 1 is called the fundamental matrix for the
absorbingchain P. (Note that I hereis a v-by-v identit y matrix!) The
entries N ij of this matrix have the following probabilistic interpretation:
N ij is the expected number of times that the chain will be in state sj

before absorption when it is started in si . (To seewhy this is true,
think of how (I � Q) � 1 would look if it were written as a geometric
series.) Let 1 be a column vector of all 1's. Then the vector t = NI
givesthe expectednumber of stepsbeforeabsorption for each starting
state.

The absorption probabilities B are obtained from N by the matrix
formula

B = (I � Q) � 1R:

This simply says that to get the probability of ending up at a given
absorbingstate, we add up the probabilities of going there from all the
non-absorbingstates,weighted by the number of times we expect to be
in those(non-absorbing)states.

For our random walk example

Q =

0

B
@

0 1
2 0

1
2 0 1

2
0 1

2 0

1

C
A

I � Q =

0

B
@

1 � 1
2 0

� 1
2 1 � 1

2
0 � 1

2 1

1

C
A

N = (I � Q) � 1 =

0

B
@

1 2 3
1 3

2 1 1
2

2 1 2 1
3 1

2 1 3
2

1

C
A
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t = N1 =

0

B
@

3
2 1 1

2
1 2 1
1
2 1 3

2

1

C
A

0

B
@

1
1
1

1

C
A =

0

B
@

3
4
3

1

C
A

B = NR =

0

B
@

3
2 1 1

2
1 2 1
1
2 1 3

2

1

C
A

0

B
@

1
2 0
0 0
0 1

2

1

C
A =

0

B
@

0 4
1 3

4
1
4

2 1
2

1
2

3 1
4

3
4

1

C
A :

Thus, starting in state 3, the probability is 3=4 of reaching 4 before
0; this is in agreement with our previous results. From t we seethat
the expectedduration of the game,when we start in state 2, is 4.

For an absorbingchain P, the nth power P n of the transition prob-
abilities will approach a matrix P 1 of the form

P1 =
�

I 0
B 0

�

:

We now give our Markov chain versionof the Dirichlet problem. We
interpret the absorbingstatesasboundarystatesand the non-absorbing
statesasinterior states. Let B be the set of boundary statesand D the
set of interior states. Let f be a function with domain the state space
of a Markov chain P such that for i in D

f (i ) =
X

j

Pij f (j ):

Then f is a harmonic function for P. Now f again has an averaging
property and extendsour previous de�nition. If we represent f as a
column vector f , f is harmonic if and only if

Pf = f :

This implies that
P2f = P � Pf = Pf = f

and in general
Pn f = f :

Let us write the vector f as

f =
�

fB

fD

�

wherefB represents the valuesof f on the boundary and fD valueson
the interior. Then we have

�
fB

fD

�

=
�

I 0
B Q

� �
fB

fD

�

28



and
fD = Bf B :

We againseethat the valuesof a harmonic function are determined
by the valuesof the function at the boundary points.

Since the entries B ij of B represent the probability, starting in i ,
that the processendsat j , our last equation states that if you play a
gamein which your fortune is f j when you are in state j , then your
expected �nal fortune is equal to your initial fortune; that is, fairness
is preserved. As remarked above, from Markov chain theory B = NR
whereN = (I � Q) � 1. Thus

fD = (I � Q) � 1Rf B :

(To make the correspondencebetweenthis solution and the solution of
Section1.2.5,put A = I � Q and u = Rf B .)

A generaldiscussionof absorbingMarkov chains may be found in
Kemeny, Snell, and Thompson[15].

Exercise 1.2.9 Consider the game played on the grid in Figure 11.
You start at an interior point and move randomly until a boundary

Figure 11: |

point is reached and obtain the payment indicated at this point. Using
Markov chain methods �nd, for each starting state, the expectedvalue
of the game. Find also the expectedduration of the game.
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1.3 Random walks on more general net works

1.3.1 General resistor net works and rev ersible Mark ov chains

Our networks sofar have beenvery specialnetworks with unit resistors.
We will now introduce generalresistor networks, and considerwhat it
meansto carry out a random walk on such a network.

A graph is a �nite collectionof points (alsocalledvertices or nodes)
with certain pairs of points connectedby edges(also called branches).
The graph is connected if it is possibleto go betweenany two points
by moving along the edges.(SeeFigure 12.)

Figure 12: |

We assumethat G is a connectedgraph and assignto each edgexy
a resistanceRxy ; an exampleis shown in Figure 13. The conductance
of an edgexy is Cxy = 1=Rxy ; conductancesfor our exampleare shown
in Figure 14.

We de�ne a randomwalk on G to bea Markov chain with transition
matrix P given by

Pxy =
Cxy

Cx

with Cx =
P

y Cxy . For our example, Ca = 2, Cb = 3, Cc = 4, and
Cd = 5, and the transition matrix P for the associated random walk is

0

B
B
B
@

a b c d
a 0 0 1

2
1
2

b 0 0 1
3

2
3

c 1
4

1
4 0 1

2
d 1

5
2
5

2
5 0

1

C
C
C
A
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Figure 13: |

Figure 14: |
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Figure 15: |

Its graphical representation is shown in Figure 15.
Since the graph is connected, it is possible for the walker to go

betweenany two states. A Markov chain with this property is called
an ergodic Markov chain. Regular chains, which were introduced in
Section 1.2.6, are always ergodic, but ergodic chains are not always
regular (seeExercise1.3.1).

For an ergodic chain, there is a unique probability vector w that is
a �xed vector for P, i.e., wP = w. The component wj of w represents
the proportion of times, in the long run, that the walker will be in state
j . For random walks determinedby electric networks, the �xed vector
is given by wj = Cj =C, whereC =

P
x Cx . (You are asked to prove this

in Exercise1.3.2.) For our exampleCa = 2, Cb = 3, Cc = 4, Cd = 5,
and C = 14. Thus w = (2=14; 3=14; 4=14; 5=14). We can check that w
is a �xed vector by noting that

( 2
14

3
14

4
14

5
14 )

0

B
B
B
@

0 0 1
2

1
2

0 0 1
3

2
3

1
4

1
4 0 1

2
1
5

2
5

2
5 0

1

C
C
C
A

= ( 2
14

3
14

4
14

5
14 ) :
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In addition to being ergodic, Markov chains associated with net-
works have another property called reversibility. An ergodic chain is
said to be reversibleif wxPxy = wyPyx for all x; y. That this is true for
our network chains follows from the fact that

CxPxy = Cx
Cxy

Cx
= Cxy = Cyx = Cy

Cyx

Cy
= CyPyx :

Thus, dividing the �rst and last term by C, we have wxPxy = wyPyx .
To seethe meaningof reversibility, we start our Markov chain with

initial probabilities w (in equilibrium) and observe a few states, for
example

a c b d:

The probability that this sequenceoccurs is

waPacPcbPbd =
2
14

�
1
2

�
1
4

�
2
3

=
1
84

:

The probability that the reversedsequence

d b c a

occurs is
wdPdbPbcPca =

5
14

�
2
5

�
1
3

�
1
4

=
1
84

:

Thus the two sequenceshave the sameprobability of occurring.
In general,whena reversibleMarkov chain is started in equilibrium,

probabilities for sequencesin the correct order of time are the sameas
thosewith time reversed. Thus, from data, we would never be able to
tell the direction of time.

If P is any reversible ergodic chain, then P is the transition ma-
trix for a random walk on an electric network; we have only to de�ne
Cxy = wxPxy . Note, however, if Pxx 6= 0 the resulting network will
needa conductancefrom x to x (seeExercise1.3.4). Thus reversibility
characterizesthose ergodic chains that arise from electrical networks.
This has to do with the fact that the physical laws that govern the
behavior of steady electric currents are invariant under time-reversal
(seeOnsager[25]).

When all the conductancesof a network are equal, the associated
randomwalk on the graph G of the network hasthe property that, from
each point, there is an equalprobability of moving to each of the points
connectedto this point by an edge.We shall refer to this random walk
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assimplerandomwalk on G. Most of the exampleswe have considered
so far are simple random walks. Our �rst exampleof a random walk
on Madison Avenue corresponds to simple random walk on the graph
with points 0; 1; 2; : : : ; N and edgesthe streetsconnectingthesepoints.
Our walks on two dimensionalgraphswere alsosimple random walks.

Exercise 1.3.1 Give an exampleof an ergodic Markov chain that is
not regular. (Hint: a chain with two stateswill do.)

Exercise 1.3.2 Show that, if P is the transition matrix for a random
walk determinedby an electricnetwork, then the �xed vector w is given
by wx = Cx

C whereCx =
P

y Cxy and C =
P

x Cx .

Exercise 1.3.3 Show that, if P is a reversibleMarkov chain and a;b;c
are any three states, then the probability, starting at a, of the cycle
abcais the sameas the probability of the reversedcycle acba. That
is PabPbcPca = PacPcbPba. Show, more generally, that the probability
of going around any cycle in the two di�erent directions is the same.
(Conversely, if this cyclic condition is satis�ed, the processis reversible.
For a proof, seeKelly [13].)

Exercise 1.3.4 Assumethat P is a reversibleMarkov chain with Pxx =
0 for all x. De�ne an electric network by Cxy = wxPxy . Show that the
Markov chain associated with this circuit is P. Show that we can allow
Pxx > 0 by allowing a conductancefrom x to x.

Exercise 1.3.5 For the Ehrenfesturn model, there are two urns that
together contain N balls. Each second,oneof the N balls is chosenat
random and moved to the other urn. We form a Markov chain with
statesthe number of balls in oneof the urns. For N = 4, the resulting
transition matrix is

P =

0

B
B
B
B
B
B
@

0 1 2 3 4
0 0 1 0 0 0
1 1

4 0 3
4 0 0

2 0 1
2 0 1

2 0
3 0 0 3

4 0 1
4

4 0 0 0 1 0

1

C
C
C
C
C
C
A

:

Show that the �xed vectorw is the binomial distribution w = ( 1
16; 4

16; 6
16; 4

16; 1
16).

Determine the electric network associated with this chain.
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1.3.2 Voltages for general net works; probabilistic in terpreta-
tion

We assumethat we have a network of resistorsassignedto the edgesof
a connectedgraph. We choosetwo points a and b and put a one-volt
battery acrossthesepoints establishinga voltage va = 1 and vb = 0,
as illustrated in Figure 16. We are interested in �nding the volt-

Figure 16: |

agesvx and the currents i xy in the circuit and in giving a probabilistic
interpretation to thesequantities.

We begin with the probabilistic interpretation of voltage. It will
comeasno surprisethat we will interpret the voltageasa hitting prob-
abilit y, observingthat both functions are harmonic and that they have
the sameboundary values.

By Ohm's Law, the currents through the resistorsare determined
by the voltagesby

i xy =
vx � vy

Rxy
= (Vx � vy)Cxy :

Note that i xy = � i yx . Kirchho� 's Current Law requiresthat the total
current 
o wing into any point other than a or bis 0. That is, for x 6= a;b

X

y
i xy = 0:
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This will be true if X

y
(vx � vy)Cxy = 0

or
vx

X

y
Cxy =

X

y
Cxy vy :

ThusKirchho� 's Current Law requiresthat our voltageshave the prop-
erty that

vx =
X

y

Cxy

Cx
vy =

X

y
Pxy vy

for x 6= a;b. This meansthat the voltage vx is harmonic at all points
x 6= a;b.

Let hx bethe probability, starting at x, that statea is reachedbefore
b. Then hx is alsoharmonic at all points x 6= a;b. Furthermore

va = ha = 1

and
vb = hb = 0:

Thus if we modify P by making a and b absorbing states, we obtain
an absorbing Markov chain �P and v and h are both solutions to the
Dirichlet problemfor the Markov chain with the sameboundary values.
Hencev = h.

For our example,the transition probabilities �Pxy areshown in Figure
17. The function vx is harmonic for �P with boundary values va =
1; vb = 0.

To sum up, we have the following:
In trepretation of Voltage. When a unit voltage is applied be-

tweena and b, making va = 1 and vb = 0, the voltagevx at any point x
represents the probability that a walker starting from x will return to
a beforereaching b.

In this probabilistic interpretation of voltage, we have assumeda
unit voltage, but we could have assumedan arbitrary voltage va be-
tweena and b. Then the hitting probability hx would be replacedby
an expected value in a gamewhere the player starts at x and is paid
va if a is reached beforeb and 0 otherwise.

Let's use this interpretation of voltage to �nd the voltagesfor our
example. Referring back to Figure 17, we seethat

va = 1
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Figure 17: |

vb = 0

vc =
1
4

+
1
2

vd

vd =
1
5

+
2
5

vc:

Solving these equations yields vc = 7
16 and vd = 3

8. From these
voltageswe obtain the current i xy . For examplei cd = ( 7

16 � 3
8) � 2 = 1

8.
The resulting voltages and currents are shown in Figure 18. The
voltage at c is 7

16 and so this is also the probability, starting at c, of
reaching a beforeb.

