MS&E 310 Course Project: Prediction Market

October 6, 2009

The prediction market (also called information market) is a fast developing area of research. Empirical
studies have shown that the wisdom of crowds have a stronger prediction power than the other prediction
alternatives, such as taking polls or asking experts’ opinions. In this course project, you are asked to study
and explore some theories of the prediction market as well as implement it. Your data will be from the

course website, which is the game you played throughout this quarter.

In the following, please try your best to address all the questions. For most of the questions, you can
find useful information on the papers we referred. Also, you are welcomed to use any references you like,

but make sure to cite them when you use.

The background of this project is the football prediction market game you played throughout this
quarter. Assume that there are m states of futures of which exactly one will happen. Each bidder is allowed
to bid on any subset of the states, with a price limit and a quantity limit. In what follows, we use a; to
denote the bid profile of the jth bidder, 7; to denote his price limit and ¢; to denote his share quantity limit.
The call auction model we studied in class (see course Slide #2 and the supplement slides on information

market where indices ¢ and j are switched) is as follows:

maximizey , (ZJ wjxj) -y
s.t. Zj aijxj Sy, VZ: 1,2,...,m (1)

0<z;<q;, Vi=1,..,n.

Question 1: Study the above call auction model and show the dual price of each state. Download
the data for the first and second game from the website and solve these two markets according to the call
auction model (use CVX, Matlab LP, or the Excel solver). Submit the dual price of the first two games and

solver files.

Question 2: Give an example with less than 3 bids and 3 states, showing that the state price vector

may not be unique.



Question 3: In order to get a unique price, people sometimes add another term to the objective

function when solving the call auction model; one model which is called CPCAM is defined as follows:

maximizex ys >, Tz — y + u(s)
s.t. Zjaijxj—ksi:y, Vi=1,2,...,m,
0 ij qua v] = 17"'7”3

si>0,Vi=1,...m.

where u(s) = u(s1,..., smy) is increasing, and strictly concave. Write down its dual problem and the KKT
conditions, argue why this problem has unique price. How would you interpret this u(s)? (Hint: Read [1]

and [3])

Question 4: The disadvantage of the call auction model is that it can’t tell the bidders whether their
bids are accepted or not until the market closes. This is undesirable since sometimes the bidders want to
know the results to their bids immediately so that they can modify their bids and submit again. Therefore,
in practice, the market is usually implemented in an online version which is defined as follows. Instead of
solving the optimization after the market closes, whenever kth bidder submits a bid, the market maker solves

the following optimization problem:

maximize,, ,s TETEp — Y + u(s)
k .
s.t. ijl ai;xj+s; =y, Vi=12..,m
0<zp <qx

Si ZO, Vi=1,...,m.

Note that, in (3), only z, y and s are variables, and quantity x;,j < k is already “locked down”. Here
again we assume that u is increasing and strictly concave. Write down the dual problem of (3) and show

that it can be solved efficiently.

Question 5: We continue our discussion in Question 4. Assume that the kth bidder has valuation &

for his bid. We solve (3) for the optimal x}. Then we charge the bidder by
x(0) = x(zz)

where
x(b) = maximize,s —y+ u(s)

s.t. Si=y—¢q; —apb, Vi=1,2,....m.

where ¢; = Zf;ll ai;x; is the outstanding shares of state ¢ that has been already accepted.

Prove under this charging method, the optimal strategy for this bidder is to bid # (Assume aj and g
is fixed).



A mechanism is truthful (or incentive compatible) if and only if for every agent, reporting his truthful
belief is always the optimal strategy, disregarding what others do (that is also called dominant strategy in
game theory). Therefore, the above strategy is truthful. In fact, the above mechanism is a special case of

the VCG mechanism. Read references [3] and [4]. Show a proof of truthfulness using the VCG framework.

Question 6: Run the market with model (3) with utility functions:

b
u(s) = m Zlog Si

and

separately for a parameter 0 < b < 1.

The bids come in the timely order. Compare the results generated from the two on-line models and
their off-line call auction models using simulation data. Which one accepts more bids and which one has

better prediction power? Interpret your observations and findings.
Question 7: Consider the off-line LP problem

(LP) maximize n'x=3"_ mz;

subject to >0 ajz; = Ax <b, 0 <x<e;

where data A € R™*"™, a; € R™ (each entry is either 0 or 1), c € R, b € R™ and e is the vector of all
ones, and variables x € R™. You may interpret this is a linear program to allocated the items of inventory

b (assuming large quantities) to n customers such that the revenue is maximized.

Now the variables come in the timely order. Design an on-line mechanism to sell the items such that

the revenue is maximized, and compare it to the off-line model either by theory or simulation.

All other observations, findings and comments are welcome.
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