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Networks — a new extroverted paradigm in TCS

Classical applications
(explicitly constructed networks)

— Roads, maps, ...
— Traffic networks
— Computer networks

More recent uses
(implicitly extant networks)

— Friendships among people (email, Facebook, MySpacet,dri&y ...)
— Citations among scientific articles
— Hyperlinked documents (Usenet articles, the web graph)

“... how social, technological, and natural worlds are amted”

— Easley and Kleinberg




Network models beyond Erdos—Reényi

Some 21st century concerns:
(Crovella et al., Faloutsos, et al., Broder et al.)

— Evolving vs. static networks
the web graph, citation networks, the Internet graph, étgrew

over time

— Non-uniform degree distributions
heavy-tailed degree distributions, ‘rich-get-richergplomena

— Existence of locally dense and other interesting structure
numerous copies dk; ; for smalls, ¢ on the web
clusteredness, or ‘friend-of-friend’ phenomena




Network models beyond Erdos—Reényi

Explicit degree-sequence Modéfsello et al.)

— uniformly chosen graphs from among all graphs with a fixed
degree sequence
Preferential attachment Mode{Barabasi et al, Bollohs et al.)

— as network grows (and new vertices arrive), the probghitiat
the next edge will be incident on a vertex is proportionatsalegree

Edge-copying ModelKumar et al.)
— new vertices pick existing vertices as ‘prototypes’ anplyco
some of their neighborhood

Small-world ModelgWatts et al., Kleinberg)

— constant degree, most edges local, a few edges connect to
long-range neighbors




Some successes of the post-ER models

Power-law degree distributions
‘Rich-get-richer’ or ‘centrality’ phenomenon (PA, EC)

Small O(log n)) diameter (PA, EC + some random edges)
Discoverable short paths aka. Milgram’s ‘six degrees oassjon’ (SW)

Numerous bipartite cliques (EC)
Friend-of-Friend phenomenon in social networks (SW)

Empirically verifiable geographically ‘local’ and ‘longynge’ friendships
on LiveJournal




Limitations

No clear unifying model (for the web graph, citation netwsgr&ocial
networks...)

No known algorithmic benefits

A sample algorithmic problem problefof. Google’s AdSense)

you're given a graph whose vertices are English phrases andenedges

indicate relatedness;
a subset” of commercially important phrases are highlighted,;
you're allowed to preprocess the graph and construct sotaestlaictures;
given a small subset of vertices of the graph, can you quiekiyrn the
top few vertices inC' that are close to the given vertices?

...what does this graph of relatedness look likgq-




But ships vanish at the horizon...

Leskovec, Faloutsos, and Kleinberg (2005)

Studied several real graphs (the Internet graph, citatetwaorks, email
networks, etc.) over time and reported:

Densification:
— average degraacreasesver time, graphs grow to have
superlinear number of edges

Shrinking Diameter:
— effective diametedecreasesver time, most pairs of vertices
have bounded-length paths between them




A new slew of models (2005-2008)

Leskovec, Faloutsos, Kleinberg
‘Community Guided Attachment’ and ‘Forest Fire’ models

— some mathematical results, models too complex to admit
tractable analyses

Leskovec et al., Mahdian—Xu
Models based on Kronecker multiplication
— mathematically flexible, unnatural

Leskovec, Backstrom, Kumar, Tomkins
Evolving models based on PA + ‘triangle closing’
— intuitively appealing, mathematically formidable

... Which brings us to this work




Affiliation Networks — Highlights

Natural model rooted in sociolod¥8reiger, 1974)
— underlying bipartite graph tracks the growth of the nekwor
— bipartite graph captures notion edcietieof people

Mathematical analyses of all important properties rededi analysis of
degree distribution

— highlights role of high-degree ‘connectors’

— cf. Gladwell'sThe Tipping Point

Explains all structural properties observed to date:
— heavy-tailed degree distributions, locally dense stmest
— densification, shrinking/stabilizing diameter

Underlying sparse structure that preserves/approxinthstsnces
algorithmicallyrecoverable!




Social Networks from Affiliation Networks
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Some Intuition

Which papers did | cite when | wrote this one?
Which papers did you cite in your most recent paper?

Which papers will be cited by the next FOCS paper written?

Who's on your IM List?
How many different ‘circles’ of friends do you have?

How often do you say ‘So, how’s so-and-so?’ in your conveosatvhen
you meet someone at a conference reception?




Affiliation Networks — Model Summary

Social networks are unions of cliques on its set of users, plconstant
number of PA edges per vertex.

May be thought of as a natural generalization of Kleinbengsons of
‘local’ and ‘long-range’ links:

— edges via folding are the local edges
— random edges via PA are the long-range edges




The Fundamental Constant & a Power Law for B

_ Cu(l_/B)
Let A = g

When studying=(Q, F) it's interesting ifA < 1, so let’s think of it as
0.99

Theorem
The degrees of vertices Ui in B(Q, U) follow a power law distribution

with exponent + A for all degrees up ta”, wherey =1/(4 + 1/A)
(think v = 0.19), that is,

Pr,[degree(u) = i] ~ i~(2+2),




The Degree Lemmata

Lemmata

(1) Large degree vertices iB(Q, U) gain a constant fraction of their
neighbors withinpn steps for anyy > 0.

