Math 51 Midterm 1 Solutions (Feb, 2010)

1. Complete the following definitions.

(a). A set {vy,va,..., v} of vectors in R" is called linearly dependent
provided

one of the vectors can be written as a linear combination of the other
vectors.

or:

there are scalars ¢y, co, ..., ¢, not all 0, such that

C1V1 + CoVa + -+ + Cp Vg = 0.

(b). A set V of vectors in R" is called a linear subspace provided

it contains 0, it is closed under addition, and it is closed under scalar
multiplication.

(c). Amap T : R® — R* is called a linear map provided

T(x+y)=T(x)+T(y) for all x,y € R", and
T(cx) = cT'(x) for all c € R and x € R".

or

‘T commutes with addition and with scalar multiplication. ‘

(d). A set S ={vy,...,vi} of vectors in a linear subspace V is called
a basis for V provided

’the vectors span V' and they are linearly independent. ‘

(e). The dimension of a subspace V is

| the number of vectors in a basis for V. |

2. Find the row reduced echelon form rref(A) of the matrix
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Solution:

2 47 10 8 12 7/2 5 4 10 7/2 3 -1

020 2 5/ —]02 0 25/ =02 0 2 5

010 1 2 01 0 12 01 0 1 2
10 7/2 3 —1 10 7/2 3 -1
—]o1 0 152 =01 0 1 5/2
01 0 1 2 00 0 0 —1/2
10 7/2 3 -1 10 7/2 30
—1lo1 0 152 =01 0 10
00 0 0 1 00 0 01

3(a). Consider the following matrix B and its row reduced echelon
form rref(B):

43703 10100
935 0 2 01100
B=11 1 99 1] » B =1y ¢ 0 0 1
5490 0 4 00000

(You do not need to check this.) Find a basis for the column space

C(B) of B.

The pivots in rref(B) are in columns 1, 2, and 5, so the corresponding
columns of B form a basis:

Ul — N &~
=~ = o W
=~ = DD W

3(b). Find a basis for the nullspace N(B) of B (where B is as in part
().
Solution: From rref(B), we see that x € N(B) if and only
r1+x3=0
To+ 23 =0
5 =0
or (moving free variables to the right):
Ty = —T3
Ty = —X3

1‘520



or (in vector form):

T1 —XI3 -1 0
) —XI3 -1 0
x3 = 1‘3 = 1 xg + O 334
Ty Ty 0 1
Ts 0 0 0
~1 0]
-1 0
so | 1 | and |[0]| form a basis for N(B).
0 1
0 0|
(1 3
4(a). Let A = ? ; . Find the condition(s) on a vector b for b
3 10

to be in the column space of A. (Your answer should be one or more
equations involving the components b; of b.)

Solution: We do the row reduced echelon form for the augmented
matrix

1 3 | b 1 3 | b 1 0 | Th —3by
2 7 | b 0 1 | by—2b 01 | by—2b
12 | bs| |0 =1 | by—by| |0 0 | by+by—3by
310 | by 0 1 | by—3b 00 | by—by—b

Therefore the conditions for vector b are
bg+b2—3b1 =0 and
by — by — by = 0.

4(b). Find a matrix B such that N(B) = C'(A). (Here A is the matrix
in part (a).)
Solution: We can rewrite the conditions from part (a) as
—3by + by + b3 +0by =0
—b1 — by +0b3 +bs =0

or (equivalently) as



Thus we can let

-1 -1 01

s-[2 1]

5. Let V be the set of all vectors x in R* that are orthogonal to

1 2
u= 1 and to v = g . (To be in V, a vector must be orthogonal
1 4

both to u and to v.) Find a basis for V.

Solution: Let x be a vector in V. Then
x-u=0<«= r1+ay+ax3+24=0, and
X -v=0 <= 2z +2x9+ 3z3+ 424, = 0.
Therefore V' is the null space of the matrix

1 1 1 1]
2 2 3 4]

We find the row reduced echelon form of the matrix above.
1111 (1 1 1 1] 1o -1
2 2 3 4 _0012_ 001 2]/
Therefore x € V' if and only if

931—1—:1:2—3:420
$3+2I4:O,

Thus (moving free variables to the right side and putting in vector
form) we that x € V' if and only if

I —To + Ty -1 1
To| o . 1 0
I3 o —2.1'4 0 T2+ —2 L4.
Ty T4 0 1
—1 1
. 1 0
so we have the basis ol =2
0 1
6(a). Suppose u and v are vectors in R" such that ||u|| = ||v]|. Prove

that the vectors u — v and u + v are orthogonal to each other.
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Solution: We need to show that (u —v) - (u+v) = 0.

(u—v)-(u+v) = vru—v-u+u-v—v-v
= [ul* = fIv[*

s 0’

where the last equation follows from the fact that |[ul| = ||v]|. O

6(b). Suppose that vy, vy, and v3 are linearly dependent vectors in
R™. Suppose that A is an m x n matrix. Prove that the vectors Avy,
Avy, and Avs must also be linearly dependent.

