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Linear Programming Methodological Philosophy I

Optimality Conditions: (1) Primal Feasibility, (2) Dual Feasibility, (3) Zero-Duality Gap/Prima-Dual
Complementarity.

Recall that the (primal) Simplex Algorithm maintains the primal feasibility and complementarity while
working toward dual feasibility. (The Dual Simplex Algorithm maintains dual feasibility and

complementarity while working toward primal feasibility.)

In contrast, interior-point methods will move in the interior of the feasible region, hoping to by-pass many
corner points on the boundary of the region. The primal-dual interior-point method maintains both primal
and dual feasibility while working toward complementarity.

The key for the simplex method is to make computer see corner points; and the key for interior-point
methods is to stay in the interior of the feasible region.
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Interior-Point Algorithms for LP I

(LP) min ¢’xst. Ax=b, x>0 <=> (LD)max b'ystAly+s=c, s>0.
int F, = {x: Ax=b, x > 0} # ()

int /3 = {(y,s): s=c— Aly > 0} £ 0.
Let 2™ denote the optimal value and
F = Fp, X Fq.
We are interested in finding an e-approximate solution for the LP problem:

xl's=clx—bly <e.

For simplicity, we assume that an interior-point pair (XO, yY, SO) is known, and we will use it as our initial

point pair.
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Barrier Functions and Analytic Center I

Consider the barrier function optimization problems:

(PB) minimize — 7., logx; . (DB) maximize 7 logs;
s.t. X € int F,, s.t. (y,s) € int Fy

The maximizer x (or (y, s)) of (PB) (or (BD)) is called the analytic center of bounded polyhedron ., (or
F4). Applying the KKT conditions and using X = diag(x), we have

— X le—A'y =0 or —e— XAy =0, Ax=Db, x> 0.

After introducing auxiliary vector s = X ~ e, the conditions become

Xs = e ( Sx = e \
Ax = b Ax = 0
Ay —s = 0 . Ay —s = —c
x > 0. \ s > 0. )
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Figure 1: The dual analytic center maximizes the product of slacks.
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Examples I

Fp={x: ijzl,sz}.
J
The analytic center of J,, would be

X‘=(—; ..; =), y=—-n,s=(n; ...; n).

S
S

Fa={y:0<y<e}l

The analytic center of /; would be
y© = arg max Z(log(yi) + log(1 — y;)) = arg max Zlog(yi(l —Yi))

that is

1 1 1
“=(=;..; =), s=—-e, Xx = 2e.
ye=1(55 5 5) 5
Why “analytic”: depending on the analytical representation data.
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Logarithmic Function and Scaled Concordant Lipschitz I

Lemma1 Let B(x) = — Z?Zl log(x;). Then, for any point x > 0 and direction vector d such that
X ]l < a(< 1),

IX " d|?

T y—1 Ty —1
—e X d<B d —-B <—-e X 'd :
e < B(x+d) (x) < —e + 21— a)

The Barrier function property can be generalized to the so-called Second-Order Scaled Concordant
Lipschitz Condition: for any x > 0 and x + d in the function domain:

| X (Vf(x+d)—Vf(x)—Vf(x)d) | < Bad’ V?f(x)d, whenever || X 'd| < a(< 1).

Such condition can be verified using Taylor Expansion Series; basically, the scaled third derivative of the

function is bounded by its (unscaled) second derivative.

e All quadratic functions are scaled concordant Lipschitz with 5, = 0.

1

e Convex function — log(x) is scaled concordant Lipschitz with 3, = Aoy

e All power functions {x? : x > 0} with integer p are scaled concordant Lipschitz with 5, = o)



CME307/MS&E311: Optimization Lecture Note #13

Affine-Scaling Gradient Projection I

To compute the analytic center, we consider the affine-scaling GPM from any feasible x > 0:

minimize —e! X 1d minimize —eld’
or
s.t. Ad =0, | X 1d|| L a s.t. AXd =0, ||d| <«

which has a close-form solution
d =al - XAT(AX?AT)TAX)e/||(I - XAT (AXZAT) "1 AX)e||.
Note that d = X'd’ so that we let x™ = x + d, which should remain positive:
xT=x+d=x+Xd =X(e+d)>0

aslongas x > 0 and ||d'|| < 1. Then, from Lemma 1 the Barrier function value would be decreased at

least by

042

B(xT) - B(x) < —al|(I - XAT(AX?AT)" P AX)e|| + 20 o)
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Convergence Speed Analysis I

For simplicity, let y(x) = (AX?AT) 1 AXeands(x) = Aly(s) so that
(I - XA (AX?AT) TAX)e = e — Xs(x).
Note that y(x) minimizes min, [e — X A’ y||*.

