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Notes 3: Iterativ e Metho ds for Square and Rectangular
Systems

1 Intro duction
Someunsymmetric or rectangular systemsthat arise in optimization are:

2 Simplex method: Bx = band BTy = ¢, where B is a squarebasis matrix.

2 First-order multiplier estimates: miny k3 Ty i gk, where J is the Jacobian for
the current set of active constraints, and g is the current objective gradiert.

Large linear programsusually require the solution of somany squaresystemsthat we
could not considerusing iterativ e methods to solve Bx = band BTy = ¢ within the
Simplex method. However, special circumstancesmay arise requiring nonstandard
approades.

In generalwe needto consideriterative methods for the following problems:

2 Squaresystems: Ax = b
2 Under-determined compatible systems: min kxk? subject to Ax = b.
2 Qver-determined systems(least squares): min KAX | bk2.
: . : O 2 2 - : AN (0P

2 Regularized systems: min kAx j bk= + k+xk min|i{ o Jzi (o]

where * is a scalarand A may have any shape or rank.

Hoy AR _ H

These four problems are equivalent to the symmetric system AT #H  x 0

with the parameters(°;+) = (0;0), (0; 1), (1;0), (£ ) respectively. They are also
equivalert to the positive de nite systems(ATA+ °21)x = ATbor (AAT+°2l)y= b
with ° = O or 4, and x = ATy. We may therefore expect the symmetric iterativ e
solversto apply. However, more e®ective numerical methods are obtained by working
with A directly.

2 Bidiagonalization Metho ds for Unsymmetric Systems

A squareor rectangular matrix A canbe reducedto upper bidiagonal form by multi-
plying alternately on the left and right by certain orthogonal matrices: UTAV = B.
This is the starting point for densesingular value decompositions (SVDs) [6]. When
A is sparseor a \black box" operator for forming matrix-v ector productsiAv, A¢Tu,
the bidiagonalization can be performed iterativ ely. (Actually, we reduce b A to
upper bidiagonal form, meaning A is reducedto lower bidiagonal form.)
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2.1 The Golub-Kahan Pro cess

Bidiag(A; b) !  (Bk; Uk+1; Vk) or (Lk; Uk; Vk) denotesthe following process. Given
anm £ n matrix A and a starting vector b, the Golub-Kahan process[5] generates
vectors Ui, vk and positive scalars®,, (k= 1; 2; :::) accordingto thesesteps:

1. Set ju; = band ®v; = ATuy. (Exit if ;= 0or ® = 0.)
2. Fork=1;2;:::, set B
k+1Uk+1 = AV i ®Uy;

_ AT .- .
®y1Vkr1 = A'Ukg1i kp1Vke

After k steps,the situation is summarizedby either of

AVi = UgiBi = Ukl + T U6 1)
. AU = }t/kBl-(r"' _®<+1Vk+19?<-+1 :¢ Vil ks (2)
where Uy = Iul Uo ::: Uk , W= 'vl Vo i Vg, Lk is lower bidiagonal, and
By is also bidiagonal with one extra row:
1
0 ®, 1
-, ® 2 ® H L 1
Lk = . . ; Bk = = _ T o
T - @ k+1
Tk & -
k+1

With exact arithmetic the columns of Uy and V, would be orthonormal for eac k
until ®&_,q, = 0or 41 = 0. In practice, orthonormality is soon lost, but relations
(1){(2) hold to working precision. (A compromiseis to use partial reorthogonaliza-
tion, asin the PROPACK padkagefor sparseSVDs [1].)

2.2 Golub-Kahan with Regularization

Let + be a given scalar (, 0 without lossof generality), and de ne
KA 1 H bﬂ
A= 4 7 P= g5 ®)
During Bidiag(A; b), orthogonal matrices Qx may be constructed from 2k j 1 plane

rotations to form the quartities

H_o T p_ 1 . H 1
B B i ¢ "u
4 T o 0 G Vo= TR QG (4)

Qx
where By (like By) is lower bidiagonal with dimensions(k + 1) £ k. The following
result is obtained straightforwardly from (1){(4).

Result 2 If Bidiag(A;b) ! (Bk;Uks1; Vk), then Bidiag(A; D) ! (Bik; Okr1; Vi).
i€
In short, the bidiagonalization of A = f, may be obtained exciently from the
bidiagonalization of A itself. The medanism is lesstrivial than in the symmetric

case. It motivatesthe subproblemsusednext.
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Table 3: Subproblemsde ning yx and xx = Vkyk for three algorithms.