1.3.3 Probabilistic in terpretation of curren t

We turn now to the probabilistic interpretation of current. This in-
terpretation is found by taking a naive view of the processof electri-
cal conduction: We imagine that positively chargedparticles enter the
network at point a and wander around from point to point until they
�nally arrive at point b, where they leave the network. (It would be
more realistic to imaginenegatively chargedparticles entering at b and
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Figure 18: |
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leaving at a, but realism is not what we're after.) To determine the
current i xy alongthe branch from x to y, we considerthat in the course
of its peregrinationsthe point may passonceor several times along the
branch from x to y, and in the opposite direction from y to x. We may
now hypothesizethat the current i xy is proportional to the expectednet
number of movements along the edgefrom x to y, where movements
from y back to x are counted as negative. This hypothesis is correct,
as we will now show.

The walker beginsat a and walks until he reaches b; note that if
he returns to a before reaching b, he keepson going. Let ux be the
expected number of visits to state x before reaching b. Then ub = 0
and, for x 6= a;b,

ux =
X

y
uyPyx :

This last equation is true because,for x 6= a;b, every entrance to x
must comefrom somey.

We have seenthat CxPxy = CyPyx ; thus

ux =
X

y
uy

Pxy Cx

Cy

or ux

Cx
=

X

y
Pxy

uy

Cy
:

This meansthat vx = ux=Cx is harmonic for x 6= a;b. We have also
vb = 0 and va = ua=Ca. This implies that vx is the voltage at x when
we put a battery from a to b that establishesa voltage ua=Ca at a and
voltage 0 at b. (We remark that the expressionvx = ux=Cx may be
understood physically by viewing ux as chargeand Cx as capacitance;
seeKelly [13] for more about this.)

We are interestedin the current that 
o ws from x to y. This is

i xy = (vx � vy)Cxy =

 
ux

Cx
�

uy

Cy

!

Cxy =
uxCxy

Cx
�

uyCyx

Cy
= uxPxy � uyPyx :

Now uxPxy is the expectednumber of times our walker will go from x
to y and uyPyx is the expected number of times he will go from y to
x. Thus the current i xy is the expected value for the net number of
times the walker passesalong the edgefrom x to y. Note that for any
particular walk this net valuewill be an integer,but the expectedvalue
will not.
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As we have alreadynoted, the currents i xy hereare not thoseof our
original electrical problem, where we apply a 1-volt battery, but they
are proportional to thoseoriginal currents. To determinethe constant
of proportionalit y, we note the following characteristic property of the
new currents i xy : The total current 
o wing into the network at a (and
out at b) is 1. In symbols,

X

y
iay = 1:

Indeed, from our probabilistic interpretation of i xy this sum represents
the expected value of the di�erence between the number of times our
walker leavesa and enters a. This number is necessarilyoneand sothe
current 
o wing into a is 1.

This unit current 
o w from a to bcanbeobtained from the currents
in the original circuit, corresponding to a 1-volt battery, by dividing
through by the total amount of current

P
y iay 
o wing into a; doing

this to the currents in our exampleyields the unit current 
o w shown
in Figure 19.

Figure 19: |

This shows that the constant of proportionalit y we wereseekingto
determineis the reciprocal of the amount of current that 
o ws through
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the circuit when a I-volt battery is applied between a and b. This
quantit y, called the e�ective resistancebetweena and b, is discussedin
detail in Section1.3.4.

To sum up, we have the following:
In terpretation of Curren t. When a unit current 
o ws into a

and out of b, the current i xy 
o wing through the branch connectingx to
y is equal to the expectednet number of times that a walker, starting
at a and walking until he reachesb, will move along the branch from x
to y. Thesecurrents are proportional to the currents that arisewhena
unit voltage is applied betweena and b, the constant of proportionalit y
being the e�ective resistanceof the network.

We have seenthat we can estimate the voltagesby simulation. We
cannow do the samefor the currents. Wehave to estimatethe expected
value for the net number of crossingsof xy. To do this, we start a large
number of walks at a and, for each one, record the net number of
crossingsof each edgeand then averagethese as an estimate for the
expected value. Carrying out 10,000such walks yielded the results
shown in Figure 20.

Figure 20: |

The resultsof simulation are in good agreement with the theoretical
values of current. As was the casefor estimates of the voltages by
simulation, we have statistical errors. Our estimateshave the property
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that the total current 
o wing into a is 1, out of b is 1, and into any
other point it is 0. This is no accident; the explanation is that the
history of each walk would have theseproperties, and theseproperties
are not destroyed by averaging.

Exercise 1.3.6 Kingman [17] introduceda di�erent model for current

o w. Kelly [13] gave a new interpretation of this model. Both authors
usecontinuous time. A discrete time version of Kelly's interpretation
would be the following: At each point of the graph there is a black
or a white button. Each secondan edgeis chosen;edgexy is chosen
with probability Cxy =C whereC is the sum of the conductances.The
buttons on the edgechosenare then interchanged. When a button
reachesa it is painted black, and when a button reachesb it is painted
white. Show that there is a limiting probability px that site x has a
black button and that px is the voltage vx at x when a unit voltage is
imposedbetweena and b. Show that the current i xy is proportional to
the net 
o w of black buttons along the edgexy. Does this suggesta
hypothesisabout the behavior of conduction electronsin metals?

1.3.4 E�ectiv e resistance and the escape probabilit y

When we imposea voltage v betweenpoints a and b, a voltage va = v
is establishedat a and vb = 0, and a current i a =

P
x iax will 
o w

into the circuit from the outside source. The amount of current that

o ws depends upon the overall resistancein the circuit. We de�ne
the e�ective resistance Re� between a and b by Re� = va=ia. The
reciprocal quantit y Ce� = 1=Re� = ia=va is the e�ective conductance.
If the voltage between a and b is multiplied by a constant, then the
currents are multiplied by the sameconstant, so Re� dependsonly on
the ratio of va to ia.

Let us calculateRe� for our example. When a unit voltagewas im-
posed,we obtained the currents shown in Figure 18. The total current

o wing into the circuit is i a = 9=16+ 10=16= 19=16. Thus the e�ective
resistanceis

Re� =
va

ia
=

1
19
16

=
16
19

:

We can interpret the e�ective conductanceprobabilistically as an
escape probability. When va = 1, the e�ective conductanceequalsthe
total current i a 
o wing into a. This current is

ia =
X

y
(va � vy)Cay =

X

y
(va � vy)

Cay

Ca
Ca = Ca(1 �

X

y
Payvy) = Capesc
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where pesc is the probability, starting at a, that the walk reaches b
beforereturning to a. Thus

Ce� = Capesc

and

pesc=
Ce�
Ca

:

In our exampleCa = 2 and we found that i a = 19=16. Thus

pesc=
19
32

:

In calculating e�ective resistances,we shall usetwo important facts
about electric networks. First, if two resistorsare connectedin series,
they may be replacedby a singleresistorwhoseresistanceis the sumof
the two resistances.(SeeFigure 21.) Secondly, two resistorsin parallel

Figure 21: |

may be replacedby a singleresistor with resistanceR such that

1
R

=
1

R1
+

1
R2

=
R1R2

R1 + R2
:

(SeeFigure 22.)
The secondrule canbestatedmoresimply in termsof conductances:

If two resistorsare connectedin parallel, they may be replacedby a
singleresistor whoseconductanceis the sum of the two conductances.

We illustrate the useof theseideasto compute the e�ective resis-
tance between two adjacent points of a unit cube of unit resistors,as
shown in Figure 23. We put a unit battery betweena and b. Then,
by symmetry, the voltagesat c and d will be the sameas will thoseat
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Figure 22: |

Figure 23: |
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Figure 24: |

e and f . Thus our circuit is equivalent to the circuit shown in Figure
24.

Using the laws for the e�ective resistanceof resistorsin seriesand
parallel, this network can be successively reducedto a single resistor
of resistance7=12 ohms, as shown in Figure 25. Thus the e�ective
resistanceis 7=12. The current 
o wing into a from the battery will be
ia = 1

Re�
= 12=7. The probability that a walk starting at a will reach

b beforereturning to a is

pesc=
ia

Ca
=

12
7

3
=

4
7

:

This exampleand many other interesting connectionsbetweenelec-
tric networks and graph theory may be found in Bollobas [2].

Exercise 1.3.7 A bug walks randomly on the unit cube (seeFigure
26). If the bug starts at a, what is the probability that it reachesfood
at b beforereturning to a?

Exercise 1.3.8 Consider the Ehrenfest urn model with N = 4 (see
Exercise 1.3.5). Find the probability, starting at 0, that state 4 is
reached beforereturning to 0.

Exercise 1.3.9 Considerthe laddernetwork shown in Figure 27. Show
that if Rn is the e�ective resistanceof a ladderwith n rungsthen R1 = 2
and

Rn+1 =
2 + 2Rn

2 + Rn
:
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Figure 25: |
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Figure 26: |

Figure 27: |
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Usethis to show that limn!1 Rn =
p

2.

Exercise 1.3.10 A drunken tourist starts at her hotel and walks at
random through the streetsof the idealizedParis shown in Figure 28.
Find the probability that shereachesthe Arc de Triomphe beforeshe

Figure 28: |

reachesthe outskirts of town.

1.3.5 Curren ts minimize energy dissipation

Wehaveseenthat whenweimposea voltagebetweena andbvoltagesvx

areestablishedat the points and currents i xy 
o w through the resistors.
In this sectionweshall givea characterizationof the currents in termsof
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a quantit y called energy dissipation. When a current i xy 
o ws through
a resistor, the energydissipatedis

i2
xy Rxy ;

this is the product of the current i xy and the voltagevxy = i xy Rxy . The
total energy dissipation in the circuit is

E =
1
2

X

x;y
i2
xy Rxy :

Sincei xy Rxy = vx � vy, we can alsowrite the energydissipation as

E =
1
2

X

x;y
i xy (vx � vy):

The factor 1/2 is necessaryin this formulation sinceeach edgeis counted
twice in this sum. For our example,we seefrom Figure 18 that

E =
� 9

16

� 2

� 1 +
� 10

16

� 2

� 1 +
� 7

16

� 2

� 1 +
� 2

16

� 2

�
1
2

+
� 12

16

� 2

�
1
2

=
19
16

:

If a source(battery) establishesvoltagesva and vb at a and b, then
the energysupplied is (va � vb)ia where i a =

P
x iax . By conservation

of energy, we would expect this to be equal to the energydissipated.
In our exampleva � vb = 1 and i a = 19

16, so this is the case. We shall
show that this is true in a somewhatmore generalsetting.

De�ne a 
ow j from a to b to be an assignment of numbers j xy to
pairs xy such that

(a) j xy = � j yx

(b)
P

y j xy = 0 if x 6= a;b

(c) j xy = 0 if x and y are not adjacent.

We denoteby j x =
P

y j xy the 
o w into x from the outside. By (b)
j x = 0 for x 6= a;b. Of coursej b = � j a. To verify this, note that

j a + j b =
X

x
j x =

X

x

X

y
j xy =

1
2

X

x;y
(j xy + j yx ) = 0;

sincej xy = � j yx .
With this terminology, we can now formulate the following version

of the principle of conservation of energy:
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Conserv ation of Energy . Let w be any function de�ned on the
points of the graph and j a 
o w from a to b. Then

(wa � wb)j a =
1
2

X

x;y
(wx � wy)j xy :

Pro of.
X

x;y
(wx � wy)j xy =

X

x
(wx

X

y
j xy ) �

X

y
(wy

X

x
j xy )

= wa

X

y
j ay + wb

X

y
j by � wa

X

x
j xa � wb

X

x
j xb

= waj a + wbj b � wa(� j a) � wb(� j b)

= 2(wa � wb)j a:

Thus
(wa � wb)j a =

1
2

X

x;y
(wx � wy)j xy

as was to be proven. }
If we now imposea voltage va between a and b with vb = 0, we

obtain voltagesvx and currents i xy . The currents i give a 
o w from a
to b and so by the previousresult, we concludethat

vaia =
1
2

X

x;y
(vx � vy)i xy =

1
2

X

x;y
i2
xy Rxy :

Recall that Re� = va=ia. Thus in terms of resistanceswe canwrite this
as

i2
xy Re� =

1
2

X

x;y
i2
xy Rxy :

If we adjust va so that i a = 1, we call the resulting 
o w the unit
current 
ow from a to b. The unit current 
o w from a to bis a particular
exampleof a unit 
ow from a to b, which we de�ne to be any 
o w i xy

from a to b for which i a = � ib = 1. The formula above shows that the
energydissipatedby the unit current 
o w is just Re� . According to a
basic result called Thomson'sPrinciple, this value is smaller than the
energydissipatedby any other unit 
o w from a to b. Before proving
this principle, let uswatch it in action in the exampleworkedout above.

Recall that, for this example, we found the true values and some
approximate valuesfor the unit current 
o w; thesewereshown in Figure
20. The energydissipation for the true currents is

E = Re� =
16
19

= :8421053:

50



Our approximate currents also form a unit 
o w and, for these, the
energydissipation is

�E = (:4754)2�1+( :5246)2�1+( :3672)2�1+( :1082)2�
1
2

+( :6328)2�
1
2

= :8421177:

We note that �E is greater than E, though just barely.
Thomson's Principle. (Thomson [33]). If i is the unit 
o w

from a to bdeterminedby Kirchho� 's Laws, then the energydissipation
1
2

P
x;y i2

xy Rxy minimizes the energydissipation 1
2

P
x;y j 2

xy Rxy amongall
unit 
o ws j from a to b.

