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Notes 2: Iterative Methods for Symmetric Az = b

1 Introduction

Iterative methods for solving linear systems Az = b become necessary when A €
R™ "™ is too large to factorize directly. The meaning of too large depends on the
context, but n = 10000 up to n = 10% is typical. In optimization, the following
symmetric (but possibly indefinite) examples arise in computing search directions:

e Newton’s method for unconstrained optimization: HAx = —g.

e Newton’s method for optimization with linear constraints Jx = b:
Solve ZTHZv = —Z"g and set Ax = Zv, where Z spans the null space of the
constraint matrix (JZ = 0).

cr 1 . . —-H JT\ [(Ax g—Jly
o KKT systems with linearized constraints: < 7 > < Ay) = (—c— I

The conjugate-gradient method (CG) is the prototype solver for Az = b when A is
symmetric and positive definite. Distinguishing features of CG follow:

e A is regarded as an operator. For various vectors v, CG asks for the matrix-
vector product y = Av. This is the only way that A is defined.

e Only a few work n-vectors of storage are needed to generate each approximate
solution x (k=1,2,...).

e With exact arithmetic, CG would terminate in at most n iterations. In practice
it may need far fewer iterations if A has clustered eigenvalues, or far more if
we are not so lucky. Of course the first situation is preferable.

e Favorable eigenvalue distributions can be achieved by finding a preconditioner
M such that M = CCT ~ A (in some sense) and solving a transformed system
AZ = b, where A is the operator C"'AC~T ~ I and the remaining quantities
are obtained by solving Cb = b and CTz = Z.

e The matrix-vector product y = Av means “Solve CTw; = v, form wy = Awy,
and solve Cy = wo”. Thus it must be possible to solve with C' and CT
reasonably efficiently (as well as multiplying by A). The simplest example is
diagonal preconditioning with C' = diag(@).

e PCG (preconditioned CG) is a rearrangement of CG that allows solves with M
itself, rather than C' and C7 separately. Diagonal preconditioning then means
working with the preconditioner M = diag(A) in MATLAB notation.
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2 Lanczos-based Methods for Symmetric Systems

We review three methods for solving symmetric systems Az = b. As described in
[6], the methods CG, MINRES, and SYMMLQ are based on the Lanczos process [3]
for tridiagonalizing A. A helpful framework for viewing such methods has been
suggested by Paige [5]:

An iterative process generates certain quantities from the data. At each
iteration a subproblem is defined, suggesting how those quantities may
be combined to give a new estimate of the required solution. Different
subproblems define different methods for solving the original problem.
Different ways of solving a subproblem lead to different implementations
of the associated method.

Typically the subproblems may be solved efficiently and stably (though stability
questions are sometimes overlooked). The numerically difficult aspects are usually
introduced by the process.

2.1 The Lanczos Process

Tridiag(A, b) — (T, Vi) denotes the following process. Given a symmetric matrix A
and a starting vector b, the Lanczos process generates vectors vg and scalars oy, G
(k=1,2,...) according to these steps:

1. Set Biv; = b. (This means 3 < ||b||2 and then vy « b/, but exit if 51 = 0.)

2. For k=1,2,..., set
w = Avg,

o = viw,

Br41Vk+1 = W — QU — PrUk—1.

After k steps with 31,..., Bt > 0, the situation may be summarized as
AV, = VT, + ﬂk+1vk+1eg = Vk+1Hk, (1)

where ey, is the kth unit vector, Vi = (v1 vy ... vk), Ty, is tridiagonal, and Hy
is also tridiagonal with one extra row:

o B a1 o
B2 ?62 ?3 e - & OQ ﬂg . _( T >

T, =
T
Br+1€k

. . o

Br o g
Bri1
With exact arithmetic the columns of Vi would be orthonormal for each k until
Br+1 = 0. In practice, VkTVk = I quickly fails to hold (unless vy is reorthogonalized
with respect to previous vectors), but relation (1) is accurate to machine precision.