Method Subproblem Factorizationﬂ
LSQR *=0 minkByyxi 1€k OBy = . Fz)k
g T T wp T R
x>0 mine . Yki 5 oo | Qe @ 8
CRAIG =0 Lkyk = 1€

Table 4: De nition of Wy and zx such that xx = Vkyk = Wkzk.

Wy Zy
¥
— -1 - o - &
LSQR =0 | Ry Qk 18 = Fl
k+1
0 1
U'— eﬂ Zy
£> 0| ViR' | Q 101 = @A
Ak
CRAIG =0 Vk Zx = Yk

2.3 LSQR and CRAIG

As in the symmetric algorithms, LSQR and CRAIG [10, 11] usecertain subproblems
to de ne vectors yx and solution estimates xx = Vkyk. Table 3 shaws the sub-
problems and the factorizations neededto solve them. For example, from (1) we
have

e " bi AXk = 1U1i AVkyk = Ukta( 1€ BiYk); (5)

which suggeststhe rst LSQR subproblem. Table 4 shavs how the factorizations
are usedto obtain estimatesxy = Wyzx that permit updates: Xx = Xx_1 + 3xWg.

Note that Bidiag(A; b) is usedin all cases.The subproblemthat allows LSQR to
incorporate regularization was st proposedby BjArck [2]. Result 2 helps con rm
that the resulting method is equivalent to applying the original LSQR to A and
b. (Working badckwards, the proof of Result 2 reveals the need for the orthogonal
factorization (4), which in turn suggeststhe subproblem.)

The QR factorizations for LSQR can be computed at negligible cost using one
plane rotation for eadh k when £ = 0, or two rotations when + > 0, giving upper-
bidiagonal factors Rx. The matrix Qg, a product of the rotations, doesnot needto
be saved. The columns of Wy are obtained by forward substitution: RJ W, = VI.
The following table comparesthe costs.

Storage Work per iteration

LSQR, any * m+ 3n 3m + 5n
CRAIG, =0 | m+ 2n 3m + 4n
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2.4 Preferences

Let rx = bj Axg bethe residual for a given xi, let dx = x| Xk bethe error. LSQR
choosesxy to solve the problem

myin krgk such that  xyx = Wy;

so that krigk decreasesand the system may be incompatible. The properties of
CRAIG are similar to those of SYMMLQ . The CRAIG point solves

mtin kdek suchthat x, = ATU.t

and also
myin kxgk suchthat xx = Vky and Ulry = O;

so that kdgk decreaseskxygk increases,and the system must be compatible. A
bene't is that xi is formed as a sequenceof orthogonal steps.

Further discussionis given in [14]. While CRAIG is slightly more economical,
a conclusion there is that LSQR is suitable for all casesin the sensethat it is
reliable on square,over-determined, and under-determined systems,with or without
regularization.

Note that the solutions xx = Viyk lie in the Krylov subspaceK (ATA; ATb;k).
The convergenceof these bidiagonalization-based methods depends on the eigen-
valuesof ATA (the squaresof the singular valuesof A).

2.5 Estimation of Norms

At iteration k of LSQR, estimates of krik, kATrik, kxxk, kAk, and cond(A) can
be obtained at minimal cost. All "v e items are usedin LSQR's stopping rules. To
estimate norms, it is often necessaryto assumethat the columns of Uy and Vi are
orthonormal (UkT U =1, VkTVk = |). In practice this is rarely true, but the resulting
estimates have proved to be remarkably reliable.

For simplicity we assumet = 0. As shown in [10], the following relations can be
derived from (1), (2), and (5) and the QR factorization of By in Table 3:

— T
re = 31Uk Qf e
krik = ék_;,_l = _15152::ZS|(

ATrk i (§k+1®<+1Ck)Vk+1
KATrck = 34 @ jo:

With orthogonality assumptionswe also have V|l ATAV, = BB, = R[R,, and so
from the Courant-Fischer minimax theorem, the eigenvaluesof BB, are bounded
above and below by the largest and smallestnonzeroeigervaluesof ATA. The same
can be said of the singular valuesof By comparedto those of A. It follows for the
2- and F-norms that kByk - kAk and kR, 'k = kB,'k - kATk. With Wy = R, *
we now have

1. kBkkWik - kAKKA*k = cond(A)
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for the 2- and F-norms. Hencewe usethe monotonically increasing estimates
kAk: YakByke; cond(A) Y2 kB ke KWike ;

wherekBykZ = kBy_1kZ + @+ ¢, and kWykZ = kW _k? + kwyk* canbe updated
easily.