Pro of. Let j be any unit 
o w from a to b and let dxy = j xy � i xy .
Then d is a 
o w from a to b with da =

P
x dax = 1 � 1 = 0.

X

x;y
j 2

xy Rxy =
X

x;y
(i xy + dxy )2Rxy

=
X

x;y
i2
xy Rxy + 2

X

x;y
i xy Rxy dxy +

X

x;y
d2

xy Rxy

=
X

x;y
i2
xy Rxy + 2

X

x;y
(vx � vy)dxy +

X

x;y
d2

xy Rxy :

Setting w = v and j = d in the conservation of energy result above
shows that the middle term is 4(va � vb)da = 0. Thus

X

x;y
j 2

xy Rxy =
X

x;y
i2
xy Rxy +

X

x;y
d2

xy Rxy �
X

x;y
i2
xy Rxy :

This completesthe proof. }

Exercise 1.3.11 The following is the so-called\dual form" of Thom-
son'sPrinciple. Let u be any function on the points of the graph G of
a circuit such that ua = 1 and ub = 0. Then the energydissipation

1
2

X

x;y
(ux � uy)2Cxy

is minimized by the voltagesvx that result when a unit voltage is es-
tablished betweena and b, i.e., va = 1, vb = 0, and the other voltages
are determined by Kirchho� 's Laws. Prove this dual principle. This
secondprinciple is known nowadays as the Dirichlet Principle, though
it too was discoveredby Thomson.

Exercise 1.3.12 In Section1.2.4we stated that, to solve the Dirichlet
problem by the method of relaxations,we could start with an arbitrary
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initial guess. Show that when we replacethe value at a point by the
averageof the neighboring points the energydissipation,asexpressedin
Exercise1.3.11,canonly decrease.Usethis to prove that the relaxation
method convergesto a solution of the Dirichlet problemfor an arbitrary
initial guess.

1.4 Rayleigh's Monotonicit y Law

1.4.1 Rayleigh's Monotonicit y Law

Next wewill study Rayleigh'sMonotonicity Law. This law from electric
network theory will be an important tool in our future study of random
walks. In this sectionwe will give an exampleof the useof this law.

Considera random walk on streets of a city as in Figure 29. Let

Figure 29: |

pescbe the probability that a walker starting from a reachesb before
returning to a. Assign to each edgea unit resistanceand maintain a
voltageof onevolt betweena and b; then a current i a will 
o w into the
circuit and we showed in Section1.3.4 that

pesc=
ia

Ca
=

ia

4
:

Now supposethat one of the streets (not connectedto a) becomes
blocked. Our walker must choose from the remaining streets if he
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reachesa cornerof this street. The modi�ed graph will be as in Figure
30. We want to show that the probability of escapingto b from a is

Figure 30: |

decreased.
Consider this problem in terms of our network. Blocking a street

corresponds to replacing a unit resistor by an in�nite resistor. This
should have the e�ect of increasingthe e�ective resistanceRe� of the
circuit betweena and b. If so, when we put a unit voltage betweena
and b lesscurrent will 
o w into the circuit and

pesc=
ia

4
=

1
4Re�

will decrease.
Thus we needonly show that whenwe increasethe resistancein one

part of a circuit, the e�ective resistanceincreases.This fact, known as
Rayleigh's Monotonicity Law, is almost self-evident. Indeed,the father
of electromagnetictheory, JamesClerk Maxwell, regardedthis to be
the case. In his Treatise on Electricity and Magnetism ([21], p. 427),
he wrote

If the speci�c resistanceof any portion of the conductor
be changed, that of the remainder being unchanged, the
resistanceof the whole conductor will be increasedif that
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of the portion is increased,and diminished if that of the
portion is diminished. This principle may be regardedas
self-evident . . . .

Rayleigh's Monotonicit y Law. If the resistancesof a circuit
are increased,the e�ective resistanceRe� betweenany two points can
only increase.If they are decreased,it can only decrease.

Pro of. Let i be the unit current 
o w from a to b with the resistors
Rxy . Let j be the unit current 
o w from a to b with the resistors �Rxy

with �Rxy � Rxy . Then

�Re� =
1
2

X

x;y
j 2

xy
�Rxy �

1
2

X

x;y
j 2

xy Rxy :

But sincej is a unit 
o w from a to b, Thomson'sPrinciple tells us that
the energydissipation,calculatedwith resistorsRxy , is biggerthan that
for the true currents determinedby theseresistors: that is

1
2

X

x;y
j 2

xy Rxy �
1
2

X

x;y
i2
xy Rxy = Re� :

Thus �Re� � Re� . The proof for the caseof decreasingresistancesis
the same.

Exercise 1.4.1 Considera graph G and let Rxy and �Rxy be two di�er-
ent assignments of resistancesto the edgesof G. Let R̂xy = �Rxy + Rxy .
Let Re� , �Re� , and R̂e� be the e�ective resistanceswhenR, �R, and R̂,
respectively, are used. Prove that

R̂e� � �Re� + Re� :

Concludethat the e�ective resistanceof a network is a concave function
of any of its component resistances(Shannonand Hagelbarger[31].)

Exercise 1.4.2 Show that the e�ective resistanceof the circuit in Fig-
ure 31 is greater than or equal to the e�ective resistanceof the circuit
in Figure 32. Usethis to show the following inequality for Rij � 0:

1
1

R11 + R12
+ 1

R21 + R22

�
1

1
R11

+ 1
R21

+
1

1
R12

+ 1
R22

:

See the note by Lehman [18] for a proof of the general Minkowski
inequality by this method.
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Figure 31: |

Figure 32: |

Exercise 1.4.3 Let P bethe transition matrix associatedwith an elec-
tric network and let a;b;r; s be four points on the network. Let �P be a
transition matrix de�ned on the state-spaceS = f a;b;r; sg. Let �Pii = 0
and for i 6= j let �Pij be the probability that, if the chain P is started
in state i , then the next time it is in the set S � f ig it is in the state j .
Show that �P is a reversibleMarkov chain and hencecorrespondsto an
electric network of the form of a WheatstoneBridge, shown in Figure
33. Explain how this provesthat, in order to prove the Monotonicity
Law, it is su�cien t to prove that Re� is a monotone function of the
component resistancesfor a WheatstoneBridge. Give a direct proof of
the Monotonicity Law for this special case.

1.4.2 A probabilistic explanation of the Monotonicit y Law

We have quoted Maxwell's assertionthat Rayleigh's Monotonicity Law
may be regardedasself-evident, but onemight feel that any argument
in terms of electricity is only self-evident if we know what electricity is.
In Cambridge, they tell the following story about Maxwell: Maxwell
was lecturing and, seeinga student dozing o�, awakenedhim, asking,
\Y oungman, what is electricity?" \I'm terribly sorry, sir," the student
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Figure 33: |

replied, `I knewthe answer but I have forgotten it." Maxwell's response
to the class was, \Gentlemen, you have just witnessedthe greatest
tragedy in the history of science. The one person who knew what
electricity is has forgotten it."

To say that our intuition about the Monotonicity Law is only as
solid asour understandingof electricity is not really a valid argument,
of course,becausein saying that this law is self-evident we are secretly
dependingon the analogybetweenelectricity and the 
o w of water (see
Feynman[6], Vol. 2, Chapter 12). We just can't believe that if a water
main gets cloggedthe total rate of 
o w out of the local reservoir is
going to increase.But as soon as we admit this, somepedant will ask
if we're talking about 
o ws with low Reynoldsnumber, or what, and
we'll have to admit that we don't understandwater any better than we
understandelectricity.

Whatever our feelingsabout electricity or the 
o w of water, it seems
desirableto have an explanation of the Monotonicity Law in terms of
our random walker. We now give such an explanation.

We begin by collecting some notation and results from previous
sections.As usual, we have a network of conductances(streets) and a
walker who movesfrom point x to point y with probability

Pxy =
Cxy

Cx

whereCxy is the conductancefrom x to y and Cx =
P

y Cxy . We choose
two preferred points a and b. The walker starts at a and walks until
he reachesb or returns to a. We denoteby vx the probability that the
walker, starting at a, reachesa beforeb. Then va = 1, vb = 0, and the
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function vx is harmonic at all points x 6= a;b. We denoteby pescthe
probability that the walker, starting at a, reachesb beforereturning to
a. Then

pesc= 1 �
X

x
paxvx :

Now we have seenthat the e�ective conductancebetweena and b
is

Capesc:

We wish to show that this increaseswhenever oneof the conductances
Cr s is increased.If a is di�erent from r or s, weneedonly show that pesc
increases.The casewherer or s coincideswith a is easily disposedof
(seeExercise1.4.4). The casewherer or s coincideswith b is alsoeasy
(seeExercise1.4.5). Hencefrom now on we will assumethat r; s 6= a
and r; s 6= b.

Instead of increasingCr s, we can think of adding a new edgeof
conductance� between r and s. (SeeFigure 34.) We will call this

Figure 34: |

new edgea \bridge" to distinguish it from the other edges.Note that
the graph with the bridge addedwill have more than oneedgebetween
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r and s (unless there was no edge between r and s in the original
graph), and this will complicateany expressionthat involvessumming
over edges.Everything we have said or will say holds for graphswith
\m ultiple edges"as well as for graphs without them. So far, we have
chosen to keep our expressionssimple by assuming that an edge is
determinedby its endpoints. The trade-o� is that in the manipulations
below, whenever wewrite a sumover edgeswe will have to add an extra
term to account for the bridge.

Why shouldadding the bridge increasethe escape probability? The
�rst thing you think is, \Of course, it opens up new possibilities of
escaping!" The next instant you think, \W ait a minute, it also opens
up new possibilities of returning to the starting point. What ensures
that the �rst e�ect will outweigh the second?" As we shall see,the
proper reply is, \Becausethe walker will crossthe bridge more often in
the good direction than in the bad direction." To turn this blithe reply
into a real explanation will require a little work, however.

To begin to make senseof the notion that the bridge getsusedmore
often in the good direction than the bad, we will make a preliminary
argument that applies to any edgeof any graph. Let G be any graph,
and let r s be any edgewith endpoints not a or b. vr > vs. Sincethe
walker has a better chanceto escape from s than from r , this means
that to crossthis edgein the good direction is to go from r to s We
shall show that the walker will crossthe edgefrom r to s more often
on the averagethan from s to r .

Let ux be the expectednumber of times the walker is at x and uxy

the expectednumber of times he crossesthe edgexy from x to y before
he reaches b or returns to a. The calculation carried out in Section
1.3.3 shows that ux=Cx is harmonic for x 6= a;b with ua=Ca = 1=Ca

and bb=Cb = 0. But the function vx=Ca alsohastheseproperties, soby
the UniquenessPrinciple

ux

Cx
=

vx

Ca
:

Now

ur s = ur Pr s = ur
Cr s

Cr
= vr

Cr s

Ca

and

usr = usPsr = us
Csr

Cs
= vs

Csr

Ca
:

Since Cr s = Csr , and since by assumption vr � vs, this meansthat
ur s � usr . Therefore,we seethat any edgeleadsthe walker more often
to the more favorable of the points of the edge.
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Now let's go back and think about the graph with the bridge. The
above discussionshows that the bridge helps in the sensethat, on the
average,the bridge is crossedmoreoften in the direction that improves
the chanceof escaping.While this fact is suggestive, it doesn't tell us
that we are more likely to escape than if the bridge weren't there; it
only tells us what goeson oncethe bridge is in place. What we needis
to make a \b eforeand after" comparison.

Recall that we are denoting the conductanceof the bridge by � . To
distinguish the quantities pertaining to the walks with and without the
bridge, we will put (� ) superscriptson quantities that refer to the walk
with the bridge, so that, e.g.,p(� )

escdenotesthe escape probability with
the bridge.

Now let d(� ) denote the expected net number of times the walker
crossesfrom r to s. As above, we have

d(� ) = u(� )
r

�
Cr + �

� u(� )
s

�
Cs + �

=

 
u(� )

r

Cr + �
�

u(� )
s

Cs + �

!

�:

Claim.
p(� )
esc= pesc+ (vr � vs)d(� ) :

Wh y. Every time you usethe bridge to go from r to s, you improve
your chancesof escapingby

(1 � vs) � (1 � vr ) = vr � vs

assumingthat you would continue your walk without using the bridge.
To get the probability of escapingwith the bridge, you take the prob-
abilit y of escapingwithout the bridge, and correct it by adding in the
changeattributable to the bridge, which is the di�erence in the origi-
nal escape probabilities at the endsof the bridge, multiplied by the net
number of times you expect to crossthe bridge. ~

Pro of. Supposeyou're playing a gamewhereyou walk around the
graph with the bridge, and your fortune when you're at x is vx , which
is the probability that you would return to a before reaching b if the
bridge weren't there. You start at a, and walk until you reach b or
return to a.

This is not a fair game. Your initial fortune is 1 sinceyou start at
a and va = 1. Your expected �nal fortune is

1 � (1 � p(� )
esc) + 0 � p(� )

esc= 1 � p(� )
esc:
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The amount you expect to loseby participating in the gameis

p(� )
esc:

(Note that escapinghassuddenlybecomea bad thing!)
Let's analyzewhereit is that you expect to losemoney. First of all,

you losemoneywhenyou take the �rst step away from a. The amount
you expect to loseis

1 �
X

x
P (� )

ax vx = pesc:

Now if your fortune weregiven by v(� )
x insteadof vx , the gamewould

be fair after this �rst step. However, the function vx is not harmonic
for the walk with the bridge; it fails to be harmonic at r and s. Every
time you step away from r , you expect to losean amount

vr �

 
X

x

Cr s

Cr + �
vx +

�
Cr + �

vs

!

