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Notes 7: PDCO — Primal-Dual Interior Methods

1 Interior Methods for Linear Programs

First we consider “vanilla” linear programs of the form

LP minimize ¢’z
x
. x=1b Dy
bject t ’
subject to >0, -

where A € R™*" and (y, z) are the dual variables for the general constraints and
bounds. We assume m < n and rank(A) = m. The dual linear program is

LD minimize —b'y
x
ATy + 2z =¢ tw
bject t ’
subject to 2> 0. o
where w = —x (so will not appear further). We assume that there exists a point

(z,y, z) that is primal-dual feasible:
Ar=b, >0, Aly+z=¢, 2>0.

We further assume that the interior-point condition is satisfied: that there exists a
primal-dual feasible point (z,y, z) that is strictly interior:

Az =b, >0, Aly+z=¢, z>0.

Some important results follow from the feasibility assumption. First note that
if (z,y, z) is primal-dual feasible, then

e = 2TATy + 272 = bly+2T2 > bly,
so that 2% is an important quantity. Indeed it is zero at an optimal solution.

Strong Duality There exists a primal-dual feasible point (z* y* 2*) such that
clz* = bTy*, from which it follows that z*7z* = 0.

Strict Complementarity (Goldman and Tucker [5]) There exists a primal-dual
feasible point (z* y* 2*) such that 2*72* = 0 and z* + z* > 0.

Interior methods (often called interior-point methods or IPMs) differ from primal
or dual simplex methods in their handling of the bounds on x and z and their
treatment of the complementarity condition z7z = 0.

ol
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First note that the optimality conditions for LP and LD may be stated as

Az =D, (1)
ATy +z=c, (2)
Xz=0, (3)
x,2 >0, (4)

where X = diag(z;) and constraints (3)—(4) are another way of imposing the com-
plementarity condition. (They are a more direct statement of the requirement that
at least one of each pair (z;,z;) be zero, j = 1:n.) We could replace (3) by the
single equation 7z = 0, or we could replace (3)—(4) by the MATLAB-type vector ex-
pression min(x, z) = 0. However, interior methods advanced dramatically following
Megiddo’s 1986 proposal to work with a perturbed form of Xz =0 [9].

Simplex methods satisfy the complementarity condition at all times. Primal
Simplex satisfies (1)—(3) and x > 0 while iterating until z > 0. Dual Simplex
satisfies (1)—(3) and z > 0 while iterating until > 0.

In contrast, primal-dual interior methods satisfy x > 0 and z > 0 throughout
while iterating to satisfy (1)—(3). A key concept is to parameterize the complemen-
tarity equation and work with the equations

Az = b, (5)
ATy +z=c, (6)
Xz = pe, (7)

where e is a vector of 1s and p > 0. The conditions x > 0, z > 0 are understood to
hold throughout. The interior-point condition ensures that a solution exists for at
least some p > 0. In fact, (5)—(7) are the unique solution of the convex problem

LP(u) minimize ¢’z — p > In(z;)

x

subject to Ax =0b, x>0,

which is well defined for all ¢ > 0. The sequence of solutions {(z(u),y(n), (1))}
for p > 0 is called the central path for LP and LD.

Primal-dual IPMs apply Newton’s method for nonlinear equations to system
(5)—(7) with p decreasing towards zero in discrete stages. A vital concept is the
prozimity of the current estimate (x,y, z) to the central path. The current value of
1 is retained for each Newton step until some measure of proximity is suitably small.
Then p is reduced (e.g., to (1 —@)p, 6 € (0,1)) and Newton’s method continues.

Much research has occurred on interior methods since the mid 1980s (a revival
after much earlier work on penalty and barrier methods). The monograph by Peng,
Roos and Terlaky [15] summarizes much of the theory behind modern IPMs for LP
and other problems, and gives an intriguing new approach to measuring proximity.
See also Nocedal and Wright [10].
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1.1 The Newton System

Linearizing (5-7) at the current estimate (z,y, z) gives the following matrix equation
for the Newton direction (Ax, Ay, Az):

A Az 71 b— Ax
AT T Ayl =|r| = |c-ATy—2], (8)
Z X Az r3 pe — Xz

where Z = diag(z;). We can expect A to be a very large sparse matrix. In some
applications, A may be an operator for which products Av and ATw can be computed
for arbitrary v and w.

