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Semidefinite Programming (SDP)

(SDP ) Minimize C •X

subject to AX = b, X º 0.

The dual problem to (SDP) can be written as:

(SDD) Maximize bT y

subject to AT y + S = C, S º 0.

AX =




A1 •X

...

Am •X


 and AT y =

m∑

i=1

yiAi.
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SDP Duality Theories

Theorem 1 (Weak duality theorem) Let Fp and Fd be non-empty. Then,

C •X ≥ bT y where X ∈ Fp, (y, S) ∈ Fd.

C •X − bT y = C •X − (AX)T y = C • (C −AT y) = X • S ≥ 0.

This theorem shows that a feasible solution to either problem yields a bound on

the value of the other problem. We call C •X − bT y the duality gap, and

X • S the complementarity gap.
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SDP Example with a Duality Gap

c =




0 1 0

1 0 0

0 0 0


 ,a1 =




0 0 0

0 1 0

0 0 0


 ,a2 =




0 −1 0

−1 0 0

0 0 2




and

b =


 0

10


 .
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Strong Duality Theorem for SDP

Theorem 2 (Strong duality theorem) Let Fp and Fd be non-empty and at least

one of them has an interior. Then, X∗ is optimal for (SDP) and (y∗, S∗) is

optimal for (SDD) if any only if

C •X∗ = bT y∗.

Theorem 3 (SDP duality theorem) If one of (SDP) or (SDD) is unbounded then

the other has no feasible solution.

If (SDP) and (SDD) are both feasible, then both have bounded optimal objective

values and the optimal objective values may have a duality gap.

If one of (SDP) or (SDD) has a strictly or interior feasible solution and it has an

optimal solution, then the other is feasible and has an optimal solution with the

same optimal value.
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Analtic Center of the SDP Set

(SDP ) Maximize log det(X)

subject to AX = b, X º 0.

(SDD) Maximize log det(S)

subject to AT y + S = C, S º 0.
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SDP with Barriers

Primal X(µ):

minimize C •X − µ log det(X)

s.t. AX = b, X Â 0.

Dual (y(µ), S(µ)):

(D) maximize bT y + µ log det(S)

s.t. AT y + S = C, S Â 0.
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Central Path for SDP

The central path can be expressed as

C =
{

(X,y, S) ∈ intF : XS =
X • S

n
I

}
.

XS = µI

AX = b

−AT y − S = −c

X, S Â 0
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Primal-Dual Potential Functions for SDP

For any X ∈ intFp and (y, S) ∈ intFd,

ψn+ρ(X, S) := (n + ρ) log(X • S)− log(det(X) · det(S))

ψn(X, S) ≥ n log n.

ψn+ρ(X, S) = ρ log(X • S) + ψn(X, S) ≥ ρ log(X • S) + n log n.

Then, for ρ > 0, ψn+ρ(X, S) → −∞ implies that X • S → 0. More

precisely, we have

X • S ≤ exp(
ψn+ρ(X, S)− n log n

ρ
).
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Important Lemmas

Lemma 1 If d ∈ Rn and ‖d‖∞ < 1, then

eT d ≥
n∑

i=1

log(1 + di) ≥ eT d− ‖d‖2
2(1− ‖d‖∞)

.

Lemma 2 If D ∈Mn and ‖D‖∞ < 1, then,

Tr(D) ≥ log det(I + D) ≥ Tr(D)− ‖D‖2
2(1− ‖D‖∞)

.
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Primal-Dual (Symmetric) Algorithm for SDP

Once we have a pair (X,y, S) ∈ intF with µ = S •X/n, we can apply the

primal-dual Newton method to generate a new iterate X+ and (y+, S+) as

follows: Solve for DX , dy and DS from the system of linear equations:

D−1DXD−1 + DS = R := γµX−1 − S,

ADX = 0,

−AT dy −DS = 0,

(1)

where

D = X .5(X .5SX .5)−.5X .5.

Note that DS •DX = 0.
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Primal-Dual Scaling

DX′ + DS′ = R′,

A′DX′ = 0,

−A′T dy −DS′ = 0,

(2)

where

DX′ = D−.5DXD−.5, DS′ = D.5DSD.5, R′ = D.5(γµX−1−S)D.5,

and

A′ =




A′1
A′2
...

A′m




:=




D.5A1D
.5

D.5A2D
.5

...

D.5AmD.5




.
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Again, we have DS′ •DX′ = 0, and

dy = (A′A′T )−1A′R′, DS′ = −A′T dy, and DX′ = R′ −DS′ .

Or, we have

DS = −AT dy and DX = D(R−DS)D.
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The Bound on Potential Reduction

V 1/2 = D−.5XD−.5 = D.5SD.5 ∈ intMn
+.