Solution 1: Since vy, vy, and v3 are linearly dependent vectors in
R", there exist ¢, ¢o, and c3, not all 0, such that

c1v1 + vy 4+ c3vy = 0.
Multiplying both sides by A gives
A(c1vy + cava +c3v3) =0
and therefore
(*) c1A(vy) + caAs(va) + c3A(vs) = 0.

Since ¢1, cg, and 3 are not all 0, equation (*) implies that Avy, Ava,
and Avs are linearly dependent. O
Solution 2: Since the vectors are linearly dependent, one of them, say
v3, a linearly combination of the other two:

V3 = (C1V + CaVo.
Multiplying both sides by A gives Avs = A(c1vy + cava) or

Avs = c1(Avy) + co(Avy).

Thus Avj is a linear combination of Avy and Avs, so the vectors Avy,
Avy, and Avj are linearly dependent. U

7(a). Find a parametric equation for the line L through the points
A=(0,1,1) and B = (1,2,3).
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Solution: Let the intial point be A. The direction vector is AB =
1 0 1
21 — |1 =

1| . Therefore we have the parametric representation
3 1 2

te R

—_— O
+
~
N =

7(b). Find a point C' on L such that the triangle AOAC has a right
angle at C. (Here O = (0,0,0) is the origin.)

0
—
Solution: Since C is a point on L, vector OC' is |1| + ¢
1
H .
some ¢ € R. We need to find ¢. We want to choose ¢ so that OC' is
perpendicular to AB, i.e., so that

for

MO ==

I 0 1
0=AB-0C=|1|- If +¢c|l = 3+ 6c.
2 1 2
Thus ¢ = —1/2 and hence the point C' is
0 1 —1/2
1| —1/2|1] = | 1/2
1 2 0

8. Suppose T : R?® — R? is a linear transformation such that
1 1 1
(M- (-1 ([ -1
0 0 2
Find the matrix for 7'

Solution: The matrix for 7' is

1 0 0
T1 10 T1 |1 T1 10
0 0 1

We know that



() = () = (of) = [l <[ - T

()5 ) () -1

Therefore the matrix for T is
3 4 0
112 7/2|°
9. Consider the points A = (1,1,1,1), B = (1,2,0,1) and C =
(1,0,1,1) in R™.
9(a). Find the cosine of the angle at B of the triangle ABC.

Solution: To find the cosine of the angle 6 at B, we need vectors BA
—
and BC"

1 1 0 1 1 0

— |1 2 ~1 — |0 2 —2

BA=11l = lo| = {1]| » BY=|1] ~|o| = |1
1 1 0 1 1 0

From the dot product formula,

_— — _—  —
BA - BC = |BAJ|||BC|| cos 8

3 =v2v5cosd
SO
3v10
cos) = ——| or |cosf =———|
/10 10

9(b). Find a parametric equation for the plane through the points A,
B, and C.

Solution: Let B be an initial point. From (a), we have that the
7



parametric representation

1 0 0
2 -1 —2
0 + s 1 +1 1 :s,t e R
1 0 0

10. Short answer questions. (No explanations required.)

(a). Suppose that a linear subspace V' is spanned by vectors vy, v, . .., V.
What, if anything, can you conclude about the dimension of V7

dim(V) < k.
(Note: we cannot conclude that dim(V) = k because the vectors
V1, Vs, ...,V are not necessarily linearly independent.)
(b). Suppose that a linear subspace W contains a set {wy, wa,..., Wi}

of k linearly independent vectors. What, if anything, can you conclude
about the dimension of W7

dim(W) > k.
(Note: we cannot conclude that dim(W) = k because the vectors
W1, ..., W do not necessarily span W.)

(c). Suppose u-v < 0. What, if anything, can you conclude about the
angle 6 between u and v? [Note: by definition, the angle 6 between
two nonzero vectors is in the interval 0 < 0 < 7]

6> m/2.

(This is because u - v = |lul|||v]| cos#, so from u-v < 0 we conclude
that cosf < 0.)

(d). Suppose T': R* — R" is linear map with matrix A and suppose
b € R". If k£ < n, what, if anything, can you conclude about the
number of solutions of Ax = b?

Of course because it’s a linear system, Ax = b has infinitely many
solutions, no solutions, or exactly one solution. But £ < n gives no
additional information about the number of solutions (as seen in the

following examples), hence the answer “nothing”.
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11 0
e It can have infinitely many solution e.g |0 0 {xl] = |0].
00 0
1
T — o
L;? 1] .
1 . 1
e [t can have a unique solution e.g |0 { 11 = |0].
0 of L™ 1o

Note: “the system has 0 solutions, 1 solution, or infinitely many solu-
tions” is also considered a correct answer.

e [t can have no solution e.g

o O =
o = O

0
1
0

(e). Suppose V is a 3 dimensional linear subspace of R° and suppose
that v{, vy, and v3 are linearly independent vectors in V. What more,
if anything, must you know in order to conclude that {vq, vy, v3} is a
basis for V7?7

Nothing (that is, you don’t need to know anything more.)

(For a set of vectors in a subspace V' to be basis for V', the vectors must
satisfy two conditions: they must be independent, and they must span
V. However, if the number of vectors is equal to the dimension of the
subspace, then either condition alone suffices. See proposition 12.3 in
the text.)