Note that X and Z are positive-definite diagonal matrices with no large elements
but more and more small elements as p1 — 0 (since z;z; — p as Newton’s method
converges for any given p). Thus, X and Z both become increasingly ill-conditioned.

This need not imply that system (8) is ill-conditioned (although it may be). If
the iterates stay reasonably near the central path, we know that either x; or z; will
be larger than ,/z. Scaling the jth row of X and Z by max{z;, z;} should keep the
condition of the 3 x 3 block matrix similar to the condition of A.

We can make (8) structurally symmetric by reordering as follows:

I AT Az 79
Z X Az | =rs]. (9)
A Ay 1

This may be helpful for some sparse-matrix solvers of the future. Nevertheless,
systems (8) and (9) are large. Much research has been devoted to finding efficient
and reliable numerical methods for solving such systems by eliminating blocks of
variables to reduce their size. The search continues.

First, it seems reasonable to regard I as a safe block pivot to eliminate Az.
Permuting I to the top left gives

I AT Az 79
X Z Az | =|rs]. (10)
A Ay 1
Subtracting X times the first equation from the second gives
7z —-X AT Azx r3 — X T2 T
(A ) <Ay> = < " and Az =ry— A Ay. (11)
Alternatively we can permute X to the top left:
X Z Az 73
I AT Ax | =|re2]. (12)
A Ay r1

Using X as a (dangerous!) block pivot and defining ry = ro — X ~1r3 gives

—X"1z AT\ [(Az T4
< 1 > <Ay> = <r1> and XAz =r3—ZAx. (13)
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The hard part is solving the 2 x 2 block systems in (11) or (13). Those who like
to live dangerously (or don’t know any better!) use Z in (11) or X 17 in (13) as a
block pivot to eliminate Ax, giving

A(Zle)ATAyzrl +AZil(Xr2 —13), ZAx =13 — Xro.
Defining D? = XZ~! gives
AD*ATAy = 1 + AD?ry, Az = D? (ATAy - r4). (14)

Often ri reaches zero before the other residuals (if a full step Az is taken).
System (14) is then the “normal equations” for the least-squares problem

min | Dry — DATAy|.
Ay

Although this casts immediate doubt, system (14) has better numerical properties
than one might think, as long as the iterates stay near the central path (r3 small);
see Wright [20, 21]. Many implementations are based on (14).

The main advantage of the normal-equations approach is that standard sparse
Cholesky factorizations may be applied to AD?AT. A single call to the Analyze
procedure suffices because only D changes. Most of the work for solving an LP
problem goes into factorizing only 20 or 30 matrices with constant sparsity pattern.
Since parallel Cholesky factorizations exist (e.g., PARDISO [13], POOCLAPACK
[16, 7], WSMP [23]), it becomes clear that interior methods are much easier to
parallelize than simplex methods.

1.2 Augmented Systems

A mechanical difficulty with (14) is that if A contains one or more rather dense
columns, the matrix AD?AT will itself be very dense (let alone its factorization).
Various devices have been proposed to alleviate this difficulty, but each tends to
cast further numerical doubt on the normal-equations approach.

Returning to the 2 x 2 system (11), we may symmetrize it in various ways.
For example, a similarity transformation involving Az = XY2AZ preserves the
eigenvalues (but unfortunately not the singular values!):

—Z  XYPATN (Az\ ([ Xy — X7V2pg (15)
AX1/? Ay) r '

Alternatively, with Az = SAZ, the equivalent system

o ™) (&)= (is) (19

has good numerical properties if 3 is judiciously small (and 7 is not too large).
Fourer and Mehrotra [3] obtained good performance applying their own symmetric
indefinite LBLT factorizer (involving block-diagonal B with blocks of order 1 or 2).