From the way the Lanczos vectors {v1,va,...} are generated, it is clear that vy
for each k lies in the Krylov subspace K(A,b, k) = K}, = span{b, Ab, ..., A*~1b}.
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2.2 Lanczos with Shifts

Let 0 be a given scalar. The following property is readily proved from (1). It shows
that T}, and Vj are (almost) independent of a shift § in the diagonals of A.

Result 1 If Tridiag(A,b) — (Tk, Vi), then Tridiag(A + 01,b) — (T} + 61, V}).

2.3 CG, MINRES, and SYMMLQ

Table 1 lists three ways to choose “optimal” points within each Krylov subspace Ky,
(i.e., points of the form x; = Vjyi for some vector yx). The three choices lead to
three methods for solving Az = b, namely CG, MINRES, and SYMMLQ. Note that
the CG method is not meaningful if the quadratic form is unbounded below. This
means that A must be positive-definite for CG.

From (1) we see that the residual vector associated with a point xy € Ky is

T, =b— Az (2)
= Bv1 — AVjyg
= Vit1(Brer — Hyy)
= Vit1tk+1, 3)
where 11 = f1e1 — Hiyg. (4)

This suggests that ||r|| will be small if y, makes ¢;41 small by some measure. Indeed,
we find that Table 1’s subproblems for x; lead to the corresponding subproblems
for y; shown in Table 2 (which also shows the factorizations needed to solve the
subproblems). The CG subproblem makes 5,1 = 0 everywhere except its last
element, while the MINRES subproblem is more balanced in minimizing |[tx41].
The SYMMLQ subproblem makes t;11 = 0 everywhere except its last two elements.

If A is positive definite, so is T} for all k. CG can therefore obtain Cholesky
factors of each Tj. MINRES uses the QR factorization of Hj, and is applicable
to any symmetric A (including singular systems if suitable stopping criteria are
implemented). SYMMLQ uses the same QR factorization, disguised as the LQ fac-
torization of H g , and is again applicable to any symmetric A, except that Az = b
must be compatible. MINRES-QLP works with a two-sided orthogonal factorization
of Hy, for greater reliability on ill-conditioned or singular systems (see Sou-Cheng
Choi’s thesis [1]). The QLP name comes from Stewart [11].

Note that all elements of y; may change in y, 1. Also, we don’t wish to store all
of V41 in order to form Viiq1yx+1. Thus, each method computes certain quantities
Wi and zp that allow the solution estimates to be updated. Table 3 shows all
the possibilities we can think of. (Tables 2-3 are from [9], except for the recent
MINRES-QLP entries.)
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Table 1: Minimization properties for three methods for solving Az = b. They seek
points x; that give small residual vectors r, = b — Axy.

Method

Definition of optimal zj in Krylov subspace

CG

MINRES

SYMMLQ

min %x{Azk — bz, st xp € Ky

= min HrkHi,l
min 7|
min ||z,*

= min ||z — 242

s.t. xp € Ky,

s.t. xp € K
s.t.

s.t. xp € AKg (?7)

T € K:k, Tk 1 Kk—l

Table 2: Subproblems defining y; and xx = Viyg for four methods.

Method Subproblem Factorization Estimate of x
CG Tryr = Pre1 Ty = LDy LY 2§ = Vi
. R
MINRES min || Hyyr — Bren | QrHy = < Ok> apt = Viyk

. T AT _ L _
SYMMLQ min ||y || H, Qi 1= (L1 0) |z = Viyk
s.t. H’zllyk = 5161
MINRES-QLP min ||yx|| RyP, = Ly 22 = Viye
s.t. || Hryr — Bre1]|| = min
Table 3: Definition of W} and z; such that xp = Viyr = Wizg.
Wi Zk Estimate of x
CG VkLI;T Lkazk = ,8161 xkc = szk
MINRES VR (-Z’“ ) = Qs (B 161) M = Wz,
Cht1 0
SYMMLQ Wk = Vk g—l Li_1z1._1 = Biex xé = Wiz
= (Wi wy) =0 = Wi_12k1
MINRES-QLP V. Py Lizk = 2 R U
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Note that Vi (Bie1) = b exactly for all k because v; is a multiple of b. Thus, the
relations rp = Vii1tky1 and tpq = frer — Hiyr (3)—(4) hold accurately for any yy
even though the columns of Vi1 lose orthogonality. Since

Il < (Vi llll Brex — Hiyell

with ||[Vi41]| = O(1) and ||f1e1 — Hiyk|| tending to decrease for the given choices of
Yk, we can expect ||rg|| to become small eventually.