= (vr � vs)
�

Cr + �
:

Similarly, every time you stepaway from s you expect to losean amount

(vs � vr )
�

Cs + �
:

The total amount you expect to loseby participating in the game
is:

expected lossat �rst step+

(expected lossat r ) � (expectednumber of times at r ) +

(expected lossat s) � (expectednumber of times at s)

= pesc+

(vr � vs)
�

Cr + �
u(� )

r +

(vs � vr )
�

Cs + �
u(� )

s

= pesc+ (vr � vs)d(� ) :

Equating this with our �rst expressionfor the expectedcost of playing
the gameyields the formula we were trying to prove.

According to the formula just established,

p(� )
esc� pesc= (vr � vs)

 
u(� )

r

Cr + �
�

u(� )
s

Cs + �

!

�:
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For small � , we will have

u(� )
r

Cr + �
�

u(� )
s

Cs + �
�

ur

Cr
�

us

Cs
=

vr

Ca
�

vs

Ca
;

so for small �
p(� )
esc� pesc� (vr � vs)2 �

Ca
:

This approximation allows us to concludethat

p(� )
esc� pesc� 0

for small � . But this is enoughto establishthe monotonicity law, since
any �nite change in � can be realized by making an in�nite chain of
graphseach of which is obtainedfrom the onebeforeby addinga bridge
of in�nitesimal conductance.

To recapitulate, the di�erence in the escape probabilities with and
without the bridge is obtained by taking the di�erence between the
original escape probabilities at the endsof the bridge, and multiplying
by the expected net number of crossingsof the bridge. This quantit y
is positive becausethe walker tends to crossthe bridge more often in
the good direction than in the bad direction.

Exercise 1.4.4 Give a probabilistic argument to show that Capesc
increaseswith Car for any r . Give an example to show that pesc by
itself may actually decrease.

Exercise 1.4.5 Give a probabilistic argument to show that Capesc
increaseswith Cr b for any r .

Exercise 1.4.6 Show that when vr = vs, changing the value of Cr s

doesnot changepesc.

Exercise 1.4.7 Show that

@
@Rr s

Re� = i2
r s:

Exercise 1.4.8 In this exercisewe ask you to derive an exact formula
for the changein escape probability

p(� )
esc� pesc;

in terms of quantities that refer only to the walk without the bridge.
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(a) Let Nxy denote the expected number of times in state y for a
walker who starts at x and walks around the graph without the bridge
until he reachesa or b. It is a fact that

u(� )
r = ur + u(� )

r
�

Cr + �
(Nsr + 1 � Nr r ) + u(� )

s
�

Cs + �
(Nr r � Nsr ):

Explain in words why this formula is true.
(b) This equation for u(� )

r can be rewritten as follows:

Cr

Cr + �
u(� )

r = ur + d(� )(Nsr � Nr r ):

Prove this formula. (Hint: Considera gamewhereyour fortune at x is
Nxr , and whereyou start from a and walk on the graph with the bridge
until you reach b or return to a.)

(c) Write down the corresponding formula for u(� )
s , and use this

formula to get an expressionfor d(� ) in terms of quantities that refer to
the walk without the bridge.

(d) Use the expressionfor d(� ) to expressp(� )
esc� pesc in terms of

quantities that refer to the walk without the bridge, and verify that
the value of your expressionis � 0 for � � 0.

Exercise 1.4.9 Give a probabilistic interpretation of the energydissi-
pation rate.

1.4.3 A Mark ov chain pro of of the Monotonicit y Law

Let P be the ergodic Markov chain associated with an electric network.
When we add an � bridge from r to s, we obtain a new transition
matrix P (� ) that di�ers from P only for transitions from r and s. We
can minimize the di�erences betweenP and P (� ) by replacingP by the
matrix P̂ corresponding to the circuit without the bridge but with an �
conductanceaddedfrom r to r and from s to s. This allows the chain
to stay in states r and s but does not change the escape probability
from a to b. Thus, we can comparethe escape probabilities for the two
matrices P̂ and P (� ) , which di�er only by

P̂r r = �
Cr + � P (� )

r r = 0
P̂r s = Cr s

Cr + � P (� )
r s = Cr s + �

Cr + �

P̂ss = �
Cs + � P (� )

ss = 0
P̂sr = Csr

CS + � P (� )
sr = Csr + �

Cs + �

:
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We make states a and b into absorbingstates. Let N̂ and N (� ) be
the fundamental matricesfor the absorbingchainsobtainedfrom P̂ and
P (� ) respectively. Then N̂ = (I � Q̂)� 1 and N (� ) = (I � Q (� ) )� 1 where
Q̂ and Q(� ) di�er only for the four components involving only r and s.
That is,

Q(� ) = Q̂ +

 
r s

r � �
Cr + �

�
Cr + �

s �
Cs + � � �

Cs + �

!

= Q̂ + hk

whereh is the column vector with only components r and s non-zero

h =

 
r �

Cr + �
s � �

Cs + �

!

and k is a row vector with only components r and s non-zero

k =
� r s

� 1 1
�
:

J. G. Kemeny has pointed out to us that if A is any matrix with
inverseN and we add to A a matrix of the form � hk , then A � hk
has an inverseif and only if kNh 6= 1 and, if so, �N = (A � hk ) � 1 is
given by

�N = N + c(Nh )(kN )

wherec = 1=(1 � kNh ). You are asked to prove this in Exercise1.4.10.
Adding � hk to A = I � Q̂ and using this result, we obtain

N (� ) = N̂ + c(N̂h )(kN̂ ):

Using the simple nature of h and k we obtain

N (� )
ij = N̂ ij +

 
N̂ ir �

Cr + �
�

N̂ is �
Cs + �

!

(N̂sj � N̂r j )

and
c =

1

1 + N̂ r r �
Cr + � � N̂ sr �

Cr + � + N̂ ss �
Cs + � � N̂ r s �

Cs + �

:

SinceN̂r r is the expectednumber of times in r starting in r and N̂sr

is the expectednumber of times in r starting in s, N̂r r � N̂sr . Similarly
N̂ss � N̂r s and so the denominator of c is � 1. In particular, it is
positive.
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Recall that the absorption probabilities for state b are given by

Bxb =
X

y
Nxy Pyb:

SinceP (� )
xb = P̂xb,

B (� )
xb = B̂xb + c

 
N̂xr �

Cr + �
�

N̂xs �
Cs + �

!

(B̂sb � B̂ r b):

SinceP (� )
ax = P̂ax ,

p(� )
esc= p̂esc+ c

 
ûr �

Cr + �
�

ûs�
Cs + �

!

(B̂sb � B̂ r b)

where ûx is the expected number of times that the ergodic chain P̂ ,
started at state a, is in state x before returning to a reaching b for
the �rst time. The absorption probability Bxa is the quantit y vx intro-
duced in the previous section. As shown there, reversibility allows us
to concludethat

ûx

Ĉx

=
B̂xa

Ĉa

=
B̂xa

Ca

so that
p(� )
esc= pesc+

�c
Ca

(B̂sb � B̂ r b)2

and this shows that the Monotonicity Law is true.
The changefrom P to P̂ wasmerely to make the calculationseasier.

As we have remarked, the escape probabilities are the samefor the two
chains asare the absorption probabilities B ib. Thus we can remove the
hats and write the sameformula.

p(� )
esc= pesc+

�c
Ca

(Bsb � B r b)2:

The only quantit y in this �nal expressionthat seemsto dependupon
quantities from P̂ is c. In Exercise1.4.11you are asked to show that c
can also be expressedin terms of the fundamental matrix N obtained
from the original P.

Exercise 1.4.10 Let A be a matrix with inverseN = A � 1 Let h be a
column vector and k a row vector. Show that

�N = (A � hk ) � 1
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exists if and only if kNh 6= 1 and, if so,

�N = N +
(Nh )(kN )
1 � kNh

:

Exercise 1.4.11 Show that c can be expressedin terms of the funda-
mental matrix N of the original Markov chain P by

c =
1

1 + N r r �
Cr

� N sr �
Cr

+ N ss �
Cs

� N r s �
Cs

:

2 Random walks on in�nite net works

2.1 Poly a's recurrence problem

2.1.1 Random walks on lattices

In 1921GeorgePolya [26] investigatedrandom walks on certain in�nite
graphs, or as he called them, \street networks". The graphs he con-
sidered,which we will refer to as lattices, are illustrated in Figure 35.

Figure 35: |

To construct a d-dimensionallattice, wetakeasverticesthosepoints
(x1; : : : ; xd) of R d all of whosecoordinatesareintegers,and we join each
vertex by an undirectedline segment to each of its 2d nearestneighbors.
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These connecting segments, which represent the edgesof our graph,
each have unit length and run parallel to oneof the coordinate axesof
R d. We will denote this d-dimensional lattice by Zd. We will denote
the origin (0; 0; : : : ; 0) by 0.

Now let a point walk around at random on this lattice. As usual,
by walking at random we meanthat, upon reaching any vertex of the
graph, the probability of choosingany oneof the 2d edgesleading out
of that vertex is 1

2d . We will call this random walk simple randomwalk
in d dimensions.

When d = 1, our lattice is just an in�nite line divided into segments
of length one. We may think of the verticesof this graph asrepresent-
ing the fortune of a gambler betting on headsor tails in a fair coin
tossing game. Simple random walk in one dimension then represents
the vicissitudesof his or her fortune, either increasingor decreasingby
oneunit after each round of the game.

When d = 2, our lattice looks like an in�nite network of streetsand
avenues,which is why we describe the random motion of the wandering
point asa \w alk".

When d = 3, the lattice looks like an in�nite \jungle gym", soper-
hapsin this casewe ought to talk about a \random climb", but we will
not do so. It is worth noting that when d = 3, the wanderingsof our
point could be regardedas an approximate representation of the ran-
dom path of a moleculedi�using in an in�nite cubical crystal. Figure
36 shows a simulation of a simple random walk in three dimensions.

2.1.2 The question of recurrence

The question that Polya posed amounts to this: \Is the wandering
point certain to return to its starting point during the courseof its
wanderings?" If so, we say that the walk is recurrent. If not, that is,
if there is a positive probability that the point will never return to its
starting point, then we say that the walk is transient.

If we denote the probability that the point never returns to its
starting point by pesc, then the chain is recurrent if pesc = 0, and
transient if pesc> 0.

We will call the problem of determining recurrenceor transienceof
a random walk the type problem.
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Figure 36: |
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2.1.3 Poly a's original question

The de�nition of recurrencethat we have given di�ers from Polya's
original de�nition. Polya de�ned a walk to be recurrent if, with prob-
abilit y one, it will passthrough every singlepoint of the lattice in the
courseof its wanderings. In our de�nition, we require only that the
point return to its starting point. So we have to ask ourselves, \Can
the random walk be recurrent in our senseand fail to be recurrent in
Polya's sense?"

The answer to this questionis, \No, the two de�nitions of recurrence
are equivalent." Why? Becauseif the point must return once to its
starting point, then it must return there again and again, and each
time it starts away from the origin, it hasa certain non-zeroprobability
of hitting a speci�ed target vertex beforereturning to the origin. And
anyonecan get a bull's-eye if he or sheis allowed an in�nite number of
darts, so eventually the point will hit the target vertex.

Exercise 2.1.1 Write out a rigorousversionof the argument just given.

2.1.4 Poly a's Theorem: recurrence in the plane, transience
in space

In [26], Polya proved the following theorem:
Poly a's Theorem. Simplerandomwalk on a d-dimensionallattice

is recurrent for d = 1; 2 and transient for d > 2.
The rest of this work will be devoted to trying to understand this

theorem. Our approach will be to exploit oncemorethe connectionsbe-
tweenquestionsabout a random walk on a graph and questionsabout
electric currents in a corresponding network of resistors.We hope that
this approach, by calling on methods that appeal to our physical intu-
ition, will leave us feeling that we know \wh y" the theorem is true.

Exercise 2.1.2 Show that Polya's theoremimplies that if two random
walkers start at 0 and wander independently, then in one and two
dimensionsthey will eventually meet again, but in three dimensions
there is positive probability that they won't.

Exercise 2.1.3 Show that Polya's theoremimpliesthat a randomwalker
in three dimensionswill eventually hit the line de�ned by x = 2; z = 0.
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2.1.5 The escape probabilit y as a limit of escape probabilities
for �nite graphs

We can determine the type of an in�nite lattice from properties of
bigger and bigger �nite graphs that sit inside it. The simplest way to
go about this is to look at the lattice analogof balls (solid spheres)in
space.Thesearede�ned asfollows: Let r bean integer|this will be the
radiusof the ball. Let G(r ) bethe graphgotten from Zd by throwing out
verticeswhosedistancefrom the origin is > r . By \distance from the
origin" wemeanherenot the usualEuclideandistance,but the distance
\in the lattice"; that is, the length of the shortestpath along the edges
of the lattice between the two points. Let @G(r ) be the \sphere" of
radius r about the origin, i.e., those points that are exactly r units
from the origin. In two dimensions,@G(r ) looks like a square. (See
Figure 37.) In three dimensions,it looks like an octahedron.