Then, we can verify that S •X = I • V .
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Lemma 3 Let the direction DX , dy and DS be generated by equation (1) with

γ = n/(n + ρ), and let

θ =
α

‖V −1/2‖∞‖ I•V
n+ρV −1/2 − V 1/2‖ , (3)

where α is a positive constant less than 1. Let

X+ = X + θDX , y+ = y + θdy, and S+ = S + θDS .

Then, we have (X+,y+, S+) ∈ intF and

ψn+ρ(X+, S+)− ψn+ρ(X, S)

≤ −α
‖V −1/2 − n+ρ

I•V V 1/2‖
‖V −1/2‖∞

+
α2

2(1− α)
.
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A Technical Lemma and the Convergence

Lemma 4 Let V ∈ intMn
+ and ρ ≥ √

n. Then,

‖V −1/2 − n+ρ
I•V V 1/2‖

‖V −1/2‖∞
≥

√
3/4.

From the two lemmas we have

ψn+ρ(X+, S+)− ψn+ρ(X, S)

≤ −α
√

3/4 +
α2

2(1− α)
= −δ

for a constant δ.
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Description of Algorithm

Given (X0,y0, S0) ∈ intF . Set ρ ≥ √
n and k := 0.

While Sk •Xk ≥ ε do

1. Set (X, S) = (Xk, Sk) and γ = n/(n + ρ) and compute (DX ,dy, DS)
from (1).

2. Let Xk+1 = Xk + ᾱDX , yk+1 = yk + ᾱdy , and Sk+1 = Sk + ᾱDS ,

where

ᾱ = arg min
α≥0

ψn+ρ(Xk + αDX , Sk + αDS).

3. Let k := k + 1 and return to Step 1.
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Complexity of the Algorithm

Corollary 1 Let ρ =
√

n. Then, the Algorithm terminates in at most

O(
√

n log(C •X0 − bT y0)/ε) iterations with

C •Xk − bT yk ≤ ε.
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Dual Scaling Algorithm for SDP

An open question is how to exploit the sparsity structure by polynomial

interior-point algorithms so that they can also solve large-scale problems in

practice.

1. The computational cost of each iteration in the dual algorithm is less that the

cost the primal-dual iterations.

2. In most combinatorial applications, we need only a lower bound for the

optimal objective value of (SDP).

3. For large scale problems, S tends to be very sparse and structured since it is

the linear combination of C and the Ai’s. This sparsity allows considerable

savings in both memory and computation time.
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Dual Algorithm

ψn+ρ(X, S) = (n + ρ) ln(X • S)− ln det X − ln det S.

Let z̄ = C •X for some feasible X and consider the dual potential function

φ(y, z̄) = (n + ρ) ln(z̄ − bT y)− ln det S.

Its gradient vector is

∇φ(y, z̄) = − n + ρ

z̄ − bT y
b +AS−1. (4)
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Ellipsoid Constrainted Problem

Minimize ∇φT (yk, z̄k)(y − yk)

Subject to ‖(Sk)−.5
(AT (y − yk)

)
(Sk)−.5‖ ≤ α,

(5)

where α is a positive constant less than 1. For simplicity, in what follows we let

∆k = z̄k − bT yk.
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Optimality Conditions

The optimality conditions state that the minimum point, yk+1, of this convex

problem satisfies

Mk(yk+1 − yk) + β∇φ(yk, z̄k) = 0 (6)

for a positive value of β, where

Mk =




A1(Sk)−1 • (Sk)−1A1 · · · A1(Sk)−1 • (Sk)−1Am

...
. . .

...

Am(Sk)−1 • (Sk)−1A1 · · · Am(Sk)−1 • (Sk)−1Am




The matrix Mk is a Gram matrix and is positive definite when Sk Â 0 and the

Ai’s are linearly independent.
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Optimizer of the Problem

Using the ellipsoidal constraint, the minimal solution, yk+1, of (5) is given by

yk+1 − yk =
α√

∇φT (yk, z̄k)(Mk)−1∇φ(yk, z̄k)
d(z̄k)y (7)

where

d(z̄k)y = −(Mk)−1∇φ(yk, z̄k). (8)
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Generating M

Generally, Mk
ij = Ai(Sk)−1 • (Sk)−1Aj . When Ai = aiaT

i , the Gram

matrix can be rewritten in the form

Mk =




(aT
1 (Sk)−1a1)2 · · · (aT

1 (Sk)−1am)2

...
. . .

...

(aT
m(Sk)−1a1)2 · · · (aT

m(Sk)−1am)2


 (9)

and

A(Sk)−1 =




aT
1 (Sk)−1a1

...

aT
m(Sk)−1am


 .

This matrix can be computed very quickly without computing, or saving, (Sk)−1.
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Potential Reduction

∇φT (yk, z̄k)d(z̄k)y = −‖P (z̄k)‖2 (10)

φ(yk+1, z̄k)− φ(yk, z̄k) ≤ −α‖P (z̄k)‖+
α2

2(1− α)
. (11)
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Primal Update

To find a feasible primal solution X , we solve the least squares problem

Minimize ‖(Sk).5X(Sk).5 − ∆k

(n+ρ)I‖
Subject to AX = b.