The CG iteration CG treats Tpyr = [ie1 as Lka.(Lfyk) = (1e1, defines z;, =
Lgyk, and solves the lower-triangular systems

LDz, = Brea, 2 = (Z]E:>
wl

Lwl =vl, Wi = ( k;pl)
Wy,

by computing only the last elements of the solutions at each iteration k, taking
advantage of the fact that the preceding parts of z; and W} have already been
computed. For example, since Ly is lower bidiagonal with unit diagonals, we can
form wy, = vy, — Apwg—1 efficiently, where Ay is the (k,k — 1) element of L. Thus,

zr = Vkyk
= Wi LL yk
= Wz
= Wi_12k-1 + wrl

= Tp_1 + Qpwy

can also be formed cheaply. The vectors in Vi_9 and Wj_; are no longer needed.
Although we don’t want all of y;, we see from L{yk = z;, that the last element
of yx is mp = (k. Also from (3)—(4) and the fact that CG makes t;11 zero except
for its last element 741 = €£+1tk+1, we see that the CG residual vector satisfies
rf = Tiy1vp41 and hence |7 = |7e41| = | — Brt1mk] = [Be+1¢k|. Thus when CG is
implemented this way, we have an accurate estimate of ||7{'|| at essentially no cost.

The MINRES iteration By definition, the MINRES point I’QJ solves the problem

min ||rg|| such that =z = Viy,
Y

so that ||r}|| decreases monotonically, and there is no difficulty if the system is
incompatible. Many users prefer MINRES for these reasons. The iteration is similar
to CG in solving REW,;[ = VkT for each wy in turn and updating x; = 1 + (pwg.
There is more work and storage because R;‘g is lower tridiagonal. A numerical
concern is that the columns of W, could be large if some of the Ry, are ill-conditioned.
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The SYMMLAQ iteration In contrast, SYMMLQ’s point x£ solves

min ||zx|| such that z; = Viyy and VkTTk =0,
y

so that ||zF|| increases and the system must be compatible. It also solves

mtin |t — xg|| such that xp = AVjt

2, 4], so that the error norm |z — || decreases monotonically.

The SYMMLQ solutions a:% = Wi 121 = x£_1 4+ (p_1wi_1 are accumulated
as a sequence of theoretically orthogonal steps. Although the columns of Vj, and
W), are not orthonormal in practice, we will always have ||wg|| =~ 1, so that forming
z¥ should involve less cancellation error than in MINRES (where the columns of
Wy = Vlezl could be large).

By observation, ||7|| is often much larger for SYMMLQ than for the other meth-
ods. This is not cause for concern. It’s a sign that SYMMLQ is stepping around
points that would be troublesome for CG. Since the residual norms can be estimated
cheaply, SYMMLQ has provision for transferring to the CG point upon termination
if the residual is then smaller. Thus, if ||[rf, ||| < [[rf|l, SYMMLQ takes a final step
of the form a:kc = l’é’ + (wy,, where the last two items are already known.

Note that after k iterations, SYMMLQ has solved just a single triangular system
Ly 121 = (1e1, and this is the only place where ill-conditioning in A becomes
evident. We therefore believe that SYMMLQ is the method of choice for indefinite
compatible systems. MINRES-QLP should be comparable in reliability at the cost of
slightly more work and storage per iteration, and it handles singular systems well.

MINRES-QLP The effects of rounding errors on the convergence of CG, MINRES,
and SYMMLQ have been analyzed by Sleijpen et al. [10]. Some numerical examples
confirm that MINRES may not achieve small ||rg|| on compatible systems when A is
very ill-conditioned.