Figure 37: |

We de�ne a random walk on G(r ) as follows: The walk starts at
0 and continues as it would on Zd until it reaches a point on @G(r )

and then it stays at this point. Thus the walk on G(r ) is an absorbing
Markov chain with every point of @G(r ) an absorbingstate.

Let p(r )
escbethe probability that a randomwalk on G(r ) starting at 0,

reaches@G(r ) beforereturning to 0. Then p(r )
escdecreasesasr increases
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and pesc= lim r !1 p(r )
escis the escape probability for the in�nite graph.

If this limit is 0, the in�nite walk is recurrent. If it is greater than 0,
the walk is transient.

2.1.6 Electrical form ulation of the typ e problem

Now that we have expressedthings in terms of �nite graphs, we can
make useof electrical methods. To determinepescelectrically, we sim-
ply ground all the points of @G(r ) , maintain 0 at onevolt, and measure
the current i (r ) 
o wing into the circuit. (SeeFigure 38.)

Figure 38: |

From Section1.3.4,we have

p(r )
esc=

i (r )

2d
;

where d is the dimension of the lattice. (Remember that we have to
divide by the number of branches coming out of the starting point.)
Sincethe voltagebeingapplied is 1, i (r ) is just the e�ective conductance
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between0 and @G(r ) , i.e.,

i (r ) =
1

R(r )

e�
:

whereR(r )

e� is the e�ective resistancefrom 0 to @G(r ) . Thus

p(r )
esc=

1

2dR(r )

e�
:

De�ne Re� , the e�ective resistance from the origin to in�nity , to be

Re� = lim
r !1

R(r )

e� :

This limit exists sinceR(r )

e� is an increasingfunction of r . Then

pesc=
1

2dRe�
:

Of courseRe� may be in�nite; in fact, this will be the caseif and only
if pesc= 0. Thus the walk is recurrent if and only if the resistanceto
in�nit y is in�nite, which makessense.

Figure 39: |

The successof this electrical formulation of the type problem will
comefrom the fact that the resistanceto in�nit y canbeestimatedusing
classicalmethods of electrical theory.
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2.1.7 One Dimension is easy, but what about higher dimen-
sions?

We now know that simple random walk on a graph is recurrent if and
only if a correspondingnetwork of 1-ohmresistorshasin�nite resistance
\out to in�nit y". Sincean in�nite line of resistorsobviously hasin�nite
resistance,it follows that simple random walk on the 1-dimensional
lattice is recurrent, as stated by Polya's theorem.

Figure 40: |

What happensin higherdimensions?Weareaskedto decidewhether
a d-dimensionallattice has in�nite resistanceto in�nit y. The di�cult y
is that the d-dimensional lattice Zd lacks the rotational symmetry of
the EuclideanspaceR d in which it sits.

To seehow this lack of symmetry complicateselectrical problems,
we determine, by solving the appropriate discrete Dirichlet problem,
the voltagesfor a one-volt battery attached between0 and the points
of @G(3) in Z2. The resulting voltagesare:

0
0 :091 0

0 :182 :364 :182 0
0 :091 :364 1 :364 :091 0

0 :182 :364 :182 0
0 :091 0

0

:

The voltagesat points of @G(1) are equal,but the voltagesat points of
@G(2) are not. This meansthat the resistancefrom 0 to @G(3) cannot
be written simply as the sum of the resistancesfrom 0 to @G(1) , @G(1)

to @G(2) , and @G(2) to @G(3) . This is in marked contrast to the caseof
a continuous resistive medium to be discussedin Section2.1.8.

Exercise 2.1.4 Using the voltagesgiven for G(3) , �nd R(3)

e� and p(3)
esc.
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Exercise 2.1.5 Consider a one-dimensionalin�nite network with re-
sistors Rn = 1=2n from n to n + 1 for n = : : : ; � 2; � 1; 0; 1; 2; : : :. De-
scribe the associated random walk and determinewhether the walk is
recurrent or transient.

Exercise 2.1.6 A random walk moves on the non-negative integers;
when it is in state n, n > 0, it moveswith probability pn to n + 1 and
with probability 1� pn , to n � 1. When at 0, it movesto 1. Determine
a network that givesthis random walk and give a criterion in terms of
the pn for recurrenceof the random walk.

2.1.8 Getting around the lack of rotational symmetry of the
lattice

Supposewe replace our d-dimensional resistor lattice by a (homoge-
neous,isotropic) resistive medium �lling all of R d and ask for the ef-
fective resistanceto in�nit y. Naturally we expect that the rotational
symmetry will make this continuous problem easierto solve than the
original discreteproblem. If we took this problem to a physicist, he or
shewould probably produce something like the scribblings illustrated
in Figure 41, and concludethat the e�ective resistanceis in�nite for
d = 1; 2 and �nite for d > 2. The analogy to Polya's theorem is ob-
vious, but is it possibleto translate thesecalculations for continuous
media into information about what happensin the lattice?

This can indeed be done, and this would certainly be the most
natural approach to take. We will comeback to this approach at the
end of the work. For now, we will take a di�erent approach to getting
around the asymmetryof the lattice. Our method will be to modify the
lattice in such a way as to obtain a graph that is symmetrical enough
sothat we cancalculateits resistanceout to in�nit y. Of course,we will
have to think carefully about what happensto that resistancewhenwe
make thesemodi�cations.

2.1.9 Rayleigh: shorting shows recurrence in the plane, cut-
ting shows transience in space

Here is a sketch of the method we will useto prove Polya's theorem.
To take care of the cased = 2, we will modify the 2-dimensional

resistornetwork by shorting certain setsof nodestogethersoasto get a
newnetwork whoseresistanceis readily seento be in�nite. As shorting
can only decreasethe e�ective resistanceof the network, the resistance
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Figure 41: |

of the original network must alsobe in�nite. Thus the walk is recurrent
when d = 2.

To take care of the cased = 3, we will modify the 3-dimensional
network by cutting out certain of the resistorssoasto geta newnetwork
whoseresistanceis readily seento be�nite. As cutting canonly increase
the resistanceof the network, the resistanceof the original network must
alsobe �nite. Thus the walk is transient when d = 3.

The method of applying shorting and cutting to get lower and up-
per bounds for the resistanceof a resistive medium was introduced
by Lord Rayleigh. (Rayleigh [29]; seealso Maxwell [21], Jeans [11],
PoIya and Szego[28]). We will refer to Rayleigh's techniques collec-
tively asRayleigh'sshort-cut method. This doesnot do Rayleigh justice,
for Rayleigh's method is a whole bag of tricks that goesbeyond mere
shorting and cutting|but who can resist a pun?

Rayleigh's method was apparently �rst applied to random walks
by C. St. J. A. Nash-Williams [24], who usedthe shorting method to
establishrecurrencefor random walks on the 2-dimensionallattice.
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2.2 Rayleigh's short-cut metho d

2.2.1 Shorting and cutting

In its simplestform, Rayleigh's method involvesmodifying the network
whoseresistanceweareinterestedin soasto get a simplernetwork. We
considertwo kinds of modi�cations, shorting and cutting. Cutting in-
volvesnothing morethan clipping someof the branchesof the network,
or what is the same,simply deleting them from the network. Shorting
involves connectinga given set of nodes together with perfectly con-
ducting wires, so that current can passfreely between them. In the
resulting network, the nodes that were shorted together behave as if
they were a singlenode.

Figure 42: |

2.2.2 The Shorting Law and the Cutting Law; Rayleigh's
idea

The usefulnessof these two procedures(shorting and cutting) stems
from the following observations:

Shorting Law. Shorting certain setsof nodestogether can only
decreasethe e�ectiveresistanceof the network betweentwo givennodes.
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Cutting Law. Cutting certain branches can only increasethe
e�ective resistancebetweentwo given nodes.

These laws are both equivalent to Rayleigh's Monotonicity Law,
which was introducedin Section1.4.1(seeExercise2.2.1):

Monotonicit y Law. The e�ective resistancebetween two given
nodesis monotonic in the branch resistances.

Rayleigh's idea was to usethe Shorting Law and the Cutting Law
above to get lower and upper bounds for the resistanceof a network.
In Section2.2.3we apply this method to solve the recurrenceproblem
for simple random walk in dimensions2 and 3.

Exercise 2.2.1 Show that the Shorting Law and the Cutting Law are
both equivalent to the Monotonicity Law.

2.2.3 The plane is easy

When d = 2, we apply the Shorting Law as follows: Short together
nodeson squaresabout the origin, asshown in Figure 43. The network

Figure 43: |

we obtain is equivalent to the network shown in Figure 44.
Now asn 1-ohmresistorsin parallel areequivalent to a singleresistor

of resistance1
n ohms,the modi�ed network is equivalent to the network
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Figure 44: |

shown in Figure 45. The resistanceof this network out to in�nit y is

Figure 45: |

1X

n=0

1
8n + 4

= 1 :

As the resistanceof the old network can only be bigger, we conclude
that it too must be in�nite, so that the walk is recurrent when d = 2.

Exercise 2.2.2 Using the shorting technique, give an upper bound for
p(3)
esc, and comparethis with the exact value obtained in Exercise2.1.4.

2.2.4 Space: searching for a residual net work

When d = 3, what we want to do is delete certain of the branchesof
the network soasto leave behind a residualnetwork having manifestly
�nite resistance.The problem is to reconcilethe \manifestly" with the
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\�nite". We want to cut out enoughedgesso that the e�ective resis-
tance of what is left is easyto calculate, while leaving behind enough
edgesso that the result of the calculation is �nite.

2.2.5 Trees are easy to analyze

Trees|that is, graphswithout circuits|are undoubtedly the easiestto
work with. For instance,considerthe full binary tree, shown in Figure
46. Notice that sitting inside this tree just above the root are two

Figure 46: |

copiesof the tree itself. This self-similarity property can be used to
compute the e�ective resistanceR1 from the root out to in�nit y. (See
Exercise2.2.3.) It turns out that R1 = 1. We will demonstratethis
below by a more direct method.

To begin with, let us determinethe e�ective resistanceRn between
the root and the set of nth generationbranch points. To do this, we
should ground the set of branch points, hook the root up to a 1-volt
battery, and compute

Rn =
1

current through battery
:

For n = 3, the circuit that we would obtain is shown in Figure 48.
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Figure 47: |

Figure 48: |
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In the resulting circuit, all branch points of the samegenerationare
at the samevoltage (by symmetry). Nothing happenswhen you short
together nodesthat are at the samepotential. Thus shorting together
branch points of the samegenerationwill not a�ect the distribution of
currents in the branches. In particular, this modi�cation will not a�ect
the current through the battery, and we concludethat

Rn =
1

current in original circuit
=

1
current in modi�ed circuit

:

For n = 3, the modi�ed circuit is shown in Figure 49. This picture

Figure 49: |

shows that
R3 =

1
2

+
1
4

+
1
8

= 1 �
1
23

:

More generally,

Rn =
1
2

+
1
4

+ : : : +
1
2n

= 1 �
1
2n

:

Letting n ! 1 , we get

R1 = lim
n!1

Rn = lim
n!1

1 �
1
2n

= 1:

Figure 50 shows another closelyrelated tree, the tree homogeneous
of degree three: Note that all nodesof this tree are similar|there is no
intrinsic way to distinguish one from another. This tree is obviously
a closerelative of the full binary tree. Its resistanceto in�nit y is 2=3.
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Figure 50: |

Exercise 2.2.3 (a) Show, using the self-similarity of the full binary
tree, that the resistanceR1 to in�nit y satis�es the equation

R1 =
R1 + 1

2

and concludethat either R1 = 1 or R1 = 1 .
(b) Again using the self-similarity of the tree, show that

Rn+1 =
Rn + 1

2

where Rn denotesthe resistanceout to the set of the nth-generation
branch points. Concludethat

R1 = lim
n!1

Rn = 1:

2.2.6 The full binary tree is to o big

Nothing could be nicer than the two treeswe have just described. They
are the prototypes of networks having manifestly �nite resistanceto
in�nit y. Unfortunately, we can't even comecloseto �nding either of
thesetreesasa subgraphof the three-dimensionallattice. For in these
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trees, the number of nodesin a \ball" of radius r grows exponentially
with r , whereasin a d-dimensional lattice, it grows like r , i.e., much
slower. (SeeFigure 51.) There is simply no room for thesetrees in
any �nite-dimensional lattice.

2.2.7 NT 3: a \three-dimensional" tree

Theseobservations suggestthat we would do well to look for a nicetree
NT 3 wherethe number of nodeswithin a radius r of the root is on the
order of r 3. For we might hope to �nd somethingresembling NT 3 in
the 3-dimensionallattice, and if there is any justice in the world, this
tree would have �nite resistanceto in�nit y, and we would be done.

Before introducing NT 3, let's have a look at NT2, our choice for
the tree most likely to succeedin the 2-dimensionallattice (seeFigure
52). The idea behind NT2 is that, sincea ball of radius r in the graph
ought to contain something like r 2 points, a sphereof radius r ought
to contain somethinglike r points, so the number of points in a sphere
should roughly double when the radius of the sphereis doubled. For
this reason,we make the branchesof our tree split in two every time
the distancefrom the origin is (roughly) doubled.