System (13) can also be solved using an LBLT factorization. Wright [22] has
analyzed this approach for both non-degenerate and degenerate LP problems and
shown it to be more reliable than expected from the block-pivot on X.
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1.3 Quasi-Definite Systems

Sparse Cholesky-type factorizations of augmented systems became viable with the
concept of symmetric quasi-definite matrices (Vanderbei [18]) and the advent of
LOQO [8, 19]. By judicious formulation of the LP problem itself, Vanderbei ensures
that the augmented systems have the form

M:(f‘ﬁ) (17)

where E and F are positive definite. Factorizations PMP?T = LDL" exist for
arbitrary symmetric permutations P, with D diagonal but indefinite.

Such factorizations are easier to justify with the help of certain perturbations to
the LP problem, as discussed next.

2 Regularized Linear Programs

To improve the reliability of Newton’s method, and to generate quasi-definite for-
mulations with guaranteed stability, we consider perturbations to problem LP. We
define a regularized linear program to be

Lo minimize <"z -+ 3yl + gl

subject to Az +4dr =0, x>0,

where v and § are typically 1072 or 10~ on machines with today’s normal 15-16
digit floating-point arithmetic. (We assume that the data (A, b, ¢) have been scaled
to be of order 1.) With positive perturbations, LP(,d) is really a strictly convex
quadratic program with a unique, bounded, optimal solution (x, r, y, z). Small values
of v and § help keep this unique solution near a solution of the unperturbed LP. For
least-squares applications we set 6 = 1. (Such problems tend to be easier to solve.)

2.1 The Barrier Approach

As before, we replace the non-negativity constraints by the log barrier function to
obtain a sequence of convex subproblems with decreasing values of u:

LP(y,6,0)  minimize o+ 3[al® + rl? — p, oz
T, T
subject to Ax + dr = b,

where p > 0 and = > 0 are understood. The first-order optimality conditions state
that the gradient of the subproblem objective should be a linear combination of the
gradients of the primal constraint. Thus,

Ax+dr =0
Ay = c4+ 4%z — pX e
oy =,
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where X = diag(z), y is a vector of dual variables, and e is a vector of 1s. Defining
2z = pX 'e and immediately converting to the equivalent condition Xz = pue, we
obtain a system of nonlinear equations that has a unique solution for each pu:

Ar+ 0%y =b
ATy + 2 = c+ %z (18)
Xz = pe,

where we have eliminated r = dy. These are the parameterized nonlinear equations
for LP(v,0) corresponding to (5)—(7) for the vanilla LP. Since the perturbations
appear as 72 and 62, they tend to be negligible on well behaved problems (with ||z ||
and |ly|| of order 1). Otherwise they help prevent those norms from becoming large.

We now apply Newton’s method for nonlinear equations, with a steplength re-
striction to ensure that the estimates of x and z remain strictly positive.

2.2 The Newton System

Linearizing (18) at the current estimate (z,y, z) gives the system

A 8 Ax r1 b— Ax — 6%y
21 AT T Ayl =1re| = [c+y22-ATy— 2], (19)
Z X Az r3 pe — Xz

where Z = diag(z;). The analogue of (13) is

(T HE-

with r4 = ro — X !rg again. Defining D? = (X ~1Z +~+2I)~!, we have

(AD’A™ + 6°T) Ay = AD?ry + 11, (21)
with Az = D? (ATAy — r4) as before. Regularization reduces the condition of both
D? and (AD?AT + 6%1 ), thereby helping the normal-equations approach.
2.3 Quasi-Definite Systems

With v and § positive, we recognize system (20) to be symmetric quasi-definite

(SQD). Thus, an indefinite Cholesky-type factorization exists for any symmetric

permutation. The question is, under what conditions are the SQD factors stable?
First note that if M in (17) is SQD, then the matrix M = M is positive definite:

= —1I T
(M) ()
Mz = aTEx + yTFy > 0.

More generally, we find that for any permutation P,

PMPT = LDL" if and only if PMPT = LDU,
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where I = PIPT, D= Df, and U = ILTT. (Both L and U have unit diagonals, and
D and D are indefinite but nonsingular diagonal matrices.) Thus, Golub and Van
Loan’s analysis of LDU factors of unsymmetric positive-definite systems [6] provides
a similar analysis of LDL™ factors of SQD matrices. This observation was exploited
by Gill et al.[4] to show that the factorization PM PT = LDL" is stable for every
permutation P if
(i) [JA|l is not too large compared to ||E|| and || F|;
(ii) diag(E, F) is not too ill-conditioned.
Regarding system (20) as Mv = r, we have

A 62T

and we find that the effective condition number of M is

_ T
M:< E A), E=D2=X"1Z++°I

Econd(M) ~ cond(M).