Thus, as long as ||e — X's(x)|| > 1, the Barrier function can be decreased by a universal constant
2
—a+ 5oy = —3/4 whenwe set « = 1/2.

If the quantity ||e — X's(x)|| < 1, then we simply let x T = x + X (e — X's(x)), in which case we now
prove [[e — X Ts(x")|| < |le — X's(x)||? (quadratic convergence)!

e — XTs(x1)||* <|le—XTs(x)||?, (because y(x™) minimizes the squares)
= [le — (2X — X*5(x)s(x)|®
= 5o (1= 255 (0) + 23 (55(x))?)°
=D i1 (1 —zs(x))* 2
< (021 — 55(x))?) " = lle = Xs(x) |4

9
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Analytic Volume and Cutting Plane for LP: Geometric Interpretation I
AV (Fo) =] ] 3 = II —aly)
j=1 j=1

can be viewed as the analytic volume of polytope . or simply J+ in the rest of discussions.

If one inequality in J/, say the first one, needs to be translated, change a{y < ¢y to ar{y < a{y; .e.,
the first inequality is parallelly moved and it now cuts through y and divides ./~ into two bodies.
Analytically, ¢ is replaced by afy and the rest of data are unchanged. Let

Ftri={y:ajy<c,j=1,..,n},

_|_

where ¢; = ¢; for j = 2,..,nandc, = a

10
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This hyperplane

1s translated to

ya

The 1nitial polytope and
its analytic center

Figure 2: Translation of a hyperplane to the AC.
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Analytic Volume Reduction of the New Polytope I

Let y ' be the analytic center of 7. Then, the analytic volume of F

We have the following volume reduction theorem:

Theorem 1

AV (FT)
AV (F)

< exp(—1).

12
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Since y is the analytic center of /-, there exists X > 0 such that
Xs=X(c—A'y)=e and Ax =0.

Thus,

s=(c—A'y)=X""'e and c'x=(c-Aly) 'x=e'e=n.
We have

el Xst = e'X(ct —A'yt)=e'Xc*

13
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AV (FH) o)
AV (F) 1]

I

14
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Analytic Volume of Polytope and Multiple Cutting Planes I

Now suppose we translate /(< n) hyperplanes, say 1,2, ..., k, moved to cut the analytic center y of .F,
that is,

Fr={y: afy < c;r, j=1,...n},

where c;r —cjforj=Fk+1,...,nand cj = a;‘-Fy fory =1,..., k.
Corollary 1
AV (FT)
< exp(—k).
av(F) = oP=k)

15
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Barrier Regularization Function for LP: Algebraic Implementation I

Consider the LP pair with the barrier function

(LPB) minimize clx — ,LLZ?ZI log x; e (LDB) maximize bly + ,uzyzl log s
s.t. x € int F, s.t. (v,s) € int Fy,

and they are primal-dual to each other and share a common set of KKT Optimality Conditions:

Xs = ue
Ax = Db (1)
—Aly —s = —c;

where barrier parameter
x's c¢'x—bly
Iu = — = ,
n n

so that it's the average of complementarity or duality gap. As [ varies, the optimizers form the LP central

paths in the primal and dual feasible regions, respectively.

16



CME307/MS&E311: Optimization Lecture Note #13

The objective hyperplanes )

Figure 3: The central path of y (1) in a dual feasible region.

17
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Examples I
min chxj — uZlog(xj) s.t. ij = 1.
J J J

cj—ﬂ:y, x; >0, V7,
L j
thus, ©,;, = ﬁ, 4. Then, from
J

S =1 —y>0,V
j 9

we can solve ¥/( /1) and x( /1) as the roots of polynomials.