To estimate kxyk, we make use of the so-called QLP factorization of By (see
Stewart [16]). The QR factorization of Bx can be followed by an orthogonal trans-
formation from the right that reducesRy to lower-bidiagonal form: RyPy = L.
Recall that the least-squaressubproblem for de ning yi is solved by Ryyx = zk. If
we de ne yx = Pypx for somevector px, we have Ryyx = RiPxpk = Ekpk = Z,
where py is obtained by forward substitution and hencedi®ersfrom px_; in just its
last elemernt Y. We now have kxik? = kViyikk? ¥ kykk? = kpck? and hence

kak2 = kpk_1k2 + 1/1;<2 = ka_1k2 + 1/%2

This construction shows that kxgk increasesmonotonically for LSQR. The same
approad appliesto MINRES, and has beenimplemerted in MINRES-QLP [3].

2.6 Stopping Rules

We formulate rules for terminating LSQR in terms of three dimensionlessquartities
Atol, btol, and conlim speci ed by a user. The rst two rules apply to compatible
and incompatible systemsrespectively. The third rule appliesto both.

S1 Stop if krgk - AtolkAkkxygk + btolkik.

Tl’kk

KAKKrgk
S3 Stop if cond(A) , conlim.

Rules S1 and S2 are basedon allowable perturbations in the data. The user may
therefore set Atol and btol accordingto the (known or estimated) accuracy of the
data. Rule S3represerts an attempt to regularize ill-conditioned systems.
To justify S1,note that xi is the exact solution of the perturbed system
M T
® r.Xx
A+ = KK %y = b -
®+ xix, < ' ®+
for any positive ® and . The perturbations will be \small enough" if their norms
satisfy

S2 Stop if Atol:

Mk

® krgk N
With the de nitions ® = AtolkAkkxgk and ~ btolkbk, both inequalities reduce
to krgk - ®+ ", asrequired in S1.
To justify S2, note that xx and r¢ are the exact solution and residual for the
perturb ed least-squaresproblem

krgk - btolkbk:

KA,
' krek?”
Hencethe perturbation to A is sutciently small if S2is satis ed.

mink(A + E)x i bk; = KEkks = kA Trik=krk:
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Stopping rule S3is basedon the following argumerts. Supposethat A hasthe
singular value decomposition USV T with S = diag(%), %, %, i1, ¥% > 0. As
k increasespur estimate cond(A) ¥4 kB ks kWik: tendsto level o®nearthe valuesof
the ordered sequence¥s =%, ¥%1=%, ..., ¥1=%, with varying numbers of iterations
near ead level. This suggestsrule S3 as a means of regularizing ill-conditioned
problems, as in the discretization of ill-p osedproblems (e.g., [7]). For example, if
the singular values of A were known to be of order 1, 0.9, 1073, 1076, 1077, the
e®ectof the two smallest singular values could probably be suppressedby setting
conlim = 10%

3 Arnoldi-based Metho ds for Square Systems

For squareunsymmetric systemsAx = b, it may seemdesirableto develop a method
in which the approximate solutions xx = VY lie in the Krylov subspaceK (A; b;k)
rather than LSQR's K(ATA; ATb;k). Indeed this is possible, but at the cost of
steadily increasingwork and storage.

3.1 The Arnoldi Pro cess

Given a general matrix A and a starting vector b, the Arnoldi processgenerates
vectors v and scalars i and hj, asfollows:

1. Set_1V1 = h (EXit if _1 = 0)
2. Fork=1;2;:::,
Compute w = Avyg
Fori=1;2;:::;k, set
hix = ViTW
w=wij higv:
Set_k+1Vk+1 = W. (EX|t if _k+1 = 0)

(This is called the Modi ed Gram-Schmidt version of Arnoldi, and leadsto the
MGS-GMRES algorilthm for solving X = b.) As for the symmetric Lanczosprocess,
eadh matrix Vx = vi Vo ::: vk would have orthonormal columns with exact
arithmetic. After k steps,the situation may be summarizedas

AVy = Vi Hy; (6)

whereHy is now a (k + 1) £ k Hesselverg matrix

hi1 hi2 ... ... hig
B> hyp ... ... ho
B3 ... ... h3zk
Hy = , . .
Br  hik

Br+1
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3.2 GMRES

If we de ne xx = Vkyk for someyy, (6) givesthe residual
e " Bi AXk = "1Vii AVikYk = Virr(1eri Hiy); (7)

which suggestghe least-squaresubproblemmin kHyxi 1€k for de ning yk (asin
MINRES and LSQR). This is the basisfor the generlized minimum residual method
GMRES [13]. For eadh k, a single plane rotation maintains the QR factorization

Mo T . 1
QkHk = Ok , Qu(Tie) = 3¢
k+1

from which the least-squaressolution can be obtained when necessaryby badk-
substitution: Ryykx = zx. Before that we have

M )l

re = Vi1 Qp ({k> [ <}ék)Yk = 31|<+1V|<+1Qzek+1;
k+1

so the estimate kryk Y4 jékﬂj is available without yx or xx (and as for MINRES

and LSQR it is a reliable estimate in practice, even if the columns of Vi are not

reorthogonalized).