(2) Large degree vertices (@, U) gain a constant fraction of their
neighbors aftepn steps for anyy > 0.

(3) After pn steps, for anyy > 0, the number of edges iB(Q, U) that
touch a vertex i/ of degree at leastis ©(ni—=), for any: up ton”.

Proofs all via recurrences, measure concentration, Lifzscbnditions,
etc.




Heavy Tail Degree Distribution for G

Theorem
The degree distribution @ (@, £') dominates the cdf of a power law
distribution with exponent-2 — 1/A for all degrees up ta”, where

y=1/(4+1/A).

All but o(n) vertices ofG(Q, F) have degre®(1).




Densification

Theorem
If A < 1,the number of edges G(Q, E) isw(n).

n”

B S "(num. vertices irU/of degreei) (
1=1

;il <((C(21A) 2 A




Shrinking / Stabilizing Diameter

Theorem
If A < 1, for any constant, the c-effective diameter of7(Q, E') shrinks or

stabilizes after timen, for somey > 0.

Outline
DefineH C U in B to be the set of vertices of degreen®, wherea < .
Choose: < ¢ such that(p — €)? > 2c.

Lower bound the number of edgesihwith one edge i at timeen by
Q(nljwu_A)).

Upper bound the number of edgesinwith no end point inH at timepn by
O(nl—l—a(l—A)).

Thus any vertex that arrives betweenandpn will, whp., point to a vertex inH
In B in its final s choices of PA edges.

Thus ac fraction of node pairs will have a path of length at most di&h + 2.




Sparsification

Intuitively, G(Q, E) is highly sparsifiable, since it has an underlying
sparse core, vizB(Q,U)

However, the problem of computing ‘square roots’ of graghNiP-Hard
In general

For our models, it would be enough to compute @&hguch that
Fold(B) = G and|B| = O(n); however, this too is NP-Hard.

Nevertheless, we will show two sparsification techniques lof which
Implicitly carry out the following idea: replace large aligs by stars.




Sparsification |: Pruning via BFS Trees

GivenG(Q, F) and a subsek C @) of relevant nodes.
(1) Initially, label all edgesleletable
(2) For each node € R:

(a) compute the BFS tree starting fragmexploring the children of
each node in increasing order of insertion;

(b) label all edges in the BFS tree frojmas undeletable.
(3) Delete all edges still labeled deletable.

Theorem

If Ris chosen uniformly at random from and|R| = O(n/logn), and if
A < 1, then whp. the algorithm produces a new graph in which the
distance between every pair of nodes is preserved if at deasof them
belongs tokR.




Proof Idea for Sparsification |

The analysis is carried out ‘virtually’ oB, even though the algorithm is
executed ort.

Key idea:

— for large degree vertices i, a large fraction of its neighbors @ do
not participate in any BFS tree along any path to a relevaéno

— these are the ‘latecomer’ nodes, typically of constantekeg
Technical mess:

Getting the ‘high probability’ statement to work




Sparsification |I: Stretching with Spanners

Definition

A k-spanner of a grap@y is an edge-subgraph of G such that for any
pair of vertices in(7, their distance I/ is no more thark times their
distance inG.

Algorithm (after Baswana and Sen)

Process edges 6f one by one, and add it td iff it does not close a cycle
of length2k or less inJ.

Trivially produces &k-spanner.
otoh, since a graph with more than™!'/* edges must have a cycle of
length at mos2k edges, number of edges.inis at most:! +1/%.




Sparsification |I: Stretching with Spanners

Key idea: In any clique generated by any nod&/inf degree;, we will
retain no more than'+1/* edges. This implies that

J| < (num. nodes of degreien U)(i'+1/%),
=1

which turns out to b&®(n) for suitable choice ok wrt. A.




Quick Recap + Some Extensions, Questions

Results still work if we replace-cliques byG(t, p) wheret = d(u) and
p=0(1/d(u)*) for somea < 1.

What if we change the rule for folding to produce’ as follows?

— place an edge betweenandq, iff there are at least two vertices
w1 # us In U that are both common neighbors@fandgs?

Formalize the intuition of ‘local’ and ‘long-range’ edgeghvrespect to
the shortest distance metric éhand obtain simpler proofs of everything




Thank you!

Questions/comments welcome




Milgram Experiments

Algorithm

ShortestDistance
Lookahead—Expand
Lookahead—Monotone—Expand
Local-Expand
Lookahead
Lookahead—Monotone
Local

Local-Monotone—Expand

Local-Monotone

Table 1: Performance of routing methods on co-authorship netwarked by
success rate, computed using 575 random source—target gay:. S = Success
Rate of Algorithm / Success Rate of ShortestDistampce; Mean path length for
successful routing)/ = Median path length for successful routing.