18
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Central Path for Linear Programming I

C={(x(pn),y(un),s(p)) €int F: Xs=pe, 0 < pu<oo};

is called the (primal and dual) central path of linear programming.

Theorem 2 Let both (LP) and (LD) have interior feasible points for the given data set (A, b, c). Then for

any 0 < . < oo, the central path point pair (x (1), v (1), s(jt)) exists and is unique. Moreover, the
followings hold.

i) The central path point (x(11), (1)) is bounded for 0 < 11 < ¥ and any given 0 < 11 < oc.
ii) ForO < 1/ <,
c'x(u') < c'x(p) and bly(u') >by(u)
if both primal and dual have no constant objective values.
iii) (x(1),s(u)) converges to an optimal solution pair for (LP) and (LD). Moreover, the limit point
x(0) p+ > 0 and the limit point y (0),s(0) z- > O are the analytic centers of the optimal solution

sets of primal and dual, respectively; where (P S/ *) is the strictly complementarity partition if
variable index set {1,2, ....n}.

19
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Proof of (iii) I

Since x (1) and s( 1) are both bounded, they have at least one limit point which we denote by x(0) and
s(0). Letxp. > 0 (x%. = 0)ands?. > 0 (sh. = 0), be the analytic centers on the optimal sets of
on the primal and dual optimal faces, respectively, that is, they are the maximizers of

{I[l;ep-zj: Ap+xp- =b, xp- > 0} and

{Hjez* Sj ! Sgzx = Cgx — AL,y >0, cp- — AL.y = 0}, respectively. Note

(x(p) —x*) (s(u) —s*) = 0, so that

n

S (sia(u)y + ats(w);) =npy or S (;};J) s ( 5] >:n.

; = i \s(w);

Therefore, from the arithmetic-geometric mean inequality we have

11 S(z)j <1, o | ] =w;|{1]swi|=11=]{]1l%

jepr* JeZ* jepr* IS

The limit points must also satisfy the inequality which implies | | iep z(0); > HjeP* r’; and

[1,c2-5(0); = [],cz- 5. Butthe analytic center is unique so that the claim is true.

20
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The Primal-Dual Path-Following Algorithm for LP I

In general, we start from an (approximate) central path point (Xk, yk, sk) & JF such that
1XFs® — pPel| < ouf, forsomeo €[0,1).
Then, let 1" ™1 = (1 — n)u* for some n € (0, 1], we aim to find a new pair (x,y,s) € F such that
Xs = pFtle.

We start from (x”,y"*,s") € F and apply the Newton iteration for direction vectors (d,., d,, d):

S*d, + X*d, = pFtle — XFsF
Ad, = 0 :
A'd, +ds = 0

thenlet x" ! = x* +d,, y"™' =y"+d, s =s"+d,. Carefullychoosing o = O(1)

and 1) = O(ﬁ) guarantees (x**1 sF*1) > 0 and

| XFEHIhTE _ yFle|| < opftl,  forthe same o € [0, 1).

Too many restrictions when following a path... Is a function-driven interior-point algorithm?

21
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Primal-Dual Potential Function for LP '

For (x,y,s) € int F, the joint primal-dual potential function is defined by

Vntp(X,8) = (n+ p)log(x’s) Zlog r;s;), forsomep > 0.

Unip(x,8) = plog(x’s) + wn(x, S) > plog(x's) +nlogn,
then, for p > 0, ¥, 1 ,(x,s) — —oc implies that x’ s — (. More precisely, we have

wn—l—p<xa S) —n 10g n)
P :

x!'s < exp(

Given a pair (x",y",s¥) € int F, compute direction vectors (d,., d,, d.) from the Newton iteration:
Y Yy

k k _ DTS bk
S*d, + X"*d, = s — X"s
Ad, = 0, (2)
Ald, +d, = 0.

How to solve the equation system efficiently using the block structures?

22
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Block Structure in the KKT System I

Skd, + Xkd, = r¥,
Ad, = O,
Ald, +d;, = o.

Scale the first block to: d,. + (S¥) "1 X*d, = (S%)~1r*.
Multiplying A to both sides and using the second block equations: A(S*) 1 X*d, = A(S*)"1rF.
Applying the third block equations: —A(S*) =1 X*ATd, = A(S*)~1r".