Note that the Arnoldi processrequiresall columns of Vi to be retained. When-
ever krik is judged suitably small (or when k reaches a pre-de ned limit m), the
simplest form of GMRES terminates by solving Rxyx = zx and forming Xx = VkVYk
directly. There is no needto form xi, Xo, ..., Xk_1.

3.3 Restarted GMRES

For large systems,the iteration limit m is necessarilyquite small (perhapsonly 10 or
20). The simplest approad is to build a loop around GMRES analogousto iterativ e
re nement for linear systems. The resulting algorithm is called GMRES(m):

. Givenxg, formr = bj AXjy.

. If krk is suxciently small, exit with x = Xg.

Run the Arnoldi processfor m iterations, starting with vy = r.

. Solwve the least-squaresproblem minkHnym i 1€tk and form ¢ X = Vinym.
. Setxg A Xxo+ ¢ x and return to step 1.

anwWN R

A dixcult y with GMRES(m) is the needto choosem.

If A is positive de nite (the symmetric part (A + AT)=2 is positive de nite), it
can be proved that GMRES(m) corvergesfor any m , 1[12].

If A is diagonalizableli.e., it hasa full set of eigervaluesand can be written
asA = XDX ~! with D diagonal (but perhapscomplex)|the rate of convergene
can be boundedin terms of the condition number of X . This is most useful if A is
normal or nearly normal (ATA ¥4 AAT), in which casecond(X ) ¥4 1.

For more generalmatrices A, GMRES is in dangerof stagnation, in the sensehat
progressmay becomenegligible for any practical value of m. (This is in contrast to
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LSQR and Craig, which may converge slowly at times but will always get there if

allowed to iterate long enough,and they do so using a constart amourt of storage.
The sameis true of the symmetric methods CG, MINRES, SYMMLQ .) Googleseems
to have a non-monotonic memory:

Googleseard | LSQR GMRES
April 2005 4,250 48,700
April 2006 35,000 254,000
April 2008 22,000 86,000

but by any measure,GMRES is a remarkably popular method for solving unsym-
metric square AXx = b in spite of its apparernt shortcomings. One reasonis that it
usesproducts Av but no transposeproducts ATu (which may not be available). A
further saving graceis the availabilit y of e®ective preconditionersfor many practical
cases.

4  Preconditioning

It is a cliche to say that iterative methods need good preconditioners, but this is
the main hope for minimizing the total iterations required, and for keepingm low
for GMRES(m).

For squaresystemsAx = b, there is a choiceof left, right, or split preconditioning.
We need matrices C{, C, such that C;C, ¥2 A and systemsCjz = v and possibly
Cz = u canbe solved exciently (i = 1;2). The iterative method is then applied to
C;'AC, 'y = C'b, and the solution is recovered by solving Cox = y. The choice
of C; inevitably dependson ead application.

In the absenceof other knowledge, the very least that one should do is apply
row and column scaling. The general aim would be to ensurethat all rows and
all columns have essetially the samenorm. Someexzxcient scaling algorithms are
described in [8] for symmetric, square,and rectangular systems.

More generally, incomplete Cholesky or LU factorizations of A are commonly
used, in which the \incomplete" factors are more sparsethan the exact factors.

For least-squaresproblems, we must use C; = | to avoid altering the prob-
lem. Again, the very least one should do to help LSQR is to apply column scaling.
In this case, it is important to make the 2-norms of all columns of AC, ! equal.
Thus, C, should be a diagonal matrix whosej th diagonal is ka; ke, where g; is the
corresponding column of A.

More generally C- should approximate the R part of a QR factorization of A
(becausethe exact R would give convergencein one iteration|the perfect precon-
ditioner). ult is pore erly that we could compute sparserectangular LU factors

P1AP; = ::1 | L(J) , and then Cy = L;UPJ or C; = UPJ may be e®ectiw.
2
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5 Other Metho ds for Unsymmetric Systems

LSQR remainsthe primary iterativ e solver for over-determined (least-squares)prob-
lems, but should be kept in mind for squareand under-determined systems.
Someother important methods for square unsymmetric systemsare CGS [15],
QMR [4], and Bi-CGSTAB [17]. Intriguing test casesare given by Nachtigal et al.
[9] to show that LSQR, GMRES, and CGS are fundamerntally di®erert methods that
can outperform ead other (in iteration courts) by factors aslargeas ' n or n.
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