MINRES-QLP is the only method that returns the minimum-length solution on
singular incompatible systems Ax ~ b. It is significantly more complex (see Choi
[1]) but can be more reliable than MINRES when A is ill-conditioned. In [1] it is
anticipated that the rounding errors in MINRES’s solution of the n independent
ill-conditioned triangular systems R W/ = VI' (ie., in the n rows of Wj) are
more significant than in MINRES-QLP’s solution of the single ill-conditioned system
L1z = 2, as in SYMMLQ.

2.4 Estimation of Norms

At iteration k of the above solvers, estimates of ||r4||, || Arx|l, ||z, ||A||, and cond(A)
are needed in order to implement reliable stopping rules. The estimates have been
studied most fully for MINRES and MINRES-QLP in Choi [1]. In particular, ||Al2 ~
| Tx|l2 or ||[HFH, k||1/ ? are reasonable estimates that can be estimated cheaply as the
iterations proceed. Different solvers estimate the other quantities in various ways.



Spring 2009, Notes 2 CG Methods for Symmetric Systems 13

2.5 Stopping Rules

For compatible systems Ax = b, an approximate solution xj may be regarded as
acceptable if
Ikl < ([ Allllzell + ([0l tol

for some user-specified tolerance (e.g., tol = 107%, 1078 or 10~!2 respectively for
moderate, accurate, or highly accurate solutions using 15-digit arithmetic). For
incompatible (least-squares) problems where ||| / 0, a good stopping rule is

[Arg]| < [[Al[|re[[tol.

2.6 Cautions

The methods described above are reliable in practice, even though Vi will be far
from orthogonal. The work and storage per iteration are constant and minimal
(O(n), where n is the dimension of A). The main question remaining is, how many
iterations will be required? We hope for far fewer than n iterations, but it could be
5n or 10n or even more.

If reorthogonalization were used to maintain orthogonal V4, the iterations would
be bounded by n (or more precisely by the number of clusters in the eigenvalue
of A). However, all of the vectors v would need to be stored, and the work and
storage would grow quadratically. We consider this not an option in general.

Many authors present equation (1) correctly, but then derive further results from
two equations that don’t hold unless full reorthogonalization is used. We emphasize
that there is no need to assume that VkTAVk = Ty and/or VkT = [he1, and they
quickly cease to be true. Luckily, equations (1) and (3) are sufficient as they stand.

Similarly, many authors allow an approximate solution zg to be provided, and
proceed to update the solution inside the solver when it is applied to the system
Ad = rg, where rg = b — Axg and 2 = 2y + d. Compare the implementations

T X0 for k=1:K, x+< x4+ correction, end
d—10 for k=1:K, d<« d+ correction, end T = x9+d.

The first choice is not recommended when xg is a good approximation, because the
x corrections could be small relative to zg and many significant digits could be lost.
The second choice is safer, at the cost of storing xg elsewhere. For this choice,
we need to be conscious of solving Ad = rg when choosing stopping tolerances. If
anything is to be gained from xg, we need looser tolerances than if we were solving
Az = b itself.

2.7 Augmented Systems

The following symmetric system underlies several iterative methods for more general

problems:
< o 7 _ I A\ (s) (b
demr= (5 )0)-0) 0
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where A is a square or rectangular matrix and v, ¢ are specified scalars. The Lanczos
process Tridiag(A, s,b) has a special structure that is interesting to observe. After
2k steps it generates

Yoo
a; 0 [
T2k _ 52 Y a9 ’ ‘/Qk _ (ul u9 e Ug > :
. . . U1 vy ... Vg
Br v g
Qe 1)

and the next step gives Toi11, Vop4+1 in the obvious way. We find that the scalars
g, B and vectors ug, vy are independent of v and §. We can therefore generate
them with v = § = 0. However, that case is more efficiently generated by the
Golub-Kahan process Bidiag(A,b) described later.

For certain choices of v and 4§, the subproblems associated with CG can also be
rearranged to improve efficiency, leading to algorithms CRAIG (v = ¢ = 0) [7] and
LSQR (y = 1,0 = 0or v = —6 # 0) [7, 8. Again it is simpler to derive those
algorithms directly from Bidiag(A, b).
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