(12)

The answer to (12) is a by-product of computing (8), given explicitly by

X(z̄k) =
∆k

(n + ρ)
(Sk)−1

(AT d(z̄k)y + Sk
)
(Sk)−1. (13)
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Primal Objective Value

C •X(z̄k) = bT yk + X(z̄k) • Sk

= bT yk + Tr
(

∆k

(n+ρ) (S
k)−1

(AT d(z̄k)y + Sk
)
(Sk)−1Sk

)

= bT yk + ∆k

(n+ρ)Tr
(
(Sk)−1AT d(z̄k)y + I

)

= bT yk + ∆k

(n+ρ)

(
d(z̄k)T

y (A(Sk)−1) + n
)

Since the vectorsA(Sk)−1 and d(z̄k)y were previously found in calculating

the dual step direction, the cost of computing a primal objective value is the cost

of a vector dot product!
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Result for Primal

Defining

P (z̄k) =
(n + ρ)

∆k
(Sk).5X(z̄k)(Sk).5 − I, (14)

we have the following lemma:

Lemma 5 Let µk = ∆k

n = z̄k−bT yk

n , µ = X(z̄k)•Sk

n = C•X(z̄k)−bT yk

n ,

ρ ≥ √
n, and α < 1. If

‖P (z̄k)‖ < min(α
√

n

n + α2
, 1− α), (15)

then the following three inequalities hold:

1. X(z̄k) Â 0;

2. ‖(Sk).5X(z̄k)(Sk).5 − µI‖ ≤ αµ;

3. µ ≤ (1− .5α/
√

n)µk.
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Theorem 4 Either

ψn+ρ(Xk, Sk+1) ≤ ψn+ρ(Xk, Sk)− δ

or

ψn+ρ(Xk+1, Sk) ≤ ψn+ρ(Xk, Sk)− δ,

where δ > 1/20.
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Description of Algorithm

DUAL ALGORITHM. Given an upper bound z̄0 and a dual point (y0, S0) such

that S0 = C −AT y0 Â 0, set k = 0, ρ >
√

n, α ∈ (0, 1), and do the

following:

while z̄k − bT yk ≥ ε do

begin

1. ComputeA(Sk)−1 and the Gram matrix Mk (9) using Algorithm M or M’.

2. Solve (8) for the dual step direction d(z̄k)y .

3. Calculate ‖P (z̄k)‖ using (10).

4. If (15) is true, then Xk+1 = X(z̄k), z̄k+1 = C •Xk+1, and

(yk+1, Sk+1) = (yk, Sk);

else yk+1 = yk + α
‖P (z̄k)‖d(z̄k+1)y , Sk+1 = C −AT yk+1,

Xk+1 = Xk, and z̄k+1 = z̄k.
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endif

5. k := k + 1.

end
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Complexity of the Algorithm

Corollary 2 Let ρ =
√

n. Then, the Algorithm terminates in at most

O(
√

n log(C •X0 − bT y0)/ε) iterations with

C •Xk − bT yk ≤ ε.
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Recall Homogeneous and Self-Dual Algorithm

• It solves the linear programming problem without any regularity assumption

concerning the existence of optimal, feasible, or interior feasible solutions,

while it retains the currently best complexity result

• It can start at any positive primal-dual pair, feasible or infeasible, near the

central ray of the positive orthant (cone), and it does not use any big M

penalty parameter or lower bound.

• Each iteration solves a system of linear equations whose dimension is almost

the same as that solved in the standard (primal-dual) interior-point algorithms.

• If the LP problem has a solution, the algorithm generates a sequence that

approaches feasibility and optimality simultaneously; if the problem is

infeasible or unbounded, the algorithm will produce an infeasibility certificate

for at least one of the primal and dual problems.



Yinyu Ye, MS&E, Stanford MS&E310 Lecture Note #12 34

A HSD linear program

Given any X0 = I Â 0, S0 = I Â 0, and y0 = 0, we formulate

(HSDP ) min (n + 1)θ

s.t. AX −bτ +b̄θ = 0,

−AT y +Cτ −C̄θ º 0,

bT y −C •X +z̄θ ≥ 0,

−b̄T y +C̄ •X −z̄τ = −(n + 1),

y free, X º 0, τ ≥ 0, θ free,

where

b̄ = b−AI, C̄ = C − I, z̄ = C • I + 1.
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Software Implementation

SEDUMI: http://sedumi.mcmaster.ca/

DSDP: hhttp://www-unix.mcs.anl.gov/DSDP/

MOSEK: http://www.mosek.com/products_mosek.html

CVX: http://www.stanford.edu/˜boyd/cvx/

More SDP Codes: http://plato.asu.edu/ftp/sdplib.html