Similarly, in a 3-dimensionaltree, when we double the radius, the
sizeof a sphereshould roughly quadruple. Thus in NT 3, we make the
branchesof our tree split in four wherethe branchesof NT 2 would have
split in two. NT3 is shown in Figure 53. Obviously, NT 3 is none too
happy about being drawn in the plane.

2.2.8 NT 3 has �nite resistance

To seeif we're on the right track, let's work out the resistanceof our
new trees. Thesecalculationsare shown in Figures54 and 55.

As we would hope, the resistanceof NT 2 is in�nite, but the resis-
tance of NT 3 is not.

Exercise 2.2.4 Use self-similarity arguments to compute the resis-
tance of NT 2 and NT 3.

2.2.9 But does NT 3 �t in the three-dimensional lattice?

We would like to embed NT 3 in Z3. We start by trying to embed NT 2

in Z2. The result is shown in Figure 56.
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Figure 51: |
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Figure 52: |
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Figure 53: |
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Figure 54: |
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Figure 55: |
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Figure 56: |
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To construct this picture, we start from the origin and draw 2 rays,
one going north, one going east. Whenever a ray intersects the line
x + y = 2n � 1 for somen, it splits into 2 rays, onegoingnorth, and one
going east. The sequenceof pictures in Figure 57 shows successively
larger portions of the graph, along with the corresponding portions of
NT 2.

Figure 57: |

Of coursethis isn't really an embedding,sincecertain pairs of points
that were distinct in NT 2 get identi�ed, that is, they are made to
correspond to a singlepoint in the picture. In terms of our description,
sometimesa ray going north and a ray going east passthrough each
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other. This could have beenavoided by allowing the rays to \b ounce"
instead of passingthrough each other, at the expenseof embedding
not NT2 but a closerelative|see Exercise2.2.7. However, becausethe
points of each identi�ed pair are at the samedistancefrom the root of
NT 2, when we put a battery betweenthe root and the nth level they
will be at the samepotential. Hence,the current 
o w is not a�ected
by these identi�cations, so the identi�cations have no e�ect on Re� .
For our purposes,then, we have donejust aswell as if we had actually
embeddedNT2.

To construct the analogouspicture in three dimensions,we start
three rays o� from the origin going north, east, and up. Whenever a
ray intersectsthe planex + y+ z = 2n � 1 for somen, it splits into three
rays, going north, east, and up. This processis illustrated in Figure
58. Surprisingly, the subgraphof the 3-dimensionallattice obtained
in this way is not NT3! Rather, it represents an attempt to embed
the tree shown in Figure 59. We call this tree NT 2:5849::: becauseit
is 2:5849: : :-dimensionalin the sensethat when you double the radius
of a ball, the number of points in the ball getsmultiplied roughly by 6
and

6 = 2log2 6 = 22:5849::: :

Again, certain pairs of points of NT 2:5849::: have beenallowed to corre-
spond to the samepoint in the lattice, but onceagain the intersections
have no e�ect on Re� .

So we haven't come up with our embedded NT 3 yet. But why
bother? The resistanceof NT 2:5849::: out to in�nit y is

1
3

+
2
9

+
4
27

+ : : : =
1
3

�

1 +
2
3

+ (
2
3

)2 + : : :
�

=
1
3

1
1 � 2

3

= 1:

Thuswehave found an in�nite subgraphof the 3-dimensionallattice
having �nite resistanceout to in�nit y, and we are done.

Exercise 2.2.5 This exercisedeals with the escape probability pesc
for simple random walk in 3 dimensions. The idea is to turn upper
and lower boundsfor the resistanceof the lattice into boundsfor pesc.
Boundsare the best we can ask for using our method. The determina-
tion of the exact value will be discussedin Section2.3.5. It is roughly
.66.

(a) Usea shorting argument to get an upper bound for pesc.
(b) We have seenthat the resistanceof the 3-dimensionallattice is

at most oneohm. Show that the corresponding lower bound for pescis
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Figure 58: |
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Figure 59: |
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1=6 Show that this lower bound can be increasedto 1=3 with no extra
e�ort.

Exercise 2.2.6 Prove that simple random walk in any dimensiond >
3 is transient.

Exercise 2.2.7 Show how the not-quite embeddingsof NT 2 andNT 2:5849:::

can be altered to yield honest-to-goodnessembeddingsof \stretched-
out" versionsof thesetrees,obtained by replacingeach edgeof the tree
by three edgesin series.(Hint: \b ounce".)

2.2.10 What we have done; what we will do

We have �nally �nished our electrical proof of Polya's theorem. The
proof of recurrencefor d = 1; 2 was straight-forward, but this could
hardly be said of the proof for d = 3. After all, we started out trying
to embed NT 3 and endedup by not quite embedding somethingthat
was not quite NT3!

This is not bad in itself, for onefrequently setsout to do something
and in the processof trying to do it getsa better idea. The real prob-
lem is that this explicit construction is just too clever, too arti�cial.
We seemto be saying that a simple random walk in 3 dimensionsis
transient becauseit happensto contain a beautifully symmetrical sub-
graph that is in somesense2:5849: : :-dimensional! Fine, but what if
we hadn't stumbled upon this subgraph?Isn't there someother, more
natural way?

We will seethat indeedthere are more natural approachesto show-
ing transiencefor d = 3. One such approach usesthe sameidea of em-
beddingtrees,but dependson the observation that onedoesn't needto
be too careful about sendingedgesto edges.Another approach, based
on relating the lattice not to a tree but to Euclideanspace,wasalready
hinted at in Section 2.1.8. The main goal for the rest of this work
will be to explore thesemore natural electrical approaches to Polya's
theorem.

Beforejumping into this, however, we are goingto goback and take
a look at a classical|i.e., probabilistic|approac h to Polya's theorem.
This will give us somethingto compareour electrical proofs with.

93



2.3 The classical pro ofs of Poly a's Theorem

2.3.1 Recurrence is equiv alent to an in�nite exp ected num-
ber of returns

For the time being, all of our random walks will be simple. Let u be
the probability that a random walker, starting at the origin, will return
to the origin. The probability that the walker will be there exactly k
times (counting the initial time) is uk(1� u). Thus, if m is the expected
number of times at the origin,

m =
X

k=1

1 kuk� 1(1 � u) =
1

1 � u
:

If m = 1 then u = 1, and hencethe walk is recurrent. If m < 1 then
u < 1, so the walk is transient. Thus m determinesthe type of the
walk.

Weshall usean alternate expressionfor m. Let un bethe probability
that the walk, starting at 0, is at 0 on the nth step. Sincethe walker
starts at 0, u0 = 1. Let en be a random variable that takeson the value
1 if, at time n the walker is at 0 and 0 otherwise. Then

T =
1X

n=0

en

is the total number of times at 0 and

m = E(T) =
1X

n=0

E(en ):

But E(en) = 1 � un + 0 � (1 � un ) = un . Thus

m =
1X

n=0

un :

Therefore, the walk will be recurrent if the series
P 1

n=0 divergesand
transient if it converges.

Exercise 2.3.1 Let Nxy be the expected number of visits to y for a
random walker starting in x. Show that Nxy is �nite if and only if the
walk is transient.
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2.3.2 Simple random walk in one dimension

Consider a random walker in one dimension, started at 0. To return
to 0, the walker must take the samenumber of steps to the right as
to the left; hence,only even times are possible. Let us compute u2n .
Any path that returns in 2n stepshas probability 1=2n . The number
of possiblepaths equalsthe number of ways that we can choosethe n
times to go right from the 2n possibletimes. Thus

u2n =

 
2n
n

!
1

22n
:

We shall show that
P

n u2n = 1 by using Stirling's approximation:

n! �
p

2� ne� nnn :

Thus

u2n =
(2n!)
n!n!

1
22n

�

p
2� � 2ne� 2n (2n)2n

(
p

2� ne� nnn )222n
=

1
p

� n
:

Therefore,
X

n
u2n �

X

n

1
p

� n
= 1

and a simple random walk in onedimensionis recurrent.
Recall that this casewas trivial by the resistor argument.

Exercise 2.3.2 We showed in Section 1.1.5 that a random walker
starting at x with 0 < x < N has probability x=N of reaching N
before0. Usethis to show that a simplerandom walk in onedimension
is recurrent.

Exercise 2.3.3 Considera random walk in onedimensionthat moves
from n to n+ 1 with probability p and to n� 1 with probability q = 1� p.
Assumethat p > 1=2. Let hx be the probability, starting at x, that the
walker ever reaches0. UseExercise1.1.9 to show that hx = (q=p)x for
x � 0 and hx = 1 for x < 0. Show that this walk is transient.

Exercise 2.3.4 For a simplerandom walk in onedimension,it follows
from Exercise1.1.7 that the expected time, for a walker starting at x
with 0 < x < N , to reach 0 or n is x(N � x). Prove that for the in�nite
walk, the expectedtime to return to 0 is in�nite.
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Exercise 2.3.5 Let us regarda simple random walk in onedimension
as the fortune of a player in a penny matching gamewherethe players
have unlimited credit. Show that the result is a martingale (seeSection
1.1.6). Show that you can describe a stopping systemthat guarantees
that you make money.

2.3.3 Simple random walk in two dimensions

For a random walker in two dimensionsto return to the origin, the
walker must have gonethe samenumber of times north and south and
the same number of times east and west. Hence, again, only even
times for return are possible. Every path that returns in 2n stepshas
probability 1=42n . The number of paths that do this by taking k steps
to the north, k south, n � k eastand n � k west is

 
2n

k; k; n � k; n � k

!

=
2n!

k!k!(n � k)!(n � k)!
:

Thus

u2n =
1

42n

nX

k=0

(2n)!
k!k!(n � k)!(n � k)!

=
1

42n

nX

k=0

(2n)!
n!n!

n!n!
k!k!(n � k)!(n � k)!

=
1

42n

 
2n
n

! nX

k=0

 
n
k

! 2

:

But
P n

k=0

�
n
k

� 2
=

�
2n
n

�
(seeExercise2.3.6). Hence

u2n =

 
1

22n

 
2n
n

!! 2

:

This is just the squareof the one dimension result (not by accident,
either|see Section2.3.6). Thus we have

m =
X

n
u2n �

X

n

1
� n

= 1 :

Recall that the resistor argument was very simple in this casealso.

Exercise 2.3.6 Show that
P n

k=0

�
n
k

� 2
=

�
2n
n

�
(Hint: Think of choosing

n balls from a box that has2n balls, n black and n white.)
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2.3.4 Simple random walk in three dimensions

For a walker in three dimensionsto return, the walker must take an
equal number of steps back and forth in each of the three di�erent
directions. Thus we have

u2n =
1

62n

X

j;k

(2n)!
j !j !k!k!(n � j � k)!(n � j � k)!

where the sum is taken over all j; k with j + k � n. Following Feller
[5], we rewrite this sum as

u2n =
1

22n

 
2n
n

!
X

j;k

 
1
3n

n!
j !k!(n � j � k)!

! 2

:

Now considerplacing n balls randomly into three boxes,A; B ; C. The
probability that j balls fall in A, k in B, and n � j � k in C is

1
3n

 
n

j; k; n � j � k

!

=
1
3n

n!
j !k!(n � j � k)!

:

Intuitiv ely, this probability is largest when j , k, and n � j � k are as
near as possibleto n=3, and this can be proved (seeExercise2.3.7).
Hence,replacing one of the factors in the squareby this larger value,
we have:

u2n �
1

22n

 
2n
n

! 0

@ 1
3n

n!
j

n
3

k
!
j

n
3

k
!
j

n
3

k
!

1

A

0

@
X

j;k

1
3n

n!
j !k!(n � j � k)!

1

A ;

wherebn=3c denotesthe greatestinteger � n=3. The last sumis 1 since
it is the sumof all probabilities for the outcomesof putting n balls into
three boxes. Thus

u2n �
1

22n

 
2n
n

! 0

@ 1
3n

n!
j

n
3

k
!3

1

A :

Applying Stirling's approximation yields

u2n �
K

n3=2

for suitable constant K . Therefore

m =
X

n
u2n � K

X

n

1
n3=2

< 1 ;
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and a simple random walk in three dimensionsis recurrent.
While this is a complexcalculation, the resistor argument was also

complicatedin this case.We will try to make amendsfor this presently.

Exercise 2.3.7 Prove that
�

n
j;k ;n � j � k

�
is largestwhenj , k, and n� j � k

are ascloseas possibleto n=3.

Exercise 2.3.8 Find an appropriate value for the "suitable constant"
K that was mentioned above, and derive an upper bound for m. Use
this to get a lower boundfor the probability of escapefor simplerandom
walk in three dimensions.

2.3.5 The probabilit y of return in three dimensions: exact
calculations

Sincethe probability of return in three dimensionsis lessthan one,it is
natural to ask, \What is this probability?" For this we needan exact
calculation. The �rst such calculation was carried out in a pioneering
paper of McCrea and Whipple [22]. The solution outlined herefollows
Feller [5], Exercise28, Chapter 9, and Montroll and West [23].