1
min{~?2, 6%}
Hence the LDLT approach should be stable until (z,y, z) approaches a solution
(with cond(M) becoming increasingly large).

A more uniform bound was obtained later [17] by writing (20) as the system

—61 DAT\ [(Az Dry . SN
oY @)= () = ween
where Az = § DAZ. This is still an SQD system and the same theory shows that
14D _ 1 ]
Ond(M) ~ T ~ %, ECOHd(M) ~ W

(assuming ||A|| =~ 1). Hence, indefinite Cholesky factorization should be stable
for all primal-dual iterations as long as v20% > ¢ (where ¢ is the floating-point
precision—typically 2.2 x 1076 on today’s machines). Thus we need 76 > 1078,
For least-squares problems with 6 = 1, this is readily arranged. For regularized LPs,
v =06 =103 is safe.

Such factorizations were implemented successfully within IBM’s mathematical
programming system OSL. The sparse Cholesky solver in WSMP [23] is applied to
either M or AD?AT + §2I (whichever is more sparse). A major benefit is that any
dense columns in A are handled sensibly without special effort.

2.4 Least-Squares Formulation

With § > 0, we have an alternative to SQD systems and normal equations. We may
write (21) as a least-squares problem even when r; # 0:

()= ()~

This may be solved inezxactly by a conjugate-gradient-type iterative solver such as
LSQR [11, 12]. It is especially useful when A is an operator, but is also applicable
when A is explicit. Clearly ¢ should not be too small (and § = 1 is ideal).

This approach is used in SOL’s MATLAB solver PDCO [14].

min

i (23)




58 MS&E 318 (CME 338)  Large-Scale Numerical Optimization

3 Separable Convex Optimization

PDCO (Primal-Dual Method for Convex Optimization) is a MATLAB solver for op-
timization problems of the form

NP minimize ¢(z)
xT

subject to Ax =b, {<ux<u,

where ¢(z) is a convex function with known gradient g(z) and Hessian H(x), and
A € R™*™ The format of NP is suitable for any linear constraints. For example,
a double-sided constraint a < o’z < 3 (v < () should be entered as alz — ¢ =0,
a < € < 3, where T and £ are relevant parts of x.

To allow for constrained least-squares problems, and to ensure unique primal
and dual solutions (and improve solver stability), we regularize the problem as

NP2 minimize ¢(z) + 1||D1z|> + 3|
T,

subject to Ax + Dor =0, {<uz<u,

where D1, D9 are positive-definite diagonal matrices specified by the user. The
diagonals of Dy are typically small (1072 or 10™*). Similarly for Dy if the constraints
in NP should be satisfied reasonably accurately. For least-squares applications, some
of the diagonals of Dy will be 1. Note that some elements of ¢ and u may be —oo
and 400 respectively, but we expect no large numbers in A, b, Dy, Dy. If || Dy is
small, we would expect A to be under-determined (m < n). If Dy = I, A may have
any shape.

3.1 The Barrier Approach

First we introduce slack variables x;, x2 to convert the bounds to non-negativity
constraints:

NP3 minimize  ¢(x) + 1| Dyz||2 + L[|
T, T, X1, T2
Ax —+ DQT =
subject to v-ao =4
T+ To = U
T1,T2 Z 0.

Then we replace the non-negativity constraints by the log barrier function, obtaining
a sequence of convex subproblems with decreasing values of p (u > 0):

NP(u)  minimize ¢(z) + gl|Dizl]* + gllr||* — p 32, In([z1]j[z2];)

T, T,xr1,T2
Ax+ Dor = b Ty
subject to r—x1= { 12
—T — Ty = —U, )
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where y, 21, zo denote dual variables for the associated constraints. With p > 0,
most variables are strictly positive: x1, x2, 21, 22 > 0.