This is an 1 X m positive definite system, and solve it for d,;; then d ; from the third block; then d, from
the first block.

Positive Definite System Equation Solver: ()d = r where () is a PD matrix.

Matrix Factorization:
e Cholesky: R' R = (), where R is a Right-Triangle matrix

o LDILT = (2, where L is a Left-Triangle matrix.

23
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Description of Algorithm for LP I

Given (x",y",s") € int . Setp > /nand k := 0.
While (x*)T's* > e do
1. Set (x,s) = (x",s") and compute (d,d,, ds) from (2).
2. Letx" Tt = xF + afd,, y" ™ = y* + a”d,, and s" T = s* + a"d, where

af = arg m>1% wnﬂ)(xk + ad,, s® + ady).

3. Let k := k + 1 and return to Step 1.

24
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Theorem 3 Letp > \/ﬁ Then, the potential reduction algorithm generates the (interior) feasible solution
sequence {x" . y" sk} such that

wn—#p(xlﬁ_lvslﬁ_l) wn—i—P(X N )< —0.15.

Thus, if b, 1 ,(x",8”) < plog((x")?'s") + nlogn, the algorithm terminates in at most
O(plog((x")T's"/e)) iterations with (x*)T'sk = cTx* — bTyk <e.

The proof used a key fact: d. d, = —d’ A" d, = 0 for the directions. Also

(Xk)TSk <e (¢n+p(x ,S ) nlogn>
< e p(wn+p(x S) nlogn plog((x”)"s /6)>
< e p(plog(x s9)— plog((xO)Tso/e))
- p
= exp(log(e)) =

The role of p? And more aggressive step size?

25
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Proof Sketch of the Reduction Theorem '

We first have the following lemma:

a\/min(XSe)
[(XS) =1/ 2r|

Lemma 2 Let the direction vectord = (d,, d,, ds) be computed by (2), and let ) =

where v is a positive constant less than 1. Let
xt=x+0d,, y"=y+6d,, and s* =s+0d,.

Then, we have (x ™,y ™, s*) € int F and

¢n+p(x+v S+) — ¢n+p(x7 s)

< —a/min(X Se)[(XS) "2 (e — L Xs)| + 5

26
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h(xT,sT) —h(x,s)

= (n+p)log (14 2xpides) 5 (1og< >+1og< =)
< (n+p) (2HLe) -5 (log >+1og< )

< (ntp) (PEe) — 0eT (SN + X 1dx)+ los 1dsl2l(1+_lf)x‘1dx||2
< mH6(dTx +dTs) — 6eT(S71d, + X1d,) + g

Z(f—a)

9 (n+p (Xd, + Sd;) — el (XS)"H(Xd, + de)) +

sz

0 (Zr2e’ (Xdy + Sd,) — el (S7'ds + X~1d,)) +

X

2(1a—oz)

— §(ZLXSe—e) (X5) ! (Xd, +5d,) + 5=
— 0(L2XSe—e) (X8) ! (2i2e - XSe) + 5
= 0T (XS) T2 + gy

= —ay/min(XSe) - HZJTFP(XS> Y 21'H+2(1 a)

27
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Let v. = X Se. Then, we can prove the following technical lemma:

Lemma 3 Letv € R" be a positive vector and p > +/n. Then,

Jmm|[V-2(e — PP i > /37

elv

Combining these Lemmas 2 and 3 we have

¢n+p(x+v S+) — Untp (x,8)

< —av/3/4+ 2(1a— S

for a constant 0.

28
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Initialization '

e Combining the primal and dual into a single linear feasibility problem, then applying LP algorithms to
find a feasible point of the problem. Theoretically, this approach can retain the currently best

complexity result.

e The big M/ method, i.e., add one or more artificial column(s) and/or row(s) and a huge penalty
parameter V] to force solutions to become feasible during the algorithm.

e Phase |-then-Phase Il method, i.e., first try to find a feasible point (and possibly one for the dual
problem), and then start to look for an optimal solution if the problem is feasible and bounded.

e Combined Phase |-Phase Il method, i.e., approach feasibility and optimality simultaneously. To our
knowledge, the “best” complexity of this approach is O (n log((x")?'s" /e)).