Let p(a;b;c; n) be the probability that a random walker, starting at
0, is at (a;b;c) after n steps. Then p(a;b;c; n) is completelydetermined
by the fact that

p(0; 0; 0;0) = 1

and

p(a;b;c; n) =
1
6

p(a � 1; b;c; n � 1) +
1
6

p(a + 1; b;c; n � 1) +

1
6

p(a;b� 1; c; n � 1) +
1
6

p(a;b+ 1; c; n � 1) +

1
6

p(a;b;c � 1;n � 1) +
1
6

p(a;b;c + 1;n � 1):

Using the technique of generatingfunctions, it is possibleto derive
a solution of theseequationsas

p(a;b;c; n)

=
1

(2� )3
�

Z �

� �

Z �

� �

Z �

� �

� cosx + cosy + cosz
3

� n

cos(xa) cos(yb) cos(zc)dxdydz:
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Of course,we can just verify that this formula satis�es our equations
oncesomeonehas suggestedit. Having this formula, we put a = b =
c = 0 and sum over n to obtain the expectednumber of returns as

m =
3

(2� )3

Z �

� �

Z �

� �

Z �

� �

1
3 � (cosx + cosy + cosz)

dxdydz:

This integral was �rst evaluated by Watson [35] in terms of elliptic
integrals,which aretabulated. A simplerresult wasobtainedby Glasser
and Zucker [8] who evaluated this integral in terms of gammafunctions.
Using this result, we get

m =

p
6

32� 3
�

� 1
24

�

�
� 5

24

�

�
� 7

24

�

�
� 11

24

�

= 1:516386059137: : : ;

where
�( x) =

Z 1

0
e� t tx� 1dt

is Euler's gammafunction. (Incidentally, the valuegivenby Glasserand
Zucker [8] for the integral above needsto be correctedby multiplying
by a factor of 1=(384� ).)

Recall that m = 1=(1 � u) so that u = (m � 1)=m. This gives

u = :340537329544: : : :

2.3.6 Simple random walk in two dimensions is the same as
two indep endent one-dimensional random walks

Weobserved that the probability of return at time 2n in two dimensions
is the squareof the corresponding probability in onedimension. Thus
it is the sameas the probability that two independent walkers, one
walking in the x direction and the other in the y direction, will, at time
2n, both be at 0. Can we seethat this shouldbe the case?The answer
is yes. Just changeour axesby 45 degreesto new axes �x and �y as in
Figure 60.

Look at the possibleoutcomesfor the �rst step using the x; y coor-
dinates and the �x; �y coordinates. We have

x; y coordinates �x; �y coordinates
(0; 1) (1=

p
2; 1=

p
2)

(0; � 1) (� 1=
p

2; � 1=
p

2)
(1; 0) (1=

p
2; � 1=

p
2)

(� 1; 0) (� 1=
p

2; 1=
p

2)

:
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Figure 60: |

Assumethat we have two independent walkers, one moving with step
size 1p

2
randomly along the �x axis and the other moving with the same

step size along the �y axis. Then, if we plot their positions using the
x; y axes,the four possibleoutcomesfor the �rst step would agreewith
thosegiven in the secondcolumn of the table above. The probabilities
for each of the four pairs of outcomeswould alsobe (1=2) � (1=2) = 1=4.
Thus, we cannot distinguish a simple random walk in two dimensions
from two independent walkers along the �x and �y axesmaking stepsof
magnitude1=

p
2. Sincethe probability of return doesnot dependupon

the magnitude of the steps, the probability that our two independent
walkers are at (0; 0) at time 2n is equal to the product of the prob-
abilities that each separately is at 0 at time 2n, namely (1=22n )

�
2n
n

�
.

Therefore, the probability that the standard walk will be at (0; 0) at
time 2n is ((1=22n)

�
2n
n

�
)2 as observed earlier.

2.3.7 Simple random walk in three dimensions is not the
same as three indep endent random walks

In three dimensions,the probability that three independent walkersare
each back to 0 after time 2n is

u2n =

  
2n
n

!
1

22n

! 3

:
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This doesnot agreewith our result for a simple random walk in three
dimensions.Hence,the sametrick cannotwork. However, it is interest-
ing to considera random walk which is the result of three independent
walkers. Let (i; j; k) be the position of three independent random walk-
ers. The next position is oneof the eight possibilities(i � 1; j � 1; k � 1)
Thus we may regard their progressas a random walk on the lattice
points in three dimensions. If we center a cube of side 2 at (i; j; k),
then the walk moveswith equal probabilities to each of the eight cor-
nersof the cube. It is easierto show that this random walk is transient
(using classicalmethods) than it is for simplerandom walk. This is be-
causewe can again usethe one-dimensioncalculation. The probability
u2n for return at time 2n is

u2n =

  
2n
n

!
1

22n

! 3

�

 
1

p
� n

! 3

:

Thus

m =
X

n
u2n �

X

n

� 1
� n

� 3=2

< 1

and the walk is transient.
The fact that this three independent walkersmodel and simpleran-

dom walk are of the sametype suggeststhat when two random walks
are \really about the same", they should either both be transient or
both be recurrent. As we will soon see,this is indeedthe case.Thus we
may infer the transienceof simple random walk in 3 dimensionsfrom
the transienceof the three independent walkers model without going
through the involved calculation of Section2.3.4.

2.4 Random walks on more general in�nite net-
works

2.4.1 Random walks on in�nite net works

From now on we assumethat G is an in�nite connectedgraph. We
assumethat it is of bounded degree, by which we mean that there is
someinteger E such that the number of edgesfrom any point is at
most E. We assignto each edgexy of G a conductanceCxy > 0 with
Rxy = 1

Cxy
. The graph G together with the conductancesC = (Cxy ) is

called a network and denotedby (G; C). Given a network (G; C), we
de�ne a random walk by

Pxy =
Cxy

Cx
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where Cx =
P

y Cxy . When all the conductancesare equal, we obtain
a random walk that movesalong each edgewith the sameprobability:
In agreement with our previous terminology, we call this walk simple
random walk on G.

We have now a quite generalclassof in�nite-state Markov chains.
As in the caseof �nite networks, the chains are reversible Markov
chains: That is, there is a positive vector w such that wxPxy = wyPyx .
As in the �nite case,we can take wx = Cx , sinceCxPxy = Cxy = Cyx =
CyPyx .

2.4.2 The typ e problem

Let (G; C) be an in�nite network with random walk P. Let 0 be a
referencepoint. Let pescbe the probability that a walk starting at 0
will never return to 0. If pesc= 0 we say that P is recurrent, and if
pesc> 0 we say that it is transient. You are asked to show in Exercise
2.4.1that the questionof recurrenceor transienceof P doesnot depend
upon the choiceof the referencepoint. The type problemis the problem
of determining if a random walk (network) is recurrent or transient.

In Section 2.1.5 we showed how to rephrasethe type problem for
a lattice in terms of �nite graphssitting inside it. In Section2.1.6 we
showed that the type problem is equivalent to an electrical network
problem by showing that simple random walk on a lattice is recurrent
if and only if the lattice has in�nite resistanceto in�nit y. The same
arguments apply with only minor modi�cations to the more general
in�nite networks aswell. This meansthat we can useRayleigh's short-
cut method to determinethe type of thesemore generalnetworks.

Exercise 2.4.1 Show that the questionof recurrenceor transienceof
P doesnot depend upon the choiceof the referencepoint.

2.4.3 Comparing two net works

Given two setsof conductancesC and �C on G, we say that (G; �C) <
(G; C) if �Cxy < Cxy for all xy, or equivalently, if �Rxy > Rxy for all
xy. Assumethat (G; �C) < (G; C). Then by the Monotonicity Law,
�Re� � Re� . Thus if random walk on (G; �C) is transient, i.e., if �Re� <
1 , then random walk on (G; C) is also transient. If random walk on
(G; C) is recurrent, i.e., if Re� = 1 , then random walk on (G; �C) is
also recurrent.

102



Theorem. If (G; C) and (G; �C) are networks, and if there exist
constants u; v with 0 < u � v < 1 such that

uCxy � �Cxy � vCxy

for all x and y, then random walk on (G; �C) is of the sametype as
random walk on (G; C).

Pro of. Let Uxy = uCxy and Vxy = vCxy . Then (G; U ) � (G; �C) �
(G; V ). But the random walks for (G; U ) and (G; V ) are the sameas
random walk on (G; C). Thus random walk for (G; �C) is of the same
type as random walk on (G; C). }

Corollary . Let (G; C) be a network. If for every edgexy of G
we have 0 < u < Cxy < v < 1 for someconstants u and v, then the
random walk on (G; C) has the sametype as simple random walk on
G.

Exercise 2.4.2 Consider the two-dimensionallattice. For each edge,
we toss a coin to decidewhat kind of resistor to put acrossthis edge.
If headsturns up, we put a two-ohm resistor acrossthis edge;if tails
turns up, we put a one-ohmresistor acrossthe edge. Show that the
random walk on the resulting network is recurrent.

Exercise 2.4.3 Considerthe analogousproblem to Exercise2.4.2in 3
dimensions.

2.4.4 The k-fuzz of a graph

For any integer k, the k-fuzz of a graph G is the graph Gk obtained
from G by adding an edgexy if it is possibleto go from x to y in at
most k steps. For example,the 2-fuzzof the two-dimensionallattice is
shown in Figure 61; pleasenote that horizontal and vertical edgesof
length 2, such as thosejoining (0; 0) to (0; 2), have not beenindicated.

Theorem. Simple random walk on G and on the k-fuzz Gk of G
have the sametype.

Pro of. Let P be simple random walk on G. De�ne �P = (P + P2 +
: : :+ P k)=k. Then �P may be consideredto be P, watched at oneof the
�rst k stepschosenat random, then at a time chosenat random from
the next k stepsafter this time, etc. Thinking of �P in this way, we see
that P is in state 0 at least oncefor every time �P in state 0. Hence,if
�P is recurrent sois P. Assumenow that �P is transient. Choosea �nite
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Figure 61: |

set S so that 0 cannot be reached in k stepsfrom a point outsideof S.
Then, sincethe walk �P will be outside S from sometime on, the walk
P cannot be at 0 after this time, and P is alsotransient. Therefore,P
and �P are of the sametype.

Finally, we show that �P has the sametype as simple random walk
on Gk . Here it is important to remember our restriction that G is of
bounded degree,so that for someE no vertex has degree> E. We
know that P is reversible with wP = w, where wx is the number of
edgescoming out of x. From its construction, �P is also reversibleand
w �P = w. �P is the random walk on a network (Gk ; �C) with �Cxy =
wx

�Pxy . If �Pxy > 0, there is a path x; x1; x2; : : : ; xm� 1; y in G from x to
y of length m � k. Then

�Pxy �
1
k

(
1
E

)m �
1
k

(
1
E

)k :

Thus
0 <

1
k

(
1
E

)k � �Pxy � 1

and
0 <

1
k

(
1
E

)k � �Cxy � E :

Therefore, by the theorem on the irrelevance of bounded twiddling
proven in Section 2.4.3, �P and simple random walk on Gk are of the
sametype. SoG and Gk are of the sametype.

NOTE: This is the only place where we useprobabilistic methods
of proof. For the purist who wishesto avoid probabilistic methods,
Exercise2.4.9 indicatesan alternative electrical proof.

104



We show how this theorem can be used. We say that a graph G
can be embedded in a graph G if the points x of G can be made to
correspond in a one-to-onefashionto points �x of G in such a way that
if xy is an edgein G, then �x �y is an edgein G.

Theorem. If simple random walk on G is transient, and if G can
be embedded in a k-fuzz Gk of G then simple random walk on G is
also transient. Simple random walk on G and G are of the sametype
if each graph can be embeddedin a k-fuzz of the other graph.

Pro of. Assumethat simplerandom walk on G is transient and that
G canbeembeddedin a k-fuzzGk of G. SinceRe� for G is �nite and G
can be embeddedin Gk , Re� for Gk is �nite. By our previoustheorem,
the sameis true for G and simple random walk on G is transient.

If we can embed G in Gk and G in Gk , then the random walk on G
is transient if and only if the random walk on G is. }

Exercise 2.4.4 We have assumedthat there is a bound E for the
number of edgescoming out of any point. Show that if we do not
assumethis, it is not necessarilytrue that G and Gk are of the same
type. (Hint: Considera network somethinglike that shown in Figure
62.)

Figure 62: |

2.4.5 Comparing general graphs with lattice graphs

We know the type of simple random walk on a lattice Zd. Thus to
determinethe type of simple random walk on an arbitrary graph G, it
is natural to try to compareG with Zd. This is feasiblefor graphsthat
can be drawn in someEuclideanspaceR d in a civilized manner.

De�nition. A graph G canbe drawn in a EuclideanspaceR d in a
civilized manner if its verticescan be embeddedin R d sothat for some
r < 1 , s > 0

(a) The length of each edgeis � r .

(b) The distancebetweenany two points is > s.
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Note that we make no requirement about being able to draw the
edgesof G so they don't intersect.

Theorem. If a graph can be drawn in R d in a civilized manner,
then it can be embeddedin a k-fuzz of the lattice Zd.