The KKT conditions for the barrier subproblem involve the three primal equa-
tions of NP(u), along with four dual equations stating that the gradient of the
subproblem objective should be a linear combination of the gradients of the primal
constraints:

Ar+Dor= b
r—x1= {
—r— Ty =—U
Ay 4 2 — 20 = g(z)+ Dix X
Doy= r ir
X121 = pe T Xy
Xozo = e, )

where X; = diag(x1), X2 = diag(z2), and similarly for Z;, Zs later. The last two
equations are commonly called the perturbed complementarity conditions. Initially
they are in a different form. The dual equation for x; is really

—21 = V(-p(z1)) = —pX; e,

where e is a vectors of 1’s. Thus, x; > 0 implies z; > 0, and multiplying by —X;
gives the equivalent equation X;2z1 = pe as stated.

3.2 Newton’s Method

We now eliminate » = Doy and apply Newton’s method:

Az +Az)+ D3(y+Ay) = b
(x+Az) — (z1 +Azy) = ¢
—(x 4+ Az) — (22 + Axg) = —u

ATy 4+ Ay) + (21 4+ Az1) — (2 + Azo) = g+ HAz + D?(z + Ax)

X121+ XhAz + Z1Ax = ne
Xozg + XoAzy + ZoAxy = pe,

where g and H are the current objective gradient and Hessian. To solve this Newton
system, we work with three sets of residuals:

Az — Az _ (10 _ {—x+x (24)
—Azx—Azy) \r,) — \—u+z4+29/’
X 1Az + Z1Axq _ (e ne — X121 (25)
XoAzo + ZoAxy Cy - pne — Xozo )’
AAx + D3Ay _ () _ b— Az — D3y (26)
—H1Al‘ + ATAy + AZl - AZQ o T2 o g + D%l‘ - ATy — 21+ 22 ’
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where Hy = H + D?. We use (24) and (25) to replace two sets of vectors in (26).

With
Axq e+ Ax Az . Xl_l(Cg — ZlAJSl) (27)
Azxs)  \=ry,—Azx)’ Az ) X{l(cu — ZyAxs) )’
Hy=H+D}+ X[ 'Z1+ X512, (28)
W =T9 — Xfl(cz + Zirp) + X{l(cu + Zary)
we find that

(3 o) ()= () )

3.3 Solving for (Azx, Ay)

If ¢(x) is a general convex function with known Hessian H, system (29) may be
treated by direct or iterative solvers. Since it is an SQD system, sparse LDLT
factors should be sufficiently stable under the same conditions as for regularized LP
(|All = 1 and 6 > 1078).

Alternatively a sparse Cholesky factorization Hy = LLT may be practical, where
Hy, = H + diagonal terms, and L is a nonsingular permuted triangle. This is trivial
if ¢(z) is a separable function, since H and Hs in (28) are then diagonal. System
(29) may then be solved by eliminating either Az or Ay:

(ATD;2A + Hy)Ax = ATDS%ry — w, D3Ay = r — AAx, (30)

or
(AH;'AT + D) Ay = AH; 'w + 7, HoAz = ATAy — w. (31)

Sparse Cholesky factorization may again be applicable, but if an iterative solver
must be used it is preferable to regard them as least-squares problems suitable for
LSQR or CGLS [11]:

_|l(D3tA Dylri \|° _
min ( 12}T ) Az — (—L2_T11U> , DyAy = Dy (r1 — AAx), (32)
or
. LilAT L_lw 2 T -1 T
n&lyn < Dy ) Ay — <D2_17“1> , LAz =L (A" Ay — w). (33)

The right-most vectors in (32)—(33) are part of the residual vectors for the least-
squares problems (and may be by-products from the least-squares solver).

PDSCO, the predecessor of PDCO, is used within the Basis Pursuit signal decom-
position software called Atomizer [1]. PDCO has been applied to some large network
problems with the entropy function ) z;Inx; as objective. A problem with 50,000
constraints and 660,000 variables solves in about 3 minutes on a 2GHz PC, requiring
less than 100 total LSQR iterations. (The entropy function keeps all variables safely
away from zero. It seems to be the most “friendly” convex objective ever.)

See [2] for a fine overview of interior methods for general nonlinear optimization.
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