29
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Homogeneous and Self-Dual Algorithm I

e |t solves the linear programming problem without any regularity assumption concerning the existence
of optimal, feasible, or interior feasible solutions, while it retains the currently best complexity result

e |t can start at any positive primal-dual pair, feasible or infeasible, near the central ray of the positive

orthant (cone), and it does not use any big V] penalty parameter or lower bound.

e Each iteration solves a system of linear equations whose dimension is almost the same as that solved

in the standard (primal-dual) interior-point algorithms.

e |f the LP problem has a solution, the algorithm generates a sequence that approaches feasibility and
optimality simultaneously; if the problem is infeasible or unbounded, the algorithm will produce an

infeasibility certificate for at least one of the primal and dual problems.

30
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Primal-Dual Alternative Systems I

Recall that a pair of LP has two alternatives

(Solvable) Ax —b =0 (Infeasible) Ax =0
~Aly+c =0, -Aly >0,
bly —cix =0, bly —clf'x >0,
y free, x >0 y free, x >0
(HP) Ax —br =0
— Aty +cr =s>0,
bly —ci'x =k>0,
y free, (x;7) >0

where the two alternatives are:

(Solvable) : (7 > 0,k =0) or (Infeasible): (7 =0,k > 0)

31
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Let’s Find a Feasible Solution of (HP) I

Givenx' =e > 0,s" = e > 0, and y" = 0, we formulate a self-dual LP problem:
(HS — DP) min (n+1)0
s.t. Ax  —br +bf =0,
—Aly +cT —cf >0,
by —c'x +z0 >0,
~bTy +efx  —zr = —(n+1),
yfree, x>0, 72>0, 0 free.

Note that (y = 0, x = e, 7 = 1, 0 = 1) is a strictly feasible point for (HSDP). Moreover, one can

show that the constraints imply
T T _
er+e s+7+r—(n+1)0=(n+1),
which serves as a normalizing constraint for (HSDP) to prevent the all-zero solution.

32
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Main Result '

Theorem 4 The interior-point algorithm solves (HS-DP) in O(/n log ™) steps and each step solves a
system of linear equations as the same size as in feasible algorithms, and it always produces an optimal
solution (y™*,x*, 7%, 8" k™, 0" = 0) where 7* + k* > 0. If 7 > 0 then it produces an optimal
solution pair for the original LP problem; if x* > (0, then it produces a certificate to prove (at least) one of
the pair is infeasible.

33
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Extensions to Solving SDP: Potential Function I

Forany X € int F, and (y,S) € int Fg, let parameter p > 0 and

Yt p (X, 5) == (n + p) log(X o §) — log(det(X) - det(S)),

Unip(X, 8) = plog(X e .8) + 1, (X,5) > plog(X e 5) +nlogn.

Then, 1,4+ ,( X, S) — —oc implies that X e .S — (. More precisely, we have

wn—l—p(Xa S) B nlogn
0

X o5 < exp(

).

34
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Primal-Dual SDP Alternative Systems I

A pair of SDP has two alternatives under mild conditions

(Solvable) AX —b =0 (Infeasible) AX =0
ATy +C =0, -Aly =0,

bly —CeX =0, > bly —CeX >0,

y free, X >0 y free, X >0

35
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An Integrated Homogeneous System I

The two alternative systems can be homogenized as one:

(HSDP) AX —br =0

where the three alternatives are

~ Aty +Cr =s>0,

bly—CeX =k
y free, X =0, 72>0,

(Solvable) : (7 >
(Infeasible) : (7 =

(All others) : (7 =k = 0).

36
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Software Implementation I

Cplex-Barrier IBM, GUROBI, COPT

SEDUMI: http://sedumi.mcmaster.ca/

MOSEK: http://www.mosek.com/products_mosek.html

SDDPT3: http://www.math.nus.edu.sg/ mattohkc/sdpt3.html

DSDP (Dual Semidefinite Programming Algorithm):
http://www.stanford.edu/ yyye/Col.html

CVX/ECOS: http://www.stanford.edu/ boyd/cvx

hsdLPsolver and more: http://www.stanford.edu/ " yyye/matlab.html
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