Pro of. We carry out the proof for the cased = 2. Assumethat G
can be drawn in a civilized manner in R 2. We want to show that G
can be embedded in a k-fuzz of Z2. We have been thinking of Z2 as
being drawn in R 2 with perpendicular lines and adjacent points a unit
distanceapart on theselines, but this embedding is only oneparticular
way of representing Z2. To emphasizethis, let's talk about L 2 instead
of Z2. Figure 63 shows another way of drawing L 2 in R 2. From a

Figure 63: |

graph-theoretical point of view, this is the sameas Z2. In trying to
compareG to L, we take advantage of this 
exibilit y by drawing L 2 so
small that points of G canbemovedonto points of L 2 without bumping
into each other.

Speci�cally, let L 2 be a two-dimensional rectangular lattice with
lines a distance s=2 apart. In any squareof L 2, there is at most one
point of G. Move each point x of G to the southwest corner �x of the
squarethat it is in, as illustrated in Figure 64.

Now sinceany two adjacent points x, y in G were within r of each
other in R 2, the corresponding points �x, �y in L 2 will have Euclidean
distance < r + 2s. Choose k so that any two points of L 2 whose
Euclidean distance is < r + 2s can be connectedby a path in L 2 of
at most k steps. Then �x and �y will be adjacent in L 2

k and|since the
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Figure 64: |

prescription for k doesnot depend on x and y|w e have embeddedG
in the k-fuzz L2

k .
Corollary . If G can be drawn in a civilized manner in R 1 or R 2,

then simple random walk on G is recurrent.
Pro of. Assume, for example, that G can be drawn in a civilized

mannerin R 2. Then G canbe embeddedin a k-fuzz Z2
k of Z2. If simple

random walk on G were transient, then the samewould be true for Z2
k

and Z2. But we know that simple random walk on Z2 is recurrent.
Thus simple random walk on G is recurrent. }

Our �rst proof that random walk in three dimensionsis transient
consistedin showing that we could embed a transient tree in Z3. We
now know that it would have been su�cien t to show how to draw a
transient tree in R 3 in a civilized manner: This is easier(seeExercise
2.4.5).

The corollary implies that simple random walk on any su�cien tly
symmetrical graph in R 2 is recurrent. For example, simple random
walk on the regular graph madeup of hexagonsshown in Figure 65 is
recurrent.

We can even considervery irregular graphs. For example,on the
cover of the January 1977Scienti�c American, there is an exampledue
to Conway of an in�nite non-periodic tiling using Penrosetiles of the
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Figure 65: |

form shown in Figure 66. It is called the cartwheel pattern; part of

Figure 66: |

it is shown in Figure 67. A walker walking randomly on the edgesof
this very irregular in�nite tiling will still return to his or her starting
point.

Assumenow that G canbedrawn in a civilized mannerin R 3. Then
to show that simplerandomwalk on G is of the sametypeasZ3, namely
transient, it is su�cien t to show that we can embed Z3 in a k-fuzz of
G. This is clearly possiblefor any regular lattice in R 3. The three
lattices that have beenmost studied and for which exact probabilities
for return have beenfound are called the SC, BCC, and FCC lattices.
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Figure 67: |

The SC (simple cubic) lattice is just Z3. The walker moveseach time
to a new point by adding a random choice from the six vectors

(� 1; 0; 0); (0; � 1; 0); (0; 0; � 1):

For the BCC (body-centered cubic) lattice, the choiceis oneof the eight
vectors

(� 1; � 1; � 1):

This wasthe walk that resultedfrom threeindependent one-dimensional
walkers. For the FCC (face-centered cubic) lattice, the random choice
is madefrom the twelve vectors

(� 1; � 1; 0); (� 1; 0; � 1); (0; � 1; � 1):

For a discussionof exact calculationsfor thesethree lattices, seeMon-
troll and West [23]

As we have seen,oncethe transienceof any oneof thesethree walks
is established,no calculationsarenecessaryto determinethat the other
walks are transient also. Thus we have yet another way of establishing
Polya's theorem in three dimensions: Simply verify transienceof the
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walk on the BCC lattice via the simplethree-independent-walkerscom-
putation, and infer that walk on the SC lattice is also transient since
the BCC lattice can be embeddedin a k-fuzz of it.

Exercise 2.4.5 When we �rst set out to prove Polya's theorem for
d = 3, our idea was to embed NT 3 in Z3. As it turned out, what
we ended up embedding was not NT 3 but NT2:5849::: , and we didn't
quite embed it at that. We tried to improve the situation by �nding
(in Exercise2.2.7) an honest-to-goodnessembedding of a relative of
NT 2:5849::: , but NT 3 was still left completely out in the cold. Now,
however, we are in a position to embed NT 3, if not in Z3 then at least
in a k-fuzz of it. All we needto do is to draw NT 3 in R 3 in a civilized
manner. Describe how to do this, and thereby give one more proof of
Polya's theorem for d = 3.

Exercise 2.4.6 Find a graph that canbeembeddedin a civilized man-
ner in R 3 but not in R 2, but is nonethelessrecurrent.

Exercise 2.4.7 Assumethat G is drawn in a civilized manner in R 3.
To show that simplerandomwalk on G is transient, it is enoughto know
that Z3 can be embeddedin a k-fuzz of G. Try to comeup with a nice
condition that will guarantee that this is possible. Can you make this
condition simple,yet generalenoughsothat it will settle all reasonably
interesting cases? In other words, can you make the condition nice
enoughto allow us to remember only the condition, and forget about
the generalmethod lying behind it?

2.4.6 Solving the typ e problem by 
o ws: a varian t of the
cutting metho d

In this sectionwewill introducea variant of the cutting method whereby
we useThomson'sPrinciple directly to estimatethe e�ective resistance
of a conductor.

Thomson'sPrinciple says that, given any unit 
o w through a resis-
tive medium, the dissipation rate of that 
o w givesan upper bound for
the e�ective resistanceof the medium. This suggeststhat to show that
a given in�nite network is transient, it should be enoughto producea
unit 
o w out to in�nit y having �nite energydissipation.

In analogy with the �nite case,we say that j is a 
ow from 0 to
in�nity if

(a) j xy = j yx .
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(b)
P

y j xy = 0 if x 6= 0.

We de�ne j 0 =
P

y j 0y. If j 0 = 1, we say that j is a unit 
ow to
in�nity . Again in analogywith the �nite case,we call 1

2

P
x;y j 2

xy Rxy the
energy dissipation of the 
o w j .

Theorem. The e�ective resistanceRe� from 0 to 1 is lessthan
or equal to the energydissipation of any unit 
o w from 0 to in�nit y.

Pro of. Assumethat we have a unit 
o w j from 0 to in�nit y with
energydissipation

E =
1
2

X

x;y
j 2

xy Rxy :

Weclaim that Re� � E. Restricting j xy to the edgesof the �nite graph
G(r ) , we have a unit 
o w from 0 to @G(r ) in G(r ) . Let i (r ) be the unit
current 
o w in G(r ) from 0 to @G(r ) . By the results of Section1.3.5,

R (r )

e� =
1
2

X

G( r )

(i (r )
xy )2Rxy �

1
2

X

G( r )

j 2
xy Rxy �

1
2

X

x;y
j 2

xy Rxy = E;

where
P

G( r ) indicatesthe sumover all pairs x; y such that xy is an edge
of G(r ) .

Exercise 2.4.8 We have billed the method of using Thomson'sPrin-
ciple directly to estimate the e�ective resistancesof a network as a
variant of the cutting method. Sincethe cutting method was derived
from Thomson's Principle, and not vice versa, it would seemthat we
have got the cart beforethe horse. Set this straight by giving an infor-
mal (\heuristic") derivation of Thomson's Principle from the cutting
method. (Hint: seeMaxwell [21], Chapter VI I I, Paragraph 307.) For
more on this question,seeOnsager[25].

Exercise 2.4.9 Let G be an in�nite graph of boundeddegreeand Gk

the k-fuzzof G. Usingelectricnetwork arguments, show that Re� < 1
for G if and only if Re� < 1 for Gk .

2.4.7 A pro of, using 
o ws, that simple random walk in three
dimensions is transien t

We now apply this form of the cutting method to give another proof
that simple random walk on the threedimensionallattice is transient.
All we needis a 
o w to in�nit y with �nite dissipation. The 
o w we are
goingto describe is not the �rst 
o w onewould think of. In caseyou are
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curious, the 
o w described here was constructedas a side e�ect of an
unsuccessfulattempt to derive the isoperimetric inequality (seePolya
[27]) from the \max-
o w min-cut" theorem (Ford and Fulkerson [7]).
The idea is to �nd a 
o w in the positive orthant having the property
that the sameamount 
o ws through all points at the samedistance
from 0.

Again, it is easiestto show the construction for the two-dimensional
case.Let G denotethe part of Z2 lying in the �rst quadrant. The graph
G(4) is shown in Figure 68.

Figure 68: |

We chooseour 
o w so that it always goesaway from 0. Into each
point that is not on either axis there are two 
o ws, one vertical and
onehorizontal. We want the sum of the corresponding valuesof j xy to
be the samefor all points the samedistancefrom 0. Theseconditions
completely determine the 
o w. The 
o w out of the point (x; y) with
x + y = n is asshown in Figure 69. The valuesfor the currents out to
the fourth level are shown in Figure 70. In general,the 
o w out of a
point (x; y) with x + y = n is

x + 1
(n + 2)(n + 1)

+
y + 1

(n + 2)(n + 1)
=

1
n + 1

and the 
o w into this point is

x
n(n + 1)

+
y

n(n + 1)
=

1
n + 1
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Figure 69: |

Figure 70: |
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Thus the net 
o w at (x; y) is 0. The 
o w out of 0 is (1=2) + (1=2) = 1.
For this two-dimensional
o w, the energy dissipation is in�nite, as it
would have to be. For three dimensions,the uniform 
o w is de�ned as
follows: Out of (x; y; z) with x + y + z = n we have the 
o w indicated
in Figure 71. The total 
o w out of (x; y; z) is then

Figure 71: |

2(x + 1)
(n + 3)(n + 2)(n + 1)

+
2(y + 1)

(n + 3)(n + 2)(n + 1)
+

2(z + 1)
(n + 3)(n + 2)(n + 1)

=
2

(n + 2)(n + 1)
:

The 
o w into (x; y; z) comesfrom the points (x � 1; y; z), (x; y � 1; z),
(x; y; z � 1) and, hence,the total 
o w into (x; y; z) is

2x
(n + 2)(n + 1)n

+
2y

(n + 2)(n + 1)n
+

2z
(n + 2)(n + 1)n

=
2

(n + 2)(n + 1)
:

Thus the net 
o w for (x; y; z) is 0. The 
o w out of 0 is (1=3) + (1=3) +
(1=3) = 1 We have now to check �niteness of energydissipation. The

o ws coming out of the edgesat the nth level are all � 2=(n + 1)2.
There are (n + 1)(n + 2)=2 points a distancen from 0, and thus there
are (3=2)(n + 1)(n + 2) � 3(n + 1)2 edgescoming out of the nth level.
Thus the energydissipation E has

E �
X

n
3(n + 1)2

 
2

(n + 1)2

! 2

= 12
X

n

1
(n + 1)2

< 1 ;

and the random walk is transient.
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2.4.8 The end

We have come to the end of our labors, and it seems�tting to look
back and try to say what it is we have learned.

To begin with, we have seenhow phrasing certain mathematical
questionsin physical termsallowsusto draw on a largebody of physical
lore, in the form of establishedmethods and ways of thought, and
thereby often leadsus to the answers to thosequestions.

In particular, we have seenthe utilit y of considerationsinvolving
energy. In took hundredsof yearsfor the conceptof energyto emerge
and take its rightful place in physical theory, but it is now recognized
asperhapsthe most fundamental conceptin all of physics. By phrasing
our probabilistic problemsin physical terms, we were naturally led to
considerationsof energy, and theseconsiderationsshowed us the way
through the di�culties of our problems.

As for Polya's theorem and the type problem in general,we have
picked up a bag of tricks, known collectively as \Rayleigh's short-cut
method", which we may expect will allow us to determine the type of
almost any random walk we are likely to embark on. In the process,we
have gotten somefeelingfor the connectionbetweenthe dimensionality
of a random walk and its type. Furthermore, we have settled one of
the main questions likely to occur to someoneencountering Polya's
theorem, namely: \If two walks look essentially the same,and if one
hasbeenshown to be transient, must not the other alsobe transient?"

Another questionlikely to occur to someonecontemplating Polya's
theoremis the questionraisedin Section2.1.8: \Since the lattice Zd is
in somesensea discreteanalogof a resistive medium �lling all of R d,
should it not be possibleto go quickly and naturally from the trivial
computation of the resistanceto in�nit y of the continuous medium to
a proof of Polya's theorem?" Our shorting argument allowed us to do
this in the two-dimensionalcase;that leavesthe caseof three (or more)
dimensions.Again, it is considerationsof energythat allow us to make
this connection. The trick is to start with the 
o w �eld that one gets
by solving the continuousproblem, and adapt it to the lattice, soasto
get a lattice 
o w to in�nit y having �nite dissipation rate. We leave the
working out of this as an exercise,so as not to rob readersof the fun
of doing it for themselves.

Exercise 2.4.10 Give one �nal proof of Polya's theorem in 3 dimen-
sionsby showing how to adapt the 1=r2 radial 
o w �eld to the lattice.
(Hint: \cub es".)
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